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Quantized Subgradient Algorithm and Data-Rate
Analysis for Distributed Optimization

Peng Yi, Student Member, IEEE, and Yiguang Hong, Senior Member, IEEE

Abstract—In this paper, we consider quantized distributed op-
timization problems with limited communication capacity and
time-varying communication topology. A distributed quantized
subgradient algorithm is presented with quantized information
exchange between agents. Based on a proposed encoder-decoder
scheme and a zooming-in technique, the optimal solution can be
obtained without any quantization errors. Moreover, we explore
how to minimize the quantization level number for quantized dis-
tributed optimization problems. In fact, the optimization problem
can be solved with five-level quantizers in the switching topology
case, while it can be solved with three-level quantizers in the fixed
topology case.

Index Terms—Data rate, distributed optimization, quantization,
subgradient algorithm.

I. INTRODUCTION

D ISTRIBUTED optimization problems draw much re-
search attention due to broad applications of large-scale

networks and multiagent systems, including source localiza-
tion, distributed estimation, and smart-grid optimization [1]–
[9]. In many networked systems, a group of agents usually faces
an optimization problem with the global objective function as
the sum of agents’ local objective functions. However, since
the global objective function may not be available to all agents
in practice, the optimization problem has to be addressed
with the help of local interactions between agents. Therefore,
distributed algorithms have been constructed to cooperatively
find optimal solutions, including subgradient algorithms [1]–
[7], dual averaging [10], and an alternating direction method of
multipliers [11].

Communication plays a key role in the distributed algo-
rithm design and related implementation, which also brings
constraints, such as quantization and time delay. Quantization
has been actively considered to reduce the communication
cost in networked control systems [12]–[14], where the control
algorithms rely on the information transmitted through (digital)
communication channels. In practice, because communication
channels may have limited channel capacity or bandwidth, the
transmitted information is usually quantized before sending,
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that is, mapping the real signal values into a discrete or finite set.
How to achieve the system objective with the information loss
caused by the quantization proposes a challenge to the control
and optimization of multiagent systems. In recent years, people
have paid much attention to the quantization analysis and
related design for multiagent consensus problems [15]–[17],
and moreover, the lower bound analysis for the communication
data rate [18]–[20].

Although distributed optimization algorithms have been
widely investigated, quantization effects when implementing
the distributed algorithms with a communication network have
not been fully discussed. Concerned with communication con-
straints and complexity, it is important to study how to design
distributed optimization algorithms based only on quantized
information from neighbors and local performance indices.
Recently, some efforts have been made to solve quantized
distributed optimization problems based on subgradient algo-
rithms [22], [23], where the algorithm convergence errors were
dependent on the quantization bin width, and high performance
of the proposed algorithms was achieved at the cost of a high
communication data rate. However, some fundamental theoret-
ical problems still remain in the study of quantized distributed
optimization, including: 1) How to achieve distributed opti-
mization with quantized information being exchanged between
agents? and 2) What is the minimal data rate to guarantee the
quantized distributed optimization?

The objective of this paper is to investigate these two
problems. Different from the existing results on conventional
(quantization-free) distributed optimization or quantized dis-
tributed optimization, the main contributions of this paper
include:

• The exact optimal solution may not be obtained in [22]
and [23] because the algorithm convergence accuracy is
limited by the quantization bin width. Here, by applying
the encoder-decoder scheme and zooming-in technique,
we can remove the optimization error caused by quanti-
zation, and show the convergence and correctness of the
distributed quantized optimization algorithm.

• Distributed quantized subgradient algorithms are proposed
for the optimization, and sufficient conditions on the con-
vergence and correctness of the algorithm are given, es-
pecially for switching jointly connected topologies (while
[22] studies fixed topologies). The effective selection of
the quantization level is also analyzed, which was not
covered in [22] and [23].

• To reduce the communication cost, we consider how to
minimize the quantization level number, which helps to
minimize the data rate. We show that the quantization level
number can be reduced to 5 for switching topologies and
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to 3 for fixed topologies with properly chosen algorithm
parameters.

We organize this paper as follows. We give the quantized
optimization formulation along with some preliminaries in
Section II. Then, we propose the distributed quantized subgra-
dient algorithm and quantization level update rule for switching
topologies in Section III. Moreover, we show the main results
for switching and fixed topologies in Section IV, and give one
simulation example for illustration in Section V. Finally, we
give the concluding remarks in Section VI.

Notations: For a given positive number a ∈ R, its logarithm
with base 2 is denoted by log2(a); the maximum integer that
is less than or equal to a is denoted by �a�; the minimum
integer greater than or equal to a is denoted by �a�. 1m =
(1, . . . , 1)T ∈ Rm and 0m = (0, . . . , 0)T ∈ Rm. For a column
vector x ∈ Rm, xT denotes its transpose and xi is its ith com-
ponent. ‖x‖ =

√
xTx and ‖x‖∞ = max1≤i≤m |xi|. In denotes

the identity matrix in Rn×n. For a matrix A, [A]i: denotes the
ith row of matrix A, and [A]:j denotes the jth column of matrix
A. ⊗ denotes the Kronecker product. �X denotes the number of
elements in set X . For a convex function f(x), dom(f) denotes
its domain, and ∂f(x) denotes the set of its subgradient vectors
at x.

II. PROBLEM FORMULATION

Consider n agents to cooperatively solve an m-dimensional
optimization problem with its (global) objective function as the
sum of local objective functions

min f(x), f(x) =

n∑
i=1

fi(x), x ∈ Rm. (1)

The local objective function fi(x) : R
m → R is a convex func-

tion (i.e., fi(λx+ (1− λ)y) ≤ λfi(x) + (1− λ)fi(y), ∀λ ∈
[0, 1], x, y ∈ dom(fi)) and only known by agent i for i =
1, . . . , n. Therefore, each agent has to achieve the optimization
through local computation and local information exchange. The
following two assumptions about fi(x) have been widely used
in [1], [9], and [23]:

Assumption 1: The optimization problem (1) is solvable,
namely, the optimal solution set X∗ = argmin

∑n
i=1 fi(x) is

nonempty.
We call x∗ ∈ X∗ the optimal solution and f(x∗) the optimal

value. From [24], for a convex function f(x), if g(x) ∈ ∂f(x)

f(y) ≥ f(x) + gT (x)(y − x) ∀ y ∈ dom(f).

The following assumption is about the bound of the subgradient
of the local objective functions.

Assumption 2: The subgradient set of each local objective
function is bounded, i.e.,

‖gi(x)‖∞ ≤ Cg, ∀ gi(x) ∈ ∂fi(x), x ∈ dom(fi).

Here, we consider a quantized distributed optimization prob-
lem, which is an optimization problem to be solved with quan-
tized information exchange. In this optimization problem, agent
i’s estimation of the optimal solution x∗, denoted as xi(k),
is regarded as the state of agent i. Each agent drives its own
state to the optimal solution set by local computation (based on

local objective function fi) and its neighbor agents information
(by communication). Because of the limited capacity of the
digital communication network, we may not assume that each
agent can directly get its neighbor agents’ exact state values
and, therefore, we may have to consider the quantization effect
during optimization. The following two basic problems of this
distributed optimization are discussed in the paper:

Problem 1: Design a distributed algorithm to ensure
xi(k) → x∗, x∗ ∈ X∗, ∀ i ∈ {1, . . . , n} with quantized infor-
mation exchange between agents.

Problem 2: Find the quantization level number as minimal
as possible to reduce the communication data rate while ensur-
ing optimization.

A. Communication Network

The communication network to describe the information
exchange between agents can be represented by a graph, which
may be time-varying due to link failure, packet dropout, or
energy savings. Here, the time-varying network is described
by a graph sequence {G(k) = (N , E(k)), k = 1, 2, . . .} with
N = {1, . . . , n} as the agents set and E(k) containing all of
the communication interconnections at time k. If agent i can
obtain information from agent j at time k, then (j, i) ∈ E(k)
and agent j is said to be in agent i’s neighbor set Ni(k) =
{j|(j, i) ∈ E(k)}. Here, the communication is undirected, that
is, (j, i) ∈ E(k) if (i, j) ∈ E(k). A path of G is a sequence of
distinct agents in N such that any consecutive agents in the
sequence correspond to an edge of the graph. Agent j is said to
be connected to agent i if there is a path from j to i. G is said to
be connected if any two agents are connected.

Denote G∗ :=(N , E∗) as the base graph with E∗ = ∪k≥1E(k)
containing all the communication between agents. Obvi-
ously, any communication graph G(k) at time k is a subgraph of
G∗. The following assumption on E∗ was used in [19] and [20].

Assumption 3: For any (j, i) ∈ E∗, (j, i) ∈ E(k) for in-
finitely many time k, i.e., E∗ = ∩∞

p=1 ∪∞
k=p E(k).

Remark 2.1: Assumption 3 shows that for each agent be-
longing to Ni = {j|(j, i) ∈ E∗}, it must belong to Ni(k) for
infinitely many time k. In other words, if agent i and agent
j exchange information once (that is, (j, i) ∈ E(k̄) for some
k̄), they will exchange information infinitely many times. Note
that Assumption 3 is widely used in the problems related to
communication coding [19], [20], because it is needed to build
an encoder-decoder scheme for each edge in ∪k≥1E(k).

Define adjacency matrix A(k) = [aij(k)] ∈ Rn×n of the
graph G(k) as aij(k) = 1 if (j, i) ∈ E(k) and aij = 0 oth-
erwise. The considered graphs contain no self-loop, that is,
aii(k) ≡ 0 for i ∈ {1, . . . , n}, ∀ k. The degree matrix D̄(k) =
diag{

∑n
j=1 a1j(k), . . . ,

∑n
j=1 anj(k)} of G(k) is a diagonal

matrix. The Laplacian matrix of the graph G(k) is L(k) =
D̄(k)−A(k) with L(k)1n = 0n and 1T

nL = 0T
n [25]. Then,

the eigenvalues of L(k) can be denoted by 0 = λ1(L(k)) ≤
λ2(L(k)) ≤ · · · ≤ λn(L(k)). Clearly, there is a constant d∗ >
0 such that

sup
i=1,2,...,n, ∀k≥1

⎧⎨
⎩

n∑
j=1

aij(k)

⎫⎬
⎭ ≤ d∗ ≤ n− 1. (2)
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The following assumption is for the connectivity of commu-
nication topologies, which has also been widely used (e.g., in
[1], [4], and [19]).

Assumption 4: There exists an integer T and a real number
ρ > 0, such that

inf
k≥0

λ2

⎛
⎝ (k+1)T∑

p=kT+1

L(p)

⎞
⎠ ≥ ρ(T + 1) (3)

namely, {G(k), k = 1, 2 . . .} is uniformly jointly connected
over intervals [kT + 1, (k + 1)T ], k = 0, 1, 2, . . ..

Remark 2.2: The parameter ρ can be calculated directly
based on λ2 of Laplacian matrices of {G(k)}. In fact, there are
algorithms to estimate the eigenvalues of Laplacian matrices in
a decentralized way (referring to [26]). And, moreover, the idea
of [26] can also be extended to the switching case since the
number of all possible switching graphs is finite.

B. Quantization Rule and Encoder-Decoder Scheme

Due to the limited communication channel capacity in
practice, agents may quantize the information before sending
it. Define a standard uniform quantizer Q[ζ] for a vector
ζ = (ζ1, . . . , ζm)

T ∈ Rm with 2K + 1 quantization levels as
follows:

Q[ζ] =
(
q[ζ1], . . . , q[ζm]

)T
where

q[ζi] =

⎧⎨
⎩

0 − 1
2 ≤ ζi ≤ 1

2

j 2j−1
2 < ζi ≤ 2j+1

2 , j = 1, . . . ,K − 1

K 2K−1
2 < ζi

q[ζi] = − q[−ζi] if ζi < −1

2
. (4)

Clearly, the quantization bin width of Q[ζ] is 1. The quantizer
Q[ζ] is not saturated if ‖ζ‖∞ ≤ K + (1/2) and, if so, the
quantization error is bounded, i.e.,

‖ζ −Q[ζ]‖∞ ≤ 1

2
. (5)

Remark 2.3: It is known that the minimal quantization level
is 3 when taking K = 1. To transmit the quantized information
from one (2K + 1)-level quantizer Q[ζ] with ζ ∈ Rm, we need
to transmit �m log2(2K + 1)�-bit information.

To achieve the optimization with the information loss caused
by quantization and inspired by the adaptive quantization ideas
for the quantized average consensus problem in [19] and [20],
we propose an encoder-decoder scheme for agents to obtain the
estimations of their neighbors’ states. We have that each agent
has a global scaling function s(k), which decreases to 0 as k →
∞. We use s(k) to zoom-in all agents’ quantizers to increase the
accuracy of state estimation. We propose to design an encoder-
decoder pair for each communication link (i, j) ∈ E∗. Agent i
uses the encoder Fi→j to generate the quantized information
to be sent to agent j ∈ Ni. Agent j uses the decoder �j→i to
decode the quantized information received from agent i and get
xQ
ij(k) as the estimation of agent i’s state.

Let Qk
ij denote a quantizer in the form of (4) for communi-

cation link (i, j) ∈ Ni(k) with quantization level 2Kij(k) + 1
at time k. Then, the encoder Fi→j can be constructed as⎧⎪⎨
⎪⎩

zij(k) = Qk
ij

[
1

s(k−1) (xi(k)− ξij(k − 1))
]
, j ∈ Ni(k)

ξij(k) =

{
s(k − 1)zij(k) + ξij(k − 1), j ∈ Ni(k)
ξij(k − 1), j ∈ Ni \ Ni(k)

(6)

with ξij(0) = 0, j ∈ Ni. The encoder Fi→j has agent i’s state
xi(k) as input, and zij(k) as the quantized output. Then,
agent i transmits zij(k) to agent j ∈ Ni(k). Hence, if (i, j) ∈
E(k), ξij(k) is updated to a new value; if not, ξij(k) remains
unchanged. In the next section, we will show how to update
Kij(k) or, equivalently, the quantization level, to make the
quantizer never saturated for bounded quantization errors.

To guarantee that agent j obtains the estimation of agent i’s
state, the decoder �j→i can be designed as

xQ
ij(k) =

{
s(k − 1)zij(k) + xQ

ij(k − 1), j ∈ Ni(k)

xQ
ij(k − 1), j ∈ Ni \ Ni(k)

(7)

with xQ
ij(0) = 0, j ∈ Ni. If (i, j) ∈ E(k), �j→i has zij(k) as

input, and outputs xQ
ij(k) as agent j’s estimation for agent

i’s state. If (i, j) �∈ E(k), �j→i keeps the estimation xQ
ij(k)

unchanged.
Remark 2.4: By Assumption 3, agent i communicates with

agent j ∈ Ni for infinitely many times. Hence, agent i needs
�Ni encoders to send information and �Ni decoders to handle
received information. Because xQ

ij(k) and ξij(k) share the same
dynamics

ξij(k) = xQ
ij(k), k = 0, 1, . . .

that is, agent i knows the value of ξij(k), which is equal to agent
j’s estimation of agent i’s state. This observation is critical to
remove quantization error for our algorithm design.

III. QUANTIZED OPTIMIZATION ALGORITHM

In this section, we provide our quantized optimization al-
gorithm, which consists of two main parts: 1) the distributed
quantized subgradient algorithm and 2) the quantization level
update rule for switching topologies.

A. Quantized Subgradient Optimization Algorithm

All of the agents apply the encoder-decoder scheme in
Section II-B to exchange and process quantized information
through the network G(k). Therefore, agent i can obtain
the estimations for its neighbors’ states {xQ

ji(k)|j ∈ Ni(k)}
as well as {ξij(k)|j ∈ Ni(k)} by local communication and
computation.

Since agent i can obtain the subgradient of the local objective
function fi(x), we propose the following algorithm:

xi(k+1)=xi(k)+ h

⎡
⎣ ∑
j∈Ni(k)

(
xQ
ji(k)− ξij(k)

)
−s(k)gi(k)

⎤
⎦

(8)
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where h and s(k) are parameters and gi(k) = gi(xi(k)) is one
subgradient of the local objective function fi(x) at the point
xi(k). Here, h is a control parameter for the suitable selection
of quantization levels, while s(k) is the step-size.

In the algorithm, agent i first sends its quantizer output zij(k)
to agent j ∈ Ni(k) at time k and gets {zji(k)|j ∈ Ni(k)} and
the estimations of its neighbors’ states {xQ

ji(k)|j ∈ Ni(k)}.
Then, agent i updates the {ξij(k)|j ∈ Ni(k)} according to
(6). By local computation with (8), agent i gets the new state
xi(k + 1).

Denote γ(k) = s(k + 1)/s(k) with γ0 = γ(0), s0 = s(0) to
describe the decreasing rate of step-size s(k). The following
assumption is given for h and s(k) as well as the bounded initial
conditions.

Assumption 5: There exist positive constants Cx and Cδ

such that

max
i∈{1,...,n}

‖xi(0)‖∞ ≤ Cx,

max
i,j∈{1,...,n}

‖xi(0)− xj(0)‖∞ ≤ Cδ.

Moreover

h ∈
(
0,

1

2d∗

)
(9)

with d∗ as the maximal degree given in (2), and with T and ρ
defined in (3)

s(k + 1) < s(k), lim
k→∞

s(k) = 0,

(
1− hρ

T + 1

) 1
2T

< γ(k) ≤ γ(k + 1) < 1. (10)

Assumption 5 implies hL(k) < In, ∀k and makes In −
hL(k) a (doubly) stochastic matrix. Also, with Assumptions 4
and 5, we have

0 < hρ ≤
h supm≥0

∥∥∥∑(m+1)T
k=mT+1 L(k)

∥∥∥
T + 1

≤ 2hd∗T

T + 1
≤ T

T + 1
.

B. Quantization Level Update Rule

Define the quantization error as

Δij(k−1)=Qk
ij

[
xi(k)−ξij(k−1)

s(k − 1)

]
− xi(k)− ξij(k − 1)

s(k − 1)
.

Then, (8) can be rewritten as

xi(k + 1) =xi(k) + h
∑

j∈Ni(k)

(xj(k)− xi(k))

+ h
∑

j∈Ni(k)

s(k − 1)Δji(k − 1)

− h
∑

j∈Ni(k)

s(k − 1)Δij(k − 1)− hs(k)gi(k).

(11)

When ‖(xi(k)−ξij(k−1))/s(k − 1)‖∞ ≤ Kij(k) + (1/2),
the quantizer Qk

ij is not saturated, then the quantization error
‖Δij(k − 1)‖∞ ≤ 1/2 according to (5). If the quantization
error is bounded, (11) can be seen as the consensus algorithm
with bounded noise governed by a diminishing step-size given
in [21].

To show the consensus, we need to choose the quantization
level 2Kij(k) + 1 to make the quantizer Qk

ij never saturated.
If we take a large quantization level number to make the quan-
tizers never saturated regardless of how the topology switches,
the number may be very conservative. To minimize the com-
munication cost by reducing the unnecessary communication in
the switching topology case, we take an adaptive quantization
update rule as follows:

Kij(1) ≥
Cx

s0
+ hCg −

1

2
,

Kij(k + 1) ≥
{
νh,γ0

aij(k) = 1;
1
γ0
Kij(k) + νh,γ0

aij(k) = 0,

k =1, 2, 3, . . . (12)

where

νh,γ0
=

2
√
mnhd∗(Cδ + 2hs0Cg)

γ0s0

+
2
√
mnh2d∗

(
γ−1
0 d∗ + Cg

)
γ0 −

(
1− hρ

T+1

) 1
2T

+
2hd∗ + 1

2γ0
+ hCg −

1

2
.

The quantization update rule is based on the analysis of
the term ‖(xi(k)− ξij(k − 1))/s(k − 1)‖∞ by the contraction
property of the consensus algorithm and the boundedness of the
subgradient vector. Although its upper bound can be estimated
when there is a communication link between agent i and
agent j, it may increase when the link is broken, and then the
quantization level number is increased in order to ensure that
the quantizers still need to be unsaturated.

The following result shows that the level update rule (12) is
sufficient to make the quantizers never saturated and, therefore,
achieves the consensus with an estimated consensus rate, while
the correctness of the algorithm (which means that all agents
converge to the same optimal solution) is shown in Section IV.

Theorem 3.1: Under Assumptions 1–5, with a quantized
subgradient algorithm (8) and quantization level update rule
(12), we have

lim
k→∞

‖xi(k)− xj(k)‖∞ → 0, ∀ i, j ∈ {1, . . . , n}. (13)

Furthermore, we have

maxi,j∈{1,...,n} ‖xi(k)− xj(k)‖∞
s(k)

< ∞. (14)

The proof idea of Theorem 3.1 is based on the mathematical
induction method by repeatedly showing that the quantizers are
not saturated during the algorithm process with (12) in order
to make the quantization errors bounded. Then, (11) can be
regarded as a consensus algorithm with bounded noise, which
has been well studied. The proof is given in the Appendix.
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IV. MAIN RESULTS

Here, we first show the convergence of the optimization
algorithm, and then give the minimal quantization level which
we can find and the related data-rate analysis for our algorithm
for switching and fixed communication topologies.

A. Jointly Connected Topology

With (8) and (38), we can obtain the dynamics for y(k) =
(1/n)

∑n
i=1 xi(k) as follows:

y(k + 1) = y(k)− s(k)

n

n∑
j=1

gj(k). (15)

The next result describes an iteration about the distance
between y(k) and any optimal solution, with a simplified proof
(noting that a similar proof can be found in Lemma 5 of [1]).

Lemma 4.1: Under Assumptions 1–5, with a quantized sub-
gradient algorithm (8) and quantization level update rule (12),
for any x∗ ∈ X∗, we have

‖y(k + 1)− x∗‖2 ≤ ‖y(k)− x∗‖2 +mC2
gs

2(k)

− 2s(k)

n
(f (y(k))− f(x∗))

+
4
√
mCgs(k)

n

n∑
j=1

‖y(k)− xj(k)‖ .

(16)

Proof: Because ‖gi(k)‖ ≤ √
mCg

‖y(k + 1)− x∗‖2 =

∥∥∥∥∥∥y(k)−
s(k)

n

n∑
j=1

gj(k)− x∗

∥∥∥∥∥∥
2

≤ ‖y(k)− x∗‖2 +mC2
gs

2(k)

− 2s(k)

n

n∑
j=1

gTj (k) (y(k)− x∗) .

gTj (k) (y(k)− x∗) = gTj (k) (y(k)− xi(k) + xi(k)− x∗)

≥ −
√
mCg ‖y(k)− xi(k)‖

+ fi (xi(k))− fi(x
∗)

≥ −2
√
mCg ‖y(k)− xi(k)‖

+ fi (y(k))− fi(x
∗).

Thus, (16) holds. �
The following theorem is our first main result that all agents

converge to the same optimal solution with our algorithm design.
Theorem 4.2: Suppose Assumptions 1–5 hold and s(k)

satisfies

∞∑
k=1

s(k) = ∞,
∞∑

k=1

s2(k) < ∞. (17)

Then, with (8) and (12)

lim
k→∞

xi(k) = x∗, x∗ ∈ X∗ i = 1, . . . , n. (18)

Proof: In view of Theorem 3.1 and (14),

‖xi(k)− y(k)‖
s(k)

< ∞, i = 1, . . . , n. (19)

For s(k) → 0 as k → ∞, limk→∞ ‖xi(k)− y(k)‖ = 0 i =
1, . . . , n. According to (17), we have

∞∑
k=1

s(k) ‖xi(k)− y(k)‖ < ∞, i = 1, . . . , n. (20)

From (16), it follows that for any x∗ ∈ X∗

2s(k)

n
(f (y(k))− f(x∗)) ≤ ‖y(k)− x∗‖2

− ‖y(k + 1)− x∗‖2 +mC2
gs

2(k)

+
4
√
mCg

n

n∑
j=1

s(k) ‖y(k)− xj(k)‖ . (21)

Summing up (21) from 1 to k, we obtain

k∑
p=1

2s(p)

n
(f (y(p))− f(x∗)) ≤ ‖y(0)− x∗‖2

+ mC2
g

k∑
p=1

s2(p) +
4
√
mCg

n

n∑
j=1

k∑
p=1

s(p) ‖y(p)− xj(p)‖ .

As k → ∞ along with (20) and
∑∞

k=1 s
2(k) < ∞, we have

∞∑
k=1

2s(k)

n
(f (y(k))− f(x∗)) < ∞.

By
∑∞

k=1 s(k) = ∞ from (17) and f(y(k)) ≥ f(x∗)

lim inf
k→∞

f (y(k)) = f ∗(x). (22)

From (22), there exists an infinity subsequence {y(k), k ∈
K} of {y(k)} such that subsequence {y(k), k ∈ K} satisfies
f(y(k)) → f(x∗) as k → ∞. By (16) and f(y(k)) ≥ f(x∗)

‖y(p+ 1)− x∗‖2 ≤ ‖y(0)− x∗‖2 +mC2
g

p∑
k=1

s2(k)

+
4
√
mCg

n

n∑
j=1

p∑
k=1

s(k) ‖y(k)− xj(k)‖ .

For (17) and (20), {y(k)} is a bounded sequence. As a re-
sult, we can choose an infinity subsequence {y(k), k ∈ K1}
from subsequence {y(k), k ∈ K} such that the subsequence
{y(k), k ∈ K1} is convergent. Its limit, denoted by y∗, must
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belong to the optimal set X∗. Then, choose any l ∈ K1. Adding
(16) from k = l to p, we obtain

‖y(p+ 1)− y∗‖2 ≤ ‖y(l)− y∗‖2 +mC2
g

p∑
k=l

s2(k)

+
4
√
mCg

n

n∑
j=1

p∑
k=l

s(k) ‖y(k)− xj(k)‖ . (23)

For each ε > 0, we can choose l ∈ K1 such that ‖y(l)− y∗‖2 ≤
ε, and

mC2
g

p∑
k=l

s2(k) +
4
√
mCg

n

n∑
j=1

p∑
k=l

s(k) ‖y(k)− xj(k)‖ . ≤ ε.

Then, ‖y(p+ 1)− y∗‖2 ≤ 2ε for p ≥ l implies that the se-
quence {y(k)} is convergent to one optimal solution y∗. For
limk→∞ ‖xi(k)− y(k)‖ = 0, limk→∞ xi(k) = y∗, or, equiva-
lently, (18) �

Remark 4.3: To guarantee the correctness of the algorithm,
we give strict conditions for the choice of s(k).

∑∞
k=1 s(k) =

∞ ensures enough gradient information for the agents, while∑∞
k=1 s

2(k) < ∞ is given to make the accumulated consensus
error bounded (or the consensus error vanishing eventually).
Different from the average consensus algorithm in [18], the
scaling rate cannot be chosen exponentially fast. Here, we
can choose s(k) = s0/(k

1−ε) for ε ∈ [0, (1/2)) to satisfy the
requirement.

The aforementioned discussion has addressed Problem 1
proposed in Section II, and provided a quantized subgradi-
ent algorithm (8) and quantization level update rule (12) to
achieve the distributed optimization with a limited communi-
cation capacity.

Now let us turn to Problem 2 , which is motivated by the
following practical concerns: we have to find suitable quan-
tization levels or a related data rate for any given limited
communication capacity; and, on the other hand, we try to find
a minimal quantization level to reduce the communication cost.
Thus, Problem 2 further investigates the distributed solvability
of the distributed optimization problem with given limited com-
munication capacity, and minimizes the data rate when agents
exchange information. Here, we will show that �m log2(5)� bits
are enough to solve an m-dimensional optimization problem
under the following assumption, which was also used in [19]
and [20].

Assumption 6: There is an integer Tr ≥ 1 such that ∀(j, i) ∈
E∗, agent j, and agent i exchange information at least once in
every period of length Tr (i.e., every Tr steps).

Obviously, only with Assumptions 3 and 4, the quantization
level number may go to infinity by (12). In fact, Assumption 6
is given to prevent the quantization level from going to infinity,
because the quantization level number can be bounded by a
constant during every period of length Tr under Assumption 6
and (12). Clearly, Assumption 6 implies Assumption 3.

Theorem 4.4: Under Assumptions 1, 2, 4, 5, and 6, we can
construct 5-level quantizers to ensure (18) with the quantized
algorithm (8) and the quantization level update rule (12).

Proof: For any given integer K ≥ 1, we define

ΩK =

{
(h, γ0)|h∈

(
0,

1

2d∗

)
, γ0∈

((
1− hρ

T + 1

) 1
2T

, 1

)
,

νh,γ0
≤ K,

1

γTr
0

K + νh,γ0

γTr
0 − 1

γTr−1
0 (γ0 − 1)

≤ K + 1

}
(24)

with νh,γ0
defined in (13). By limh→0 νh,1 = 0, we can find

h∗ ∈ (0, (1/2d∗)) such that

νh,1 < K, K + νh,1Tr < K + 1.

Since limγ0→1 νh,γ0
= νh,1, and

lim
γ0→1

1

γTr
0

K + νh,γ0

γTr
0 − 1

γTr−1
0 (γ0 − 1)

= K + νh,1Tr

there existsγ∗
0∈((1−(hρ/(T+1)))1/2T ,1), such that (h∗, γ∗

0)∈
ΩK . Thus, the set ΩK is not empty for any integer K ≥ 1.

Choose (h, γ0) ∈ ΩK and s(k) satisfying Assumption 5 and
(17) with

s0 ≥ Cx

K + 1
. (25)

Design the encoders with 2Kij(k) + 1 quantization levels
satisfying

Kij(1) =K,

Kij(k + 1) =

{
K aij(k) = 1
K + 1 aij(k) = 0

k = 1, 2, . . . . (26)

We claim that the quantizers will not be saturated by the
quantized subgradient algorithm (8) with the selected param-
eters h and s(k). In fact, by (25) and νh,γ0

+ (1/2) < K +
(1/2), the quantizers are not saturated initially. When the
communication link is kept connected, the quantizer is clearly
not saturated by the definition of ΩK in (12), (24), and (26).
However, when the communication link is broken, we have to
increase the quantization level number to make the quantizers
still unsaturated. Hence, we only need to consider the worst
case of increasing. Due to Assumption 6, any edge in E∗ must
be connected within each period of length Tr. Thus, the largest
quantization level during every Tr period can be calculated by

1

γTr
0

K +

Tr−1∑
r=0

1

γr
0

νh,γ0
=

1

γTr
0

K + νh,γ0

γTr
0 − 1

γTr−1
0 (γ0 − 1)

.

Then, by the definition of ΩK in (24), the quantizers are
not saturated at every Tr period with (26) and, therefore, the
quantizers will never be saturated.

Based on Theorem 3.1, applying Theorem 4.2 yields (18).
Therefore, the problem can be solved with 2(K + 1) + 1 quan-
tization levels for any integer K ≥ 1.

Moreover, when K is taken to be 1, the quantization level
number can be 5 if the parameters h and s(k) are chosen
properly. �
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Remark 4.5: Theorem 4.4 provides a sufficient condition on
the solvability of distributed optimization under the information
exchange constraints, noting that we only need to transmit
�m log2(5)� bits for the m-dimensional optimization problems
each time with the 5-level quantizers. In fact, Theorem 4.4
also displays a tradeoff between the algorithm convergence rate
and communication cost because the quantization level number
(or communication data rate) could be sufficiently small as h
goes to 0 and γ0 goes to 1 (that is, the convergence rate of the
algorithm also becomes sufficiently slow).

Our result with �m log2(5)� bits is consistent with the 3-b
result for the average consensus problem without solving any
optimization in [19] when m = 1.

Remark 4.6: The above result shows that a 5-level quantizer
is sufficient to achieve the optimization, but it is not necessary
and we cannot say the minimal level number is 5. In fact, if we
know more information about the graph, we can reduce the level
number. For example, we will show that the minimal 3-level
quantizer is enough to solve the quantized distributed problem
in the next subsection.

B. Fixed Topology

Although the aforementioned results for switching topolo-
gies hold for fixed topologies, we can design a simpler algo-
rithm for the quantized distributed optimization and obtain the
minimal quantization level in the case of fixed topologies.

Consider the optimization problem formulated in Section II
under a fixed communication topology described by an undi-
rected graph G = {N , E}. In this case, the Laplacian matrix
L of graph G is time-invariant with eigenvalues denoted by
0 = λ1(L) ≤ λ2(L) ≤ · · · ≤ λn(L).

Correspondingly, we first give a relationship between the
quantization level and algorithm parameters to ensure the con-
sensus, convergence, and correctness of the simplified algo-
rithm to investigate Problem 1 for fixed topologies, and then
show that only a three-level quantizer is required with suitably
selected parameters to answer Problem 2.

Still take the quantizer defined in (4). In this fixed topology
case, we will fix the quantization level number. Correspond-
ingly, we design an encoder Fi for agent i with dynamics as
follows:{

zi(k) = Q
[

1
s(k−1)

(
xi(k)− xQ

i (k − 1)
)]

,

xQ
i (k) = s(k − 1)zi(k) + xQ

i (k − 1)
(27)

with xQ
i (0) = 0, and design a decoder �j→i for agent j to

deal with the information received from agent i and get an
estimation of xi

xQ
ij(k) = s(k − 1)zi(k) + xQ

ij(k − 1), xQ
ij(0) = 0. (28)

Remark 4.7: Different from the switching case, agent i only
needs one encoder dynamic, and sends the quantized infor-
mation zi(k) to all of the agents in Ni, though it still has
�Ni decoders to get the estimation of its neighbors’ states.
Obviously, we still have xQ

i (k) = xQ
ij(k), ∀ k.

Because we do not need a quantization-level update rule here,
we only design a quantized subgradient algorithm as follows:

xi(k + 1) = xi(k) + h

⎡
⎣∑
j∈Ni

(
xQ
ji(k)− xQ

i (k)
)
− s(k)gi(k)

⎤
⎦

(29)

with gi(k), h, s(k) as in (8). Correspondingly, we have the
following assumptions about control parameter h, step-size
s(k), and the initial conditions.

Assumption 7: There are positive constants Cx and Cδ

such that

max
i∈{1,...,n}

‖xi(0)‖∞≤Cx, max
i,j∈{1,...,n}

‖xi(0)−xj(0)‖∞≤Cδ.

Moreover

h <
2

λ2(L) + λn(L)
, (30)

s(k + 1) <s(k), lim
k→∞

s(k) = 0,

1− hλ2(L) <γ(k) ≤ γ(k + 1) < 1. (31)

Denote ρh=max2≤i≤n |1−hλi(L)|. Then by Assumption 7,
ρh = 1− hλ2(L). Denote

Mh,γ0
=

(1 + 2hd∗)

2γ0
+ hCg

+

√
mnh2λn(L) (λn(L) + 2γ0Cg)

2γ0(γ0 − ρh)
. (32)

Lemma 4.8: Suppose that the fixed graph G is connected, and
Assumptions 1, 2, and 7 hold. Then we can make the following
inequalities hold:

K +
1

2
≥ Mh,γ0

(33)

and

s0≥max

{
(γ0 − ρh) (ρhCδ + hλn(L)Cx)

hλn(L)
,

Cx

K + 1
2 − hCg

}
.

(34)

Moreover, the algorithm (29) ensures the consensus, that is,
(13) and (14).

The proof of Lemma 4.8 shares a similar proof idea of
Theorem 3.1, which is also in the Appendix.

Remark 4.9: The calculation of quantization level by (33)
needs the information of λ2(L) and λn(L). As shown in
Remark 2.2, both of them can be estimated with the decentral-
ized algorithm in [26].

The next theorem shows a sufficient condition to solve the
quantized optimization problem, which is certainly related to
Problem 1. Its proof is omitted because it is similar to the
analysis for the switching case.

Theorem 4.10: Suppose that the fixed graph G is connected
and Assumptions 1, 2, and 7 hold with (17). Then, the quantized
algorithm (29) with (33) and (34) yields (18).
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Then, we turn to Problem 2 to minimize the quantization
level in the fixed topology case.

Theorem 4.11: Suppose that the fixed graph G is connected,
and Assumptions 1, 2, and 7 hold. Then, we can construct the
minimal 3-level quantizers to achieve (18) with the quantized
subgradient algorithm (29).

Proof: For any given integer K ≥ 1, define

ΩK =

{
(h, γ0)| h ∈

(
0,

1

λ2(L) + λn(L)

)
,

γ0 ∈ (1− hλ2(L), 1) ,Mh,γ0
≤ K +

1

2

}
(35)

with Mh,γ0
defined in (32). Because

lim
h→0

[
1 + 2hd∗

2
+

√
mnhλn(L) (λn(L) + 2Cg)

2λ2(L)
+ hCg

]
=

1

2

for any K ≥ 1, there exists h∗ ∈ (0, (1/(λ2(L) + λn(L))))
such that

1+2h∗d∗

2
+

√
mnh∗λn(L) (λn(L) + 2Cg)

2λ2(L)
+h∗Cg≤K+

1

2
.

By ρh = max2≤i≤n |1− hλi(L)| and h∗ ∈ (0, (1/(λ2(L) +
λn(L)))), we have ρh∗ = 1− h∗λ2(L) < 1. As a result

lim
γ0→1

Mh∗,γ0
=

√
mnh∗λn(L) (λn(L) + 2Cg)

2λ2(L)

+
1 + 2h∗d∗

2
+ h∗Cg.

Thus, there exists γ∗
0 ∈ (1− h∗λ2(L), 1) such that Mh∗,γ∗

0
≤

K + (1/2). We have that ΩK in (35) is not empty for any
integer K ≥ 1.

Choose (h, γ0) ∈ ΩK and s(k) with s0 satisfying (34), and
design a quantizer with 2K + 1 quantization levels. Then, by
the definition of ΩK and Theorem 4.10, (29) ensures (18).
Therefore, the quantized optimization is solvable with 2K + 1
quantization levels for any given integer K ≥ 1. Clearly, the
lowest quantization level is 3 by taking K = 1. �

Remark 4.12: To find parameters (h, γ0) in the set Ω defined
in (35), we can choose arbitrarily ε ∈ (0, 1), by setting γ0 =
1− (1− ε)hλ2(L), and we get a quadratic inequality equation
from (33), which is not hard to solve. Then, h can be the
minimal between 1/(λ2(L) + λn(L)) and the solution to (33).
In fact, when ε goes from 0 to 1, we can find all values of (h,
γ0) in the set Ω. A related discussion can also be found in [18]
for a quantized average consensus algorithm.

Note that when the communication graph is fixed, agents
can transmit nothing if the quantized vector is equal to 0m. In
that case, agents only need to transmit (2K + 1)m − 1 different
values, which means that only �log2((2K + 1)m − 1)� bits are
needed in the communication. Because the minimal quantiza-
tion level number is 3, �log2(3m − 1)�-bit is required with our
quantized algorithm in the fixed topology case. Moreover, when
m = 1, the data rate can only be 1 b, which is the lowest data
rate and consistent with the multiagent average consensus result
obtained in [18].

Fig. 1. Communication graphs.

V. SIMULATION

In this section, we consider a distributed parameter estima-
tion problem in wireless-sensor networks introduced in [27]
to illustrate our algorithm and the data-rate issue. A group
of n sensors cooperatively estimates some parameter x with
their own private data sets Θi and local optimization objective
functions Ψi(x; Θi) for i = 1, . . . , n.

In many cases, the data sets may be too private or too expen-
sive to be shared by all of the sensors. Therefore, the sensors
are required to solve the following optimization problem in a
distributed way for the estimation:

min
x

n∑
i=1

Ψi(x; Θi).

Example 1: Consider five agents (sensors) to cooperatively
estimate a parameter x ∈ R3, where each agent has 100 mea-
surements corrupted by additive white Gaussian noise. Among
them, 90 measurements (denoted as θij , j = 1, . . . , 90) are
taken to be i.i.d N([9, 2,−5]T , I3), while 10 ones (denoted as
θij , j = 91, . . . , 100) are taken to be i.i.d N([9, 2,−5]T , 20I3)
due to wrong reading. Here, N(μ,Σ) means normal distribution
with μ as its mean vector and Σ as its covariance matrix. Then
Θi = {θij , j = 1, . . . , 100}.

To eliminate the influence of the wrong readings, we adopt
the robust least squares filter ([22]). Take a vector function
ψij(x; θij) with the pth element defined as the Huber penalty
function

ψp
ij(x; θij) =

{
(xp−θp

ij)
2

2 for
∣∣θpij − xp

∣∣ ≤ 1∣∣xp − θpij
∣∣− 1

2 for
∣∣θpij − xp

∣∣ > 1.

Then, the local objective function of agent i becomes

Ψi(x; Θi) =

∥∥∥∥∥∥
∑

θij∈Θi

ψij(x; θij)

∥∥∥∥∥∥
1

.

Suppose five agents (sensors) exchange information with
three periodically-switching communication topologies
G1,G2,G3. Obviously, the topologies satisfy Assumptions 3, 4,
and 6 (Fig. 1).

To reduce the data rate, we update the quantization level
number with the following rule:

Kij(k + 1) =

{
1 aij(k) = 1,
2 aij(k) = 0.

(36)

Based on the proof of Theorem 4.4, we can take h sufficiently
small and γ0 sufficiently approaching 1 to solve the problem.
Here, we take h = 0.004, and s(k) = 500/(k + 10)0.9 (γ0 =
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Fig. 2. Trajectory of x1 = (x1
1, x

2
1, x

3
1)

T .

Fig. 3. Trajectory of x3 = (x1
3, x

2
3, x

3
3)

T .

(10/11)0.9) to satisfy the conditions in Theorems 3.1 and 4.2.
Therefore, we can solve this distributed problem if the commu-
nication channel allows the agents to transmit �log2((2× 2 +
1)3)� = 7 b each time. The estimation trajectories of agents 1
and 3 are shown in Figs. 2 and 3, while the relative es-
timation errors between some agents are shown in Figs. 4
and 5.

VI. CONCLUSION

In this paper, we studied two fundamental problems for
the quantized distributed optimization. We designed quanti-
zation rule and the encoder-decoder scheme under switching
communication topologies to solve the distributed optimization
problem without any quantization errors. We also studied how
to minimize the quantization level numbers or communication
data rate for both switching and fixed topologies. In fact, topics
about distributed optimization design related to communication

Fig. 4. Relative estimation error between agents 1 and 2.

Fig. 5. Relative estimation error between agents 3 and 4.

constraints and complexity are promising and deserve further
research effort.

APPENDIX

PROOF OF THEOREM 3.1

We first provide the following three lemmas. Lemma A.1
comes from Lemma 4.1 in [19].

Lemma A.1: Suppose Assumptions 3, 4, and 5 hold. Given
k0 = 1, 2, . . ., let

ζ(k)=

⎡
⎣p=k−1∏

p=k0

(In−hL(p))

⎤
⎦ ζ(k0), k=k0 + 1, k0 + 2....

Then

‖ζ(k)‖2 ≤

⎡
⎢⎣ � k−1

T �−1∏
p=
⌈

k0−1

T

⌉
(
1− hρ

1 + T

)⎤⎥⎦ ‖ζ(k0)‖2 .
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We give the following notations for simplicity:

x =
(
xT
1 , x

T
2 , . . . , x

T
n

)T
; g =

(
gT1 , . . . , g

T
n

)T
;

Δ1 =
(
ΔT

11,Δ
T
21, . . . ,Δ

T
n1,Δ

T
12, . . . ,Δ

T
nn

)T
;

Δ2 =
(
ΔT

11,Δ
T
12, . . . ,Δ

T
1n,Δ

T
21, . . . ,Δ

T
nn

)T
;

ξ(k) =
(
diag

{
[A(k)]T:1 , [A(k)]

T
:2 , . . . , [A(k)]

T
:n

}
⊗Im)Δ1(k − 1)

− (diag {[A(k)]1: , . . . , [A(k)]n:} ⊗ Im)Δ2(k − 1).

Then

x(k+1)=(In−hL(k))⊗Imx(k)−hs(k)g(k)+hs(k−1)ξ(k).
(37)

Furthermore, take δ(k) = x(k)− ((1/n)1n1
T
n )⊗ Imx(k) to

measure the disagreement between agents, and D = In −
((1/n)1n1

T
n ). Since ((1/n)1n1

T
n )⊗ Imξ(k) = 0mn, k ≥ 1,

it follows from (37) that

δ(k + 1) = (In − hL(k))⊗ Imδ(k)− hs(k)D ⊗ Img(k)

+hs(k − 1)ξ(k). (38)

Then we give the following result about how δ(k) depends
on the initial conditions and quantization errors.

Lemma A.2: Under Assumptions 1–5, with the quantized
algorithm (8), we have

‖δ(k+1)‖∞

≤
√
mn

[(
1− hρ

T + 1

) k
2T

‖δ(1)‖∞

+ hCg

k∑
r=1

(
1− hρ

T + 1

) k−r
2T

s(r)

+ 2γ−1
0 hd∗

k∑
r=1

(
1− hρ

T + 1

) k−r
2T

s(r)‖Δ1(r−1)‖∞

]
.

(39)

Proof: From the dynamics of δ(k) in (38), we obtain

δ(k + 1) =

[
k∏

r=1

(In − hL(r))

]
⊗ Imδ(1)

− h

k∑
r=1

s(r)

[
k∏

p=r+1

(In − hL(p))D

]
⊗ Img(r)

+ h
k∑

r=1

s(r − 1)

[
k∏

p=r+1

(In−hL(p))

]
⊗Imξ(r).

(40)

Denote
∏k

p=r(In − hL(p)) = In when r > k. In view of
Lemma A.1 and ‖x‖ ≤ √

n‖x‖∞, x ∈ Rn

∥∥∥∥∥
[

k∏
r=1

(In − hL(r))

]
⊗ Imδ(1)

∥∥∥∥∥

≤

⎡
⎢⎣�

k
T �−1∏
r=0

(
1− hρ

T + 1

)⎤⎥⎦
1
2

‖δ(1)‖2

≤
√
mn

(
1− hρ

T + 1

) k
2T

‖δ(1)‖∞ . (41)

The matrix D = In − ((1/n)1n1
T
n ) is a projection matrix (on

the subspace orthogonal to the vector 1n), so that ‖D‖22 = 1.

∥∥∥∥∥h
k∑

r=1

s(r)

[
k∏

p=r+1

(In − hL(p))D

]
⊗ Img(r)

∥∥∥∥∥
≤

√
mnhCg

k∑
r=1

(
1− hρ

T + 1

) k−r
2T

s(r). (42)

Due to ‖Δ1(k)‖∞ = ‖Δ2(k)‖∞ and ‖ξ(k)‖∞ ≤
2hd∗‖Δ1(r − 1)‖∞∥∥∥∥∥h

k∑
r=1

s(r − 1)

[
k∏

p=r+1

(In − hL(p))

]
⊗ Imξ(r)

∥∥∥∥∥

≤h

k∑
r=1

s(r − 1)

⎡
⎢⎣�

k
T �−1∏

p=� r
T �

(
1− hρ

T + 1

)⎤⎥⎦
1
2

√
mn ‖ξ(r)‖∞

≤2γ−1
0

√
mnhd∗

k∑
r=1

(
1− hρ

T + 1

) k−r
2T

s(r) ‖Δ1(r−1)‖∞ .

(43)

Thus, (39) is followed by ‖x‖∞ ≤ ‖x‖ along with
(41)–(43). �

The next lemma investigates the convolution of two se-
quences, which is useful in the following analysis.

Lemma A.3: With Assumption 5, we have

k−1∑
r=1

(
1− hρ

T + 1

) k−1−r
2T

s(r) <
s(k)

γ0 −
(
1− hρ

T+1

) 1
2T

. (44)

Proof: Denote β = (1− (hρ/(T + 1)))1/2T , ω(k) =∑k
r=1 β

k−rs(r)/s(k). Then ω(k + 1) = (βs(k)ω(k)/s(k +
1)) + 1 =(β/γ(k))ω(k) + 1 ≤ (β/γ0)ω(k) + 1. ω(k + 1) ≤
γ0(1− (β/γ0)

k+1)/(γ0 − β) < γ0/(γ0 − β). Thus,
∑k−1−r

r=1

βk−1−rs(r)/s(k)<
∑k−1−r

r=1 βk−1−rs(r)/γ0s(k−1)<1/(γ0−β). �
Proof of Theorem 3.1: We first prove the correctness of

the quantization level update rule by mathematical induction,
and then we obtain the consensus based on the consensus
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analysis with bounded error in [21]. Recalling δ(k) = x(k)−
((1/n)1n1

T
n )⊗ Imx(k)

‖xj(k)− xi(k)‖∞ ≤
∥∥∥∥x(k)−

(
1

n
1n1

T
n

)
⊗ Imx(k)

∥∥∥∥
∞

+

∥∥∥∥
(
1

n
1n1

T
n

)
⊗ Imx(k)− x(k)

∥∥∥∥
∞

≤ 2 ‖δ(k)‖∞ .

From the dynamics of agent i in (8), we have

• if aij(k) = 1, which means an information exchange ex-
ists between agent i and agent j at time k, then∥∥∥∥xi(k + 1)− ξij(k)

s(k)

∥∥∥∥
∞

≤ 2hd∗ ‖δ(k)‖∞
s(k)

+ hCg

+
2hd∗ + 1

γ0
‖Δ1(k − 1))‖∞ ;

• if aij(k) = 0, which means that there is no information
exchange between agent i and agent j at time k, then∥∥∥∥xi(k + 1)− ξij(k)

s(k)

∥∥∥∥
∞

≤ 1

γ0

∥∥∥∥xi(k)− ξij(k − 1)

s(k − 1)

∥∥∥∥
∞

+ hCg +
2hd∗

γ0
‖Δ1(k − 1)‖∞ +

2hd∗ ‖δ(k)‖∞
s(k)

.

Then the following part shows the boundedness of quantiza-
tion error with quantization rule (12) by mathematical induc-
tion. At k = 1, according to (12), ‖(xi(1)− ξij(0))/s0‖∞ =
‖(xi(0)−hs0gi(0))/s0‖∞ =(Cx/s0)+hCg≤Kij(1)+(1/2),
∀ (i, j) ∈ E∗. Thus all the quantizers Q1

ij , ∀(i, j) ∈ E∗ are not
saturated. Therefore, ‖Δ1(0)‖∞ ≤ 1/2.

At k = 2:

• if aij(1) = 1∥∥∥∥xi(2)− ξij(1)

s(1)

∥∥∥∥
∞

≤ 2hd∗ ‖δ(1)‖∞
s(1)

+ hCg

+
2hd∗ + 1

γ0
‖Δ1(0)‖∞ ;

• if aij(1) = 0∥∥∥∥xi(2)− ξij(1)

g(1)

∥∥∥∥
∞

≤ 1

γ0

∥∥∥∥xi(1)− ξij(0)

s0

∥∥∥∥
∞
+ hCg

+
2hd∗ ‖δ(1)‖∞

s(1)
+

2hd∗

γ0
‖Δ1(0)‖∞ .

By ‖δ(1)‖∞ ≤ Cδ + 2‖hs0g(0)‖∞ ≤ √
mn(Cδ + 2hs0Cg)

and (12), we have ‖(xi(2)− ξij(1))/g(1)‖∞ ≤ Kij(2) +
(1/2), ∀ (i, j) ∈ E∗ for aij(1) = 1 or aij(1) = 0. Thus, the
quantizers Q2

ij , ∀ (i, j) ∈ E∗ are not saturated, which implies
‖Δ1(1)‖∞ ≤ 1/2.

Suppose that the quantizers are not saturated at r = 1, . . . , k,
that is, ‖Δ1(r)‖∞ ≤ 1/2 for r = 0, 1, . . . k − 1. We claim that
the quantizers Qk+1

ij , ∀(i, j) ∈ E∗ are not saturated and, there-

fore, ‖Δ1(k)‖∞ ≤ 1/2 holds all of the time.

• If aij(k) = 1, then by Lemmas A.1 and A.2, we have

∥∥∥∥xi(k + 1)− ξij(k)

s(k)

∥∥∥∥
∞

≤ 2hd∗ + 1

2γ0
+ hCg

+
2
√
mnhd∗

(
1− hρ

T+1

) k−1
2T

s(k)
‖δ(1)‖∞

+
2
√
mnh2d∗

(
γ−1
0 d∗ + Cg

)
s(k)

k−1∑
r=1

(
1− hρ

T + 1

) k−1−r
2T

s(r)

≤ 2hd∗ + 1

2γ0
+ hCg +

2
√
mnhd∗(Cδ + 2hs0Cg)

γ0s0

+
2
√
mnh2d∗

(
γ−1
0 d∗ + Cg

)
γ0 −

(
1− hρ

T+1

) 1
2T

:= νh,γ0
+

1

2
.

• If aij(k) = 0

∥∥∥∥xi(k + 1)− ξij(k)

s(k)

∥∥∥∥
∞

≤ 1

γ0
Kij(k) +

2hd∗ + 1

2γ0

+ hCg +
2
√
mnhd∗(Cδ + 2hs0Cg)

γ0s0

+
2
√
mnh2d∗

(
γ−1
0 d∗ + Cg

)
γ0 −

(
1− hρ

T+1

) 1
2T

:=
1

γ0
Kij(k) + νh,γ0

+
1

2
.

Based on (12), ‖(xi(k + 1)− ξij(k))/s(k)‖∞ ≤Kij(k +
1) + (1/2), ∀ (i, j) ∈ E∗. Therefore, the quantizers Qk+1

ij ,
∀ (i, j) ∈ E∗ are not saturated, which yields ‖Δ1(k)‖∞ ≤
1/2, ∀ k.

According to Lemmas A.1 and A.2,

‖δ(k)‖∞
s(k)

<

√
mnh

(
γ−1
0 d∗ + Cg

)
γ0 −

(
1− hρ

T+1

) 1
2T

+

√
mn(Cδ + 2hs0Cg)

γ0s0
. (45)

By s(k) → 0, limk→∞ ‖δ(k)‖∞ = 0, which implies the con-
sensus of all the agents, that is (13) and (14). �

APPENDIX

PROOF OF LEMMA 4.8

Proof of Lemma 4.8: Denote x = (xT
1 , . . . , x

T
n )

T ; xQ =

(xQ
1

T
, . . . , xQ

n
T
)
T

; e = x− xQ; g(k) = (gT1 , . . . , g
T
n )

T
, with
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δ(k) = x(k)− (((1/n)1n1
T
n )⊗ Im)x(k). Define two nor-

malized variables w(k) = δ(k)/s(k) and z(k) = e(k)/s(k),
along with

Γ(k) := (In + hL)⊗ Imz(k)− hL⊗ Imw(k)− hg(k).

Then, from (27) and (29), we have

w(k + 1) = γ(k)−1 {(In − hL)⊗ Imw(k) + hL⊗ Imz(k)

− hD ⊗ Img(k)} ,
z(k + 1) = γ(k)−1 {Γ(k)−Q (Γ(k))} . (46)

Quite obviously, s0 ≥ Cx/(K + 0.5− hCg) implies

‖Γ(0)‖∞ ≤ K +
1

2
, ‖z(1)‖∞ ≤ 1

2γ0
. (47)

By mathematical induction, we assume

sup
1≤p≤k

‖Γ(p)‖∞ ≤ K +
1

2
, sup

1≤p≤k+1
‖z(p)‖∞ ≤ 1

2γ0

and then we will prove ‖Γ(k + 1)‖∞ ≤ K + (1/2) as follows:
Because L is symmetric and the graph G is connected, there

is an orthogonal matrix T1 = [(1/
√
n), φ2, φ3, . . . , φn], such

that TT
1 LT1=diag{0, λ2, . . . , λn}. Take w̃(k)=(T1⊗Im)−1

w(k). Decomposew(k)=(w1(k), w2(k))
T with w̃1(k)=(T1⊗

Im)−1w1(k)=0n resulting from 1T
n ⊗ Imδ(k) = 0. Define a

transformation matrix Φ(k, k−r)=Ph(k)Ph(k−1). . . Ph(k−
r + 1) with Φ(k, k) = I , where Ph(k)=diag(((1−hλ2(L))/
γ(k)), . . . , ((1−hλn(L))/γ(k))). By taking T2=[φ2, φ2, . . . ,
φn], we obtain

w2(k + 1)

=
(
T2Ph(k) . . . Ph(0)T

T
2

)
⊗ Imw2(0)

+ h
(
T2Φ(k, 0)T

T
2 L
)
⊗ Im

z(0)

γ0

+

k−1∑
r=0

h
[
T2Φ(k, k − r)TT

2 L
]
⊗ Im

z(k − r)

γ(k − r)

−
k∑

r=0

h
[
T2Φ(k, k − r)TT

2 D
]
⊗ Im

g(k − r)

γ(k − r)
. (48)

Combined with Assumption 7, (34), and ‖w(0)‖ ≤ √
mn

‖w(0)‖∞≤√
mnCδ/s0 and ‖z(0)‖2≤

√
mn‖z(0)‖∞ ≤ √

mn
Cx/s0, we have

‖w(k + 1)‖

≤
√
mnCδ

s0

(
ρh
γ0

)k+1

+

√
mnhλn(L)Cx

s0ρh

(
ρh
γ0

)k+1

+

√
mnhλn(L)

2γ0(γ0 − ρh)

(
1−

(
ρh
γ0

)k
)

+

√
mnhCg

γ0 − ρh

(
1−

(
ρh
γ0

)k+1
)

≤
√
mnhλn(L)

2γ0(γ0 − ρh)
+

√
mnhCg

γ0 − ρh
.

Clearly, when (33) holds, ‖Γ(k + 1)‖∞ ≤ K + (1/2).
Therefore, the quantizer will not be saturated at k + 1. Thus

sup
k≥1

‖Γ(k)‖∞ ≤ K +
1

2
, sup

k≥1
‖z(k)‖∞ ≤ 1

2
.

Thus, the quantizer will not be saturated during the
iteration. From supk≥1 ‖w(k)‖∞ < ∞ and s(k) → 0,
limk→∞ ‖δ(k)‖∞ = 0, which implies that all agents reach
the consensus and (14). �
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