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1. INTRODUCTION

To control motion/vibration of flexible robot arms, there have been many finite dimensional
dynamic controllers such as optimal controllers and robust controllers [1, 2]. Although dynamic
controllers are designed with the expectation of increasing control performance for a well-
modeled system, it is widely recognized that a high dimensional controller may not be easy to
implement, that it is difficult to obtain an accurate model, and that the ignored high frequency
dynamics may cause instability for the closed-loop system. It is, therefore, highly desirable
to seek sensor output feedback control methods which are attractive because of their easy
implementation in the sense that (1) the dynamic model is only used for stability analysis, nor
for on-line controller design, that (2) it is not necessary to know the exact parameters involved
in the model, and that (3) there are no spillover problems since infinite dimensional system
models are deal with [3]. A simple control strategy called direct strain feedback was proposed
for control of flexible robots in [4]. This control method guarantees stability of the closed-
loop feedback system under arbitrary top load variations and other parameter uncertainties.
However, the control performance (e.g. decay rate in transient responses) may degrade
significantly due to large tip load variations which are often encountered in practical applica-
tions. In order to maintain high performance, we propose to adaptively tune the strain feedback
gain, instead of keeping the feedback gain as a constant. Unlike the well-known model based
adaptive control where it is required to estimate the physical parameters of control plant so
as to tune adaptively parameters of the controller, a simple adaptive gain tuning method is
proposed in [5]. The closed-loop system is described by the following time-dependent nonlinear
beam equation

*y(x, 1) EIdy(x, 1) ¥y, 1 3*y(0, 1)
az P axt +k@)x at ax? ax?

YO0, =y'0,0)=y"(, ) =y"(, 1) =0,
Y(x, 0) = yo(x), y,(x, 0) = y,(x),

where y denotes the bending displacement of flexible arm, Ef and p denote, respectively, the
bending rigidity and the mass density per unit length of the arm, / is the length, o > 0 is a

3
) = 0, 0<x<|,
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given constant, k(¢) is the integration-type gain adaptive law

{k’(t) = ay"}(0, 1), @

k(0) = k, = 0.
We use here and throughout y’ or y, denoting the derivative of y with respect to x and y or y,
the derivative with respect to ¢.
Equations (1) is a nonautonomous equation, the asymptotic stability has been proved by
using the Lyapunov method in [5]. In the next section, the nonlinear semigroup approach is
adopted to present the existence and uniqueness of the solution by introducing k() as a new

state variable. Section 3 is devoted to the establishment of exponential decay estimation, a
stronger result, for the dynamic system (1).

2. THE WELL-POSEDNESS OF THE PROBLEM

In order to adopt nonlinear semigroup approach, we consider k() to be a new state variable
and rewrite equations (1)~(2) as

d EI
a; [yt(x, t) + k(t)yxx(O: t)X] + ;yxxxx(x9 t) = 0’

0, =y0,0=y"(,) =y", 1) =0, 3)
k'(t) = ay"(0, 1),
y(x,0) = yo(x), y,(x, 0) = y,(x), k(0) = ko = 0.
Let 3¢ = HZ(0, !) x L*(0, I) X R be the underlying real state Hilbert space with inner product
!

EI EI
[7 ] (uz (x) + vl(X)vz(X)} dx + —v¥2,

() v1(%), P1), (Ua(X), V2(X), Y2)) = S o

0

where H2(0, /) = {u(x) | u € H*(0, 1), #(0) = u'(0) = 0}. Define a nonlinear operator @: D(®) C
G — 3 by

D(@) = {(u(x), v(x), y) € HX0, ) x H*0, ) X R* |
u(0) = w'(©0) = u"() = u”(l) = 0, v(0) = 0, v'(0) = yu"(0)},

@)
” El r n2
Gux),v(x), y) = (v(x) — yu"(0)x, —7u (x), au"*(0)).
Then equation (3) can be written as a nonlinear evolution equation on 3C
dY(:
_(2 = @Y(t),
de (5)

Y(0) = Y,



Initial-boundary value problem 355

where
{ Y(t) = (¥(x, 1), y(%, ) + k(2) (0, t)x, k(1))
Yo = (Vo(¥), ¥1(x) + koyo(0)x, ko) € C,
@ = HZ(0,1) x I*0, 1) x R* is a closed convex subset of JC. Notice that the norm of state is
just an energy function
'(EI EI
IY@)l* = S {— Yalx, ) + [yx, ) + k() y"(0, t)x]zz dx + — k™)
olP 2ap
and, formally,
d EI
—|Y®l? = -— 20, 1) < 0,
QO Y@l ) k(®)y"(0,0) =

d EI ©
2 211 —

along the solution of equation (3).

Lemma 1. The operator @ defined by (4) is closed and dissipative on JC with the domain D(Q®)
that is dense in C and

CCQRU-AQ) for all 1 > 0, @)

where ®R(I — AQ) represents the range of operator 7 — AQG.

Proof. The closedness of @ is obvious. Let U, V € D(®), where

U= (ul(x)) Ul(X), yl)s V= (uz(x): Uz(x), yZ)

Then a simple calculation leads to

1 EI
(QU - GV, U -V) = -3 7()»1 + Py 0 — u3(0)) <0,

which proves the dissipativeness of @. To prove (7) it is sufficient to show that for any A > 0
and (f(x), g(x), vo) € C, there exists (u(x), v(x), y) € D(@®@), such that

(i — A@)(u(x), v(x), y) = (f(x), g(2); Yo)»
i.e.
Av() = u@) + yu"(O)x — f(X), ¥ = o + rou"X(0),
and u satisfies
lz%lu’”’(x) + u(x) + Ayu"(0)x = f(x) + Ag(x),

— (O = (TN = 1 — (®)
u=u'®=u"=u"{l) =0,

Y = Yo + Aau"*(0).
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Equation (8) can be written in the operator form as

{(1 + A+ MBu=f+ig or (A + AT+ AyQ)Au = f + Ag, o)
Yy = 7o + Aou"*(0),
where A, B and Q are operators defined by (see also [4])
EI
Ap = ;(ﬂ””(X), D(A) = {¢ € L}0,1)| $(0) = ¢'(0) = ¢"(/) = ¢" (1) = 0}, (10)

Be = ¢"(O)x, Q=Ba"

A is an unbounded self-adjoint positive definite operator on (0, /) (with usual inner product
{*, "> and induced norm || ||,), @ is an bounded self-adjoint positive definite operator on
L*0,1).

As (A% + A7+ AyDQ)e, Yo = 12|92 for all ¢ € 12(0, /) and y = 0, it is seen that 12 + A™! +
AyQ is invertible and bounded self-adjoint on I%(0, /) and (A2 + A™' + ApQ) ', = 1/4%
Thus, the equation

A2+ A+ AyBu=f+ Ag
has a unique solution which is given by
u=u=A"A+ A7+ Q)+ 1g).
Clearly, u, is continuous in y > 0 on 10, 1) and
lullo < A~ ol f + Agllo/A%. (11

On the other hand, multiplying x on both sides of the first equation of (8) and integrating from
0 to [ yields

ul(0) = [—<x, u,yo + <X, f + Ag)ol/(A’El/p + Ayl*/3) 12)
which together with (11) gives
|y < p/GZED|Ixlolllu,llo + ILf + Agllo]
< p/A*ED||xllolt + A~ olllf + Agllo
<Gl f+ igly, forally =0, (13)
where C, is a fixed constant depending on A. Define
PR) = v + Aau)(0).

Then p(y) is continuous on R*, and p(R*) C [0, y, + AaCZ| f + AgllZ]. Hence, p(y) has a fixed
point ¥ in R*, p(y) = y, y = 0, which implies that (8) admits a solution. So R(I — AQ) 2 €.
Finally, since

(6 € C*[0, 11, $(0) = ¢'(0) = $™(0) = $*()) = 0,n = 2} x CF[0, /] x R" C D(Q)

we see that D(Q®) is dense in C.
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From nonlinear semigroup theory (see e.g. [6, p. 120]), we have the following existence and
uniqueness result.

THEOREM 1. The operator @ defined by (4) generates a unique nonlinear strong continuous
semigroup of contractions S(¢) on €. Thus equation (5) admits a unique solution

Y(t) = S()Y, € C([0, ©); €), VY€€,
and strong solution
Y(0) = SO)Y, € C'([0, ©); €), VY, e D(@).
Hence, for every
Yo€D(A),  y e DAY,  kz0,

equation (3) admits a unique strong solution in the sense of
y € L*([0, ©); H*(0, 1)), ¥ € L*([0, »); H*(0, 1)),
d . EI N ,
T [¥(x, £) + k(6)y" (0, H)x] + ;y”"(x, 1 =0,k'(t) = ay"“(0, t), for t = 0 a.e. in 3C,
yx,0) = yo(x),  Ix,0 =y, k(0 = k.

LEMMA 2. 0 € R(®), (I — @)~ ! is compact.

Proof. 0 € ®(Q®) is trivial. It needs only to prove the second assertion. Let {V,} C G,
V.| < K, be a bounded series and U, = (&,(x), v,(x), 7,) € € satisfy (/ — @)U, = V,. Then by
dissipativeness of @, [|@U,| =< |V,| < K and |U,| < ||V, = K. These imply that

”un"H“ = Cl’ ”v”H2 = CI’ Vn = CI;

for some uniform constant C,. By Sobolev embedding theorem there is a subsequence of U,,
still indexed # for notational simplicity, and U, = (¢(X), v(X), yo) € C such that

U, — U, in the topology of 3C.

Consequently, u4(0) = u;(0) = 0. The proof is complete.

LemMa 3. Let S(¢) be the semigroup generated by @. Then if for some
Yo = (Polx), y1(¥) + ko y5(0)x, ko) € D(R),
i.e. yo € D(A), y, € D(AY?), there hold
d
& IS(HY,l = 0, forall t = 0,

then Y, = (0,0, k).
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Proof. Let Y(t) = (y(x, 1), ¥(x, ) + k(t)»"(0, t)x, k(¢)) be the solution of equation (3) with
the initial value Y(0) = Y,. In view of (6), (d/d0)||S(®)Y,]| = O implies k(£)y"(0, ) = 0. If
k() =0, i.e.

t
ko + S y"}0, 7)dr = 0,
0
then y”(0, ) = 0, which still holds for k(z) > 0. Hence, one has

El
ytl(x’ t) + Fyxxxx(x’ t) =0,

14
0,0 =y'0,n=y",)=y"(,) =0, »"(0,) =0, a9

k(1) = ky.

Multiplying y,(x, #) and xy,(x, ¢) on both sides of (14) and then integrating with respect to x
and ¢ from 0 to / and 0 to 7, respectively, we obtain

EI T ! T (" T !
37 j S yhdxds + E g yidxds = l§ Y, nde - ZE xy,(x, Dy, (x, D)g dx,
0 i} (1)

0 0 0
T 1
S yid, pdr = 25 Pelx, Dy (x, 0§ dx.
0 0

By making use of the fact that

1

EI('
G(@t) = —X Vi dx +§ yidx = G(0)
P Jo 0
in this case, we have

T
S G@) dt < K, for some constant K.
1]

Therefore, G(¢) = 0 or equivalently y = 0 and &(f) = k,.

Theorem 1, lemmas 2, 3, equation (6) and Lasalle’s invariance principle [7] implies the strong
stability of the system (3) which is summarized as the following theorem.

THEOREM 2. Let y be the solution of (3). Let

E(0) S; gf P60 + e 1) + KO)Y" O, t)x]z} dx. as)
Then
lim £() = 0, lim k() = / }%’E(O) + k2 (16)
and

k@) < f %’E(O) + k2 forallz=0. 17
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The following results are more profound than strong stability given by theorem 2 that claim
that E(¢) also decays exponentially to zero as time goes to infinity,

THEOREM 3. Let k5 > 0 and E(¢) be defined by (15). Then for every solution y(x, {) of equation
(3), there exist positive constants K > 0, u > 0, depending on initial condition, such that

Ef)<Ke™ and k%) — %;E(O) ~ R = 3’7’1@-"‘ for all £ = 0.

E

Proof. First assume y, € D(A), ¥, € D(A"?). Then y is the strong solution of equation (3) by
theorem 1. Let

{
alt) = g Yo, Dlylx, 1) + k(O)xy,, (0, 1)} dx
0
!
+ 4§ Xy, (X, D ye(x, £) + k(D)xy,, (0, 1)] dx
V]

I
- 4lj Yxx, Hlyix, 1) + k(D)xy,,(0, 1)] dx.
0

Differentiating «(t), one finds

1
o'(t) = —E(t) - 62 g Yax(x, 1) dx
2 Jo

{
— S5k()y(0, 1) g x[y (e, 8) + k(£)xy,(0, )] dx
0

1
EI
+ 4lk(2) y,x(0, 1) § [yex, 1) + k()xp,, (0, )] dx + 4/ —p—yfx(O, 1.
0
It is obviously seen that there exist positive constants D;, i = 1, 2, 3, independent of initial
conditions, such that
la(?)] <= DyE(f) and  o'(t) < —D,E(t) + D;k*(1)y%(0,1), Vvt=0.
Take € > 0 such that

0 < ¢ < min zi s 2ap/EDko z
D" DN 2ap/ENE0) + k2

and define E,(f) = E(¢) + sa(t). Then by noticing (17), we find

(1 — eD)E@F) < E.(¢) < (1 + D)E(?)
and

, _ E_I_ 2 B eD,
E(t) = k(t)[Z p £D3k(t)]yxx(0, 1) I +£DlE,;-(t)

eD,
1 + eD,

E.(0).
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Hence,
1 + eD, eD, _
E@) < E© -~ t)=Ke™, vi=0
® 1 - eD, ()eXp<l+aD1> ¢
where
1 + £Dl £D2
= EO N = .
=0, 2O H=1ep,

The second part is a direct consequence of the first part by referring to (6). The general
conclusions follow from the denseness of D(A) x D(A'/?) and the estimation of ¢ and K and u
aforementioned.

Remark 1. The decay rate g in theorem 3 depends usually on initial condition. A natural
question is what about the uniform exponential stability. When o = 0 in equation 3, it was
shown in [8] that, the dynamic system is indeed exponential stable. However, the decay rate is
not proportional to feedback gain k, > 0, i.e. as k, goes to infinity, the decay rate will tends
to zero. By this fact and the claim of (16), the uniform exponential decay may not hold to our
problem, although we have not proved this claim right now.

3. THE REGULARITY OF THE SOLUTION AND EXPONENTIAL DECAY

In this section, we shall investigate the regularity and the exponential decay of the solution
of equation (3), which leads to an adaptive boundary control problem.

LemMma 4. For any ¢ € D(A), the following inequality holds:
6"y = 3r°%|lo"[ll¢™]>. (18)

Proof. Let ¢ € D(A), we have

1 I

(s — )9™(s) ds E ¢"(s) ds.

X

!
¢"(0)° =3 E ¢>”(x)dxj
0

X

The conclusion is obtained by applying the Schwartz’s inequality to the above equality.

ProposITION 1. Assume that
yi€DW),  yoeD(A), Ay + lkoy! (0) + alyg (O]x € D(A?). (19)
Then the solution y(x, ) of equation (3) has the regularity
ye L0, T;[D(A)),  je L 0, T; [D(A?)). (20)

Proof. Let {¢,} be the all eigenfunctions of operator A which consists of an orthogonal basis
on 10, /) and (see [3])
2(0) = o(n®), el = o(1)
and

x= Y b,0,(x) inI*0,1), b, = o(n?.
n=1
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Let

o«

Yo = ¥ 06,0, yx) =Y B.dx) inI
1 n=1

n=

Find an approximation solution yy(x, #) of equation (3) with following form

N

N
Intx, 1) = Z gNn(t)¢n(x)’ Ynl(x, 0= E an¢'n(x)1
n=1

n=1

N
)}N(x, 0) = Z Bn¢n(x):
n=1

satisfying
o EI 1t Wi " 3
(yN(.s t)9 d)n) + 7<yN(.1 t)1 d’n) + [kN(t)yN(OS t) + a[yN((), t)] ](x’ ¢n> = O’
n=12,...,N, @b
where
t t/ N 2
kn(t) = ko + « S 4O, D1 dt = ko + (04 X ( ¥ ena(D9n (0)> dr)- (22
o 0 \n=1
Approximation equation (21) is equivalent to a system of ordinary differential equations
N N 3
gr.(t) + A,8Nn(0) + [kN(t) ¥ gha()95(0) + 04( ) gNn(t)qS,l’(O)) ]b,, =0, 23)
n=1 n=1
gNn(O)zan’ gl’Vn(O):ﬁna n= lszy-“’N)
or
. El s ) ” 3 o
Inlx, 1) + 7yN(xy 1) + [kn (P50, ) + afyp(0, D) X bpoa(x) = 0. (24
n=1
Let

an(t) :gll\ln(t)’ n=1,2,...,N.
Then { fn,(?)) satisfy the following equations

N N
Sin(0) + Apfna(0) + l:kN(t) Y fann® + k() ¥ an(t)cb;.’(O)} b, = 0,
n=1 n=1

be(O) = ﬂni fl\’ln(o) = A,,Ol,, + [koJ’."xlf(O» 0+ 01[)’1('(((), 0)]3bn9 n=12..,N,

where

kn(t) = 4aly40, DI 25)
Let
~ ] 1.
En() = 5 (Iainl? + 1A 256l + 2 kw0400, oF
1 N ] R N 2
=3 ;1 [A2f2() + A SRl + kNm( glan(t)qs;:(O)) : (26)
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From lemma 4, |40, 8’| < 372 3% (-, Ol 7% (-, HII* and, hence,

d . N 2 1 R
3 EnD) = —kn(t)[ ) fz’«n(t)tb,’,’(O)] + 5 kn(OLX O, N
n=1

1. .
= 5 k(LN O, O1? = 4ayi(0, NIy{ O,

5/2
o\, . .
< 120 2} 550, 1A 5 DA O

< My En (), N
where

772
p .
My = 24al*? <§> ||x”)’N||L"=(o, 7 D(A))”yN”L“’(O,T; DALY

Due to assumptions (19), there exists a constant M, independent of N, such that My < M,

where M only depends on initial conditions Yo and y,. Applying Gronwall’s inequality to (27)
yields

En(t) < En(0) exp(MT). (28)

Due to assumption (19), Ex(0) = E._(0) as N = oo, where
1
E.(0) = E[HA)’I”Z + |2 Ay, + (koyi(0) + alyg Ol + 4alyd (OFP[y! (O

there exists an integer N* such that when N > N*

En() < [1 + EL(0)] exp(MT)
which implies that

Yy is bounded in L*(0, T; [D(A)]), 29)

¥ is bounded in L2(0, T; [D(AY)]).
Letting ¥ — o, we have

yeL*0, T;[D(A)), ¥ eL*O,T;[DA).
THEOREM 4. Let y be the solution of (3) with initial conditions satisfying (19). Let
1 (/[ EI _ o
Fi) = 2 j [7 ™ (x, OF + " (x, t)lz} dx + Z}’"“(O, 1. (30
0

Then there exist constants M = 1, w > 0, depending on initial condition, such that

Fity = Me™ for all t = 0. 31
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Proof. First we show that

Yu(0,8) > 0, ast— oo, (32)
Notice that
d — _E_Y o2
aF(t) =3 k()y"“(0,1) < 0. (33)
Let E(¢) be as (15). Let
Yo, ¥1) = (¢, 0, 9(-, D | t = 0}. (34)

By (33), Y[, ¥,) is bounded in D(A) x D(A'?) and, hence, is compact in H3(0, I) x H'(0, I).
For any positive sequence ¢, — o, there exist (7, ¥,) € D(A) x D(A'"?) and a subsequence of
{t,}, still denoted by #,, such that

s ) Y, ) = (o, 7)) in D(A) x D(A"?) weak topology.
Meanwhile,
(y(.v tn),y(- 3 tn)) i (}70’)71) in H3(01 1) X Hl(Oa I)'
Hence

. ! _ EI _
tllm E@) = E [[il(X) + ko 73 (O] + 7[}/6’()6)]2 dx = 0,
S 0
where k,, = k, + af5 [»7(0, 7)]* dr < @ by (17). So yJ(x) = 0 and
yxx(o’ tn) - .)7(;’(0) =0, as n — oo,
which proves (32) by the arbitrariness of {z,}. Next, let

2(x, ) =y"( — x, ). (35)
Then

{
F@) = S [%Iz”z(x, 1) + 2%(x, D] dx + %z“(l, t)

1
2 Jo

and z(x, ¢) satisfies

T
Z(x, 1) + E;z””(x, H=0, 0<x<|,

20,0 =70, =z"(,H) =0,
%Z"'(l. 1) = k(0z(, ) + az’(, 1), ¢6)
2x, 0) = yd( — x),  z(x,0) =y/( - x),

k'(t) = az?(l, 1),  k(0) = ky = 0.

Define
1

B@) = % S [z(x, D2(x, 1) + 4x2'(x, )z(x, 1)] dx. (37

0
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Obviously,
|B(H| = CF(1), vt = 0, for some C > 0. (38)

By (32), there exists ¢, = 0, such that
EI
Fa () 57/(80:13), forallt = ¢,. (39)
A straightforward calculation yields

{
<"Hx, £)dx — %z“(l, 1) — 2ad2'd, D230, 1)
(1]

N N 7EI
B(t)__ESOZ(X’t)dx__i;S

+ 231ty - %k(t)z(l, Nz, 1) = 20k, Dz, 1). (40)

By trace theorem and (32), (39), (40), we obtain, finally,
B'(t) = —F(t) + Cpz*(l, 1), for all ¢t = ¢,, @1)

C, = [2/ +601/2 + 20) /k%, + Z,—/I)E(O)],

J is any positive constant satisfying & > (p/EI(4 + l)lzxfk% + (ap/EDNE(0). Take € > 0 such
that ¢ < min{l/C, (El/p)ky/C,} and define

Fy(t) = F(t) + €B().

where

Then we have
(1 — Ce)F(t) < F.(t) = (1 + Ce)F(1)

and
EI s
Fli()=F'(t) + eB'(t) = ) k(t)z°(, 1) + eB'(¢)
< —¢eF(t) - <E—;Ik(t) — C06>7',2(1, t)
€ EI .2 - €
=13 CeFe(t) - (Fko - C08>Z (L= 15 CEE:(’)-
Hence

&mS&mnmﬂdf&«—m>

We finally get

[

Fi) =
Q) 1+ Ce

1
—5; (1 + CoFuy exp<— (- t0)>, Vi1,

1

The proof is complete.
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