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Distributed Estimation for Moving Target
Based on State-Consensus Strategy

Zhenwei Zhou, Haitao Fang, and Yiguang Hong

Abstract—This technical note studies the distributed estimation problem
for a continuous-time moving target under switching interconnection
topologies. A recursive distributed estimation algorithm is proposed by
using state-consensus strategy, where a common gain is assigned to adjust
the innovative and state-consensus information for each sensor in the
network. Under mild conditions on observability and connectivity, the
stability of the distributed estimation algorithm is analyzed. An upper
bound and lower bound for the total mean square estimation error
(TMSEE) are obtained by virtue of the common Lyapunov method and
Kalman-Bucy filtering theory, respectively. Then a numerical simulation
is given to verify the effectiveness of the proposed algorithm.

Index Terms—Distributed estimation, Kalman-Bucy filter, moving
target, stability, switching topologies.

I. INTRODUCTION

Recently, distributed algorithms have attracted much attention in
many coordination problems such as target tracking [1], [9], [12]. Due
to the scalability, robustness and low cost, it has becomemore andmore
important to design and analyze distributed estimation algorithms for
sensor networks. Generally speaking, the distributed estimation con-
structs an algorithm for each sensor to estimate an unknown target
based on the information obtained by communication or measurement.
Because of the sensing limitation in practice, some sensors may not
obtain the target’s measurement information directly, but they can usu-
ally conduct the estimation by using its neighbors’ information. Thus,
the consensus-based algorithms have gained popularity in the field of
distributed estimation, including uncertain parameter estimation [10],
[11], and Kalman filters for moving targets [2]–[4].
The Kalman filter is highlighted and widely studied in dis-

tributed estimation because it has efficient tracking capability for
the nonstationary process and (fast) moving target. For instance, a
consensus-based distributed Kalman filter algorithm was presented
in [2], where the centralized Kalman filter can be decomposed into
two consensus-based filters. However, many iterative computations
are needed to achieve the same estimation for each sensor at each
Kalman update. To deal with this problem, consensus-based Kalman
filter in recursive form was proposed and studied in [3]. Without
process noise, measurement noise and communication noise, it was
showed that the estimated error of the linear continuous-time algo-
rithm converges to zero under some conditions on observability and
connectivity. In order to minimize total mean square estimation error
(TMSEE), [4] further studied how to design the gains to optimally
adjust the innovative information, but the analysis on the boundedness
for TMSEE was absent under noisy environment. In addition, other
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distributed algorithms, such as diffusion-based Kalman filter [5] and
gossip-based Kalman filter [6], were also designed to estimate the
state of discrete-time linear systems.
In this technical note, we consider the continuous-time distributed

estimation problem for a moving target. Specifically, the target is mod-
eled by a stochastic differential equation; the measurement matrix is
time-varying in a special form; and the sensors in the network can only
swap their estimated states with their one-hop neighbors. In fact, dis-
tributed (consensus-based) estimation is one of the key steps to design
the distributed control law for complex agents. For example, [14] pro-
posed a formation control strategy based on distributed position esti-
mation for single-integrator modeled agents by using relative position
measurements, while [13] presented a theoretical framework for cou-
pled distributed estimation and motion control of mobile sensor net-
works for collaborative target tracking. To estimate these high dimen-
sional states in a distributed way, we propose a recursive distributed
algorithm with a static gain, which is used to adjust both the state-con-
sensus and innovative information, for the case when some sensors
may sleep or fail. Under mild conditions on observability and connec-
tivity, the common Lyapunov function method and stochastic differen-
tial equation theory are employed for the upper bound estimation of
TMSEE. Furthermore, a lower bound for TMSEE is obtained with the
help of Kalman-Bucy filter. Compared with [4], our topology among
sensors is switching, and the boundedness for TMSEE is rigorously es-
tablished. Moreover, the proposed algorithm is also different from the
works [5], [6], because we take state-consensus strategy rather than the
diffusion or gossip ones. Due to the constant state matrix and the spe-
cial observable matrix, the distributed algorithm with a common static
gain is proposed. Therefore, it has advantages such as simple design
and low computational complexity.
The rest of the technical note is organized as follows. Some basics

about graph and the formation of distributed moving target estima-
tion problem are presented in Section II. Some preliminary lemmas
are given, and then the upper bound and lower bound for TMSEE are
estimated in Section III. A numerical example and some concluding
remarks are contained in Sections IV and V, respectively.

II. PROBLEM STATEMENT

In this section, we formulate a distributed estimation problem.
At first, we need some basics about graph theory. An undirected

graph contains a vertex set and a edge set of
unordered pairs . If there is an edge be-
tween two vertices, these two vertices are called adjacent. A path is
a sequence of edges with the form , where .
If there exists a path between any two vertices of graph , then is
connected. For undirected graphs and , if

, then we call is the subgraph of . For ,
if is connected and there are no other vertices in connected
to the , then we call is one maximal connected branches of .
denotes the neighbor set of vertices . The weighted
adjacency matrix of is defined by , where

and . If there is an edge between vertex
and vertex , then , otherwise . Its degree ma-
trix is a diagonal ma-
trix with diagonal elements . The
Laplacian of the weighted graph is .
Consider a system with sensors and a moving target. The interac-

tion among sensors can be described by an undirected graph . More-
over, consider a graph associated with the system consisting sen-
sors and one target. contains the graph , the target and the directed
edges from some sensors to the target. For every maximal connected
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Fig. 1. Sensor network.

branch of , there is at least one sensor connected to the target, then
we call is connected.
In this technical note, we study the distributed estimation problem

with switching topology. Denote as the index set
of all the possible interconnected graphs and define a switching signal

. Assume there exists an infinite sequence of bounded,
non-overlapping, contiguous time-intervals
with , and there is a constant dwelling time such that

. Therefore, the neighbor set , weighted adjacencyma-
trix , degree matrix and Laplacian matrix are piece-wise con-
stants at the time-interval , and take finite values
only at time-interval , respectively. For clarity, we use ,

,
and to denote them. Furthermore, we assume
there exist fixed positive constants satisfying:
if sensors and are connected at , then ; oth-
erwise, . Denote as the connection weight between
sensor and the target, and for some positive constants

if sensor is connected to the target at , and
otherwise. Let and

. Therefore, are piece-wise constant
matrices at the time-interval and only take fi-
nite values at time-interval .
Consider the dynamics of the moving target described by

(1)

where is the dimension of ,
and is the dynamical process noise modeled as -dimen-

sional standard Wiener processes.
Furthermore, the measurement of the moving target by sensor

is as follows:

(2)

where is the observable matrix, is the
measurement noise modeled as -dimensional standard Wiener
process and denotes its intensity. If sensor is con-
nected to the moving target, then the measurement of sensor is

. Otherwise, the measurement of
sensor is .
Remark 1: Consider a sensor network composed of six sensors

( ) and the lines for the sensors’ communica-
tion links to illustrate (2) as shown in Fig. 1. The interconnection
topology is divided into four triangular parts. Assume that the ar-
rowed (or dashed-arrowed) lines denote the measurement links from
the sensors to the target and that the target is moving along the
arrowed curve. When the target is in the first triangular part,
cannot get the measurement (maybe because of the limitation in
distance or sensing energy), i.e.,

. When it is in the third triangular part,
.

For sensor , we construct a distributed estimation
algorithm:

(3)

where is the relative measurement error of its neighbor, i.e.,
, is

the communication noise modeled as -dimensional standard Wiener
process, denotes its intensity, are
mutually independent.
The distributed estimation problem in our technical note is to design

a static gain to make TMSEE

bounded. Quite clearly, the time-invariant in the distributed estima-
tion algorithm provides a simple design, which somehow reduces the
computational complexity.

III. MAIN RESULTS

In this section, we design (3) with a suitable and then obtain an
upper bound and a lower bound for TMSEE. First of all, we give two
standard assumptions:

A1 (Observability) is observable.
A2 (Connectivity) The graph is connected, i.e., at least one
sensor in each maximal connected branch of is connected to the
leader.

The following lemmas are helpful in analyzing the bound of
TMSEE.
Lemma 1. ([7]): Under A1, there is a unique positive definite matrix
satisfying the algebraic Riccati equation (ARE)

(4)

where is a nonnegative definite matrix such that is con-
trollable. Furthermore, is asymptotically stable.
Lemma 2. ([8]): Denote

. If A2 holds, then
.

Remark 2: Note that the eigenvalues of are piecewise
constant, which are time-invariant between any two switching mo-
ments. In fact, since the number of suitable switching graphs (to de-
scribe the topologies of the target and sensors) is finite and is
constant for each given graph, the selection of is also finite. There-
fore, the minimum eigenvalue of , i.e., , can be calculated di-
rectly based on these finite possible topologies.

A. Upper Bound for TMSEE

For the distributed algorithm (3), the following theorem provides an
upper bound for TMSEE.
Theoremm 1: Under A1 and A2, there exists a static gain

such that is
bounded, where . Moreover, an upper bound can
be described by , where is the solution of the
following differential equation:

(5)

for some constants .
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Proof: Consider the error term as
follows:

(6)

Denote ...
...

...
.

With Kronecker product, then

(7)

where has the following expression, respectively:

...
...

...
...

...
...

...

Denote , and then (7) can
be rewritten as

Furthermore, by the properties of Kronecker product,

(8)

Since is a symmetric matrix, there ex-
ists an unitary matrix such that

. By Lemma 2,
.

It is time to analyze the stochastic differential (8) using a common
Lyapunov function.
Denote , and then

(9)

Moreover, by the properties of Kronecker product, we have

(10)

Let . By Itô formula

Choose with . It can be proved that
there exist some constants such that

(11)

The detailed proof for inequality (11) is given in Appendix A. By
the comparison theorem, where is the
solution of following equation:

(12)

By simple calculations, we obtain the solution of equation, i.e.,
.

Therefore, are bounded. Moreover,
,

which implies that is bounded. By (9),
. Thus, is bounded.

Remark 3: Reference [4] used a time-varying gain designed
by differential Riccati equations in order to adjust innovative and
state-consensus information. Furthermore, the implementation of
diffusion Kalman filter under partial uniform observability in [5]
consists of two main steps, i.e., diffusion update and incremental
update. In addition, [6] presented the distributed Kalman filtering al-
gorithm based on a gossip strategy, in which each sensor occasionally
exchanges its filtering state information with a neighbor depending
on the availability of the network. These strategies are different from
each other in view of algorithm construction.
Reference [11]–[13] aimed to present distributed estimation algo-

rithm for the target with time-varying state and observable matrix,
while the target we considered is with constant state matrix and special
observable matrix. For this moving target, a distributed estimation
algorithm with a common static gain is proposed in
Theorem 1. The gain can be achieved offline by solving the (4). Thus,
the proposed algorithm has advantages in design and computation.
Now we present an expression for TMSEE of this distributed algo-

rithm. From this expression, we can calculate TMSEE conveniently.
Corollary 1: , where satisfies the equation

with initial value
Proof: Please see Appendix B.
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B. Lower Bound for TMSEE

In the preceding subsection, a distributed estimation algorithm was
given and an upper bound for TMSEE was obtained. In what follows,
we present a lower bound for TMSEE.
Theorem 2: Under A1 and A2, TMSEE is greater than ,

i.e., , where is the solution of the following
differential Riccati equation:

(13)

Proof: The proof will be completed in two steps.
Step 1. Construct another estimation algorithm based on Kalman-

Bucy filter.
We also consider the dynamics of moving target as (1)

(14)

where and have the same meaning
as in (1).
The measurement for the moving target in every sensor

is described by

(15)

where is the observable matrix, is the measure-
ment noise modeled as standard -dimensional Wiener process,
and denotes its intensity. If sensor is con-
nected to the moving target, then the measurement in sensor is

. Otherwise, the measurement in
sensor is .
For sensor , we consider the following estimation

algorithm:

(16)

where is the relative measurement error of its neighbor, i.e.,
. Again

is the communication noise modeled as -dimensional standard
Wiener process with density , and
are mutually independent.
Consider the error term as follows:

Similar to (7), we have

(17)

where has the following expression,
respectively:

...
...

...
...

...

Then, (17) can be written in the following form:

(18)

where , .
By Kalman-Bucy filter theory, the linear unbiased min-

imal covariance estimator can be achieved by taking
, where is the solution of the

following differential Riccati equation:

(19)

Denote , and
then and for any dynamic gain .
(Here we assume ). If we take

as the dynamic gain in (18), then .
Step 2. Comparison between and .
If we take (Bdiag denotes block di-

alog matrix) in (18), then the estimation algorithm (16) has the same
form as the distributed one in (3). Therefore, and

hold.
Remark 4: Note that the estimation algorithm (16) in the proof is

not distributed, which makes use of all error information from other
sensors to update its estimate. It is not practical but it helps obtain a
theoretical lower bound of TMSEE.
Based on Theorems 1 and 2, we summarize our main result in the

following theorem:
Theorem 3: Under A1 and A2, TMSEE has an upper and a

lower bound, that is, , with
defined in (19), (4), and (5), respectively.

IV. NUMERICAL SIMULATION

We now present a numerical example to illustrate the effectiveness
of the algorithm (3). Consider a 2-D moving target described by

where is 1-dimensional standard Wiener process. In this ex-
ample, can be viewed as the position and velocity of the
moving target, respectively. The target is moving along a line with an
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Fig. 2. Switching graph.

Fig. 3. Estimation for and .

approximate constant velocity (corrupted by noise), and it is expected
that the position may be increasing.
The graph is switching periodically among (Fig. 2),

i.e., , , where stands for the moving
target, sensor 1 and sensor 2, respectively. The arrowed line means that
the sensor can obtain the measurement information from the target and
the line is the communication link between sensor 1 and sensor 2. The
switching time from one graph to another one is 1 second.
The measurement of sensor is described by

where ,
, for any

nonnegative integer , are standard Wiener processes.
Take , and then
, for any nonnegative

integer . The relative measurement error are as follows:

where are the estimations of in sensors 1 and 2,

respectively, are standard Wiener processes.
Our aim is to construct a distributed algorithm for the two sensors,

aiming to estimate the position and velocity of the moving target based
on the position measurement and communication information. Taking

, we obtain the constant gain .

With total simulation time 30 s and the sampling time is 0.01 s, Fig. 3
demonstrates that the position has lowly diverging tendency
and the velocity fluctuates around the initial value 1.0 (cor-
rupted by noise). Moreover, Figs. 3 and 4 show that the distributed
estimation algorithm has good tracking performance. In addition, the
upper bound (which tends to 0.76), , and lower

Fig. 4. Estimation error for and .

Fig. 5. Total mean square estimation error.

bound of this estimation algorithm are showed in Fig. 5,
where we can see that TMSEE tends to 0.32 after about 5 s and the
lower bound fluctuates around 0.07. This numerical example verifies
the stability of this distributed estimation algorithm.

V. CONCLUSIONS

This technical note studied a distributed estimation problem of
moving targets with a switching interconnection topology to describe
the communication and sensing measurement in a considered sensor
network. A continuous-time distributed estimation algorithm was pro-
vided and analyzed. Under the standard observability and connectivity
assumptions, both upper and lower bounds for TMSEE were obtained
by common Lyapunov method and Kalman-Bucy filtering theory.
Many interesting problems for the distributed estimation remain to

be solved. How to provide a quantitatively comparative study on dif-
ferent distributed Kalman filter schemes and how to design the op-
timal-gain for TMSEE in the sense of sensing cost and/or communi-
cation energy are still under investigation.



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 58, NO. 8, AUGUST 2013 2101

APPENDIX A

A. Derivation of Inequality (11)

Proof of Inequality (11): From (4),
holds. Therefore

where .
By the properties of trace and Kronecker product, it follows that

, where is a constant. Therefore

Denote , and then
taking the expectation gives

Using stochastic integral and Kronecker product, we have

where .
Denote , which is obviously increasing. Note

that (for some ) or . If
, then

. Otherwise, for any , there exists an suffi-
ciently large number such that

for any , and
holds for some . For this case, we have

. Consequently,

holds, . Due to the arbitrariness of ,
holds.

APPENDIX B

A. Proof of Corollary 1

Proof of Corollary 1: From
and (9), we have

. Therefore,
the analysis on can be transformed into the one
on . By (10), it follows

, where

,

is the basic solution matrix of the equation, i.e.,
, and

. Thus, .
Taking differentiation, satisfies the following Lyapunov differen-

tial equation:

with initial value
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