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Abstract This paper considers a multi-agent tracking problem for a high-dimensional active leader

and variable interconnection topology. The state of the leader not only keeps changing but also may

not be measured. To estimate the state such a leader individually, a neighbor-based local controller

together with a neighbor-based state-estimation rule is given for each autonomous agent. Then, the

authors prove that, with the help of a constructed common Lyapunov function (CLF), each agent can

track the active leader with unmeasurable states. Finally, the authors explicitly construct a CLF for

an active leader with unknown periodic input for illustration.
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1 Introduction

A multi-agent system is a group of static or mobile agents deployed in a geographic area to
perform collective tasks, which has drawn much attention in the control design recently. Each
agent under consideration is usually equipped with sensing, computing, and actuating capabil-
ity. Many results have been obtained with local rules applied to each agent in a considered
multi-agent system. These neighbor rules for each agent are based on the average of its own
information and that of its neighbors or its leader[1−5]. The leader-following coordination is
one of the important problems in the multi-agent studies. Distributed algorithm is needed for
each agent in order to track one or more leaders (or estimate the states of the leaders).

The active leader model emphasizes that the leader has an underlying dynamics, maybe
different from those of the followers, and its state variables may not be fully measurable. Simple
cases were investigated with assuming each agent can communicate with only a small subset
of the others in [4,6]. In typical situations, an agent lacks knowledge of certain attributes such
as its own position in a global reference frame, and therefore, the estimation and tracking of
the considered active leader needs to be done in a distributed way. The active leader model
is motivated by practical problems such as the location problem of a moving target (viewed
as an active leader) in a sensor network (where some agents cannot sense the target when
it is beyond their sensing region and they have to estimate the target by communicating a
set of nearby nodes) and the consensus or pursuit problem by mobile agents with the help of
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the information of relative measurements of neighbor agents. Similar ideas on the distributed
coordination with online estimation have been considered in the studies of multi-agent systems
such as multi-robot networks and sensor networks[7−8]. For example, Fax and Murray[2] raised
the dynamic tracking issue regarding observer design for multi-vehicle systems. Moreover, to
locate a moving target in sensor network, the sensor node measures the target and distributes
the information to others when it is in its sensing regions, and the time-varying topology of the
target and the nodes may be described by dynamic graphs in [8].

Here, we consider a tracking/estimation problem of a high-dimensional active leader. Since
variables of an active leader may not be measured, distributed “observers” are needed for the
agents to estimate the leader’s states in order to track it. Moreover, to handle the switching
interaction topology, a CLF approach is developed to study the distributed estimation and
tracking.

This paper is organized as follows. In Section 2, our problem is formulated along with
related preliminaries. Then, a distributed control scheme with an active leader and variable
topology is obtained in Section 3, while a specific active leader is discussed with the help of
explicitly-constructed CLF in Section 4. Finally, concluding remarks are made in Section 5.

2 Problem Formulation

The interaction topology of multi-agent systems can be conveniently by graphs. An undi-
rected graph G on vertex set V = {1, 2, · · · , n} contains V and a set of unordered pairs
E = {(i, j) : i, j ∈ V}, called G’s edges[9]. If there is an edge between two vertices, the
two vertices are called adjacent. If there is a path between any two vertices of a graph G, then
G is connected. A subgraph X of G is an induced subgraph if two vertices of V(X ) are adjacent
in X if and only if they are adjacent in G. An induced subgraph X of G that is maximal, subject
to being connected, is called a component of G.

Consider a system consisting of n agents (regarded as the vertices in V) and a leader, and
the state of agent i is denoted by xi for i = 1, 2, · · · , n. The relationships between n agents can
be described by a simple and undirected graph G, where (i, j) defines one of the graph’s edges
in case agent i and j are neighbors. Ni(t) denotes the set of labels of those agents which are
neighbors of agent i (i = 1, 2, · · · , n) at time t. The weighted adjacency matrix of G is denoted
by A = [aij ] ∈ Rn×n, where aii = 0 and aij = aji ≥ 0 (aij > 0 if there is an edge between
agent i and agent j). Its degree matrix D = diag{d1, d2, · · · , dn} ∈ Rn×n is a diagonal matrix,
where diagonal elements di =

∑n
j=1 aij for i = 1, 2, · · · , n. Then, the Laplacian of the weighted

graph is defined as L = D − A. Moreover, Consider a graph G associated with the system
consisting of n agents and one leader, which contains graph G and the leader with directed
edges from some agents to the leader. Denote P = {1, 2, · · · , N} as the index set of all the
possible interconnected graphs. Clearly, G is connected if and only if at least one agent in each
component of G is connected to the leader.

To describe the multi-agent system with changing interconnection topology, define a switch-
ing signal σ : [0,∞) → P, which is piecewise-constant, to describe the time-varying topolo-
gies. Suppose that there is an infinite sequence of bounded, non-overlapping, contiguous time-
intervals [ti, ti+1), i = 0, 1, · · · , starting at t0 = 0. Therefore, Ni and the connection weight
aij (i = 1, 2, · · · , n; j = 1, 2, · · · , n) are variable, and Laplacian Lp (p ∈ P) associated with the
switching interconnection graph is also time-varying (switched at ti, i = 0, 1, · · · ), though it is
a time-invariant matrix in any interval [ti, ti+1). Assume that there is a constant τ0 > 0, often
called dwell time, with ti+1 − ti ≥ τ0, ∀i.

In our problem, there are fixed positive constants αij (i = 1, 2, · · · , n; j = 1, 2, · · · , n) such
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that

aij(t) =

{
αij = αji, if agents i and j are connected at t,
0, otherwise.

(1)

Denote bi as the connection weight between agent i and the leader, which is also time-varying,
and there are fixed positive constants βi (i = 1, 2, · · · , n) such that

bi(t) =

{
βi, if agent i is connected to the leader at t,
0, otherwise.

(2)

The following result is well-known in algebraic graph theory[9].
Lemma 1 Denote the eigenvalues of Laplacian L associated with graph G with n vertices

by λ1(L), λ2(L), · · · , λn(L) satisfying λ1(L) ≤ λ2(L) ≤ · · · ≤ λn(L). Then, λ1(L) = 0 and
1=[1, 1, · · · , 1]T ∈ Rn is its eigenvector.

In this paper, all the considered agents are in the following form:

ẋi = ui ∈ Rn0 , i = 1, 2, · · · , n, (3)

where ui is the control input.
The leader of this considered multi-agent system is active, whose underlying dynamics,

different from the agent dynamics, can be expressed as follows:
{

ẇ = Aw, w = (w1, w2, · · · , wm)T ∈ Rmn0 , A = (aij)mn0×mn0 ,

x0 = Cw ∈ Rn0 .
(4)

For simplicity, we assume n0 = 1 in the sequel. Without loss of generality, we take CT =
(1 0 · · · 0)T ∈ Rm, or equivalently, x0 = w1. Clearly, the leader model considered in [4] can
be viewed as a special case of (4).

The state matrix A of (4) is known to the agents, but its initial condition w(0) is unknown
and x0 is the only measurable variable.

To give distributed design, the relative measurement is employed. Denote the relative error
of agent i as

zi =
∑

j∈Ni(t)

aij(t)(xi − xj) + bi(t)(xi − x0), (5)

with the connection weights aij and bi defined above.
The active-leader-following problem is solved if there is a control law

{
ui = Kxxi + Kvvi + Kzzi,

v̇i = Lxxi + Lvvi + Lzzi

(6)

such that the agents can follow the leader, namely, xi → x0 as t →∞, i = 1, 2, · · · , n.
To follow such a leader, agents have to estimate the state w on line. However, the con-

ventional observer design cannot apply here to deal with the state estimation problem because
the distributed design is based on local information. Therefore, we have to propose a dis-
tributed control scheme with online estimation algorithm for each agent to follow the leader
with unmeasurable state variables and switching topologies.

Here is a lemma for the following analysis, whose different versions can be found in many
books (for example, [10]).
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Lemma 2 Consider system ẋ = Ãx ∈ Rn, y = C̃x. If (C̃, Ã) is detectable and Q is a
symmetric positive definite matrix, then there is a unique positive definite matrix P to satisfy
the Riccati equation:

PÃT + ÃP − PC̃TC̃P + Q = 0.

Furthermore, the real parts of all the eigenvalues of ÃT − C̃TC̃P are negative.

3 Distributed Control Scheme

In this section, we provide a distributed design for the agent modeled by (3) based on a
common Lyapunov function.

The distributed control protocol is proposed for agent i (i = 1, 2, · · · , n) as follows, which
consists of two parts:

i) Neighbor-based feedback law:

ui = a11xi +
m∑

j=2

a1jv
j−1
i − l1zi, (7)

with aij defined in (4) and zi defined in (5);
ii) Distributed estimation law:

v̇k−1
i = ak1xi +

m∑

j=2

akjv
j−1
k − lkzi, k = 2, 3, · · · ,m, (8)

with lk, k = 1, 2, · · · ,m, to be determined in the following. In fact, (8) can be viewed as a
distributed (reduced-order) “observer” for the unknown variables of the leader.

Note that ui in (7) is a local controller of agent i, with the neighbor-based estimation rule
in the form of observer (8) to estimate the leader’s state variables, each agent relies only on the
locally available information at every moment. In other words, each agent cannot “observe”
or “estimate” the leader directly based on the measured information of the leader if it is not
connected to the leader. In fact, it has to collect the information of the leader in a distributed
way from its neighbor agents.

Set

x =




x1

x2

...
xn


 , ξi =




xi

v1
i
...

vm−1
i


 , ηi = ξi − w ∈ Rm, i = 1, 2, · · · , n;

and

η =




η1

η2

...
ηn


 ∈ Rmn, u =




u1

u2

...
un


 ∈ Rn, L =




l1
l2
...

lm


 ∈ Rm.

Then, after manipulations with combining (3), (4), (7), and (8), we have

η̇i = Aηi − Lzi, i = 1, 2, · · · , n,

or equivalently
η̇ = (In ⊗A)η − (In ⊗ L)[(Hσ ⊗ C)ξ − (Bσ1⊗ C)w],
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where σ : [0,∞) → P = {1, 2, · · · , N} is the switching signal, Bσ is an n × n diagonal matrix
whose ith diagonal element is bi(t) at time t, and Lσ is the Laplacian for the n agents. Note
that, even when the interconnection graph is connected, bi(t) may be always 0 for some i, and
therefore, Bσ may not be of full rank.

Denote Hσ = Lσ + Bσ. Because Hσx − Bσ1 ⊗ x0 = Hσ(x − 1 ⊗ x0) (invoking Lemma 1),
(Hσ ⊗C)ξ − (Bσ1⊗C)w = (Hσ ⊗C)η. Therefore, the closed-loop system can be rewritten in
a compact form:

η̇ = Fση = [In ⊗A−Hσ ⊗ (LC)]η, η = (η1, η2, · · · , ηn)T, (9)

where In ∈ Rn×n is the identity matrix and ⊗ denotes the Kronecker product.
In this paper, we assume that the interconnection graph G is always connected, though the

interconnection topology keeps changing. It was known that, Hp associated with Gp is positive
definite if graph Gp is connected[4]. Therefore,

λ = min{eigenvalues of Hp ∈ Rn×n, ∀Gp is connected} > 0 (10)

is well defined noting that the set P is finite.
In some existing works on leader-following consensus[11], the convergence analysis is done

with the help of stochastic matrices, but (In ⊗ A) −Hσ ⊗ (LC) of system (9) is not a matrix
with some properties related to stochastic matrices. Moreover, the considered topology keeps
switching. To solve the problem, common Lyapunov functions provide an effective way.

As well known, it is hard to give a necessary and sufficient condition for the convergence of
switched systems. Here, we give a sufficient condition, which is mild and can be easily used.

Theorem 1 Assume (C,A) is detectable and the switching interconnection graph Gp keeps
connected with a given dwell time. Then, the state of the active leader can be exponentially
estimated (or the leader can be tracked) by the distributed algorithms (7) and (8); namely,

lim
t→∞

η(t) = 0. (11)

Proof Since (C, A) is detectable and Q is positive definite, according to Lemma 2, A
T −

CTCP is stable, where P is the unique positive definite solution of the following Riccati equation

AP + PA
T − PCTCP + Q = 0.

Set
L

T
= max

{
1,

1
λ

}
CP. (12)

Then, all real parts of the eigenvalues of A−λ(Hp)LC, p ∈ P are negative because A
T−κCTCP

are so for κ ≥ 1, where λ(Hp) denotes any eigenvalue of matrix Hp.
Moreover, we have

P (A− λ(Hp)LC)T + (A− λ(Hp)LC)P

= −Q + PCTCP − 2λ(Hp)max
{

1,
1
λ

}
PCTCP ≤ −Q,

which implies the following inequality

P (A− λ(Hp)LC) + (A− λ(Hp)LC)TP ≤ −PQP = −Q, (13)

where both P = P −1 and Q are positive definite.
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Take a candidate of a common Lyapunov function for system (9):

V (η) = ηT(In ⊗ P )η. (14)

The interconnection graph is time-varying, but the interconnection graph associated with
Fp, p ∈ P is unchanged and connected on an interval [ti, ti+1), and therefore, Fp is constant
matrix in the interval.

Then, we will focus on the discussion in [ti, ti+1), when the system become time-invariant
with some fixed p ∈ P. Let Up be an orthogonal transformation such that Sp = UpHpU

−1
p is a

diagonal matrix. Therefore, Up ⊗ In transforms Hp ⊗ In into Sp ⊗ In. Set

η̃ = (Up ⊗ In)η, t ∈ [ti, ti+1).

Because UT
p = U−1

p ,

V = ηT(In ⊗ P )η = η̃T(In ⊗ P )η̃ =
n∑

i=1

η̃T
i P η̃i.

Therefore, the form of V keeps unchanged with the transformation Up for any index p.
Clearly,

˙̃η = [(In ⊗A)− Sp ⊗ (LC)]η̃. (15)

If we take η̃ = (η̃1, η̃2, · · · , η̃n)T, then (15) is expressed as

˙̃ηi = (A− λipLC)η̃i, i = 1, 2, · · · , n,

where λip is the ith eigenvalue of Hp.
Consider the derivative of V along the closed-loop system (15):

V̇ |(15) =
n∑

i=1

η̃T
i [P (A− λipLC) + (A− λipLC)TP ]η̃i ≤ −

n∑

i=1

η̃T
i Qη̃i, t ∈ [ti, ti+1),

which is negative definite due to (13). Furthermore,

V̇ ≤ − λ̂V

λ̃
, t ∈ [ti, ti+1), (16)

where λ̂ denotes the minimal eigenvalue of Q and λ̃ denotes the maximal eigenvalue of positive
definite matrix P .

Recalling the dwell-time assumption and (16) gives V̇ ≤ − λ̂V

λ̃
for any t ≥ 0, which implies

systems (15) is asymptotically stable, namely, lim
t→∞

η̃(t) = 0. Moreover, (11) can be achieved

exponentially.
Remark 1 The condition that (C, A) is detectable is often used, though it is not necessary.
Remark 2 It is hard to find a good CLF for the multi-agent networks switching between

all the possible interconnection graphs, and the selection of L may be very conservative for the
convergence analysis.
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4 Further Discussions

In the preceding section, we proved that the agents of form (3) with time-varying commu-
nication topologies can track down the active leader (4). However, it is usually complicated
to give an explicitly-constructed CLF in general cases. Here, we study a special case to show
a practical background of the active-leader-following problem, and moreover, to give a way,
different from the proof of Theorem 1, for the CLF construction in explicit forms without using
the inequality (13). Consider

{
ẍ0(t) = w0(t) = c0 + a sin(ωt + θ),
y(t) = x0(t) ∈ R,

(17)

where y is the measured output and w0 is the disturbance input in a periodic form with unknown
a, θ, and c0. In fact, by taking

w1 = x0, w2 = ẋ0, w3 = w0, w4 = ẇ3/ω = a cos(ωt + θ), w5 = ẇ4 + ωw3 = ωc0, (18)

and w = (w1, w2, w3, w4, w5)T, system (17), which is observable, is rewritten as:

ẇ = Aw, A =




0 1 0 0 0
0 0 1 0 0
0 0 0 ω 0
0 0 −ω 0 1
0 0 0 0 0




, y = w1. (19)

Without loss of generality, we assume ω = 1. Otherwise, we can make it so with the help of
re-scaling the time by τ = ωt and state transformation.

Therefore, for each agent, the distributed control consists of (7) and (8) with

L = (k k1 k2 k3 k4)T ∈ R5 (20)

which will be determined later. Then, (9) becomes

η̇ = Fση, Fσ =




−kHσ In 0 0 0
−k1Hσ 0 In 0 0
−k2Hσ 0 0 In 0
−k3Hσ 0 −In 0 In

−k4Hσ 0 0 0 0




. (21)

Take a Lyapunov function as follows:

V (t) = ηT(t)(In ⊗ P )η(t), P =




70 −7
2

0 0 0

−7
2

1 −2
3

0 0

0 −2
3

1 −5
9

0

0 0 −5
9

1 −5
9

0 0 0 −5
9

1




. (22)

Obviously, P is positive definite.
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Fix the coefficients kj , j = 1, 2, 3, 4, as follows:

k1 =
1953k

110
, k2 =

112k1

91
, k3 =

45k2

56
, k4 =

5k3

9
, (23)

where k is the only constant to be determined. Then,

V̇ = −ηTQpη, t ∈ [ti, ti+1), (24)

where

Qp = −(FT
p P + PFp) =




2kγHp −70In
7In

2
0 0

−70In 7In −In
2In

3
0

7In

2
−In

2In

9
0 0

0
2In

3
0

10In

9
−In

0 0 0 −In
10In

9




, γ ≈ 7.87. (25)

In fact, to check the positive definiteness of Qp, we only need to guarantee the positive defi-
niteness of the following matrix

Q∗ =




2kγλ −70
7
2

0 0

−70 7 −1
2
3

0
7
2

−1
2
9

0 0

0
2
3

0
10
9

−1

0 0 0 −1
10
9




(26)

with λ defined in (10). After a standard but tedious procedure, we can find that (26) is positive
definite if kλ ≥ 450653×5346

2916×1729 . Therefore, if k is large enough, then V̇ ≤ −λ∗V

λ̃
, where λ∗ denotes

the minimal eigenvalue of Qp (p ∈ P) and λ̃ denotes the maximal eigenvalue of P defined in
(22). In this way, we obtain xi − x0 → 0 as t → ∞ for i = 1, 2, · · · , n; namely, all the agents
can track the leader (17).

Remark 3 If w0 is known and all the states of the leader can be measured by some agent
once it is connected with the leader, then the problem is a simple leader-follower consensus
(see [11]). Moreover, the proposed control algorithm is consistent with that given in [4], where
the input w0 is known, though the convergence conditions are not the same due to different
selections of CLFs.

According to Remark 2, (23) is based on the selection of the constructed CLF, which may be
very conservative. Note that the relation (23) is not necessary for the convergence. In practice,
k needs not be very large and (23) needs not be satisfied. The following example shows the
selection of k and kj , j = 1, 2, 3, 4 is not so restrictive as done in the above analysis.

Example 1 Consider a group of three mobile agents with the switching interaction topolo-
gies. The intra-agent topology is switched between graphs Gi, i = 1, 2, described by the two
respective Laplacians:

L1 =




1 −1 0
−1 1 0
0 0 0


 , L2 =




1 0 −1
0 0 0
−1 0 1


 ,
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and the diagonal matrices for the interconnection between the leader and the followers are

B1 =




0 0 0
0 1 0
0 0 1


 , B2 =




1 0 0
0 1 0
0 0 0


 .

The dynamics of the moving target (or the active leader) is given by

ẍ0(t) = c0 + a sin(t + θ), x0(0) = 2, ẋ0(0) = 0

with c0 = 2, a =
√

50, θ = arctan 7 unknown to the three followers.
The switchings between the two topologies are periodically carried out in the following order

{G1, G2, G1, G2, · · · } with switching period t = 10. With

k = 10, k1 = 2, k2 = 5, k3 = 3, k4 = 4

for distributed protocols (7) and (8), all the agents track the leader as shown in Figure 1.

Figure 1 Position tracking errors of three agents

5 Conclusions

Multi-agent networks consisting of multiple static or mobile agents are quickly developed
and envisioned. This paper studied a group of autonomous agents to follow an active leader or
track the moving target in a general form of linear systems. To solve the problem, a distributed
feedback along with a distributed state-estimation rule was proposed to make all the agents
track the leader in a time-varying interconnection topology. More generalized and interesting
cases on active leader models are still under investigation.
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