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a b s t r a c t

This paper proposes a sweep coverage formulation for a multi-agent system to cover a region with un-
certain workload density, and provides a decentralized coverage algorithm based on the formulation. To
achieve the coverage, the covered region is divided into a finite number of stripes, and an algorithm is
proposed by incorporating two operations on stripes: workload partition and sweeping. Theoretical anal-
ysis is given to estimate the error between the actual coverage time and the optimal time, and numerical
analysis is provided to illustrate the proposed algorithm.

© 2013 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, much attention has been paid to various
coordination problems in Chen and Zhang (2011), Hong, Hu,
and Gao (2006), Nancy (1997) and Ren and Cao (2011). The
cooperative coverage for a group of agents to effectively cover
a region of interest is one of the important coordination
problems for its wide application in the field of sensor networks,
robotic systems, and even social systems. Practical coverage
tasks such as search and rescue, exploration, monitoring, and
environmental surveillance have been widely investigated with
different formulations in Cassandras and Li (2005), Cheng and
Andrey (2009a,b) and Hussein, Stipanović, and Wang (2007).
For example, the sensor deployment algorithm was designed to
monitor random events with a frequency density function and
maximize the joint detection probabilities of random events in
Cassandras and Li (2005), while an excellent dynamic coverage
strategy was developed such that each point in the given domain
is effectively covered (with collision avoidance) in Hussein and
Stipanović (2007). Additionally, an awareness-based model was
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presented to investigate the coverage control problem over large
scale domains in Wang and Hussein (2010).

The sweep coverage as one of the important coverage problems
is a dynamic coverage problem in Gage (1992), and a good survey
was given in Choset (2001). To solve the problem, a group of agents
with the sensing capability move across the given region to de-
tect targets of interest or complete the workload in the region. It
is a difficult problem since all the agents have to sweep coopera-
tively in order to complete the task and even minimize the cover-
age time. Cheng and Andrey (2009b) proposed a formation-based
sweep coverage strategy, while Choset (2000) proposed a decom-
position method to cover a given area. Moreover, Butler, Rizzi, and
Hollis (2000) presented a sensor-based coverage algorithm for a
team of square robots to cover a finite rectangular environment.
Additionally, Min and Yin (1998) reported a heuristic algorithm
for multiple robots to cooperatively sweep an area with obstacles
based on a market-based negotiation mechanism.

The objective of this paper is to discuss the sweep coveragewith
uncertain workload density. Most of the existing approaches were
obtained for the uniform/known workload distribution, which is
not applicable to the case of uncertain/nonuniform workload dis-
tribution. Due to the uncertainties of the nonuniform workload,
it is impossible to give a fixed coverage strategy for each agent
to achieve the minimum coverage time in advance. Moreover, the
scheme of dynamic workload assignment is adopted to deal with
the uncertainties online. The main contributions of the paper in-
clude: (i) we propose the decentralized sweep coverage algorithm
with combined two operations: workload partition (to handle the
uncertainties based on the agents’ sensors) and sweep (to complete
the coverage by agents’ actuators); we estimate an upper bound of
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Fig. 1. Sweep coverage of mobile agents in the region D.

the extra time (as the difference between the actual coverage time
and the optimal coverage time) resulting from the uncertainties.

2. Formulation and algorithm

In this section, we give a formulation for n mobile agents to
sweep a given region with unknown workload distribution and
then propose an algorithm.

To increase the coverage effectiveness, the whole region can
simply be divided into n subregions, and each agent is responsible
for the coverage job on its own subregion to complete the sweep
coverage in a cooperativeway. If theworkload density in a covered
region is known for all the agents in advance, the optimal strat-
egy to complete the coverage may be carried out by partitioning
the whole region into subregions with equal workload for all the
agents so as to complete the sweeping task at the same time. Nev-
ertheless, the limited sensing range of each agent and the unknown
workload distribution make it impossible to assign average work-
load to each agent offline before any action. Therefore, we have to
provide online coverage algorithms.

We first consider a bounded and closed set D enclosed by two
parallel lines (corresponding to y = 0 and y = h, respectively) and
two continuous curves described by x = ga(y) and x = gb(y) with
gb(y) > ga(y) as shown in Fig. 1. Later, we will discuss to cover a
generalized set S in Section 4.

To focus on the workload partition and sweeping operation we
assume all the agents line up at the bottom of region D (regarded
as the start line of the agents) as their initial positions for simplic-
ity, and they will move to the top (as the terminal line) of D by
sweeping all the bounded region. Actually, for the agents with ran-
dom initial positions, we can employ the decentralized algorithm
to drive all agents to line up first as done in the sweep coverage
control shown in Cheng and Andrey (2009b).

Suppose each agent has its actuation range with the diameter
d, and therefore, when it sweeps, it will clean up a stripe with the
width d. Usually d ≪ h, and approximately the whole region D is
partitioned into stripes with the same width d. For convenience,
we assume h = qd for some integer q > 0. Then the agents sweep
these stripes one by one for the coverage of D.

The workload distribution is denoted by ρ(x, y) > 0, which is
continuous and uncertain on D. We give the following assumption
for ρ(x, y).

Assumption 2.1. There exist positive constants ρ̄ and ρ such that

ρ ≤ ρ(x, y) ≤ ρ̄, ∀(x, y) ∈ D.
Table 1
Decentralized sweep coverage algorithm.

For i = 1, . . . , n, i-th agent performs as follows.
1: set k = 1
2:while Ak is not the last stripe do
3: while mk is not completed do
4: ifmk

i is not completed then
5: update the i-th partition mark on Ak+1

and sweep i-th sub-stripe on Ak
6: else
7: update the i-th partition mark on Ak+1
8: end if
9: end while
10: stop partition operation and sweep the i-th sub-stripe on Ak+1
11: set k = k + 1
12: end while
13: sweep i-th sub-stripe on Aq

Denote the vertical range of the k-th stripe, Ak, as [yk−1, yk)with
y0 = 0, yq = h and yk = yk−1 + d for k = 1, . . . , q. Then the
workload distribution on the stripe Ak becomes

ωk(τ ) =

 yk

yk−1

ρ(τ , y)dy, 1 ≤ k ≤ q,

where ρ(x, y) = 0, ∀(x, y) ∉ D. Set xk0 = min(x,y)∈Ak x, and xkn =

max(x,y)∈Ak x, which are constant on Ak. On each stripe, there are n
sub-stripes for n agents. Correspondingly, there are n− 1 partition
marks to separate the n sub-stripes. In other words, partitionmark
i is the commonboundary of sub-stripes i and i+1 (swept by agents
i and i + 1, respectively). The workload on the i-th sub-stripe of Ak
is given by

mk
i =

 xki

xki−1

ωk(τ )dτ (1)

where xki denotes the horizontal position of partition mark i for

i = 1, . . . , n − 1 on Ak. Furthermore, denote mk
=
 xkn
xk0

ωk(τ )dτ

as the workload on Ak.
For simplicity, we assume each agent can only communicate

with its nearest neighbors and it has the same sweeping rate ν
(i.e., the amount of workload completed by each agent in unit
time). Obviously, the completion time of sweeping each sub-stripe
depends on ν and workload on the sub-stripe.

If ρ(x, y) is known, we partition the workload in advance to
make each agent have the same workload so that the sweeping of
D can be completed in the shortest time, so the shortest/optimal
coverage time is

Topt =
1
nν


D
ρ(x, y)dxdy. (2)

However, due to the uncertain workload density, we cannot make
the workload partition beforehand, and we have to carry out the
partition operation online.

Here we propose a simple coverage algorithm, Decentralized
Sweep Coverage Algorithm (DSCA), in Table 1, which contains two
basic operations: partitioning the workload on each stripe and
sweeping stripe by stripe. In fact, the partitioning operation on a
stripe (say Ak) for agent i can be implemented as follows:
• Sense theworkload on its own sub-stripe (i.e.,mk

i ) and the i+1-
th sub-stripe (i.e.,mk

i+1);
• Update xki , which is the partitionmark between i-th and (i+1)-

th sub-stripes, by

ẋki = κ(mk
i+1 − mk

i ), i = 1, . . . , n − 1 (3)

for a given constant κ > 0, where the initial positions of
partition marks on stripe Ak are the final positions of partition
marks on Ak−1 for k ≥ 2.
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In the algorithm, each agent is allowed to measure the workload
around its position on the next stripe. Then each agent sweeps
its own sub-stripe and simultaneously partitions the next stripe
according to the proposed workload partition algorithm. For the
simplicity of the decentralized algorithm, the agents do not help
each other (otherwise, we have to demand more sensing informa-
tion to avoid overlapped sweeping by different agents if one agent
can work on different sub-stripes); moreover, the agents move si-
multaneously to the next stripe after sweeping one stripe. There-
fore, if an agent completes the workload on its own sub-stripe, it
stops the sweeping operation, but continues the partition oper-
ation. Once the workload on the current stripe is completed, all
agents start to sweep their own just-partitioned sub-stripes on the
next stripe, andmeanwhile, partition the follow-up stripe. The pro-
cedure keeps repeated until D is swept.

Remark 2.1. Distributed protocols can be designed to guarantee
that all the agentsmove fromone stripe to the next (say, Ak to Ak+1)
simultaneously. For example, each agent exchanges the workload
information of sub-stripes with its adjacent neighbors to get the
most workload on the sub-stripes mk

∗
= max1≤i≤n mk

i . There were
distributed algorithms to find the optimal values of agents such
as the LCR (Le Lann–Chang–Roberts) algorithm in Nancy (1997).
With a modified LCR algorithm, each agent can get mk

∗
in the

distributed way. Omitting the detailed sweep procedure, we can
roughly regard the completion time of sweeping stripe Ak as

Tk =
mk

∗

ν
=

1
ν

max
1≤i≤n

mk
i (4)

which canbe taken as the common switching time for all the agents
to move from Ak to Ak+1. In fact, Tk can be computed by each agent
based on LCR since ν is known.

To make our algorithm feasible, we assume that the partition
marks on each stripe will not intersect with lateral boundaries of
the regionD during coverage inwhat follows. Clearly, this assump-
tion is true if D is rectangular, and can be guaranteed if the work-
load near the lateral boundaries of each stripe is quite small.

Thus, the total coverage time of the region D is T ∗
=
q

k=1 Tk
based on (4). The objective of our research is to estimate the
coverage time T ∗ or equivalently to estimate the extra time
between the coverage time and the optimal one, that is, 1T = T ∗

− Topt.

3. Key lemmas

In this section, we give three lemmas for the coverage analysis
in the next section. Because the analysis is mainly given on stripe
Ak, we use xi instead of xki in (3) for simplicity in the sequel, when
there is no confusion.

Lemma 3.1. limt→+∞ |mk
i − mk

j | = 0, ∀i, j = 1, . . . , n, with mk
i

defined in (1).

Proof. Take a Lyapunov function on stripe Ak

Hk =

n
i=1


mk

i −
mk

n

2

=

n
i=1

(mk
i )

2
−

1
n
(mk)2 (5)

to describe how uniform the workload partition on Ak is. Clearly,
mk is constant on Ak. ṁk

i = ωk(xi)ẋi − ωk(xi−1)ẋi−1, i = 1, . . . , n,
and particularly, ṁk

1 = ωk(x1)ẋ1 − ωk(x0)ẋ0 = ωk(x1)ẋ1 and
ṁk

n = ωk(xn)ẋn − ωk(xn−1)ẋn−1 = −ωk(xn−1)ẋn−1.
Then the derivative of Hk with respect to (3) is

Ḣk = 2
n

i=1

mk
i · ṁk

i −
2mk

n
ṁk

= 2
n

i=1

(ωk(xi)ẋi − ωk(xi−1)ẋi−1)mk
i

= −2κ
n−1
i=1

(mk
i+1 − mk

i )
2ωk(xi).

Since κ > 0 and ωk(xi) ≥ dρ > 0, Ḣk < 0 on the stripe Ak except
for the set E∗ = {mk

1 = mk
2 = · · · = mk

n}, which implies the
convergence of E∗. �

Lemma 3.1 shows that, the partitioning algorithm given in (3) can
yield the optimal partition if it runs for infinite time. However, it
only runs for a finite time. How long of the partitioning algorithm
runs on Ak+1 is determined by the time spent by the agent with the
most workload on its sub-stripe of Ak. Next, we have

Lemma 3.2. With Hk defined in (5) on stripe Ak,

λmin

n
Hk ≤

n−1
i=1

(mk
i+1 − mk

i )
2

≤ λmaxHk

where λmin and λmax are the minimum and maximum eigenvalues of
the positive definite matrix Γ as follows:

Γ =



2 0 1 · · 1 1 2
0 3 0 · · 1 1 2
1 0 3 · · 1 1 2
· · · · · · · ·

1 1 1 · · 3 0 2
1 1 1 · · 0 3 1
2 2 2 · · 2 1 5

 ∈ R(n−1)×(n−1),

for n > 2 or Γ = 4 for n = 2.

Proof. Taking δi = mk
i − mk/n, i = 1, . . . , n yields

n
i=1 δi = 0

or δn = −
n−1

i=1 δi. Then Hk = ∥δ∥2
+ (

n−1
i=1 δi)

2, where δ =

(δ1, . . . , δn−1)
T and ∥ · ∥ is the Euclidean norm. Moreover,

n−1
i=1

(mk
i+1 − mk

i )
2

=

n−1
i=1

(δi+1 − δi)
2

=

n−2
i=1

(δi+1 − δi)
2
+


n−2
i=1

δi + 2δn−1

2

= δTΓ δ

which implies the positive definiteness of Γ .
Since λmin∥δ∥

2
≤ δTΓ δ ≤ λmax∥δ∥

2 and ∥δ∥2
≤ Hk ≤ n∥δ∥2,

we obtain
λmin

n
Hk ≤ δTΓ δ ≤ λmaxHk.

The proof is thus completed. �

Remark 3.1. λmin and λmax can be computed with the aid of
numerical methods provided in Demmel (1997) in practice.

Denote m̂k
i and m̃k

i as the workload on the i-th sub-stripe of Ak with
the initial and final positions of partition marks, respectively. Take

Ha
k =

n
i=1


m̂k

i −
mk

n

2

and Hb
k =

n
i=1


m̃k

i −
mk

n

2

,

to describe the uniformity of the workload partition at the initial
and final partition positions onAk, respectively. Note that the initial
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Fig. 2. The transformation from Ak to Rk .

positions of partitionmarks onAk+1 are the final partition positions
on Ak. Therefore, we obtain the next lemma.

Lemma 3.3. Ha
k+1 and Hb

k satisfy the following inequality

Ha
k+1 ≤ α2

dH
b
k + βd

(dlk)2

n
, k = 1, . . . , q − 1 (6)

with lk =
1
d

 yk
yk−1

(gb(y) − ga(y))dy, αd = τd
ρ̄

ρ
, βd = τ 2

d
ρ̄4

ρ2 − σ 2
d ρ2

and σd = min1≤k≤q
lk+1

lk
, where τd is a constant related to d, ga(y)

and gb(y).

Proof. To simplify the analysis, we construct a rectangular re-
gion Rk without changing the area and the workload on the
corresponding sub-stripes on the stripe Ak (and therefore, Hk is
unchanged). In thisway, Rk is enclosed by four lines, corresponding
to y = yk−1, y = yk, x = xa, and x = xb (see Fig. 2), with

xa =
1
d

 yk

yk−1

ga(y)dy, xb =
1
d

 yk

yk−1

gb(y)dy.

Let lk = xb − xa be the length of the rectangular stripe Rk with
workloadmk, and l̃ki (1 ≤ i ≤ n) be the length of the i-th sub-stripe
on Rk, whose boundaries are the final positions of the i − 1-th and
i-th partition marks. Then lk+1

≥ σdlk, ∀1 ≤ k ≤ q with σd =

min1≤k≤q
lk+1

lk
. For the workload on each sub-stripe of Rk, we have

(ρ l̃ki )
2

≤
1
d2

(m̃k
i )

2
=

1
d2

 xi

xi−1

ωk(τ )dτ

2

≤ (ρ̄ l̃ki )
2.

Still taking the positions of partition marks of Ak on Rk, the ini-
tial partition positions on Rk+1 are also the final boundaries be-
tween sub-stripes on Rk. Denote l̂k+1

i as the length of the i-th
sub-stripe formed by the initial i − 1-th and i-th partition posi-
tions on Rk+1. Then l̂k+1

i = l̃ki (2 ≤ i ≤ (n − 1)) and l̂k+1
i ≤ τd l̃ki

with τd = max1≤k≤q,i=1,...,n
l̂k+1
i
l̃ki

. As a result,

(m̂k+1
i )2 ≤ (dρ̄ l̂k+1

i )2 ≤ τ 2
d
ρ̄2

ρ2
(m̃k

i )
2

which implies
n

i=1

(m̂k+1
i )2 ≤ α2

d

n
i=1

(m̃k
i )

2. (7)

Similarly, we obtain

−
(mk+1)2

n
≤ −

σ 2
d ρ2

nρ̄2
(mk)2. (8)

Combining (7) with (8) gives

Ha
k+1 ≤ α2

dH
b
k +

τ 2
d

ρ̄2

ρ2 − σ 2
d

ρ2

ρ̄2

n
(mk)2 ≤ α2

dH
b
k + βd

(dlk)2

n
which completes the proof. �

Remark 3.2. Generally, τd ≥ 1 because l̂k+1
i = l̃ki , 2 ≤ i ≤ (n−1),

and τd tends to 1 as the width of stripes d goes to 0. Moreover, we
can proveβd ≥ 0. Clearly, τd = σd = 1 if the regionD is a rectangle.
4. Main results

In this section, we give main results for the coverage.
The cooperative coverage is to complete the coverage task as

soon as possible. If the workload is known, we can give the optimal
partition off line in advance to achieve the optimal coverage time
Topt defined in (2). However, due to theworkload uncertainties, we
have to conduct the partition online during the sweep operation,
and the unequal workload partitioned in finite time yields more
time to complete the coverage. The following is the main result to
estimate the extra time to cover D.

Theorem 4.1. With theDSCA given in Table 1, the extra time to sweep
the region D spent in addition to the optimal coverage time is bounded
by

1T ≤


Hb

1

ν


1 +

q−1
k=1

αk
de

−
c
n
k

i=1 ti



+
d
ν


βd

n

q−1
k=1

lk


q−1−k
i=0

αi
de

−
c
n
k+i

j=k tj


(9)

with c = λminρκd and tk =
ρ

nν

 yk
yk−1

(gb(y) − ga(y))dy.

Proof. Since the agents sweep their own sub-stripes simultane-
ously, the total time spent on sweeping the whole stripe is de-
termined by the most sub-stripe workload mk

∗
. Obviously, the

optimal partition of the stripe yields sub-stripes with equal work-
load. We first estimate the difference between the most workload
and the averageworkload on the subregion of each stripe. Then the
extra time to sweep each stripe compared to the optimal partition
is calculated. Finally, we obtain an upper bound of the extra time
of sweeping D.

The time derivative of Hk with respect to (3) is given by

Ḣk = −2κ
n−1
i=1

(mk
i+1 − mk

i )
2ωk(xi).

From Lemma 3.2, we have

n−1
i=1

(mk
i+1 − mk

i )
2ωk(xi) ≥

λmin

n
ωk(xi)Hk ≥

λmindρ

n
Hk.

Thus,

Ḣk ≤ −2
λminκdρ

n
Hk (10)

which implies Hk(t) ≤ Ha
k e

−2
λminκdρ

n t . The time spent on partition-
ing the stripe Ak+1 is exactly the time to sweep the stripe Ak, which

has the lower bound tk =
dρlk

nν =
ρ

nν

 yk
yk−1

(gb(y) − ga(y))dy. There-
fore,

Hb
k+1 ≤ Hk+1(tk) ≤ Ha

k+1e
−2

λminκdρ
n tk .

Recalling (6) gives

Hb
k+1 ≤


α2
dH

b
k + βd

(dlk)2

n


e−2

λminκdρ
n tk . (11)

As a result,
Hb

k+1 ≤


αd


Hb

k + dlk


βd

n


e−

λminκdρ
n tk .
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Fig. 3. A generalized bounded region S to be covered.

Hence, the extra time to sweep the whole region D is bounded by

1T ≤
1
ν

q
k=1


Hb

k ≤


Hb

1

ν


1 +

q−1
k=1

αk
de

−
c
n
k

i=1 ti



+
d
ν


βd

n

q−1
k=1

lk


q−1−k
i=0

αi
de

−
c
n
k+i

j=k tj


which completes the proof. �

Remark 4.1. The first term of (9) is an error caused by the initial
partition error Hb

1 , while the second term mainly results from the
non-uniform workload distribution and the irregular boundaries.
If we initially partition n sub-stripes with equal workload (that is,
Hb

1 = 0), then 1T → 0 as n → ∞.

Remark 4.2. The computation, in fact, requires κ to be bounded
for the estimation accuracy of (9). If we adopt the Euler method
to implement the coverage algorithm with the sampling period or
stepsize Ts, then κ should be chosen such that

κd2ρ̄2lmax

ν


1 − γ q

1 − γ
− q


Ts

is sufficiently small, where γ = e
4κd2 ρ̄2 lmax

ν and
lmax = max1≤k≤q lk. If we employ the Runge–Kuttamethod, we can
get a less conservative range of κ .

Our algorithm can also be applied to a generalized region S shown
in Fig. 3. Let us divide S into q stripes of width d, and S consists of
three parts: A1, D̂ =

q−1
k=2 Ak, and Aq, where D̂ is a region with two

parallel edges similar to D. Let 1T̂ denote the upper bound of the
extra time to sweep D̂, which can be estimated using (9).Moreover,
the extra time T̃l to sweep the stripe Al satisfies

T̃l =

n max
1≤i≤n

ml
i − ml

nν
≤

(n − 1)ml

nν
≤

ρ̄(n − 1)sl
nν

where sl denotes the area of Al for l = 1, q. Thus, we have

Corollary 4.1. With the DSCA, the extra time to sweep S is bounded
by

1T ≤ 1T̂ +
ρ̄(n − 1)(s1 + sq)

nν
. (12)

Then we provide numerical examples to verify our coverage algo-
rithm. Consider 5 agents in a rectangular region D with l = 6, h =

8, d = 1 (i.e., q = 8), κ = 4, ν = 5, ρ = 1, ρ̄ = 2 and
ρ(x, y) = 1.5 + 0.5 sin(x + y). The sweep process is shown in
Fig. 4(a), where the sub-stripes of the same color are swept by the
Fig. 4. (Color online) Sweeping of 5 agents on sets D and S.

same agent. The first stripe has been divided initially into 5 sub-
stripes with equal workload. The extra time to sweep D for the
DSCA is 0.01, less than the estimation 0.03 according to (9). Then
we consider a bounded region S enclosed by four curves described
by y = 5 −


25 − (x − 3.2)2, y = 3 +


25 − (x − 3.2)2, x =

0.2 sin π(y−4)
3 + 0.2, and x = 0.2 sin π(y−4)

3 + 6.2, as shown in
Fig. 4(b). All the parameters are the same as above. The extra time
to sweep S is 0.1 in the simulation, less than the estimation 1.3
given by (12). Clearly, the estimation for S is more conservative
than that for the rectangular region D.

5. Conclusions

In this paper, a sweep coverage algorithm was proposed to
handle the dynamic sweep problem for multi-agent systems in a
region with uncertain workload. The decentralized coverage algo-
rithm was designed to achieve the coverage of the given region,
and the theoretical analysis was also conducted to estimate an up-
per bound of the coverage time spent more than the optimal time.
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