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Abstract:
This paper studies the dynamic optimization problem for multi-agent systems in the presence of external disturbances.

Different from the existing distributed optimization results, we formulate an optimization problem of continuous-time multi-agent
systems with time-varying disturbance generated by an exosystem. Based on internal model and Lyapunov-based method, a
distributed design is proposed to achieve the optimization. Finally, an example is given to illustrate the proposed optimization
design.
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1 Introduction
The coordination of multi-agent systems has been

studied increasingly with many significant results on
consensus and formation for the past decade. In re-
cent years, distributed optimization has attracted much
attention to seek an optimal solution for multi-agent
systems [1, 2]. Although most results on distributed
optimization were based on discrete-time models, one
of emerging topics on distributed optimization is how
to design continuous-time systems to achieve the opti-
mization [3–5]. The convergence analysis was provided
for a continuous-time algorithm with fixed undirected

graph in [4], while a continuous-time dynamics was
proposed for optimal computation of convex intersec-
tion with uniformly jointly strongly connected commu-
nication graph in [3]. Moreover, a continuous-time sys-
tem for the positive constrained optimization problem
was investigated in [5], and a continuous optimization
problem was studied with discrete-time communica-
tion in [6]. The results show the advantages to employ
continuous-time models for optimization: i) It is easy to
study the case when practical systems such as robots
are the agents to search the optimal solution in real
time. ii) Many advanced control techniques can be used
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to facilitate the analysis of convergence rate and distur-
bance rejection, and moreover, overcome the diminish-
ing step-size problem in discrete-time algorithm.

In fact, more and more attention has been paid to
multi-agent systems with disturbances. In reality, agents
have to face various (environmental) disturbances. One
of the effective methods was developed based on inter-
nal model principle from the viewpoint of output regu-
lation [7]. Also, distributed output regulation was stud-
ied [8–10] for multi-agent systems to track an active
leader and/or reject a modeled disturbance.

The objective of this paper is to study the distributed
optimization of continuous-time multi-agent systems
with rejecting external disturbances. The motivation is as
follows: i) the considered agents need to be equipped
with disturbance rejection control scheme when they
achieve their optimization in a region with disturbance;
ii) the research is a combination of the new results of dis-
tributed optimization and distributed output regulation,
which may provide a unified way to treat consensus, dis-
turbance rejection, and distributed optimization in some
sense. The contribution of the paper can be summarized
as follows:
� We first give a problem formulation for the dis-

tributed optimization with rejecting the external distur-
bances during the optimization process;
� We employ the internal model technique to pro-

vide effective distributed protocol to achieve the exact
optimization in the presence of external disturbances.

This paper is organized as follows. In Section 2, we
formulate the dynamic optimization problem with re-
jecting external disturbances. Then, in Section 3, we
present the main result of the paper, along with an illus-
trative example. In Section 4, some concluding remarks
are given.

2 Preliminaries and formulation

In this section, we recall some preliminaries of graph
theory and convex optimization, and then formulate our
problem.

Denote In as the n × n identity matrix, 1N as the
vector of N entries equal to 1, and ⊗ as the ma-
trix Kronecker product. Rn denotes n-dimensional Eu-
clidean space. Moreover, for vectors x1, . . . , xm, denote
(x1, . . . , xm) = [xT

1 · · · xT
m]T.

Let us introduce some concepts related to convex
functions [11]. A differentiable function f : Rn → R
is strictly convex if (y − x)T(∇ f (y) − ∇ f (x)) > 0 for

x � y ∈ Rn, and f is a m-strongly convex (m > 0) if
(y−x)T(∇ f (y)−∇ f (x)) > m‖y−x‖2 for x � y. A function
g : Rn → Rn is Lipschitz with constant M > 0, or simply
M-Lipschitz if ‖g(x) − g(y)‖ �M‖x − y‖, ∀x, y ∈ Rn.

Graph theory has been widely used for multi-agent
control [12]. A weighted digraph is described by a triplet
G = {V,E,A} where V = {1, 2, . . . ,N} is the node set,
E ⊂ V × V is the edge set (without self-loops), and
A = [aij]i, j=1,...,N is the weighted adjacency matrix of
N × N. An edge of G is denoted by an ordered pair of
nodes ( j, i) ∈ E with j being a neighbor of i. A directed
path of G is an ordered sequence of distinct nodes inV
such that any consecutive nodes in the sequence corre-
spond to an edge of G. G is called strongly connected
if there exists a directed path from i to j for any two
nodes i, j ∈ V.A is a nonnegative matrix with aij > 0 if
( j, i) ∈ E, i, j ∈ V. The weighted in-degree and weighted

out-degree of a node i are defined by degi
in =

N∑
j=1

aij,

degi
out =

N∑
j=1

aji. A digraph is weight-balanced if for

each node i, degi
in = degi

out. The Laplacian matrix is
L = D−A with D = diag(deg1

in, . . . ,degN
in). Note that

L1N = 0. A digraph is weight-balanced if and only if
1T

NL = 0.
It is time to formulate our problem. Consider a net-

work of N agents with interaction topology described
by a digraph G. Agent i is endowed with a local cost
function fi : Rn → R and a dynamics

ẋi = ui + di(t), i = 1, . . . ,N, (1)

where xi ∈ Rn is its state, ui is its optimization proto-
col, and di(t) is the local disturbance governed by the
following exosystem:

ẇi = Swi, di = Cwi(t), (2)

where wi(t) ∈ Rp is the exosystem state. It is assumed
that all eigenvalues of S ∈ Rp×p are distinct lying on the
imaginary axis, which means the boundedness of the
disturbances.

The global cost function f : Rn → R is defined as a
sum of the local cost functions as usual [1]:

f (x) =
N∑

i=1
fi(x).

The aim of this paper is to design a protocol ui of the
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following form:
⎧⎪⎪⎨⎪⎪⎩ żi = gi1(zi,∇ fi(xi), xmi),

ui = gi2(zi,∇ fi(xi), xmi),
(3)

where zi ∈ Rnzi , ∇ fi(xi) is the gradient information of

agent i, and xmi =
N∑

i=1
aij(xi − xj) is the exchanged in-

formation with its neighbors, such that the multi-agent
system (10) with (3) solves the following optimization
problem

x∗ = arg min
x∈Rn

f (x), −∞ < x∗ < +∞

by driving xi to x∗.
Remark 1 The above problem can be referred to as

the dynamic optimization problem with external distur-
bances in order to achieve the exact optimization in a
distributed way. When the disturbances disappear, the
problem discussed in this paper becomes the traditional
distributed optimization problem in the continuous-time
setup (referring to [3, 4]). On the other hand, if we
do not assign the cost functions to the agent network,
the consensus problem with external disturbances can
be solved with the help of distributed output regula-
tion [8–10]. Therefore, this problem provides a general
framework somehow for the distributed optimization
and distributed output regulation.

To proceed further, we introduce two basic condi-
tions for the solvability of the problem, which was also
used in [6].

Condition 1 The digraph G is strongly connected
and weight-balanced.

Remark 2 Define

Sym(L) =
L +LT

2
.

Under Condition 1, it is known [12] that 0 is the single
eigenvalue of matrices L and Sym(L). Moreover, there
is a matrix R ∈ RN×(N−1) with 1T

NR = 0, RTR = IN−1,

RRT = IN − 1
N

1N1T
N such that

RTSym(L)R � λ0IN−1 (4)

for a positive real number λ0.
Condition 2 For i = 1, . . . ,N, the local cost func-

tion fi is mi-strongly convex and differentiable, and
its gradient is Mi-Lipschitz on Rn. Denote mT =

min{m1, . . . ,mN} and MT = max{M1, . . . ,MN}.

3 Main result

In this section, we propose a distributed optimiza-
tion design to achieve the exact optimization with dis-
turbance rejection. Three subsections are given for the
algorithm design, optimization analysis, and simulation.

3.1 Algorithm design

Due to the disturbance di(t), existing results on dis-
tributed optimization are not applicable. To deal with
the problem, we first make some transformation. Let
p(λ) = λs + p1λs−1 + . . . + ps−1λ + ps be the minimal
polynomial of S and τi = (τi1, . . . , τin) with

τi j = (dij(t),
ddij(t)

dt
, . . . ,

ds−1dij(t)
dts−1 ), j = 1, . . . ,n.

Define two matrices

Φ =

⎡⎢⎢⎢⎢⎢⎣ 0 Is−1

−ps −ps−1 · · · − p1

⎤⎥⎥⎥⎥⎥⎦ , Ψ = [1 | 01×(s−1)].

By a direct computation, it can be seen that τi j satisfies

τ̇i j = Φτi j, dij(t) = Ψτi j, (5)

which implies

τ̇i = (In ⊗Φ)τi, di(t) = (In ⊗Ψ )τi. (6)

Since the pair (Ψ,Φ) is observable, there exists a ma-
trix G such that F = Φ+GΨ is Hurwitz. Thus, for agent
i, an internal-model-based optimization protocol can be
constructed as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v̇i = αβ
N∑

j=1
aij(xi − xj),

η̇i = (In ⊗ F)ηi + (In ⊗ G)ui,

ui = −α∇ fi(xi) − vi︸�����������︷︷�����������︸
optimal term

−(In ⊗Ψ )ηi︸�������︷︷�������︸
internal model term

−β N∑
j=1

aij(xi − xj)

︸��������������︷︷��������������︸
consensus term

.

(7)

Obviously, the proposed optimization protocol con-
sists of three terms: the gradient-based optimization
term to drive the agents to the optimization point, the
consensus term for all agents to achieve the same point,
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and the internal model term to compensate the distur-
bance di(t) asymptotically (referring to Chapter 6 of [7]
for more details on internal model design).

Remark 3 It is worth mentioning that, by summing

up all vi subsystems, we obtain
N∑

i=1
v̇i = 0, which implies

N∑
i=1

vi(t) =
N∑

i=1
vi(0) = 0 (8)

for initial conditions vi(0) ∈ Rn with

N∑
i=1

vi(0) = 0. (9)

The above observation is useful in analysis of the equi-
librium point. Therefore, in this paper, we always set
the initial conditions vi(0) satisfying (9) by simply taking
vi(0) = 0 for i = 1, . . . ,N.

By adding ui to the dynamics (1), we obtain the fol-
lowing closed-loop system:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi = −α∇ fi(xi) − vi − β
N∑

j=1
aij(xi − xj)

+ (In ⊗Ψ )(τi − ηi),

v̇i = αβ
N∑

j=1
aij(xi − xj),

η̇i = (In ⊗ F)ηi + (In ⊗ G)(−α∇ fi(xi) − vi

− β N∑
j=1

aij(xi − xj) − (In ⊗Ψ )ηi).

(10)

To compensate the disturbances asymptotically, the
term τi(t)−ηi(t) must vanish asymptotically. Performing
a transformation η̄i = ηi − τi gives

˙̄ηi = (In ⊗ F)η̄i + (In ⊗ G)(−α∇ fi(xi) − vi

− β N∑
j=1

aij(xi − xj) − (In ⊗Ψ )η̄i). (11)

Then, system (10) with the last equation replaced by
(11) can be rewritten in the following compact form:

ẋ = −α∇ f̃ (x) − v − β(L ⊗ In)x − (INn ⊗Ψ )η̄,
v̇ = αβ(L ⊗ In)x,
˙̄η = (INn ⊗ F)η̄ − (INn ⊗ G)(α∇ f̃ (x) + v
+ β(L ⊗ In)x + (INn ⊗Ψ )η̄), (12)

where x = (x1, . . . , xN), v = (v1, . . . , vN), η̄ = (η̄1, . . . ,

η̄N), f̃ (x) =
N∑

i=1
fi(xi).

Remark 4 Suppose that system (12) has an equilib-
rium point at (xo, vo, η̄o). Then, (xo, vo, η̄o) satisfies

− α∇ f̃ (xo) − vo − β(L ⊗ In)xo − (INn ⊗Ψ )η̄o = 0,
αβ(L ⊗ In)xo = 0,
(INn ⊗ F)η̄o − (INn ⊗ G)(α∇ f̃ (xo) + vo + β(L ⊗ In)xo

+ (INn ⊗Ψ )η̄o) = 0. (13)

We can conclude (INn ⊗ F)η̄o = 0 from the first and the
third equations in (13), which implies η̄o = 0. Follow-
ing a similar analysis given in [6], we can prove that
xo = 1 ⊗ x∗ and v̄o

i = −α∇ fi(x∗), i = 1, . . . ,N. Namely,
if we can prove that the state xi of system (12) con-
verges to its equilibrium point xo

i , then xi converges to
the optimizer x∗.

3.2 Optimization analysis

Here, we prove the convergence of the proposed op-
timization design based on Lyapunov function.

To this end, we first define the following variables to
obtain a standard stability problem:

x̃ = x − xo, ṽ = v − vo, η̃ = η̄ − (INn ⊗ G)x̃. (14)

In the new coordinate,
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

˙̃x = −αh − ṽ − β(L ⊗ In)x̃

− (INn ⊗Ψ )(η̃ + (INn ⊗ G)x̃),
˙̃v = αβ(L ⊗ In)x̃,
˙̃η = (INn ⊗ F)η̃ + (INn ⊗ FG)x̃,

(15)

where h = ∇ f̃ (x̃ + xo) − ∇ f̃ (xo).
It is time to show our main result.
Theorem 1 Under Conditions 1 and 2, there exist

two constants α and β > 0 such that algorithm (7) solves
the distributed optimization problem in the presence of
the disturbances.

Proof Recalling Remark 4, to obtain the conclusion,
it is sufficient to show that there are two constants α, β >
0 such that the equilibrium point (x̃, ṽ, η̃) = (0, 0, 0) of
system (15) is exponentially stable.

For this purpose, we first perform the following trans-
formation to simplify system (15)

χ = (T ⊗ In)x̃, ϑ = (T ⊗ In)ṽ, (16)

where T is defined by

TT =

[
1√
N

1 R
]
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with R specified in Remark 2. Denote χ = (χ1, χ2:N), ϑ =
(ϑ1, ϑ2:N), where χ1, ϑ1 ∈ Rn and χ2:N, ϑ2:N ∈ R(N−1)n.
Then, from (15), we have
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϑ̇1 = 0,

ϑ̇2:N = αβ(RTLR ⊗ In)χ2:N,

χ̇1 = − α√
N

(1T ⊗ In)h − 1√
N

(1T ⊗ In)φ,

χ̇2:N = −α(RT ⊗ In)h − β(RTLR ⊗ In)χ2:N

−ϑ2:N − (RT ⊗ In)φ

(17)

with φ = (INn ⊗Ψ )(η̃ + (INn ⊗ G)(T−1 ⊗ In)χ).
Similar to [6], we take the following Lyapunov func-

tion candidate:

V1 =
1

18
α(γ + 1)χT

1χ1 +
γα

2
χT

2:Nχ2:N

+
1

2α
(αχ2:N + ϑ2:N)T(αχ2:N + ϑ2:N) (18)

with γ > 0 to be determined. It can be verified that

V̇1 = − 1

9
√

N
α(γ + 1)χT

1 (1T
N ⊗ In)(αh − φ)

+ γαχT
2:N(−α(RT ⊗ In)h − β(RTLR ⊗ In)χ2:N

− ϑ2:N − (RT ⊗ In)φ)
+ (αχ2:N + ϑ2:N)T(−(RT ⊗ In)h
− ϑ2:N − (RT ⊗ In)φ)

= −1
9
α2(γ + 1)x̃Th − 7

16
ϑT

2:Nϑ2:N

− γαβχT
2:N(RTSym(L)R ⊗ In)χ2:N

+
4
9
α2‖(RT ⊗ Id)h‖2 + 4

9
α2(γ + 1)2χT

2:Nχ2:N

− ‖3
4
ϑ2:N +

2α
3

(RT ⊗ In)h +
2α
3

(γ + 1)χ2:N‖2

− 1

9
√

N
α(γ + 1)χT

1 (1T
N ⊗ In)φ

− ((γ + 1)αχ2:N + ϑ2:N)T(RT ⊗ In)φ. (19)

Under Condition 2, we obtain

x̃Th � mT‖x̃‖2 = mT‖χ‖2,
‖(RT ⊗ In)h‖ �MT‖x̃‖ =MT‖χ‖.

Also, because ‖φ‖ � 1‖η̃‖ + 2‖χ‖ for two positive
numbers 1, 2, by completing the squares,

− 1

9
√

N
α(γ + 1)χT

1 (1T
N ⊗ In)φ

=
1
9
α(γ + 1)x̃T

1φ

�
1

18
α2‖χ‖2 + 1

9
α(γ + 1)2‖χ‖2 + 1

18
(γ + 1)221‖η‖

− ((γ + 1)αχ2:N + ϑ2:N)T(RT ⊗ In)φ

�
1
2

(γ + 1)2α2‖χ2:N‖2 + 1
8
‖ϑ2:N‖2

+ 521‖η̃‖2 + 522‖χ‖2. (20)

Thus, letting γ �
4M2

T + 1

mT
leads to

V̇1 � −(
1
18
α2mT − 1

9
α(γ + 1)2 − 522)‖χ‖2

− (γαβλ0 − 4
9
α2(γ + 1) − 1

2
(γ + 1)2α2)‖χ2:N‖2

− 5
16
‖ϑ2:N‖2 + (

1
18

(γ + 1)2 + 5)21‖η̃‖2.

Then, let us check the η̃ subsystem. Because F is Hur-
witz, there exists a positive definite matrix P such that
PF + FTP = −2Is. Taking V0 = η̃T(INn ⊗ P)η̃ gives

V̇0 = −2‖η̃‖2 + 2η̃T(INn ⊗ P)INn ⊗ FG)x̃
� −‖η̃‖2 + 0‖χ‖2

for a positive real number 0.
Take the following Lyapunov function candidate for

the whole system

V = V1 + 3V0, 3 = (
1
18

(γ + 1)2 + 5)21 + 1. (21)

Then, we have

V̇ � −(
1
18
α2mT − 1

9
α(γ + 1)2 − 522 − 30)‖χ‖2

− (γαβλ0 − 4
9
α2(γ + 1) − 1

2
(γ + 1)2α2)‖χ2:N‖2

− 5
16
‖ϑ2:N‖2 − ‖η̃‖2. (22)

Taking α and β satisfying
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1
18
α2mT − 1

9
α(γ + 1)2 − 522 − 30 � 1,

γαβλ0 − 4
9
α2(γ + 1) − 1

2
(γ + 1)2α2 � 1

(23)

gives

V̇ � −χ2 − 5
16
‖ϑ2:N‖2 − ‖η̃‖2. (24)

By Theorem 4.10 of [13],

lim
t→∞(χ(t), ϑ2:N(t), η̃(t)) = (0, 0, 0). (25)
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Therefore, x̃ → 0 as t → ∞, i.e., xi → x∗. The proof is
completed.

Remark 5 Note that the constructed Lyapunov func-
tion V in (21) is independent of the interaction digraph.
Hence, following a similar proof as in Theorem 1, the
above result can be extended to switching case when
the switching digraph G keeps strongly connected and
weighted-balanced, with its adjacency matrix A piece-
wise constant between switchings.

3.3 Example

Consider a five-agent network to minimize f (x) =
5∑

i=1
fi(x), x ∈ R with

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

f1(x) = (x + 2)2, f2(x) = (x − 5)2,

f3(x) = x2 ln(1 + x2) + x2,

f4(x) =
x2

√
x2 + 1

+ x2, f5(x) =
x2

ln(2 + x2)
.

(26)

It is easy to see that the local cost function fi is mi-
strongly convex and its gradient is Mi-Lipschitz on R
with real numbers mi,Mi > 0 for i = 1, . . . , 5, which
implies Condition 2. The network topology is shown in
Fig. 1. We set all edge weights to be 1, which verifies
Condition 1. The disturbance in agent dynamics is given
by di(t) = Ai sin(ωt + ci), which can be generated by
system (2) with

S =

⎡⎢⎢⎢⎢⎢⎣ 0 ω

−ω 0

⎤⎥⎥⎥⎥⎥⎦ , C =
[
1 0
]
, wi(0) =

⎡⎢⎢⎢⎢⎢⎣Ai sin ci

Ai cos ci

⎤⎥⎥⎥⎥⎥⎦ .

Fig. 1 Interaction topology for the network.

Here, we set ω = 1. Then, system (5) is given with

Φ =

⎡⎢⎢⎢⎢⎢⎣ 0 1

−1 0

⎤⎥⎥⎥⎥⎥⎦ , Ψ = [1 0].

Let G = [−4 − 2]T be such that the matrix F = Φ+
GΨ is Hurwitz. According to Theorem 1, we can
choose appropriate α and β such that the algorithm
(7) solves our problem. The simulation results are

shown in Figs. 2 and 3 with (A1,A2,A3,A4,A5) =
(4
√

2, 2
√

2, 3
√

2, 3
√

2, 9
√

2) and ci =
π
4
, i = 1, . . . , 5.

Figs. 2 and 3 show that the state of each agent con-
verges to the exact optimization point x∗ = 0.49. More-
over, a larger value of β results in faster convergence,
which is consistent with the disturbance-free case dis-
cussed in [6].

Fig. 2 Performance of (7) with α = 1, β = 1.

Fig. 3 Performance of (7) with α = 1, β = 5.

4 Conclusions

The dynamic optimization problem with external dis-
turbances has been studied in this paper. First, a new
problem formulation was given to achieve the dis-
tributed optimization with disturbance rejection. Then,
an internal-model-based algorithm was proposed to
solve the problem. To our knowledge, this is the first
effort to study the distributed optimization with exter-
nal disturbance signals, and more complicated problems
are still under investigation.
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