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Distributed Optimization for a Class of Nonlinear
Multiagent Systems With Disturbance Rejection

Xinghu Wang, Yiguang Hong, and Haibo Ji

Abstract—The paper studies the distributed optimization prob-
lem for a class of nonlinear multiagent systems in the presence of
external disturbances. To solve the problem, we need to achieve
the optimal multiagent consensus based on local cost func-
tion information and neighboring information and meanwhile to
reject local disturbance signals modeled by an exogenous system.
With convex analysis and the internal model approach, we pro-
pose a distributed optimization controller for heterogeneous and
nonlinear agents in the form of continuous-time minimum-phase
systems with unity relative degree. We prove that the proposed
design can solve the exact optimization problem with rejecting
disturbances.

Index Terms—Distributed optimization, disturbance rejection,
internal model (IM), multiagent systems, nonlinear systems.

I. INTRODUCTION

IN RECENT years, a lot of efforts have been made to
study the coordination problem of multiagent systems

with many significant results, including consensus, formation,
and optimization (see [24], [25], [28], [40], and references
therein). One of the important problems is the so-called mul-
tiagent consensus, which makes all agents achieve a common
state (see [22], [24], [25], [32]). Particularly, some interesting
results have been obtained for consensus of nonlinear multi-
agent systems (see [4], [17], [19], [36]). For example, in the
cyclic small-gain framework, an output-feedback was devel-
oped to handle the case of a stationary leader in [19], while
different consensus control laws were proposed, with the help
of output regulation theory, for the case when the leader is
modeled by an autonomous system in [33] and [38].

Although, multiagent consensus is an essential problem of
multiagent systems, there usually exist additional concerns to
describe most practical problems. In practice, optimization
is one of the main concerns for the coordination of mul-
tiagent systems, in order to make all the agents converge
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to the optimization state. Therefore, distributed optimization
or optimal consensus problems have attracted much research
attention recently. To cooperatively solve the distributed opti-
mization problem, each agent is only accessible to the local
information (e.g., the sub-gradient) of its own cost func-
tion and local interactions with its neighboring agents to
seek the optimization solution of the global cost function.
Thus, more complicated than the consensus problem with-
out optimization concerns, the distributed optimization is to
achieve a consensus state specified by the global cost func-
tion. For the past decade, some effective discrete-time algo-
rithms have been developed to cope with this problem, such
as subgradient algorithms [20], [23] and alternating direc-
tion method of multipliers [35], and continuous-time methods
have also been considered to achieve distributed optimization
tasks [8], [15], [18], [27], [30]. Many control techniques, such
as the proportional-integral control, were adopted in the opti-
mization design to ensure all the agents converge to the same
optimization point (see [15], [31]).

On the other hand, various disturbances, arising from either
environment or communication, are ubiquitous in reality. The
robustness against the disturbances is an important issue in
the control of multiagent systems. Because of the presence of
disturbances, most (optimal) consensus results were obtained
that can only guarantee the convergence to a neighborhood of
the common point (see [41] for consensus control and [30]
for distributed optimization). Note that, the so-called internal
model (IM) approach has been proved as one of the effective
ways in control theory to handle various types of disturbances,
including the finite superposition of the step, sinusoidal, and
ramp signals [10], [13]. In recent years, IM approach has
also been applied to reject external disturbances for uncer-
tain multiagent consensus problem [12], [29], [34]. Regarding
the distributed optimization, a simple IM-based optimization
control was developed in [33] for single-integrator multiagent
systems to reject local external disturbances.

In this paper, the distributed optimization problem with
rejecting exogenous disturbances is investigated for a class
of heterogeneous nonlinear agents with unity relative degree.
The external disturbance signals are assumed to be gener-
ated by linear autonomous systems, which can be used to
describe a finite superposition of step, sinusoidal, and ramp
signals. A two-step design scheme is proposed to construct
the distributed optimization control: 1) in the first step, the
distributed optimization problem is converted to a distributed
stabilization problem with the help of IMs and 2) in the sec-
ond step, a distributed stabilization control is designed to solve
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the distributed optimization problem. Moreover, to show the
generality of the framework of distributed optimization, our
results are applied directly to handle two basic consensus prob-
lems for nonlinear multiagent systems. One is the leaderless
output average-consensus problem and the other one is the
leader-following output consensus.

The main contribution of this paper can be summarized
as follows.

1) In the distributed optimization problem, the agent
dynamics are extended to be heterogenous nonlinear
systems perturbed by external disturbances, different
from the single-integrator (linear) agent dynamics as
in most existing continuous-time optimization design
(see [15], [30], [33]).

2) To tackle the technical challenges resulting from het-
erogenous nonlinear agent dynamics and external distur-
bances, a two-step scheme based on IM and Lyapunov
method is proposed to guarantee the exact optimization.
Both semi-global and global distributed optimization
results are obtained in different cases.

3) The obtained results can be applied to consensus prob-
lems of nonlinear multiagent systems with external
disturbances. In other words, our results provide alter-
native and interesting ways to handle consensus with
disturbance rejection as discussed in [1] and [34].

This paper is organized as follows. We formulate the
distributed optimization problem with rejecting external dis-
turbances in Section II. Next, we analyze the problem with
disturbances based on the IM in Section III, while we construct
the distributed optimization control and prove the optimization
results in Section IV. Then, we show how to apply our opti-
mization results to the conventional consensus problems of
nonlinear agents in Section V, followed by illustrative exam-
ples in Section VI. Finally, we provide the conclusion in
Section VII.

Notations: Let 1N be the vector of N ones and In be the
n×n identity matrix. For vectors x1, . . . , xm, col(x1, . . . , xm) =
[x�

1 , . . . , x�
m]�. Denote Bx

ρ = {x ∈ R
n : ‖x‖ ≤ ρ} for a constant

ρ > 0, and �c(W) = {x ∈ R
n : W(x) ≤ c} for a constant c > 0

and a C1 (continuously differentiable) positive definite and
radially unbounded function W. K∞ is the set of continuous,
strictly increasing, and unbounded functions α : [0,∞) →
[0,∞) with α(0) = 0.

II. PROBLEM FORMULATION

In this section, we provide some preliminaries and then
formulate our problem.

We start with concepts for convex analysis. A differentiable
function f : R

n → R is strictly convex if (y − x)�(∇f (y) −
∇f (x)) > 0 for x 
= y ∈ R

n, and f is a m-strongly convex (for
a constant m > 0) if (y − x)�(∇f (y) − ∇f (x)) ≥ m‖y − x‖2

for x 
= y (see [26] for details).
Consider a network of N agents with interaction topology

described by an undirected graph G. An undirected graph
G := {V, E} is defined with V := {1, 2, . . . ,N} as the node
set and E ⊂ V × V as the edge set (without self-loops) [9].
An edge ( j, i) ∈ E of the graph means that agents i and j

can exchange information with each other. A path of G is an
ordered sequence of distinct nodes in V such that any consecu-
tive nodes in the sequence correspond to an edge of the graph.
The graph is called connected if there exists a path from i to j
for any two nodes i, j ∈ V . A = [aij]i,j=1,...,N is the weighted
adjacency matrix with aij ≥ 0, and aij = aji > 0 if ( j, i) ∈ E .
The associated Laplacian matrix L = [lij]i,j=1,...,N is defined
by lii = ∑N

j=1 aij and lij = −aij for i 
= j.
In the multiagent system, agent i is endowed with a local

cost function fi : R → R for i = 1, . . . ,N. The global cost
function f : R → R is defined as a sum of the local cost
functions, that is

f (x) =
N∑

i=1

fi(x), x ∈ R. (1)

As in [15] and [27], we assume that the optimal solution set
X∗ = arg minx∈R f (x) is nonempty.

The nonlinear uncertain agent dynamics can be expressed
in the following form:

{
żi = gi1(zi, yi,w)
ẏi = gi2(zi, yi,w)+ qi(t)+ ui, i = 1, . . . ,N

(2)

where (zi, yi) ∈ R
n is the state of agent i, yi ∈ R is its

output, ui ∈ R is the control input, w ∈ W denotes the con-
stant uncertain parameter in a fixed compact set W ⊂ R

nw ,
and the functions gi1, gi2 are sufficiently smooth vanishing at
the origin. The nonlinear system in the form of (2) is called
to be with unity relative degree, which was widely studied
in [5], [34], and reference therein. qi(t) := δi(vi,w) is the local
actuating disturbance of agent i with vi being generated by the
local disturbance source

v̇i = Sivi, vi(0) ∈ Vi (3)

for a fixed compact set Vi ⊂ R
nvi , where δi(vi,w) is poly-

nomial in vi with coefficients depending on w. Without loss
of generality, we assume that, for each i = 1, . . . ,N, all the
eigenvalues of the matrix Si have non-negative real parts (not-
ing that negative real parts make the corresponding signals
vanish exponentially, whose analysis becomes quite trivial,
referring to [10, Remark 1.3] for details).

Remark 1: The disturbance source (3) can generate the fun-
damental sinusoidal/step/ramp type signals. In addition, it can
also produce a good approximation of any bounded periodic
disturbance signal by summing up a finite number of harmon-
ics in its Fourier series expansion. Hence, it has been widely
used as typical nontrivial disturbances in the control literature
(see [2], [10], [13], [38]).

Our control goal is to solve the optimization problem of
minimizing the cost function f (x) with disturbance rejection
by the agents under a distributed output-feedback control ui

of the form
⎧
⎨

⎩

ξ̇i = γi1

(
ξi,∇fi(yi),

∑N
i=1 aij

(
yi − yj

))

ui = γi2

(
ξi,∇fi(yi),

∑N
i=1 aij

(
yi − yj

)) (4)

with ξi(0) = 0, where ∇fi(yi) is the gradient of fi at the
output yi. To be strict, we give the following definition.
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Definition 1: The semi-global distributed optimization
problem can be solved if, for any sets Bz

ρ and By
ρ with

z = col(z1, . . . , zN), y = col(y1, . . . , yN) and a constant
ρ > 0, we can design a distributed optimization control in
the form of (4) such that, for any col(z(0), y(0)) ∈ Bz

ρ × By
ρ

and vi(0) ∈ Vi, the solution of the closed-loop system is well-
defined and yi(t), i = 1, . . . ,N converge to the same point
y∗ ∈ X∗.

Moreover, the global distributed optimization problem
can be solved if we can design a distributed optimization
control (4) such that the solution of the closed-loop system
is well-defined and yi(t), i = 1, . . . ,N converge to y∗ ∈ X∗
for any col(z(0), y(0)) and vi(0) ∈ Vi.

Note that, in the semi-global distributed optimization
design, the initial condition of the agents are assumed within
a predefined region specified by ρ, which can be made arbi-
trarily large but is required. However, the global distributed
optimization design works for all initial conditions.

Remark 2: Without assigning the cost functions to the agent
network, the problem becomes an output consensus or syn-
chronization problem with external disturbances and can be
solved by introducing the design of IM (see [1], [4]). Note
that the IM proposed in the above aforementioned literature
can be only applied to the disturbances including constant and
sinusoidal signals, based on an incremental passivity prop-
erty, while our proposed distributed control can handle the
unbounded ramp signals as well.

Remark 3: When the agent dynamics is reduced to the sin-
gle integrator without any external disturbances, our problem
becomes consistent with those in [15], [30], and [31]. In the
presence of disturbances, Wang and Elia [30] studied the
robust issue with “bounded” optimization errors in order to
guarantee that the agents’ states enter a small error neigh-
borhood of the optimization point specified by the bounded
disturbances. However, we consider the exact optimization
by completely rejecting a class of bounded deterministic dis-
turbances. In other words, we aim at a novel distributed
optimization design for the convergence to the exact opti-
mization point, rather than a small neighborhood of the
optimization point.

To proceed further, we introduce the following well-
known assumptions for our problem. The first assumption
is typical for the optimization of continuous-time multiagent
systems [30], [31].

Assumption 1: The undirected graph G is connected.
Remark 4: Under Assumption 1, we have the following

results (see [9] for details). Zero is a simple eigenvalue of
matrix L and 1�

NL = 0. Moreover, there exists a matrix
Q ∈ R

N×(N−1) with

1�
N Q = 0, Q�Q = IN−1, QQ� = IN − 1

N
1N1�

N

such that the matrix L̄ := Q�LQ is positive definite.
The next assumption is about the cost functions in the

optimization problem.
Assumption 2: All the local cost functions fi, i = 1, . . . ,N

are differentiable and convex on R, and there exists at least
one local cost function that is m-strongly convex on R.

Remark 5: Assumption 2 means that, there exists an index
i0 such that the local cost function fi0 is m-strongly convex
on R. If so, we can define B = diag(b1, . . . , bN) with

bi =
{

0, if i 
= i0
m, if i = i0

(5)

and L̆ = L+B. Then, under Assumption 1, as in the proof of
[11, Lemma 3], the matrix L̆ is positive definite. On the other
hand, it is of interest to note that, for a twice continuously
differentiable function fi0 , it is m-strongly convex if and only
if f ′′

i0
(x) ≥ m for all x ∈ R. In light of Assumption 2, the set

X∗ contains a unique point y∗.
The following two assumptions describe the nonlinear agent

dynamics, which were also used in the study of conventional
nonlinear control problem (see [10], [14]).

Assumption 3: For the point y∗ ∈ X∗, there exists a unique
z∗

i such that gi1(z∗
i , y∗,w) = 0.

With

z̄i = zi − z∗
i , ei = yi − y∗ (6)

we obtain the translated agent dynamics
{ ˙̄zi = ḡi1(z̄i, ei,w)

ėi = ḡi2(z̄i, ei,w)+ q̄i(t)+ ui
(7)

where

ḡi1(z̄i, ei,w) = gi1(zi, yi,w)− gi1
(
z∗

i , y∗,w
)

ḡi2(z̄i, ei,w) = gi2(zi, yi,w)− gi2
(
z∗

i , y∗,w
)

q̄i(t) = qi(t)+ gi2
(
z∗

i , y∗,w
)
.

Assumption 4: There exists a C2 (twice continuously dif-
ferentiable) function V0i(z̄i) such that

α0i(‖z̄i‖) ≤ V0i(z̄i) ≤ α0i(‖z̄i‖)
∂V0i(z̄i)

∂ z̄i
ḡi1(z̄i, 0,w) ≤ −‖z̄i‖2, ∀w ∈ W (8)

for two class K∞ functions α0i(·) and α0i(·).
Note that Assumption 3 describes the necessary steady-

state information achieving the exact optimization, namely, if
the designed control solves the distributed optimization prob-
lem (in the sense of Definition 1) with yi(t) converging to
y∗, then zi(t) must converge to z∗

i (see [10, Remark 3.10]).
Assumption 4 characterizes a minimum-phase property of the
agent (2), which ensures the effectiveness of output-feedback
control (see [14], [29], [34]).

III. PROBLEM CONVERSION BASED ON INTERNAL MODEL

Here, we convert the distributed optimization problem into
a distributed stabilization problem with an IM design.

Since δi(vi,w) is polynomial in vi, according to
[10, Proposition 6.14], each of q̄i(t) = δi(vi,w)+gi2(z∗

i , y∗,w),
i = 1, . . . ,N, has the following minimal zeroing polynomial

pi(λ) = λsi − 
i1 − 
i2λ− · · · − 
isiλ
si−1 (9)

for some real numbers 
i1, . . . , 
isi . By defining τi(t) :=
[τi1, . . . , τisi ]

� with

τi1 = q̄i(t), . . . , τisi = dsi−1q̄i(t)

dtsi−1
.
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It follows that

τ̇i(t) = �iτi(t), q̄i(t) = iτi(t) (10)

where

�i =
[

0 Isi−1


i1 
i2, . . . , 
isi

]

, i = [
1 01×(si−1)

]
.

Since the pair (i,�i) is observable, let Gi be the matrix
such that Mi := �i + Gii is Hurwitz. Then, for each agent,
an IM can be designed as follows (see [10], [38]):

η̇i = Miηi + Giui, ηi(0) = 0. (11)

Defining the following coordinate transformation

η̄i = ηi − τi(t)− Giei, ūi = ui +iηi (12)

and plugging (11) into (7) yield
⎧
⎨

⎩

˙̄zi = ḡi1(z̄i, ei,w)
˙̄ηi = Miη̄i + ĝi2(z̄i, ei,w)
ėi = ği2(z̄i, ei,w)−iη̄i + ūi

(13)

where

ĝi2(z̄i, ei,w) = MiGiei − Giḡi2(z̄i, ei,w)

ği2(z̄i, ei,w) = −iGiei + ḡi2(z̄i, ei,w).

Denoting

z̄ = col(z̄1, . . . , z̄N)

η̄ = col(η̄1, . . . , η̄N)

e = col(e1, . . . , eN) (14)

we have the following result.
Lemma 1: Consider the system (13) under Assumption 4.

Suppose that, for any sets Bz̄
ρ,Bη̄ρ ,Be

ρ , there is a distributed
output-feedback control

⎧
⎨

⎩

ξ̇ ′
i = 
′

i1

(
ξ ′

i ,∇fi(yi),
∑N

i=1 aij
(
yi − yj

))

ūi = 
′
i2

(
ξ ′

i ,∇fi(yi),
∑N

i=1 aij
(
yi − yj

)) (15)

with ξ ′
i (0) = 0, such that, for any (z̄(0), η̄(0), e(0)) ∈ Bz̄

ρ ×
Bη̄ρ × Be

ρ , the solution of the closed-loop system composed
of (13) and (15) is bounded over [0,∞) and ei(t) converges
to the origin. Then the semi-global distributed optimization
given in Definition 1 can be solved.

Moreover, if all the sets Bz̄
ρ,Bη̄ρ ,Be

ρ are the whole spaces,
then the global distributed optimization given in Definition 1
can also be solved.

Proof: Due to the subadditivity of the norm, we have

‖z̄i‖ ≤ ‖zi‖ + ∥
∥z∗

i

∥
∥

‖η̄i‖ ≤ ‖ηi‖ + ‖τi(t)‖ + ‖Gi‖
(|yi| + ∣

∣y∗∣∣)

|ei| ≤ |yi| + ∣
∣y∗∣∣.

For the fixed y∗ and its related z∗
i , and for any sets Bz

ρ, By
ρ ,

there exists a real number ρ∗ > 0 such that, for each
(z(0), y(0)) and vi(0) subject to

‖z(0)‖ ≤ ρ, ‖y(0)‖ ≤ ρ, vi(0) ∈ Vi

it follows:

‖z̄(0)‖ ≤ ρ∗, ‖η̄(0)‖ ≤ ρ∗, ‖e(0)‖ ≤ ρ∗.

On the other hand, under the distributed control (15), for any
(z̄(0), η̄(0), e(0)) ∈ Bz̄

ρ∗×Bη̄ρ∗×Be
ρ∗ , the solution of the closed-

loop system composed of (13) and (15) is bounded over [0,∞)

and ei(t) converges to the origin. In view of these two aspects
together with the relationship

zi = z̄i + z∗
i

yi = ei + y∗

ηi = η̄i + τi(t)+ Giei (16)

the solution of the closed-loop system composed of (2), (11),
and (15) is well defined. Moreover, the output yi converges
to the point y∗ ∈ X∗. Thus, the semi-global distributed opti-
mization given in Definition 1 can be solved by a distributed
control composed of (11) and (15).

Similarly, the result for the global case can also be
obtained.

IV. MAIN RESULTS

In this section, we provide and verify our IM-based
optimization control designs for the semi-global and the
global distributed optimization in the following two respective
sections.

A. Semi-Global Optimization Design

By Lemma 1, we need to construct a corresponding con-
trol to achieve the semi-global distributed optimization. More
specific, for agent i, we construct a distributed control in the
form of

{
ζ̇i = κ

∑N
j=1 aij

(
yi − yj

)
, ζi(0) = 0

ūi = −κ∇fi(yi)− κ
∑N

j=1 aij
(
yi − yj

)− κζi
(17)

with the parameter κ > 0 to be determined (in Theorem 1).
Remark 6: Because we have taken ζi(0) = 0 ∈ R, i =

1, . . . ,N, from
∑N

i=1 ζ̇i = 0, we have the following useful
identity

N∑

i=1

ζi(t) =
N∑

i=1

ζi(0) = 0. (18)

Let ζ ∗
i = −∇fi(y∗), which satisfies

∑N
i=1 ζ

∗
i = 0. Then,

with ζ̄i = ζi − ζ ∗
i , we obtain the closed-loop system as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

˙̄zi = ḡi1(z̄i, ei,w)
˙̄ηi = Miη̄i + ĝi2(z̄i, ei,w)
˙̄ζi = κ

∑N
j=1 aij

(
ei − ej

)

ėi = ği2(z̄i, ei,w)−iη̄i − κψi(ei)

−κ∑N
j=1 aij

(
ei − ej

)− κζ̄i

(19)

where ψi(ei) = ∇fi(yi)− ∇fi(y∗). As in [15], it can be found
that the system (19) has an equilibrium point at

(
z̄i, η̄i, ζ̄i, ei

) = (0, 0, 0, 0), i = 1, . . . ,N. (20)
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Clearly, with (14) and ζ̄ = col(ζ̄1, . . . , ζ̄N), the system (19)
can be expressed as

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

˙̄z = ḡ1(z̄, e,w)
˙̄η = Mη̄ + ĝ2(z̄, e,w)
˙̄ζ = κLe

ė = ğ2(z̄, e,w)−η̄ − κψ(e)− κLe − κζ̄

(21)

where

ḡ1 = col(ḡ11, . . . , ḡN1), ğ2 = col(ğ12, . . . , ğN2)

ĝ2 = col
(
ĝ12, . . . , ĝN2

)
, ψ = col(ψ1, . . . , ψN)

M = diag(M1, . . . ,MN),  = diag(1, . . . , N).

Then, by Lemma 1, if we can prove that, for any set
Bz̄
ρ,Bη̄ρ ,Be

ρ , there is a constant κ > 0 such that the solu-
tion of system (19) is bounded for t ≥ 0 and converges
to the origin for ζ̄ (0) = col(∇f1(x∗), . . . ,∇fN(x∗)) and
col(z̄(0), η̄(0), e(0)) ∈ Bz̄

ρ × Bη̄ρ × Be
ρ , then the semi-global

distributed optimization problem is solved by Definition 1.
Consider the (ζ̄ , e) subsystem and take

χ = T�e, ϑ = T�ζ̄ , T =
[

1√
N

Q

]

(22)

with Q defined in Remark 4 and ‖T‖ = 1. Denote
χ = col(χ1, χ2), ϑ = col(ϑ1, ϑ2) with χ1, ϑ1 ∈
R and χ2, ϑ2 ∈ R

N−1. Then, (21) can be rewritten as ϑ̇1 = 0
and

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

˙̄z = ḡ1(z̄, e,w)
˙̄η = Mη̄ + ĝ2(z̄, e,w)
ϑ̇2 = κL̄χ2

χ̇1 = 1√
N

1�(ğ2(z̄, e,w)−η̄)− κ√
N

1�ψ(e)
χ̇2 = Q�(ğ2(z̄, e,w)−η̄)− κQψ(e)

−κL̄χ2 − κϑ2

(23)

where L̄ is positive definite by Remark 4. Recalling Remark 6
and

∑N
i=1 ∇fi(x∗) = 0, it gives ϑ1(t) ≡ 0, ∀t ≥ 0. Hence, the

asymptotic stability of system (23) at the equilibrium point
implies that of system (21).

Thus, we are left to show the existence of κ to ensure the
asymptotic stability of system (23) at the equilibrium point
with a certain basin of attraction. Before going further, let
us check the structure of the proposed optimization output-
feedback control, which is designed as

⎧
⎪⎪⎨

⎪⎪⎩

η̇i = Miηi + Giui, ηi(0) = 0
ζ̇i = κ

∑N
j=1 aij

(
yi − yj

)
, ζi(0) = 0

ui = −κ∇fi(yi)− κ
∑N

j=1 aij
(
yi − yj

)

−κζi −iηi, i = 1, . . . ,N

(24)

where −iηi is the IM term to remove the influence of exter-
nal disturbances; −κ∇fi(yi) is the gradient term to guide the
agents for optimization; −κ∑N

j=1 aij(yi − yj) is the consen-
sus term to drive all the agents’ outputs converge to the same
point; and −κζi is an integral term to correct the error induced
by the consensus term.

Remark 7: Since the initial condition of controller (24) can
be chosen arbitrarily, we set it to zero for technical simplic-
ity as in [16, Remark 7.3]. Furthermore, as shown in [15],

such a choice of initial condition ensures that the closed-loop
system (19) has an equilibrium point at the origin, which ben-
efits us much in the Lyapunov-based convergence analysis of
the optimization algorithm.

Remark 8: Since conventional output consensus control
designs need not contain the gradient term (resulting from
the cost function) and the integral term, the optimization con-
trol design is naturally much more complicated than that of
output consensus or synchronization problems, which brings
many technical difficulties in the convergence analysis.

We are ready to prove the convergence of the proposed
optimization design.

Theorem 1: Consider the system (23). Under Assumption 4,
for any real number ρ > 0, there exists a real number
κ > 0 such that, for any col(z̄(0), η̄(0), ϑ2(0), χ(0)) ∈
Bz̄
ρ × Bη̄ρ × Bϑ2

ρ × Bχρ , the solution of system (23) is bounded
for t ≥ 0 and converges to the origin. That means, under
Assumptions 1–4, the semi-global distributed optimization
problem for multiagent system (2) with the cost function (1)
and the disturbance (3) can be solved by the optimization
control (24).

Proof: First of all, let us show some useful properties for
the system (23).

1) Consider the z̄ subsystem. By Assumption 3, let

V0(z̄) =
N∑

i=1

V0i(z̄i)

which gives

α0(‖z̄‖) ≤ V0(z̄) ≤ α0(‖z̄‖)
∂V0(z̄)

∂ z̄
ḡ1(z̄, 0,w) ≤ −‖z̄‖2

for some smooth functions α0(·), α0(·) ∈ K∞.
2) Consider the η̄ subsystem. Since Mi is Hurwitz, define

V1i(η̄i) = η̄i
�P1iη̄i

where the matrix P1i is positive definite satisfying
P1iMi + M�

i P1i = −2I. It can be seen that

V̇1i|(23) = −2‖η̄i‖2 + 2η̄�
i P1iĝi2(z̄i, ei,w)

≤ −‖η̄i‖2 + ‖P1i‖2
∥
∥ĝi2(z̄i, ei,w)

∥
∥2
.

Notice that, by [10, Lemma 7.8]

‖P1i‖2
∥
∥ĝi2(z̄i, ei,w)

∥
∥2 ≤ pi1(z̄i)‖z̄i‖2 + pi2(ei)|ei|2

for smooth functions pi1(·), pi2(·) ≥ 1. Thus, taking

V1(η̄) =
N∑

i=1

V1i(η̄i)

yields

V̇1|(23) ≤ −‖η̄‖2 + p̄1(z̄)‖z̄‖2 + p̄2(e)‖e‖2

where

p̄1(z̄) =
N∑

i=1

pi1(z̄i), p̄2(e) =
N∑

i=1

pi2(ei).
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3) Consider the (χ, ϑ2) subsystem. Define a positive defi-
nite function

V2(χ, ϑ2) = 1

2
χ�χ + 1

2
ϑ�

2 L̄−1ϑ2.

It is straightforward to show that

V̇2|(23) = −κe�ψ(e)− κχ�
2 L̄χ2

+ χ�T�(ğ2(z̄, e,w)−η̄).

By Assumption 2, there exists an index i0 such that

e�ψ(e) ≥ m‖ei0‖2.

Because χ�
2 L̄χ2 = e�Le, by Remark 5 and ‖T‖ = 1,

there exists a constant m̄ > 0 such that

−κe�ψ(e)− κχ�
2 L̄χ2 ≤ −κe�L̆e

≤ −κm̄‖e‖2 = −κm̄‖χ‖2. (25)

Moreover, by (22) and [10, Lemma 7.8]

χ�T�(ğ2(z̄, e,w)−η̄)

≤ p̄3(z̄)‖z̄‖2 + p̄4(e)‖e‖2 + p̄0‖η̄‖2

for a constant p̄0 > 0 and smooth functions
p̄3(·), p̄4(·) ≥ 1. Therefore

V̇2|(23) ≤ −κm̄‖χ‖2 + p̄3(z̄)‖z̄‖2

+ p̄4(e)‖e‖2 + p̄0‖η̄‖2.

Next, we show the stability of the system (23) at the equi-
librium point. Because V0(z̄), V1(η̄), V2(χ, ϑ2) are positive
definite and radially unbounded, for any Bz̄

ρ, Bη̄ρ, Bϑ2
ρ , Bχρ ,

there exists a constant ρ̄ ≥ 1 such that

Bz̄
ρ ⊂ �ρ̄(V0), Bη̄ρ ⊂ �ρ̄(V1), Bϑ2

ρ × Bχρ ⊂ �ρ̄(V2).

Obviously, all the sets �ρ̄(V0), �ρ̄(V1), �ρ̄(V2) are
compact. Then, from the C2 property of V0(z̄) and by
[10, Lemma 7.8], it can be verified that, for all z̄ ∈ �3ρ̄ (V0)

∥
∥
∥
∥
∂V0(z̄)

∂ z̄

∥
∥
∥
∥ ≤ c1‖z̄‖

‖ḡ1(z̄, e,w)− ḡ1(z̄, 0,w)‖ ≤ p̄5(e)‖e‖
p̄1(z̄) ≤ c1, p̄3(z̄) ≤ c1

for a real number c1 > 0 and a smooth function p̄5(e) ≥ 1.
Thus, we have

V̇0|(23) ≤ −1

2
‖z̄‖2 + 1

2
c2

1p̄2
5(e)‖e‖2, z̄ ∈ �3ρ̄ (V0).

Consider the Lyapunov function candidate

V(z̄, η̄, χ, ϑ2) = V0(z̄)+ c2V1(η̄)+ c2c3V2(χ, ϑ2)

with

c2 = min

{

1,
1

4c1(1 + c3)

}

, c3 = min

{

1,
1

2p̄0

}

.

Clearly, V(z̄, η̄, χ, ϑ2) is positive definite and radially
unbounded. It means that the set �3ρ̄ (V) is compact and
satisfies

�3ρ̄ (V) ⊂ �3ρ̄ (V0)×�3ρ̄′(V1)×�3ρ̄′′(V2)

for two positive constants ρ̄′ := ρ̄/c2 and ρ̄′′ := ρ̄/(c2c3),
and compact sets �3ρ̄ (V0), �3ρ̄′(V1), �3ρ̄′′(V2). Hence, due
to (22), there exists a real number c4 > 0 such that

1

2
c2

1p̄2
5(e)+ c2p̄2(e)+ c2c3p̄4(e) ≤ c4, ∀χ ∈ �3ρ̄′′(V2).

It follows that, on the set �3ρ̄ (V)

V̇|(23) ≤ −1

2
‖z̄‖2 − c2

2
‖η̄‖2 − (c2c3κm̄ − c4)‖χ‖2.

If we choose

κ� = (c4 + 1)/(c2c3m̄)

then, for each κ ≥ κ�, on �3ρ̄ (W), we have

V̇|(23) ≤ −1

2
‖z̄‖2 − c2

2
‖η̄‖2 − ‖χ‖2

∀col(z̄, η̄, χ, ϑ2) ∈ �3ρ̄ (W).

Note that

Bz̄
ρ × Bη̄ρ × Bχρ × Bϑ2

ρ

⊂ �ρ̄(V0)×�ρ̄(V1)×�ρ̄(V2) ⊂ �3ρ̄ (V).

By [14, Th. 8.4], for any col(z̄(0), η̄(0), χ(0), ϑ2(0)) ∈ Bz̄
ρ ×

Bη̄ρ ×Bχρ ×Bϑ2
ρ , the solution of the system (23) remains in the

set �3ρ̄ (V), and satisfies

lim
t→∞(‖z̄(t)‖ + ‖η̄(t)‖ + ‖χ(t)‖) = 0.

On the other hand, from the last equation in (23), χ̈2(t) is
bounded, i.e., χ̇2(t) is uniformly continuous. By Barbalat’s
Lemma together with the boundedness of χ(t), it implies
that limt→∞ χ̇2(t) = 0. By the last equation of (23) again,
limt→∞ ϑ2(t) = 0. Thus, the equilibrium point (z̄, η̄, χ, ϑ2) =
(0, 0, 0, 0) of the system (23) is uniformly asymptotically sta-
ble with a basin of attraction containing Bz̄

ρ ×Bη̄ρ ×Bχρ ×Bϑ2
ρ .

Thus, the proof is complete.
Remark 9: From the above analysis, the key of the two-

step scheme is the proof of the convergence of the sys-
tem (23) composed of several strongly connected subsystems.
On the one hand, due to the existence of the nonlinear terms
ğ1(z̄, e,w), ğ2(z̄, e,w) in (23), the designed distributed control
must produce a negative definite term about the variable e
in the derivative of the constructed Lyapunov function along
the system (23) to dominate the effects of these nonlinear
terms. Here, we overcome this difficulty based on the posi-
tive definiteness of the matrix L̆ defined in Remark 5 and a
quadratic negative definite term about the variable e is obtained
in (25). On the other hand, since we can only obtain a quadratic
negative definite term about e to dominate the general nonlin-
ear functions, we have to prove that the time-derivative of
Lyapunov function for the system (23) is negative definite on
a compact set, which is, in fact, invariant for the system as
well as contains any given initial condition region. To solve the
problem, we construct this compact set by virtue of the concept
of Lyapunov level set �
(V) for the Lyapunov function.
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B. Global Distributed Optimization Design

In the above section, we discussed the semi-global version
of the distributed optimization. Here, we address the global
distributed optimization problem with an alternative condition,
where the designed global optimization controller must work
for all initial conditions.

Because a global result needs a stronger condition than the
semi-global one, we introduce another assumption to replace
Assumption 4 for the global distributed optimization problem.

Assumption 5: The agent dynamics (2) satisfies the follow-
ing two conditions.

1) There exists a C1 function V0i(z̄i) such that

α0i(‖z̄i‖) ≤ V0i(z̄i) ≤ α0i(‖z̄i‖)
V̇0i|(7) ≤ −‖z̄i‖2 + νi1|ei|2, ∀w ∈ W (26)

for a positive constant νi1 and two class K∞ functions
α0i(·) and α0i(·).

2) There exists a positive constant νi2 such that

‖ḡi2(z̄i, ei,w)‖ ≤ νi2‖z̄i‖ + νi2|ei|. (27)

Remark 10: Compared with the semi-global result, the
global result depends on the linear growth condition (27). In
fact, this linear growth condition is not so restrictive in the
study of the global convergence case, and was also widely
used in the consensus studies of nonlinear multiagent systems
(referring to [17, Assumption 1] and [36, Assumption 1]).

Then we have the following result.
Theorem 2: Under Assumptions 1–3 and 5, there exists a

constant κ > 0 such that the distributed control
⎧
⎪⎪⎨

⎪⎪⎩

η̇i = Miηi + Giui, ηi(0) = 0
ζ̇i = κ

∑N
j=1 aij

(
yi − yj

)
, ζi(0) = 0

ui = −κ∇fi(yi)− κ
∑N

j=1 aij
(
yi − yj

)

−κζi −iηi, i = 1, . . . ,N

(28)

solves the global distributed optimization problem for mul-
tiagent system (2) with the cost function (1) and the
disturbance (3).

Proof: By Lemma 1, the global optimization problem is
converted into the existence of the constant κ > 0 such that
the equilibrium point (z̄i, η̄i, ζ̄i, ei) = (0, 0, 0, 0), i = 1, . . . ,N
of the system (23) is globally asymptotically stable. The proof
can be completed in a similar manner as that of Theorem 1.
Here, we only give a sketch of the proof to save space.

First, define V0(z̄),V1(η̄) and V2(χ, ϑ2) as in the proof of
Theorem 1. Under Assumption 5, it can be verified that

V̇0|(23) ≤ −‖z̄‖2 + c′
1‖e‖2

V̇1|(23) ≤ −‖η̄‖2 + c′
2

(
‖z̄‖2 + ‖e‖2

)

V̇2|(23) ≤ −κm̄‖χ‖2 + c′
3

(
‖z̄‖2 + ‖η̄‖2 + ‖e‖2

)

where c′
1, c′

2, c′
3 are suitable positive constants.

Then we take

V ′(z̄, η̄, χ, ϑ2) = V0(z̄)+ 1

2
(
1 + c′

2

)V1(η̄)

+ 1

4
(
1 + c′

2

)
c′

3

V2(χ, ϑ)

which satisfies

V̇ ′|(23) ≤ −1

2
‖z̄‖2 − 1

4
(
1 + c′

2

)‖η̄‖2

−
(

κm̄

4
(
1 + c′

2

)
c′

3

− c′
2

2
(
1 + c′

2

) − c′
3

4
(
1 + c′

2

)
c′

3

)

‖χ‖2.

Choosing a sufficiently large κ gives

V̇ ′|(23) ≤ −1

2
‖z̄‖2 − 1

4
(
1 + c′

2

)‖η̄‖2 − ‖χ‖2.

By using the invariance principle (referring to
[14, Corollary 4.2]), we can conclude that the equilib-
rium point of the system (23) is globally asymptotically
stable. Thus, the conclusion follows.

V. APPLICATIONS TO CONSENSUS PROBLEM

As we mentioned, distributed optimization can be viewed as
an extension of multiagent consensus by additionally consider-
ing the optimization issue with cost functions. In this section,
we show how the distributed optimization method can be used
to study some basic consensus problems.

A. Output Average-Consensus

In multiagent coordination, a typical problem is to reach
the average of the initial states of the multiagent system in a
distributed manner. This problem is usually referred to as the
average-consensus, which has been extensive studied in sev-
eral concrete scenarios (see [24], [37], and therein). Note that
the above mentioned results focused on the linear multiagent
systems, and to the best of our knowledge, there are very few
results on average-consensus control for nonlinear multiagent
systems. Here, with the developed distributed optimization
method, we study a distributed control design for nonlin-
ear output average-consensus. To be specific, we consider the
problem given in the following definition.

Definition 2: The (semi-global) output average-consensus
control for the nonlinear multiagent system (2) can be solved
if, for any sets Bz

ρ and By
ρ with z = col(z1, . . . , zN), y =

col(y1, . . . , yN) and a constant ρ > 0, design a distributed con-
trol such that, for any col(z(0), y(0)) ∈ Bz

ρ×By
ρ and vi(0) ∈ Vi,

the solution of the closed-loop system is well-defined and each
of yi(t), i = 1, . . . ,N converges to y� = (1/N)

∑N
i=1 yi(0)

when t → ∞.
To solve this problem, we introduce an assumption to

replace Assumptions 3 and 4 as follows.
Assumption 6: For a given y� ∈ R, there is a unique solu-

tion z�i such that gi1(z�i , y�,w) = 0. Moreover, with taking
the coordinate transformation (6), the translated system (7)
satisfies Assumption 4.

Applying Theorem 1 to this output average-consensus prob-
lem, we have the following result.
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Corollary 1: Under Assumptions 1 and 6 with y� =
(1/N)

∑N
i=1 yi(0), there exists a constant κ > 0 such that the

distributed control
⎧
⎪⎪⎨

⎪⎪⎩

η̇i = Miηi + Giui, ηi(0) = 0
ζ̇i = κ

∑N
j=1 aij

(
yi − yj

)
, ζi(0) = 0

ui = −κ(yi − yi(0))− κ
∑N

j=1 aij
(
yi − yj

)

−κζi −iηi, i = 1, . . . ,N

(29)

solves the semi-global output average-consensus problem for
multiagent system (2) with the disturbance (3).

Proof: By letting

fi(x) = 1

2
(x − yi(0))

2 (30)

we obtain the cost function in the form (1) as

f (x) = 1

2

N∑

i=1

(x − yi(0))
2 (31)

whose minimization point is given by

y� = 1

N

N∑

i=1

yi(0). (32)

Clearly, Assumptions 1–4 of Theorem 1 are verified for this
specified case. By applying Theorem 1, the distributed control
(33) solves the corresponding semi-global distributed opti-
mization problem for multiagent system (2) with the cost func-
tion (31) and the disturbance (3), that is, each of the agents’
outputs yi, i = 1, . . . ,N, converges to y� asymptotically. Thus
the proof is completed.

A global result can be obtain in the same way by applying
Theorem 2. Hence, the present study yields an interest-
ing distributed control solving the nonlinear output average-
consensus with rejecting disturbances. In the distributed con-
trol (33), the local initial information yi(0) is used. Notice
that, using the initial condition has been issued in [7] that is
to assist the consensus control. Obviously, where the dynamic
uncertainty zi and nonlinear function gi2 vanish, our result is
also consistent with the existing average-consensus results on
single-integrator multiagent systems (see [24]).

B. Output Consensus

Another interesting consensus problem is the output con-
sensus in the leader-following setup. For example, in [19], for
a class of nonlinear systems, based on cyclic-small-gain the-
orem, a distributed control was designed forcing the outputs
of the controlled agents to enter an arbitrarily small neighbor-
hood of the desired consensus value (denoted by y0) in the
presence of bounded external disturbances.

Consider a group of nonlinear agents described by (2). y0 is
referred to as the leader that characterizes the desired output
consensus value. The set VL ⊂ {1, 2, . . . ,N} is the nonempty
set of agents that can get the information of y0. Here, we
will also show how our obtained results can be applied
to this output consensus problem given in the following
definition.

Definition 3: The (semi-global) output consensus problem
for the nonlinear multiagent system (2) can be solved if,

for any sets Bz
ρ and By

ρ with z = col(z1, . . . , zN), y =
col(y1, . . . , yN) and a constant ρ > 0, design a distributed
control such that, for any col(z(0), y(0)) ∈ Bz

ρ × By
ρ and

vi(0) ∈ Vi, the outputs yi, and i = 1, . . . ,N, converge to
the desired consensus value y0.

Suppose

fi(x) =
⎧
⎨

⎩

1

2
(x − y0)

2, if i ∈ VL

0, if i /∈ VL.

Clearly, Assumption 2 is verified for all the local cost func-
tions. Note that, in this specific case, the optimization point
is y� = y0 from the optimization viewpoint. Then this output
consensus problem is formulated as a special case of the con-
sidered distributed optimization problem. By Theorem 1, we
have the following result.

Corollary 2: Under Assumptions 1 and 6 with y� = y0,
there exists a constant κ > 0 such that the distributed control

⎧
⎪⎪⎨

⎪⎪⎩

η̇i = Miηi + Giui, ηi(0) = 0
ζ̇i = κ

∑N
j=1 aij

(
yi − yj

)
, ζi(0) = 0

ui = −κ(yi − yi(0))− κ
∑N

j=1 aij
(
yi − yj

)

−κζi −iηi, i = 1, . . . ,N

(33)

solves the semi-global output consensus problem for multia-
gent system (2) with the disturbance (3).

There are two main differences between our results and
those in [19]: 1) we solve the problem by a linear high-
gain type distributed control, which is simpler than that given
in [19] and 2) we provide an exact consensus design with the
aid of IMs different from the design to force agents’ outputs
into an arbitrarily small neighborhood of the desired consen-
sus value. In fact, the our result at least provides another
approach to the output consensus problem in the unity rel-
ative degree case. Additionally, if the considered systems are
linear, then semi-global results naturally become the global
results.

VI. EXAMPLES

In this section, we present two illustrative examples for the
distributed optimization problem.

Example 1: Consider a five-agent network with the agents
described by the dynamics of the FitzHugh–Nagumo type
(see [21])

⎧
⎨

⎩

żi = �i1(yi −�i2zi)

ẏi = yi(yi −�i3)(1 − yi)− zi + qi(t)+ ui

i = 1, . . . , 4
(34)

where (zi, yi) ∈ R × R is the system state, ui is the con-
trol input, qi(t) is the external disturbance generated by a
linear system in the form of (3). �ij := � ′

ij + wij > 0,
i = 1, . . . , 5, j = 1, 2, 3 are some real parameters with
uncertainty wij influence on the nominal value � ′

ij. Denote
w := (w11,w12,w13, . . . ,w51,w52,w53). The network inter-
action topology with all edge weights being 1 is shown in
Fig. 1, which verifies Assumption 1. Our aim is to design a
distributed control to make all agents’ outputs converge to the
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Fig. 1. Interaction topology for the network.

Fig. 2. Responses of the agents’ outputs for Type-I in Example 1 (top:
responses without using IM; bottom: responses using IM).

minimum point of the function f (x) = ∑5
i=1 fi(x) for x ∈ R

in the presence of the disturbance qi, where

f1(x) = (x + 2)2, f2(x) = (x − 4)2

f3(x) = x4 + x2 + 1, f4(x) = x2 ln
(

1 + x2
)

f5(x) = 5e0.2x. (35)

Clearly, for i = 1, 2, 3, the function fi is m-strongly convex
on R with m = 2, and, for i = 4, 5, the function fi is convex.
Therefore, Assumption 2 holds. Moreover, for the optimiza-
tion point y∗ = 0.4032, there exists z∗

i = �−1
i2 y∗ verifying

Assumption 3. Also, Assumption 4 can be verified because
�i1,�i2 are positive. Thus, all assumptions in Theorem 1 are
verified, and hence, a distributed optimization controller of the
form (24) can be constructed.

For simulations, two different types of disturbances are
discussed as follows.

Type-I: We set qi(t) = Ami sin(ωit) + A0i with
(A01, . . . ,A05) = (3, 2, 1,−1,−2), (Am1, . . . ,Am5) =
(5, 8, 4, 7, 10), (ω1, . . . , ω5) = (π/4, π/5, π/7, 2π/7, π/3).
Clearly, qi(t) is bounded. In this case, the system (10)
is given with si = 3 and 
i1 = 
i3 = 0, 
i2 = −ω2

i .

Fig. 3. Responses of the agents’ outputs for Type-II in Example 1 (top:
responses without using IM; bottom: responses using IM).

Let Gi = −[3σi, 3σ 2
i , σ

3
i ]� with σi = 2, and the ini-

tial condition be in the sets Bz
ρ = {z ∈ R

5 : ‖z‖ ≤
10} and By

ρ = {y ∈ R
5 : ‖y‖ ≤ 10} with z =

(z1, . . . , z5) and y = (y1, . . . , y5). In (24), we choose
κ = 15 for the problem. The simulation result is
shown in Fig. 2 with (z1(0), y1(0), . . . , z5(0), y5(0)) =
(2,−1, 1, 0, 3, 1,−1, 2,−4, 1) and other initial conditions
being zero. It can be seen that yi(t) approaches the optimiza-
tion point y∗ = 0.4032 as t → ∞ for i = 1, . . . , 5. To make a
comparison, the agents’ responses without using IM are shown
in Fig. 2, which show that, without using IM, the algorithm
can guarantee a bounded convergence error but not achieve
the exact optimization.

Type-II: Set qi(t) = Ami sin(ωit) + A0it with
(A01, . . . ,A05) = (3, 2, 1,−1,−2), (Am1, . . . ,Am5) =
(5, 8, 4, 7, 10), (ω1, . . . , ω5) = (π/4, π/5, π/7, (2π)/7, π/3).
Clearly, qi(t) is unbounded due to the ramp sig-
nal A0it. In this case, the system (10) is given with
si = 4 and 
i1 = 
i2 = 
i4 = 0, 
i3 = −ω2

i . With
Gi = −[4σi, 6σ 2

i , 4σ 3
i , σ

4
i ]� for σi = 2 and κ = 15, the

algorithm (24) solves our problem. The simulation result is
shown in Fig. 3 with the same initial condition as that in
Type I. It can be seen that, even with unbounded disturbances,
output yi(t) can still converge to y∗ for i = 1, . . . , 5. Similarly,
the agents’ responses without using IM are shown in Fig. 3,
which show that without IM, the algorithm fails to achieve
the optimization.
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Fig. 4. Responses of the agents’ outputs for Type-I in Example 2 (top:
responses without using IM; bottom: responses using IM).

Example 2: Consider a five-agent network with the agents
described by the dynamics of the Lorenz type (see [6], [38])

⎧
⎪⎪⎨

⎪⎪⎩

żi1 = �i1(yi − zi1)

żi2 = zi1yi −�i2zi2
ẏi = �i3zi1 − yi − zi1zi2 + qi(t)+ ui

i = 1, . . . , 4

(36)

where (zi1, zi2, yi) ∈ R
3 is the system state, ui is the con-

trol input, and qi(t) is the external disturbance generated
by a system in the form of (3). �ij := � ′

ij + wij > 0,
i = 1, . . . , 5, j = 1, 2, 3 are some real parameters with
uncertainty wij influencing the nominal value � ′

ij. Denote
w := (w11,w12,w13, . . . ,w51,w52,w53). The network inter-
action topology with all edge weights being 1 is also shown
in Fig. 1. As in Example 1, our aim is to design a dis-
tributed control to make all agents’ outputs converge to the
minimum point of the function f (x) = ∑5

i=1 fi(x) with fi
specified in (35). Clearly, Assumptions 1 and 2 are satisfied.
Moreover, for the optimization point y∗ = 0.4032, there exists
(z∗

i1, z∗
i2) = (y∗,�−1

i2 y∗2) verifying Assumption 3. Also, since
�i1,�i2 are positive, as shown in [39], Assumption 4 can be
verified. Thus, all assumptions in Theorem 1 are verified, and
hence, a distributed optimization controller of the form (24)
can be constructed.

Also, two different types of disturbances are presented as
follows.

Type-I: We set qi(t) = Ami sin(ωit) + A0i with
(A01, . . . ,A05) = (3, 2, 1,−1,−2), (Am1, . . . ,Am5) =
(5, 8, 4, 7, 10), (ω1, . . . , ω5) = (π/2, π/4, π/5, (2π)/5, π/3).

Fig. 5. Responses of the agents’ outputs for Type-II in Example 2 (top:
responses without using IM; bottom: responses using IM).

Clearly, qi(t) is bounded. In this case, the system (10) is
given with si = 3 and 
i1 = 
i3 = 0, 
i2 = −ω2

i . Let
Gi = −[3σi, 3σ 2

i , σ
3
i ]� with σi = 2, and the initial con-

dition be in the set Bz
ρ = {z ∈ R

10 : ‖z‖ ≤ 10} and
By
ρ = {y ∈ R

5 : ‖y‖ ≤ 10} with z = (z11, z12, . . . , z51, z52)

and y = (y1, . . . , y5). In (24), we choose κ = 10
for the problem. The simulation result is shown in
Fig. 4 with (z11(0), z12(0), y1(0), . . . , z51(0), z52(0), y5(0)) =
(2, 1, 0,−1, 1, 2, 3,−1, −2,−1, 1, 2, 2, 0, 4, ) and other ini-
tial conditions being zero. It can be seen that yi(t) approaches
the optimization point y∗ = 0.4032 as t → ∞ for i = 1, . . . , 5.
As in Example 1, as shown in Fig. 4 for the agents’ responses
without using IM, without using IM, the algorithm can guar-
antee a bounded convergence error but not achieve the exact
optimization.

Type-II: Set qi(t) = Ami sin(ωit) + A0it with
(A01, . . . ,A05) = (3, 2, 1,−1,−2), (Am1, . . . ,Am5) =
(5, 8, 4, 7, 10), (ω1, . . . , ω5) = (π/2, π/4, π/5, (2π)/5, π/3).
Clearly, qi(t) is unbounded due to the ramp sig-
nal A0it. In this case, the system (10) is given with
si = 4 and 
i1 = 
i2 = 
i4 = 0, 
i3 = −ω2

i . With
Gi = −[4σi, 6σ 2

i , 4σ 3
i , σ

4
i ]� for σi = 2 and κ = 10, the

algorithm (24) solves our problem. The simulation result is
shown in Fig. 5 with the same initial condition as that in
Type I. It can be seen that output yi(t) can still converge to y∗
for i = 1, . . . , 5. Again, as shown in Fig. 5 for the agents’
responses without using IM, without using IM, the algorithm
fails to achieve the optimization.
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VII. CONCLUSION

In this paper, the distributed optimization problem was
investigated for a class of nonlinear multiagent systems hav-
ing unity relative degree along with external disturbances.
The problem was solved by a two-step design scheme: the
first step is to construct an IM that converts the distributed
optimization problem into a distributed stabilization problem
and the second step is to solve the distributed stabiliza-
tion problem. The obtained results were also shown to be
applicable to some basic consensus problems. It is worth
mentioning that, the distributed optimization with more gen-
eral nonlinear agents and exogenous disturbances is still a
challenging and important problem, which deserves further
investigation.
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