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Controllability analysis of multi-agent systems with directed and weighted interconnection
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In this article, we investigate the controllability of multi-agent systems with leaders as control inputs, where the
interconnection is directed and weighted. We employ weight-balanced partition to classify the interconnection
graphs, and study the controllable subspaces with given nontrivial weight-balanced partition. We also provide
two necessary and sufficient graph conditions on structural controllability and strong structural controllability.
Moreover, we consider the effect of the zero row-sum restrictions of the system matrices on structural
controllability.
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1. Introduction

In recent years, multi-agent systems have received huge
attention due to the broad applications (Jadbabaie,
Lin, and Morse 2003; Fax and Murray 2004; Ren and
Beard 2005; Lin and Jia 2010). As one of important
problems, coordination control of leader–follower
problems has been studied widely with different
formulations, where the leader information can be
viewed as the control input of the whole multi-agent
system. Consensus tracking control for multi-agent
systems with stationary or active leaders was consid-
ered in Jadbabaie et al. (2003) and Hong, Hu, and Gao
(2006). Moreover, multi-leader coordination such as
target set aggregation and containment was also
considered with deterministic or random switching
topologies, where multiple leaders can be viewed as
multi-input coordination to drive the whole group of
agents (Shi and Hong 2009; Cao and Ren 2010; Lou
and Hong 2012).

The controllability study of multi-agent systems
aims at driving follower agents to achieve any positions
from any initial states with the control inputs provided
by the leaders. It is closely related to the leader-
follower coordination. The concept of controllability
of multi-agent systems was proposed in Tanner (2004),
where a sufficient and necessary condition based on
eigenvalue and eigenvector of the system matrix was
provided to make the follower subsystem controlled by
a single leader. In Rahmani, Ji, Mesbahi, and Egerstedt
(2009), the controllability was investigated by virtue of
equitable partition from graph-theoretic perspective,

and it was shown that systems symmetric with respect

to a single leader are not completely controllable. In

Martini, Egerstedt, and Bicchi (2010), relaxed equita-

ble partition was employed for controllability, with the

conclusion that a single-leader follower system is

completely controllable if and only if each partition

cell contains only one node, and the controllable

subspace was also discussed in the uncontrollable case.

In Ji, Wang, Lin, and Wang (2009), interesting results

were given for checking controllability. In addition,

other interesting problems were also considered,

including controllability analysis with time-delays (Ji,

Wang, Lin, and Wang 2010), homogeneous systems

(Twu, Egerstedt, and Martini 2010), switching topol-

ogies (Liu, Chu, Wang, and Xie 2008) and link failures

(Jafari, Ajorlou, and Aghdam 2011).
Structural controllability and strong structural

controllability are also important problems in the

study of controllability of multi-agent systems, which

characterise the graph conditions of making systems

controllable by re-designing weights of arcs when

original systems are uncontrollable and of systems

being controllable for any non-zero weights, respec-

tively. The graph condition of structural controllability

for a single-leader system with fixed topology was

investigated in Zamani and Lin (2009), while similar

problems were considered for high-order systems in

Partovi, Lin, and Ji (2010).
Most aforementioned results mainly were con-

cerned with undirected interconnection systems,

where all weights between agents are taken as ones.
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In general cases, the controllability of multi-agent
systems depends on both interconnection topology and
the weights between agents. The objective of this article
is to investigate the controllability of directed and
weighted multi-leader systems. The main contributions
include: (i) we employ a new partition concept on
interconnection graph to characterise the controllabil-
ity of directed and weighted systems, since the existing
techniques, for example, equitable partition (Rahmani
et al. 2009) and relaxed equitable partition (Martini
et al. 2010), are not appropriate to deal with weighted
systems; (ii) we give the necessary and sufficient
conditions of structural controllability and strong
structural controllability characterised by partitions
on interconnection graphs. Moreover, to the best of
our knowledge, we first consider strong structural
controllability for multi-agent systems; (iii) we discuss
the effect of the zero-row sum restrictions of the system
matrices on the structural controllability of the
considered multi-agent system.

This article is organised as follows. Section 2
provides problem formulation. Then, Section 3 gives
controllability analysis based on the newly proposed
concept of weight-balanced partition on the intercon-
nection graph. Necessary and sufficient conditions of
structurably controllable (SC) and strong SC (SSC)
systems are provided in Sections 4 and 5, respectively.
The effect of the zero row-sum restrictions of the
system matrices on structural controllability was
discussed in Section 6. Finally, some concluding
remarks are given in Section 7.

2. Problem formulation

In this article, we consider a multi-agent system
consisting of nþ l agents in R. The interconnection
topology between agents can be characterised by a
directed graph (or digraph) G¼ (V, E) with the set of
nodes V ¼ {1, 2, . . . , nþ l}, set of arcs E �V �V.
(i, j)2E if and only if agent j is a neighbour of
agent i. F¼ [aij](nþl)�(nþl) denotes the adjacency matrix
of G, where aij 6¼ 0 if and only if (i, j)2E. There is no
self-loop in G, that is, (i, i) =2E for all i. The set of
neighbours of node i is denoted by N i¼

{ j2Vj(i, j)2E}. A path from i to j in G is a sequence
i0, i1, . . . , ir�1, ir of nodes with (is, isþ1)2E for
0� s� r� 1, where i0¼ i and ir¼ j with i and j called
the initial node and the end node of this path,
respectively. Graph G is said to be a directed tree if
there is a node i0 such that there exists one and only
one path from i0 to i for any i 6¼ i0. Graph G is said to
be an inverse-tree if the graph formed by reversing all
the directions of arcs of G is a directed tree. Node j0 is
called the centre node of graph G if there exists at least

one path from j to j0 for any j 6¼ j0. Graph G is said to
be undirected if (i, j)2E if and only if ( j, i)2E and
aij¼ aji (referring to Godsil and Royle (2001) for
details).

Suppose that a subset of the agents are able to
make decisions on their own, which can be regarded as
leaders. Without loss of generality, we assume agents
labelled nþ 1, . . . , nþ l, are leaders (so there are l
leaders) and denote their position vector as
u¼ (unþ1, . . . , unþl)

T. Correspondingly, the position
vector of followers is denoted by x¼ (x1, . . . , xn)

T.
Denote I ¼ {1, 2, . . . , n} and L¼ {nþ 1,
nþ 2, . . . , nþ l}. In the dynamic evolution, all fol-
lowers obey the well-known neighbour rule (Jadbabaie
et al. 2003; Ren and Beard 2005);

_xiðtÞ ¼
X

j2N i

T
I

aij
�
xj ðtÞ � xiðtÞ

�

þ
X

j2N i

T
L

aij
�
uj ðtÞ � xiðtÞ

�
, i 2 I , ð1Þ

while the leaders can take any actions on their own. In
this article, we assume ( j, i) =2E for all j2L and i2V.
By undirected graph G, we mean that its induced
subgraph of G consisting of all follower nodes is
undirected.

Denote L2R
n�n as

Lij ¼

Xn
j¼1

aij if i ¼ j,

�aij otherwise.

8><
>:

Then system (1) can be rewritten in a compact
form:

_xðtÞ ¼ AxðtÞ þ BuðtÞ, xðtÞ 2 R
n, uðtÞ 2 R

l, ð2Þ

where B¼ (bik)2R
n�l with bik¼ ai(nþk) (1� i� n,

1� k� l) and A¼�L� diag{d1, . . . , dn} with di ¼Pl
k¼1 bik (1� i� n). (A,B) is called the matrix pair

(MP) of system (2).
The objective of this article is, based on the

partition on interconnection graph, to characterise
graph conditions on the controllability of system (2),
including complete controllability, structural controll-
ability and strong structural controllability. In addi-
tion, we say that system (2) is controllable if it is
completely controllable for simplicity.

Given a matrix H¼ [h1, . . . , hp]2R
n�p, the column

space R(H ) is defined as span{h1, . . . , hp}. The
controllable subspace C of linear time-invariant (LTI)
system (2) is the column space R(C), where
C¼ [B,AB, . . . ,An�1B] is the controllability matrix
(CM) of system (2). It is well known that system (2)
is controllable if and only if (A,B) satisfies either of the
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following conditions (Kailath 1980):

ðiÞ rank ½B,AB, . . . ,An�1B� ¼ n; ð3Þ

ðiiÞ rank ½�In � A,B� ¼ n for any � 2 C: ð4Þ

3. Graph-based controllability conditions

In this section, we investigate the controllability and
related properties of system (2) with a fixed inter-
connection digraph G.

3.1 Partition and controllability

Rahmani et al. (2009) and Martini et al. (2010)
proposed equitable partition and relaxed equitable
partition to check the controllability of leader–follower
systems, respectively, but the two concepts cannot be
directly applied to multi-agent systems with weighted
interconnection graphs. In this section, we employ the
concept of weight-balanced partition on follower nodes
I to investigate the controllability of system (2).

For i2I , k2L, denote d(i, k) as the length of the
shortest path from i to k, if there is at least one path
from i to k in G and d(i, k)¼1 otherwise. Define
P1¼ {i2Ijd(i, k)¼1 for all k2L}.

Definition 3.1:

(i) A distance-based partition P̂ ¼
�
P̂1, . . . ,

P̂�̂,P1
�

on I is defined according to i, j
belong to P̂r ð1 � r � �̂Þ if and only if
d(i, k)¼ d( j, k) for all k2L. Moreover, P̂ is
said to be connected if P1¼; and chain-like
(Figure 1) if P1¼; and �̂ ¼ n.

(ii) A weight-balanced partition P¼ {P1, . . . ,P�,
P1} on I is defined according to i, j belong to
Pr (1� r� �) if and only if bik¼ bjk for
1� k� l and

P
p2P�

aip ¼
P

p2P�
ajp for all

� 6¼ r. P1, . . . ,P� are said to be cells of P. In
addition, P is said to be nontrivial if either
P1 6¼ ; or P1¼; but �< n.

Remark 3.2: For a single-leader graph with identical
weights, the concept of weight-balanced partition in
Definition 3.1 is the same as the leader-invariant relaxed
equitable partition proposed in Martini et al. (2010).

Given a set K. Let K1 ¼
�
K11, . . . ,K1r1

�
, K2 and

K¼ {K1, . . . ,Kr} be three partitions of K.

Definition 3.3 (Borůvka 1976): K is said to a covering
of K1 if, for any 1� s1� r1, there exists some 1� s� r
such that K1s1 � Ks. K is said to a common covering of
K1 and K2 if K is a covering of K1 as well of K2. K is
said to be a finest common covering of K1 and K2 if K

is a common covering of K1 and K2 and every common
covering of K1 and K2 is also a covering of K.

For any graph with n follower nodes and l leader
nodes, there is a weight-balanced partition on I , say
{{i1}, . . . , {ir}, P1}, where {i1, . . . , ir}¼I \P1. Suppose
P1 and P2 are two weight-balanced partitions on I .
Let P be the finest common covering of P1 and P2. It is
not hard to verify that P is also weight-balanced. As a
result, the weight-balanced partition on I is unique in
the sense that the number of its cells is minimal. In the
following, denote P¼ {P1, . . . ,P�, P1} as the unique
one with the minimal cardinality. Without loss of
generality, in this section we assume that nodes labelled
1, 2, . . . , jP1j belong to cell P1 and nodes labelledPr

k¼1 jPkj þ 1, . . . ,
Prþ1

k¼1 jPkj belong to cell Prþ1,
1� r� �� 1. Then we have the following result.

Theorem 3.4: System (2) is uncontrollable if G has a
nontrivial weight-balanced partition P and the dimension
of its controllable subspace rankC satisfies rankC� �.

Proof: We first show that rankC� � if P1¼; and
�< n. If i, j belong to the same cell, then bik¼ bjk for
1� k� l. Set B¼ [b1, . . . , bl]. By the weight balance
condition in Definition 3.1, (Abk)i¼ (Abk)j. Then by
recursion, we have (Arbk)i¼ (Arbk)j for 1� k� l and
1� r� n� 1. Thus, the CM C is in the following form:

�e1 � � � �e1

..

. . .
. ..

.

�e� � � � �e�

0
B@

1
CA

where er (1� r� �) is a vector of ones with jPrj

components. Clearly, rankC� �< n, and hence
system (2) is uncontrollable. The controllable subspace
C satisfies

C � span

e1

..

.

0

0
B@

1
CA, . . . ,

0

..

.

e�

0
B@

1
CA

8><
>:

9>=
>;,

Figure 1. Chain-like graph.
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which implies the conclusion. If P1 6¼ ;, we can prove

the conclusion by similar arguments given above.

Thus, the conclusion follows. œ

To further characterise controllability, quotient

graph and relaxed quotient graph have been proposed

for undirected graphs with weight ones in Rahmani

et al. (2009) and Martini et al. (2010), respectively (also

referring to Godsil and Royle (2001)). Next, we give

the corresponding concept based on weight-balanced

partition for weighted and directed graphs and reveal

the close relation between system (2) and its quotient

system.

Definition 3.5: The quotient graph G/P ¼ (V/P, E/P)

of graph G¼ (V, E) is defined as follows:

(1) V=P :¼ f�i ji 2 Ig
S
L, where �i denotes the cell

of i2I .
(2) E=P :¼

�
ð�i, �j Þ jði, j Þ 2 E

T
ðI � IÞ and i, j do

not belong to same cell
�S�

ð�i, kÞjði, kÞ 2 E
T

ðI � LÞ
�
.

Moreover, the adjacency matrix F/P of the quotient

graph is defined as follows: ðF=PÞ�ik ¼ aik and

ðF=PÞ�i�j ¼
P

r2�j air for all i2I , k2L and �i 6¼ �j.

In Figure 2, all weights are ones except the two

labelled 2 and �1. According to Definition 3.1 (ii),

the quotient graph is well defined. The system with the

quotient graph G/P is called the quotient system of

system (2). An immediate conclusion can be obtained

by combining Theorem 3.4 with Definition 3.5.

Corollary 3.6: The dimension of controllability sub-

space of system (2) is identical to that of the quotient

system of system (2). In particular, the controllable

subspace of system (2) with P1¼;

C ¼ span

e1

..

.

0

0
B@

1
CA, . . . ,

0

..

.

e�

0
B@

1
CA

8><
>:

9>=
>;

if and only if the quotient system of system (2) is

controllable.

3.2 Symmetric systems

In this subsection, we consider an important special

case of the preceding subsection, symmetric systems.

Definition 3.7: System (2) is said to be symmetric

with respect to leaders L if there exists a nonidentity

permutation  on I such that

(1) aij¼ a (i) ( j) for all i, j2I and
(2) bik¼ b (i)k for all i2I and 1� k� l.

According to Definition 3.7, we can easily spoil the

symmetry by re-designing non-zero weights to make

them not equal each other. Then, we shall show that

the symmetry with respect to the control nodes is a

special case of existing a weight-balanced partition. In

fact, it is not hard to obtain the following result.

Lemma 3.8: System (2) is symmetric with respect to

leaders L if and only if there is a nonidentity permutation

matrix J satisfying

JA ¼ AJ, JB ¼ B ð5Þ

The single-leader symmetry was first proposed in

Rahmani et al. (2009), and Definition 3.7 (referring to

Lemma 3.8) extends it to multi-leader cases. In the

single-leader case, the permutation matrix J satisfies (5)

if and only if JA¼AJ, which is consistent with the

result given in Rahmani et al. (2009).

Example 3.9: The system consists of followers 1, 2, 3,

4 and leaders 5, 6 with all weights being ones

(Figure 3). It is easy to verify that the system is

symmetric with respect to leaders 5 and 6. The

nonidentity permutation is the one for which

 (1)¼ 2,  (2)¼ 1,  (3)¼ 4 and  (4)¼ 3.

The nonidentity permutation  in Definition 3.7

can be expressed as the product of permutations

 ¼ 1 2� � � � uniquely in the sense that � is minimal.

We denote j rj by the order of permutation  r

(1� r� �), that is, the least positive integer m for

which  m
r is the identity permutation. Define a

5

2

6

1

3 4

Figure 3. Symmetric with respect to leaders 5 and 6.

2
-1

Figure 2. Original graph and its quotient graph.
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partition on I as follows: i, j belong to the same cell if

and only if there exist some 1� r� � and a positive
integer m such that  m

r ðiÞ ¼ j. The newly defined
partition on I is nontrivial and weight-balanced.
According to Theorem 3.4, we have the following

result.

Corollary 3.10: System (2) with P1¼; is uncontrol-
lable if it is symmetric with respect to leaders and the
controllable subspace

C � span

( e1

..

.

0

0
B@

1
CA, . . . ,

0
..
.

e�

0
@

1
A),

where er is a vector of ones with j rj components,

1� r� �.

3.3 Flow invariance

For illustration and understanding, we show some
properties related to weight-balanced partition of
graph G. Given a partition Q¼ {Q1, . . . ,Q�} on I , we
define vector x2R

n and subspace �Q based on

partition Q as follows:

xi ¼ xj whenever i, j 2 Qr, 1 � r � �; ð6Þ

�Q ¼ fx 2 R
n
jx is of the form ð6Þg:

System (2) is said to be flow invariant with respect

to subspace �Q if, for any continuous l-valued function
u(t), x(t)2�Q for any t	 0 provided that x(0)2�Q.
The solution of system (2) is

xðtÞ ¼ eAtxð0Þ þ

Z t

0

eAðt�sÞBuðsÞds, t 	 0: ð7Þ

Suppose the partition Q is weight-balanced and
x(0)2�Q. Then by the weight balance condition in
Definition 3.1, all columns of eA(t�s)B are in the form
(6) for any t	 s	 0, which implies that the last term in

(7) is of the form (6). Therefore, x(t) is of the form (6)
since eAtx(0) is also in the form of (6), that is, system
(2) is flow invariant with respect to subspace �Q.
Conversely, suppose system (2) is flow invariant with
respect to subspace �Q. Taking u(t)
 0, eAtx(0) is in

the form (6) for any t	 0 once x(0)2�Q. Then by
taking the first derivative of eAtx(0) at t¼ 0, we have

Axð0Þ is of the form (6) once xð0Þ 2 �Q: ð8Þ

Then (8) implies that the last term in (7) is of the form
(6) for any continuous function u(t). By taking the first
derivative of the last term in (7) at t¼ 0, we have

Buð0Þ is of the form ð6Þ for any uð0Þ: ð9Þ

(8) and (9) imply that the partition Q is weight-
balanced. Thus, we obtain the next theorem to show
that the existence of weight-balanced partition is
equivalent to the flow invariance of system (2).

Theorem 3.11: System (2) is flow invariant with
respect to subspace �Q if and only if the partition Q is
weight-balanced.

4. Structural controllability

In the preceding section, we showed that system (2) is
uncontrollable if there exists a nontrivial weight-
balanced partition on follower nodes. However, in
practice, maybe we have to find an effective method to
make an uncontrollable system controllable. Since
controllability of multi-agent systems depends not only
on interconnection topology but also the weights
between agents, we can re-design the weights between
agents, or add some new control nodes and new arcs to
make an uncontrollable system controllable.

In this section, we first consider the method of
re-designing weights. Then, we discuss the method to
make the system SC maybe by adding new control
nodes and/or arcs.

The concept of structural controllability has been
proposed for LTI single-input systems in Lin (1974)
and the results were extended to multi-input cases in
Mayeda (1981). Structural controllability discussed in
Lin (1974) shows the capacity to make the system
controllable by selecting values for all free parameters,
which are the weights of all arcs in our problem. The
re-assigned value of the weight of an arc is zero means
that the interconnection is cut off. This case is excluded
in our problem. Now, we give the corresponding
concept of structural controllability for system (2).

Definition 4.1: System (2) is said to be SC if there exist
weights aij 6¼ 0, (i, j)2E to make system (2) controllable.

Remark 4.2: The structural controllability has been
considered for multi-agent systems in Zamani and Lin
(2009) and Partovi et al. (2010), mainly based on the
existing results for LTI systems in Lin (1974) and
Mayeda (1981), where all the weights including aii, i.e.
Aii, i2I , are allowed to be re-designed. Different from
the existing results, here zero row-sum restriction (i.e.
aii ¼ �

P
j2N i

aij) is forced, which makes the parameters
aii, i2I not free but determined by other parameters.
Thus, the results on structural controllability for LTI
systems in Lin (1974) and Mayeda (1981) cannot be
directly applied to our problem.

Remark 4.3: If the interconnection between agents is
allowed to cut off, a new definition of SC can be
proposed as follows: system (2) is said to be SC if there
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exist weights aij, (i, j)2E such that system (2) is

controllable. Similarly, we can prove that under this

new definition of structural controllability, the follow-

ing Theorem 4.6 also holds.

Sometimes, we also say a graph is SC if the

system (2) corresponding to this graph is SC.

According to the equivalent condition (4), directed

chain graphs with the end node as the unique leader are

controllable for any non-zero weights and then

directed chain graphs are SC.
Before representing the main result of this section,

we give two lemmas.

Lemma 4.4: Consider chain-like graph G1 with p nodes

and a single leader ip and graph G2 with q nodes and

a single leader jq. Denote the node with the

farthest distance to leader ip as i1 and define G0 ¼

G1
S
G2
S
ð jq, i1Þ, where ip is the only leader of G0

(Figure 4). Then G0 is SC if and only if G2 is SC.

Proof: Let (A2, h2) and ðÂ, ĥÞ be the MPs of graphs G2
and G0, respectively. It is not hard to find that

rankð�Iq�1 � A2, h2Þ þ p

¼ rankð�Ipþq�1 � Â, ĥÞ for any � 2 C:

Thus, the conclusion follows from equivalent

condition (4). œ

Lemma 4.5: Let G5 be a single-leader graph con-

structed by merging the two leaders of G3 and G4 into the

only one leader of G5, where G3 and G4 are single-leader

graphs (Figure 5). If G5 is SC, then G3 and G4 are SC.

Moreover, if there exist positive weights to make G3 and

G4 controllable, then there also exist positive weights to

make G5 controllable.

Proof: Let ðA3, h3Þ 2 R
n1�ðn1þ1Þ and ðA4, h4Þ 2

R
n2�ðn2þ1Þ be the MPs of graphs G3 and G4, respectively.

By re-labelling the nodes appropriately, we suppose the
MP of G5 takes the form of

A3 0 h3

0 A4 h4

� �
:

Thus, the CM Ĉ of G5 is in the form of

Ĉ¼ ĈðA3,h3;A4,h4Þ

¼
h3 A3h3 � � � A

n1�1
3 h3 An1

3 h3 � � � A
n1þn2�1
3 h3

h4 A4h4 � � � A
n1�1
4 h4 An1

4 h4 � � � A
n1þn2�1
4 h4

 !

:¼
Ĉ1 Ĉ2

Ĉ3 Ĉ4

 !
,

where Ĉ1 2 R
n1�n1 , Ĉ2 2 R

n1�n2 , Ĉ3 2 R
n2�n1 and

Ĉ4 2 R
n2�n2 .

Let �n1 þ !n1�1�
n1�1 þ � � � þ !1�þ !0 be the char-

acteristic polynomial of matrix A3. By Hamilton–
Caylay theorem,

Pn1�1
r¼0 !rA

r
3 þ An1

3 ¼ 0. Thus, every
column of Ĉ2 can be expressed as a linear combination
of columns of Ĉ1, that is, there is a matrix S 2 R

n1�n2

such that Ĉ2 ¼ Ĉ1S, and then det Ĉ¼det Ĉ1�

det ðĈ4 � Ĉ3SÞ. In fact, every entry of S is a polynomial
function with variables {!r, 0� r� n1� 1}, for example,
Sr1¼�!r�1 for 1� r� n1, S12 ¼ !n1�1!0, etc.

If G5 is SC, there exist weights to make det Ĉ 6¼ 0,
which implies det Ĉ1 6¼ 0, and then G3 is SC. Similarly,
we can show that G4 is also SC if G5 is SC.

To prove the latter conclusion, we first present
three claims:

(i) A SC graph has a connected partition.
(ii) Both G3 and G4 have connected partitions if

and only if G5 has a connected partition.
(iii) If G3 (G4) with positive weights has a connected

partition, then A3 (A4) is Hurwitz.

If a graph has no connected partition, that is, there is
at least one follower node that has no path to all leader
nodes, then the graph is uncontrollable for any weights.
The second claim can be verified by Definition 3.1,
while the third one was obtained as Lemma 4 in Hu and
Hong (2007).

Suppose there exist positive weights to make G3
and G4 controllable, i.e. det Ĉ1¼ det(h3,A3h3, . . . ,
An1�1

3 h3Þ 6¼ 0 and det ðh4,A4h4, . . . ,An2�1
4 h4Þ 6¼ 0

(A3, h3,A4, h4 with re-designed positive weights). By
claims (i) and (iii), A4 is Hurwitz and then
det Ĉ4¼ (detA4Þ

n1det ðh4,A4h4, . . . ,An2�1
4 h4Þ 6¼ 0.

Re-define

Ĉð�Þ ¼ Ĉð�A3, �h3;A4, h4Þ :¼
Ĉ1ð�Þ Ĉ2ð�Þ

Ĉ3 Ĉ4

 !
:

Figure 4. The graph operation in Lemma 4.4.

Figure 5. The graph operation in Lemma 4.5.
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We can choose a sufficiently small � > 0 such that all

the entries of �A3 are sufficiently small, and

then all entries of S(�) are sufficiently small,

where S(�) is the matrix for which Ĉ2ð�Þ ¼ Ĉ1ð�ÞSð�Þ.
Thus, detðĈ4 � Ĉ3Sð�ÞÞ 6¼ 0 for sufficiently small � > 0.

Thus,

det Ĉð�Þ ¼ det Ĉ1ð�ÞdetðĈ4 � Ĉ3Sð�ÞÞ

¼ �
n1 ðn1þ1Þ

2 det Ĉ1detðĈ4 � Ĉ3Sð�ÞÞ 6¼ 0

implies that G5 is SC, where the re-designed positive
weights for G5 are the ones in (�A3, �b1; A4, b2) with

sufficiently small �. We complete the proof. œ

Then we introduce the main result of this section, a
necessary and sufficient graph condition for structural

controllability.

Theorem 4.6: System (2) is SC if and only if there

exists a connected partition in G.

Proof: The necessity is the claim (i) in Lemma 4.5.

Here we only focus on the sufficiency.
First, we prove the conclusion for the single-leader

system (2) with inverse-tree interconnection graph T ,

where the leader is the centre node of the inverse-tree.
Since the single-leader directed chains are SC and T

can be constructed by directed chains applying the two

graph operations in Lemmas 4.4 and 4.5, T is SC by

Lemmas 4.4 and 4.5.
Suppose graph G consisting of n followers and l> 1

leaders has a connected partition. Then, we can find that

G contains p ( p� l) disjoint inverse-trees T 1, . . . , T p,

where the p inverse-trees cover all nodes of G and every

inverse-tree has only one leader. Consequently, by what
we have proven for inverse-trees, there exist p weights

a1, . . . , ap (each weight ar consists of multiple values

corresponding to the arcs of graph T r) such that

T 1(a1), . . . , T p(ap) (with re-designed weights)
are controllable, respectively. In other words,P

1�r� np
nð Þ
j�rj4 0, where

�
�r, 1 � r � np

n

� ��
are the

determinants of all n� n submatrices of the CM of the

union graph of the p inverse-trees with weights
a1, . . . , ap. Let all the weights of arcs EðGÞn

Sp
r¼1 EðT rÞ

be " and
�
�rð"Þ, 1 � r � np

n

� ��
the determinants of all

n� n submatrices of the CM of graph G with weights

a1, . . . , ap and "’s. When "> 0 is sufficiently small,P
1�r� np

nð Þ
j�rð"Þj4 0 since �r(") is a continuous function

of " and �r(0)¼ �r, which implies that G is controllable

with weights a1, . . . , ap and sufficiently small ". Thus,
the conclusion follows. œ

Remark 4.7: From the proofs of Lemmas 4.4 and

4.5, we can find that there exist positive weights such

that system (2) is controllable if graph G has a
connected partition.

Remark 4.8: When we say that an undirected graph

with arc set E is SC, it means that there exist weights

aij 6¼ 0, (i, j)2E satisfying aij¼ aji such that the graph is

controllable. Note that Theorem 4.6 holds for directed

graphs does not imply that it holds for undirected

graphs. In fact, although undirected graphs can be

viewed as a special case of directed graphs, the re-

designed weights for undirected graphs must satisfy

aij¼ aji. In other words, designing weights for undir-

ected graphs has certain weight restrictions while it

does not for directed graphs. In fact, we also could

prove that undirected graph G is SC if and only if there

exists a connected partition in G by considering trees

instead of inverse-trees and following the same proof

lines in Theorem 4.6.

Next, we consider the following question: given a

graph that is not SC, how many new control nodes and

new arcs between the new control nodes and follower

nodes are needed to make the new graph SC? Consider

a digraph G with follower nodes I and leader nodes L,

which is not SC. Define set I� :¼ {i2Ij there is no path

from i to all leaders in L}, which is nonempty by

Theorem 4.6. To make G SC, we can add only one

control node labelled nþ lþ 1 and new arcs set

{(i, nþ lþ 1), i2I�} by Theorem 4.6. In other words,

the number of the new arcs needed is jI�j.
At the end of this section, we discuss the following

question: given a graph H consisting of n follower

nodes, how many control nodes and new arcs between

the control nodes and follower nodes are needed to

make the new graph SC? Similar problems have been

investigated for LTI systems in Liu, Slotine, and

Barabasi (2011), where the minimum number of control

nodes (i.e. leaders) required to make LTI system SC is

closely related with the size maximum matching in the

interconnection graph (referring to the supplementary

information of Liu et al. (2011) for details). Consider a

directed graph H with n nodes (follower nodes). Let

Î1, . . . , Î	 be all the node sets satisfying the following

property: for any i 2 InÎ r (1� r�	), there exists a path
from i to some node in Î r. By Theorem 4.6, it suffices to

add only one control node labelled nþ 1. Then, we can

easily obtain the following result.

Theorem 4.9: The minimum number of new arcs

required to be added in H to make the new graph SC is

min
1�r�	

jÎ rj

and the new arcs needed to be added is fði, nþ 1Þ,

i 2 Î r̂g, where r̂ 2 argmin1�r�	 jÎ rj. Moreover, the

minimum number of new arcs required to be added in

an undirected graph is the number of its connected

components.

1492 Y. Lou and Y. Hong



5. Strong structural controllability

If a LTI system is SC, then the set of all parameter
values that make the system SC is open and dense in
the space of all MPs (Lin 1974). However, sometimes
we do not allow that the considered system is
uncontrollable with some parameters, and therefore,
SSC, was introduced and discussed in Mayeda and
Yamada (1979). A LTI system is said to be SSC if the
system is controllable provided that the re-designed
values for all free parameters of this system are not
zeros. Here, we introduce the corresponding concept
for system (2).

Definition 5.1: System (2) is said to be SSC if system
(2) is controllable for any weights aij 6¼ 0, (i, j)2E.

Clearly, every SSC system is also SC. It is not hard
to find that the single-leader system (2) with a chain-
like partition is SSC. In fact, we can obtain the
following result.

Theorem 5.2: The single-leader system (2) is SSC if
and only if there exists a chain-like partition in G.

Proof: The sufficiency part can be proven by the
equivalent condition (4). Here, we only prove the
necessity part. Since SSC systems are also SC, P1¼;
by Theorem 4.6.

Given an inverse-tree T . According to the distance
from the follower nodes to the leader, we can partition
followers nodes into disjoint sets I1, I2, . . . , where the
distance from the nodes in I r to the single leader is r,
r	 1. We shall prove that if jI1j 	 2, then there are two
positive weights a1, a2 such that the determinants of
CMs of T associated with a1, a2 are positive and
negative, respectively. This conclusion is proven by
induction on n.

For inverse-tree T , by deleting all the nodes in I r
and all the arcs with initial nodes in I r, r	 2, we can
get a star graph (Figure 6). Therefore, we first prove the
above conclusion for star graphs. Given a star graph
with p follower nodes andweights 
1, . . . ,
p. It is easy to
find that the CM of the star graph is a multiple of a
Vandermonde matrix, whose determinant is


1
2 � � �
p
Y

1�r5k�p

ð
r � 
kÞ,

which is positive if 
1> � � �>
p�1>
p> 0, and is
negative if 
1> � � �>
p�2>
p>
p�1> 0.

Suppose this conclusion is true for inverse-trees
with n follower nodes. Consider the inverse-tree T nþ1

with nþ 1 follower nodes. Select one node, say nþ 1,
which has the farthest distance among the follower
nodes and the leader nþ 2. Without loss of generality,
let the neighbour of nþ 1 be n and the weight between
them be �. Denote the subgraph of T nþ1 by deleting
node nþ 1 and arc (nþ 1, n) as T n, which is also an

inverse-tree. Let Cn and Cnþ1 be the CMs of T n and

T nþ1, respectively. By the induction assumption, there
exist positive weights a1, a2 such that detCn(a1)> 0 and

detCn(a2)< 0, respectively.
The MP of the inverse-tree T nþ1 can be written in

the form of

~A 0 ~h

cT1 �� 0

 !

where c1¼ (0, . . . , 0, �)T2R
n and ð ~A, ~hÞ ¼

ð ~A, ~hÞða1Þ 2 R
n�ðnþ1Þ (with re-designed weight a1) is

the controllable MP of T n. Define n0 ¼ min�
ijð ~Ai ~hÞn 6¼ 0, 0 � i � n� 1

�
. Since ð ~Ai ~hÞn ¼ 0 for

0� i� n� 1 contradicts with that ð ~A, ~hÞ is a control-

lable MP, n0 is well defined. It is not hard to verify that
the degree of variable � in the (n0þ j)-th component of

the last row of Cnþ1 is j� 1 for j¼ 2, . . . , n� n0þ 1.

When �> 0 is sufficiently large, detCnþ1 is dominated

by the term ð�1Þn�n0þ1�n�n0 ð ~An0 ~hÞndetCn. Without loss

of generality, suppose ð�1Þn�n0þ1ð ~An0 ~hÞn 4 0. Thus,

there is sufficiently large � such that
detCnþ1(a1, �)> 0 and detCnþ1(a2, �)< 0, respectively.

Thus, we complete the induction proof.
Given a SSC graph G with n follower nodes, we

consider the distance-based partition P̂1, P̂2, . . ., where

the distance from the nodes in P̂r to the single leader is

r, r	 1. For every ir 2 P̂r, r 	 1, we select arbitrarily
one node îr 2 P̂r�1, where P̂0 contains only the single

leader node. Denote the spanning subgraph consisting

of all nodes and arcs
�
ðir, îrÞ, ir 2 P̂r, r 	 1

�
as T̂ , which

is an inverse tree covering all the nodes of G. By what

we have proven for inverse trees and setting all weights

of arcs that belong to G but not T̂ are positive and
sufficiently small, we conclude that there exist two

positive weights, still denoted as a1 and a2, such that

the determinants of CMs of G are positive and

negative, respectively.
Define function f(�)¼detC(�a1þ (1� �)a2), which

is continuous on [0, 1] satisfying f(0)< 0 and f(1)> 0.
Thus, by the intermediate value theorem, there is

Figure 6. Star graph.

International Journal of Control 1493

https://www.researchgate.net/publication/297040568_Structural_controllability?el=1_x_8&enrichId=rgreq-2822b97df155ecdfb452ced58cf1c1b8-XXX&enrichSource=Y292ZXJQYWdlOzIzOTc4NzgzMTtBUzoxODU1MDE3MDk1MTI3MDRAMTQyMTIzODQ2MjI1MA==


0<�0< 1 such that f(�0)¼ 0. Namely, there exists

weight �0a1þ (1� �0)a2 with positive components such

that G is uncontrollable. This contradiction implies

jP̂1j ¼ 1.
Suppose jP̂1j ¼ 1 in graph G. Without loss of

generality, let the node connected with leader nþ 1 be

1. Denote the subgraph consisting of the n follower

nodes as G1, where node 1 is viewed as the only leader

of G1. Then the MP (A, b)2R
n�(nþ1) of G is in the

form of

�� cT2 1 cT2 

h� A� 0

� �

where (A�, h�)2R
(n�1)�n is the MP of G1 and  is the

weight of arc (1, nþ 1). Since graph G is SSC,

rank(�In�A, b)¼ n and then rank(�In�1�A�, h�)¼

n� 1 for any non-zero weights and any �2C, which

implies that the subgraph G1 is SSC. Consequently, the

number of nodes that connect directly with node 1 is

one, which means that jP̂2j ¼ 1. Similarly, we can

prove that jP̂rj ¼ 1 for all r	 3. Thus, the proof is

complete. œ

Theorem 5.2 provides a necessary and sufficient

graph condition of strong structural controllability,

which is easy to be checked. However, it is very

difficult to characterise the graph condition for the

multi-leader case. Then we give three methods to

‘simplify’ directed graph G with multiple leaders.

. If there exist follower nodes i0, i1, . . . , ip and

leader node nþ i such that the induced

subgraph consisting of {ir, 0� r� p, nþ i} has

a chain-like partition and there is no arc from

{ir, 0� r� p, nþ i}c (c denotes the complement

of a set) to {ir, 1� r� p, nþ i}, we delete all the

arcs from {ir, 0� r� p} to {ir, 0� r� p, nþ i}c

and the induced subgraph except node i0, and

then denote node i0 as the new leader node

‘nþ i’.
. If there are follower nodes j0, j1, . . . , jq such

that the induced subgraph consisting of

{ jr, 0� r� q} is a directed chain (from j0 to

jq) and there is no arc from { jr, 0� r� q}c

to { jr, 0� r� q� 1} and no arc from

{ jr, 0� r� q� 1} to { jr, 0� r� q}c, then we

delete the chain except node jq.
. Delete all the arcs starting from leader nodes

to follower nodes.

Given a directed graph G, we can apply any one of

the above three methods for G to obtain a new digraph.

Apply any one of the above three methods repeatedly

until it cannot be further simplified. Denote the final

graph obtained by the above procedures as Gs. Based

on the equivalent condition (4), we have the following
result, whose proof is omitted here.

Theorem 5.3: G is SSC if and only if Gs is SSC.

6. Zero row-sum restrictions

Structural controllability was first proposed for LTI
systems in Lin (1974), without restrictions on the free
parameters. However, different from LTI systems in
Lin (1974), the system MP of system (2) must satisfy
zero row-sum restrictions. In Section 4, we gave a
necessary and sufficient graph condition on the
structural controllability of system (2) (satisfying zero
row-sum restrictions) and provided a self-contained
proof. In this section, we shall discuss the effect of the
zero row-sum restrictions on structural controllability
of system (2).

To make a comparison, we introduce a multi-agent
system without zero row-sum restrictions:

_yiðtÞ ¼
X

j2ðN i[iÞ\I

�aijyj ðtÞþ
X

j2ðN i[iÞ\L

�aijuj ðtÞ, i2I :

ð10Þ

The interconnection graph of system (10) is denoted as
�G ¼ ðV, �EÞ. Different from system (2), here { �aii, i2I}
are free parameters, that is, ði, iÞ 2 �E for all i. Thus, the
following restriction condition

Xnþl
j¼1

�aij ¼ 0, 1 � i � n

may not hold any more. Structural controllability
subject to links failure has been studied for system (10)
in Jafari et al. (2011). Theorem 2 in Jafari et al. (2011)
showed that system (10) is SC if and only if �G has a
connected partition. Next, we give a stronger conclu-
sion for single-leader systems.

Theorem 6.1: Consider system (10) with a single
leader. If �G has a connected partition, then for any
given non-zero weights

�
�aij, ði, j Þ 2 �E, j 6¼ i, i 2 I

�
, there

exist weights { �aii, i2I} such that system (10) is
controllable.

Proof: Denote the MP of system (10) as ð �A, �bÞ. We
shall prove the theorem by induction on the number of
follower nodes. The case of n¼ 1 is straightforward.
For n¼ 2, let

�a11 �a12

�a21 �a22

� �
,

�a13

�a23

� �

be the MP (here we assume �a12 and �a21 are free
parameters, and the conclusion also holds by similar
analysis if �a12 or �a21 or both �a12 and �a21 are fixed
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zeros). Since �G has a connected partition, we have: (i)

Both �a13 and �a23 are free or (ii) only one of �a13 and �a23
is free. In case (i), it is easy to find that the determinant

of the CM is

�a13 �a23ð� �a11 þ �a22Þ þ �a21 �a213 � �a12 �a223: ð11Þ

Then for given non-zero values �a12, �a21, �a13 and �a23, we

can design weights for �a11, �a22 such that (11) does not

equal zero. In case (ii), without loss of generality,

suppose �a13 is a free parameter and �a23
 0 (fixed zero).

Since �G has a connected partition, �a21 is certainly a free

parameter. Thus, the determinant of the CM equals to
�a21 �a213, which is not zero.

Suppose this conclusion holds for n. Then we prove

it for graph �Gnþ1 with nþ 1 follower nodes. Denote the

MP of �Gnþ1 as ð �Anþ1, �bnþ1Þ. Take a node from follower

nodes {1, 2, . . . , nþ 1}, say nþ 1, which has the farthest

distance with leader nþ 2, and denote the induced

subgraph consisting of nodes {1, 2, . . . , n} and leader

nþ 2 as �Gn, which still has a connected partition.

The MP of �Gn is denoted as ð �An, �bnÞ.
Given �aij, ði, j Þ 2 �Eð �Gnþ1Þ, j 6¼ i, 1 � i � nþ 1. By

induction assumption, for weights
�

�aij, ði, j Þ 2
�Eð �GnÞ, j 6¼ i, 1 � i � n

�
, there exist { �aii, 1� i� n} such

that the MP ð �An, �bnÞ (with re-designed weights) is

controllable. Therefore, there is an invertible matrix

�2R
n�n such that ð� �An�

�1,� �bnÞ takes the canonical

form of controllable MP. An equivalent transform of

ð �Anþ1, �bnþ1Þ takes the following form:

� 0

0 1

 !
�An �c1

�cT2 �aðnþ1Þðnþ1Þ

 !
��1 0

0 1

 !
,

� 0

0 1

 !
�bn

�

 !

¼
� �An�

�1 ��c1

�cT2 ��1 �aðnþ1Þðnþ1Þ

 !
,

� �bn

�

 !

¼

0 1 0 � � � 0 ĉ11

0 0 1 � � � 0 ĉ12

..

. ..
. . .

. . .
. ..

. ..
.

0 0 � � � 0 1 ĉ1ðn�1Þ


1 
2 � � � 
n�1 
n ĉ1n

ĉ21 ĉ22 � � � ĉ2ðn�1Þ ĉ2n �aðnþ1Þðnþ1Þ

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
,

0

0

..

.

0

1

�

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

:¼ �Ae
nþ1,

�benþ1

Since ð �Anþ1, �bnþ1Þ is controllable if and only if

ð �Ae
nþ1,

�benþ1Þ is controllable, we only need to prove

that there exists positive weight �a(nþ1)(nþ1) such that

ð �Ae
nþ1,

�benþ1Þ is controllable. Consider ð�Inþ1 � �Ae
nþ1,

�benþ1Þ for �2C. We first assume �¼ 0. Denote the

matrix by deleting the n-th row of �Ae
nþ1 as �Aef

nþ1. Note

that rankð�Inþ1 � �Ae
nþ1,

�benþ1Þ¼rankð�In �
�Aef
nþ1Þþ1 for

any �2C.
Define �1 ¼ �ĉ11 and �iþ1 ¼ ��i � ĉ1ðiþ1Þ for

1� i� n� 2. To make the entries ĉ1i, 1 � i � n� 1

zeros, we perform the following elementary column

transformations for matrix �In � �Aef
nþ1: adding the

(iþ 1)-th column multiplied by �i to the last column

for 1� i� n� 1. The new matrix takes the following

form:

� �1 0 � � � 0 0

0 � �1 � � � 0 0

..

. ..
. . .

. . .
. ..

. ..
.

0 0 � � � � �1 0

�ĉ21 �ĉ22 � � � �ĉ2ðn�1Þ �ĉ2n gð �aðnþ1Þðnþ1ÞÞ

0
BBBBBB@

1
CCCCCCA
ð12Þ

where gð �aðnþ1Þðnþ1ÞÞ ¼ � �aðnþ1Þðnþ1Þ þ ��
Pn�1

i¼1 ĉ2ðiþ1Þ�i,
which is a polynomial of variable � with coefficients

being polynomial functions of variables ĉij,

i ¼ 1, 2, 1 � j � n. Denote the matrices by deleting the

first column and the last column of the matrix in (12)

as �A1 and �A2, respectively. It is not hard to

find that det �A2
¼ ð�1Þn

Pn�1
i¼0 ĉ2ðiþ1Þ�

i and det �A1
¼

(�1)n�1g( �a(nþ1)(nþ1)). Since there is a path from nþ 1

to some leader in L, �c2 6¼ 0 and then �cT2 ��1 6¼ 0, that is,

at least one of fĉ2i, 1 � i � ng is not zero. Therefore,

there exists sufficiently large ’> 0 such that det �A2
6¼ 0

for all j�j 	’. Take

�aðnþ1Þðnþ1Þ4 max
j�j�’

�����Xn�1
i¼1

ĉ2ðiþ1Þ�i

���: ð13Þ

It is easy to find that, for any �2C, either det �A2
6¼ 0 or

det �A1
6¼ 0. Thus, rankð�In � �Aef

nþ1Þ ¼ n and then

rankð�Inþ1 � �Ae
nþ1,

�benþ1Þ ¼ nþ 1 for any �2C, which

implies that the MP ð �Ae
nþ1,

�benþ1Þ is controllable with

given weights �aij, ði, j Þ 2 �Eð �Gnþ1Þ, j 6¼ i, 1 � i � nþ 1

and re-designed weights �aii, 1� i� nþ 1, where
�a(nþ1)(nþ1) satisfies (13).

If � 6¼ 0, we can add the (n� 1)-th row multiplied by

�� to the last row in matrix ð�Inþ1 � �Ae
nþ1,

�benþ1Þ and

then make similar analysis with the above arguments

by substituting ĉ2n and �a(nþ1)(nþ1) with ĉ2n þ �� and
�aðnþ1Þðnþ1Þ þ �ĉ1n, respectively. Thus, we complete the

proof. œ

Theorem 6.1 shows that for any non-zero weights

of all the arcs except the n self-loop arcs (i, i), 1� i� n,

we always could find weights �aii, 1� i� n for the n self-

loop arcs such that system (10) is controllable. In other

words, the diagonal elements of the system matrix play
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very important roles in the structural controllability of
system (10).

7. Conclusions

In this article, we studied the controllability of multi-
agent systems with their leaders as control inputs.
Different frommost existing results in the literature, the
interconnection graph is directed and weighted. First,
we employed weight-balanced partition to prove that
the system is uncontrollable if there exists a nontrivial
weight-balanced partition on the interconnection
graph. Based on the distance-based and weight-
balanced partitions, we provided two necessary and
sufficient graph conditions of structural controllability
and strong structural controllability. Moreover, we also
discussed the effect of the zero row-sum restrictions of
the system matrices on structural controllability.

Acknowledgement

This work has been supported by the NNSF of China under
Grant 61174071.

References
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