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Abstract— This paper proposes a novel multiscroll chaotic sys-
tem, which is different from Chua’s circuit and all its variants in
most aspects of the algebraic form, circuit design, and geometrical
structure of the attractor. In particular, the multiscroll attractor
of this new system is more complex than that of the generalized
Chua’s circuit when they both have the same number of scrolls.
The dynamical behaviors of the new system are then analyzed,
including the bifurcation diagram and the Lyapunov exponent
spectra. Moreover, a module-based circuit diagram is designed
for realizing various multiscroll attractors. Finally, experimental
circuits are implemented with physical observations reported.

I. INTRODUCTION

Chua’s circuit is an important paradigm in nonlinear circuit
theory [1]. Inspired by Chua’s chaotic double-scroll circuit,
many extended nonlinear circuits have been designed and
implemented, including various multiscroll circuits, in the past
decades [2-14].

In retrospect, Suykens et al. [2,5] proposed some families of
circuits that can generate n−double scroll chaotic attractors.
Yalcin et al. [6] presented a family of systems with grid-
scroll chaotic attractors. Lü et al. [7-9] proposed an approach
using hysteresis and saturated functional series for creating 1-
D n−scroll, 2-D n × m−grid scroll, and 3-D n × m × l−grid
scroll chaotic attractors, with rigorously mathematical proofs
and physical realizations. Yu et al. [10] introduced a general
jerk circuit for generating various types of n−scroll chaotic
attractors. Very recently, Lü and Chen provided a detailed
review [3] of the main advances in theories, methods, imple-
mentations, and applications of multiscroll chaos generation.
Moreover, some new progress can be found in [11,12].

Notice that most of the aforementioned works use circuits
constructed by using capacitors, inductors, and resistors, along
with Chua’s diode, which belong to the typical π−type cir-
cuits. From a different point of view, this paper introduces
a novel multiscroll chaotic system, which is different from
Chua’s circuit and all its variants, in most aspects of the
algebraic form, circuit design, and geometrical structure of
the attractor. It appears that the multiscroll chaotic attractor of
this new system is more complex than that of the generalized
Chua’s circuit even when they have the same number of
scrolls. This is because that this new attractor is nesting,
however, Chua’s multiscroll attractor is not nesting.

The paper is organized as follows. Section II introduces the
new multiscroll chaotic system, with its dynamical behaviors
analyzed in Section III. Section IV designs a module-based
circuit diagram for implementing the multiscroll chaotic at-
tractors. Section V concludes the paper.

II. A NOVEL MULTISCROLL CHAOTIC SYSTEM

The proposed multiscroll chaotic system is described by
⎧⎨
⎩

dx
dτ = β y − x − α f(x)
dy
dτ = β x − γ z
dz
dτ = ξ y − z ,

(1)

where α = 4.2, β = 6.7, γ = 4.0, and ξ is a parameter. When
ξ = 18.5 and f(x) = x − (|x + 1| − |x − 1|), system (1) has
a double-scroll chaotic attractor. When

f(x) = f1(x) = x+
2N−1∑
n=1

(−1)n[|x+(2n−1)|−|x−(2n−1)|]
(2)

or

f(x) = f2(x) = x+
2N∑
n=1

(−1)n−1[|x+(2n−1)|−|x−(2n−1)|] ,
(3)

system (1) can generate a 2N or 2N + 1-scroll attractor. For
example, system (1) with (2) can create a 10−scroll chaotic
attractor, as shown in Fig. 1 (a), with N = 5, ξ = 11.6; system
(1) with (3) can generate a 9−scroll chaotic attractor, as shown
in Fig. 1 (b), with N = 4, ξ = 11.7.

For comparison, recall that Suykens et al. [2,5] proposed a
generalized Chua’s circuit, described by

⎧⎨
⎩

dx
dτ = α[y − f(x)]
dy
dτ = x − y + z
dz
dτ = −β y,

(4)

where α = 10, β = 15. When

f(x) = m2n−1x+
1
2

2n−1∑
i=1

(mi−1−mi)(|x+ci|−|x−ci|), (5)

system (4) can create an n−scroll chaotic attractor. For α = 9,
β = 14.286, m = (0.9
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Fig. 1. Multiscroll chaotic attractors of system (1).

− 1.68
7 ), c = (1, 2.15, 3.6, 6.2, 9, 14, 25), system (4) with

(5) has a 7−scroll chaotic attractor, as shown in Fig. 2.

Remark: In the algebraic form, system (1) is different from
Chua’s circuit and all its variants, including the generalized
Chua’s circuit (4), since the second equation of system (1)
only has two items (x, z) but that of Chua’s circuit has
three (x, y, z). In terms of the geometrical structure of the
multiscroll attractor, the attractor of system (1) as shown in
Fig. 1 is more complex than that of the generalized Chua’s
circuit (4), shown in Fig. 2. This is because that the attractors
of system (1) is nesting, however, those of system (4) is not
nesting.

III. DYNAMICAL BEHAVIORS OF THE MULTISCROLL

CHAOTIC SYSTEM

Let ẋ = 0, ẏ = 0, ż = 0 in system (1). Then, the system
equilibria satisfy the following equations:⎧⎪⎨

⎪⎩

f(x) = (β2

γξ − 1) x
α

y = β x
γξ

z = β x
γ .

(6)
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Fig. 2. 7-scroll chaotic attractor of the generalized Chua’s circuit (2).

According to (2) and (3), the equilibria are obtained as follows:
for the case of an even number of scrolls,

⎧⎪⎪⎨
⎪⎪⎩

x±n = ± (−1)n+12αn

(1− β2
γξ )+(−1)n+1α

y±n = β
γξ x±n

z±n = β
γ x±n

(7)

and for the case of an odd number of scrolls,⎧⎪⎪⎨
⎪⎪⎩

x±n = ± (−1)n2αn

(1− β2
γξ )+(−1)nα

y±n = β
γξ x±n

z±n = β
γ x±n

(8)

where 0 ≤ n ≤ 2N − 1 and Ω±n(x±n, y±n, z±n) denotes
the equilibria in the positive and negative x-axis, respectively.
Clearly, all equilibria are located in a inclining line. However,
all equilibria of the generalized Chua’s circuit are located in
the x-axis.

Figures 3 (a) and (b) show the bifurcation diagram and
the spectrum of largest Lyapunov exponents of system (1)
versus the parameter ξ. There exists a typical period-doubling
bifurcation phenomenon in Fig. 3 (a). From Fig. 3 (b), the
largest Lyapunov exponent of system (1) within the range
[11.6,28] is 1.2, which is obviously greater than that of Chua’s
circuit, which is only 0.3.

IV. CIRCUIT IMPLEMENTATION OF MULTISCROLL

CHAOTIC ATTRACTORS

In this section, a module-based circuit diagram is designed
for realizing the multiscroll chaotic attractors of system (1)
with (2) or (3), as shown by Figs. 4 and 5.

The procedure consists of four steps: Step I: proportional
compression transformation of state variables; Step II: trans-
formation from differential to integral operations; Step III:
transformation of the time-scale; Step IV: Module-based de-
sign of nonlinear functions.

Select suitable a proportional compression ratio, 1
5 , and then

carry out the proportional compression transformation of the
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Fig. 3. Dynamical analysis of the multiscroll chaotic system (1).

system state variables, on (1), (2) and (3). Clearly, system
(1) keeps invariant, but (2) and (3) are transformed into the
following forms:

f(x) =

⎧⎪⎪⎨
⎪⎪⎩

x +
2N−1∑
n=1

(−1)n
(|x + 2n−1

5 | − |x − 2n−1
5 |)

x +
2N∑
n=1

(−1)n−1
(|x + 2n−1

5 | − |x − 2n−1
5 |) ,

(9)
where the first and second equations are the expressions of
f(x) for the cases of even and odd numbers of scrolls,
respectively.

Let τ = t
τ0

and carry out the transformation of the time-
scale as follows:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

x = −
(
− 1

R0C0

) ∫
[−β (−y) − x − α f(x)]dt

y = −
(
− 1

R0C0

) ∫
[−β (−x) − γ z]dt

z = −
(
− 1

R0C0

) ∫
(−ξ (−y) − z)dt ,

(10)

where τ0 = R0 is the transformation factor of the time-scale
and C0 is the integral constant of the integrators. If R0 and C0

Fig. 4. Module-based circuit diagram for realizing multiscroll chaotic
attractors of system (1).

are increased, then the phase portraits become more and more
sparse; if R0 and C0 are decreased, then the phase portraits
become more and more dense.

All operational amplifiers shown in Figs. 4 and 5 are TL082.
Assume that the supply voltages and saturated voltages of
all operational amplifiers are ±E = ±15 V and ±Esat =
±13.5 V , respectively. For convenient adjustment and higher
precision, all resistors are precisely adjustable resistors or
potentiometers.

To generate an even number of scrolls from circuits shown
in Figs. 4 and 5, all resistors are selected as follows: Ri1 =
1kΩ (2 ≤ i ≤ 19), R22 = 3.97kΩ, R42 = 3.5kΩ, R62 =
5.19kΩ, R82 = 5.14kΩ, R102 = 7.5kΩ, R122 = 8.64kΩ,
R142 = 13.5kΩ, R162 = 21.5kΩ, R182 = 67.5kΩ, R32 =
0.99kΩ, R52 = 1.25kΩ, R72 = 1.6kΩ, R92 = 2.06kΩ,
R112 = 2.75kΩ, R132 = 3.82kΩ, R152 = 5.75kΩ, R172 =
10.25kΩ, R192 = 32.75kΩ.

To generate an odd number of scrolls from circuits shown
in Figs. 4 and 5, all resistors are selected as follows: Ri1 =
1kΩ (2 ≤ i ≤ 19), R22 = 4.5kΩ, R42 = 4.19kΩ, R62 =
6.14kΩ, R82 = 6.5kΩ, R102 = 9.64kΩ, R122 = 12.5kΩ,
R142 = 22.5kΩ, R162 = 66.5kΩ, R32 = 1.25kΩ, R52 =
1.60kΩ, R72 = 2.07kΩ, R92 = 2.75kΩ, R112 = 3.82kΩ,
R132 = 5.75kΩ, R152 = 10.25kΩ, R172 = 32.75kΩ.

When S0 is switched off, Si (1 ≤ i ≤ 4) are switched on,
and R = 8.55kΩ, the circuit in Figs. 4 and 5 can generate a
9−scroll chaotic attractor as shown in Fig. 6 (a). When Si (0 ≤
i ≤ 4) are switched on and R = 8.4kΩ, the circuit in Figs. 4
and 5 can generate a 10−scroll chaotic attractor as shown in
Fig. 6 (b).

V. CONCLUSIONS

This paper has proposed a novel multiscroll chaotic system,
which is different from Chua’s circuit and all its variants
in most aspects of the algebraic form, circuit design, and
geometrical structure of the multiscroll attractor. It has been
observed that the multiscroll chaotic attractor of this new
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Fig. 5. Circuit diagram for realizing the nonlinearity f(x).

system is more complex than that of the generalized Chua’s
circuit even when they have the same number of scrolls.
Moreover, the dynamical behaviors, such as bifurcation and
Lyapunov exponents, of this new system has been investigated.
Furthermore, using a module-based approach, a simple circuit
diagram has been constructed for implementing the multiscroll
chaotic attractors. Finally, experimental circuits have been
implemented, wit physical observations reported. The simple
novel system will provide a new possibility for both theoretical
studies and technical applications in the near future.
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[11] S. Yu, J. Lü, K. S. Tang, and G. Chen, “A general multi-scroll Lorenz
system family and its realization via digital signal processors,” Chaos,
vol. 16, no. 3, 033126, Sep. 2006.
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