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Experimental Verification of Multidirectional
Multiscroll Chaotic Attractors
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Abstract—A systematic methodology for circuit design is pro-
posed for experimental verification of multidirectional multiscroll
chaotic attractors, including one-directional (1-D) -scroll, 2-D

-grid scroll, and 3-D -grid scroll chaotic
attractors. Two typical cases are investigated in detail: the hys-
teresis and saturated multiscroll chaotic attractors. A simple
blocking circuit diagram is designed for experimentally ver-
ifying 1-D 5 11-scroll, 2-D 3 5 11-grid scroll, and
3-D 3 3 5 11-grid scroll hysteresis chaotic attractors by
manipulating the switchers. Moreover, a block circuitry is also
designed for physically realizing 1-D 10, 12, 14-scroll, 2-D 10, 12,
14 10-grid scroll, and 3-D 10 10 10-grid scroll saturated
chaotic attractors via switching. In addition, one can easily realize
chaotic attractors with a desired odd number of scrolls by slightly
modifying the corresponding voltage saturated function series
of the circuit, to produce for instance a 1-D 13-scroll saturated
chaotic attractor. This is the first time in the literature to report
an experimental verification of a 1-D 14-scroll, a 2-D 14 10-grid
scroll and a 3-D 10 10 10-grid (totally 1000) scroll chaotic
attractors. Only the 3-D case is reported in detail for simplicity
of presentation. It is well known that hardware implementation
of 1-D -scroll with 10, 2-D -grid scroll with

10, and 3-D -grid scroll with 10

chaotic attractors is very difficult technically, signifying the nov-
elty and significance of the achievements reported in this paper.
Finally, this circuit design approach provides some principles and
guidelines for hardware implementation of chaotic attractors with
a multidirectional orientation and with a large number of scrolls,
useful for future circuitry design and engineering applications.

Index Terms—Circuit implementation, hysteresis series, multidi-
rectional chaotic attractor, multiscroll chaotic attractor, saturated
series.
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I. INTRODUCTION

HARDWARE IMPLEMENTATION of reliable nonlinear
circuits for generating various complex chaotic signals is

a key issue for future applications of chaos-based information
systems [1]–[4]. In particular, creating various complex multi-
scroll chaotic attractors by using some simple electronic devices
is a topic of both theoretical and practical interests.

Research on generation of multiscroll chaotic attractors
has been developing for more than a decade. There are many
approaches reported in [1]–[43]. The so-called -scroll at-
tractors were first proposed by Suykens and Vandewalle
[5]–[8]. Suykens and Chua [7] introduced the -double scroll
hypercubes in 1-D CNN. A family of hyperchaotic -scroll
attractors was also proposed by Yalcin et al. in [13]. These
methods create multiscroll attractors by adding breakpoints in
the nonlinear element of Chua’s circuit or by using CNN with
a piecewise-linear output function. A step function approach
was introduced by Yalcin et al. in [10] for generating one-di-
rectional (1-D) -scroll, two-directional (2-D) -grid
scroll, and three-directional (3-D) -grid scroll chaotic
attractors. Tang et al. [2] proposed a sine-function method for
creating -scroll chaotic attractors. A nonlinear transconductor
approach was also introduced for generating -scroll attractors
by Ozoguz et al. in [14]. Recently, Lü et al. [15], [16] proposed
a switching manifold method for creating chaotic attractors
with multiple-merged basins of attraction.

Hysteresis can also generate chaos easily [17]–[30]. Arena
et al. [23] introduced a new realization for the Saito hysteresis
chaos generator from a suitable connection of four generalized
cellular neural network cells. Varrientos and Sánchez-Sinencio
[24] presented a 4-D chaotic oscillator based on a differential
hysteresis comparator. Saito et al. [18], [19] proposed some
higher dimensional hysteresis chaos generators. Kataoka and
Saito [25] reported a method to the synthesis of chaotic oscil-
lators consisting of capacitors and two-port voltage-controlled
current sources. Very recently, Lü et al. [29], [30] introduced a
hysteresis series approach for creating 1-D -scroll, 2-D

-grid scroll, and 3-D -grid scroll chaotic attrac-
tors, with a rigorously mathematical proof for the chaotic be-
haviors. Moreover, a saturated function series method was also
introduced by Lü et al. in [31], [32] for generating 1-D -scroll,
2-D -grid scroll, and 3-D -grid scroll attrac-
tors. All these multiscroll chaotic attractors have been verified
by numerical simulations or theoretical proofs.

It has been realized that it is difficult to verify the multiscroll
chaotic attractors by a physical electronic circuit. Arena et
al. [43] firstly experimentally confirmed the -double scroll
chaotic attractor by a state-controlled cellular neural network
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(SC-CNN) based circuit. Yalcin et al. [37] physically realized
the 3- and 5-scroll chaotic attractors in a generalized Chua’s
circuit. By using the scaling properties of the nonlinearity in
a generalized Chua’s circuit, Yalcin et al. [40] also experi-
mentally confirmed a 6-scroll chaotic attractor. Until 2000, the
largest number of scrolls that has been experimentally verified
was only 6, indicating the technical difficulty of the task.
Circuit implementation of more than 6-scroll needs a larger
dynamic range, requiring higher voltage supply and appropriate
differential amplifiers or a convenient scaling of voltages [4].
Zhong et al. [1] proposed a systematical circuit design approach
for physically realizing up to as many as ten scrolls visible
on the oscilloscope. For the realization of multidirectional
chaotic attractors, Yalcin et al. [10] experimentally verified
the 2-D 3 3-grid scroll and 3-D 2 2 2-grid scroll chaotic
attractors. Recently, Yu et al. [33], [34] also physically realized
the maximum 12-scroll chaotic attractors from a general jerk
circuit. Last but not least, Lü and Chen [3] reviewed the main
advances of multiscroll chaos generation in theories, methods,
and applications. This, basically, is the state of the art in the
field.

As is well known, it is much more difficult to physically re-
alize a nonlinear resistor that has an appropriate characteristic
with many segments [1]–[4]. Moreover, the realization of a non-
linear resistor with multisegments is a basis for hardware imple-
mentation of chaotic attractors with multidirectional orientation
and with a large number of scrolls. One of the main obstacles
is that the device must have a very wide dynamic range [3], [4],
[33], [34], [40]; however, physical conditions always limit or
even prohibit such circuit realization [1], [3].

It should be pointed out that hardware implementation of 1-D
-scroll with , 2-D -grid scroll with ,

and 3-D -grid scroll with chaotic attrac-
tors is very difficult due to the limitation of the dynamic ranges
of the available physical circuit components [1]–[4], [33], [34],
[37], [40]. Up to now, there are no significant results reported in
the literature about physical realization of 2-D -grid scroll
with and 3-D -grid scroll with
chaotic attractors. The main obstacles involve the realization of
a nonlinear resistor with multisegments and the stability of a
multiscroll circuit with a multidirectional orientation and with a
large number of scrolls.

Considering the aforementioned difficulties, a systematic
methodology for circuit design is proposed in this paper for
experimentally verifying multidirectional multiscroll chaotic
attractors. The design idea and approach provide a theoretical
basis for physical realization of chaotic attractors with a mul-
tidirectional orientation and with a large number of scrolls. To
explain the design idea, two typical cases are considered—the
hysteresis and saturated multiscroll attractors—since hysteresis
and saturated circuits are two different kinds of basic circuits. A
simple block circuit diagram is introduced for experimentally
verifying 1-D -scroll, 2-D 3 -grid scroll, and
3-D 3 3 -grid scroll hysteresis chaotic attractors
via switching the switchers. Furthermore, a block circuitry is
designed for physically realizing 1-D 10, 12, 14-scroll, 2-D
10, 12, 14 10-grid scroll, and 3-D 10 10 10-grid scroll
saturated chaotic attractors via switching. Also, one can easily

realize chaotic attractors with a desired odd number of scrolls
by slightly modifying the corresponding voltage saturated func-
tion series of the circuit, to produce for instance a 1-D 13-scroll
saturated chaotic attractor. This is the first time in the literature
to report the experimental confirmation of a 1-D 14-scroll, a
2-D 14 10-grid scroll, and a 3-D 10 10 10-grid (totally
1000) scroll chaotic attractors. These experiments also show
that realization of 3-D -grid scroll with
chaotic attractor is significantly more difficult than that for
the 1-D and 2-D settings. In this paper, only the 3-D case is
discussed in detail, for simplicity of the presentation.

The rest of the paper is organized as follows. In Section II,
the multidirectional hysteresis and saturated multiscroll chaotic
systems are briefly introduced. Then, two novel block circuitries
are constructed for hardware implementation of multidirec-
tional hysteresis and saturated multiscroll chaotic attractors, in
Sections III and IV, respectively. Conclusions are finally drawn
in Section V.

II. MULTIDIRECTIONAL MULTISCROLL CHAOTIC ATTRACTORS

As is well known, hysteresis and saturated circuits are two
different kinds of basic circuits. Generally speaking, hysteresis
systems are discontinuous dynamical systems; however, satu-
rated systems are continuous dynamical systems. In this paper,
both hysteresis and saturated multiscroll chaotic systems are
used as two representative examples of discontinuous and con-
tinuous dynamical systems, to explain how to design multidi-
rectional multiscroll chaotic circuits. Moreover, the design ideas
of hysteresis and saturated multiscroll chaotic circuits are also
different from each other. This section briefly introduces such
hysteresis and saturated chaotic systems.

A. Hysteresis Multiscroll Chaotic Attractors

Here, a hysteresis multiscroll chaotic system is introduced.
Recently, Lü et al. [30] proposed a three-dimensional hys-

teresis multiscroll chaotic system, described by

(1)

where is the state vector, , and

(2)

There are three different cases to consider, as follows:

1) 1-D hysteresis -scroll attractors

(3)

where the hysteresis series function is de-
fined by

if

if

if

(4)
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2) 2-D hysteresis -grid scroll attractors

(5)

where the hysteresis series functions and
are defined by (4).

3) 3-D hysteresis -grid scroll attractors

(6)

where the hysteresis series functions ,
, and are defined by (4).

Note that (1) with controller (3) can generate a 1-D
-scroll chaotic attractor for some suitable parameters ,

, ; (1) with controller (5) can create a 2-D
-grid scroll chaotic attractor for some suitable

parameters , , ; (1) with controller (6) can generate a 3-D
-grid scroll chaotic

attractor for some suitable parameters , , . For example, when
, , , , (1) with (3) has a 1-D

7-scroll chaotic attractor as shown in [30, Fig. 2]; when ,
, , , , (1) with (5) has a

2-D 5 7-grid scroll chaotic attractor as shown in [30, Fig. 3];
when , , , , ,

, , (1) with (6) has a 3-D 5 8 3-grid
scroll chaotic attractor, as shown in [30, Fig. 4].

Moreover, Lü et al. [30] constructed a two-dimensional
Poincaré return map to verify the chaotic behaviors of the
generated multidirectional hysteresis multiscroll chaotic attrac-
tors via a rigorous theoretical approach. To that end, however,
physically experimental observations are still lacking. To bridge
the gap, a systematic method is presented here for generating
hysteresis multiscroll chaotic attractors by a physical electronic
circuit in Section III.

B. Saturated Multiscroll Chaotic Attractors

Very recently, Lü et al. [31], [32] proposed a three-dimen-
sional saturated multiscroll chaotic system, which is described
by (1) with

(7)

The attractors generated by this system can be classified into
three categories, as follows:

1) 1-D saturated -scroll chaotic attractors

(8)

where the saturated function series
is defined by

if

if

if

if

(9)

2) 2-D saturated -grid scroll chaotic attractors:

(10)

where and are
similarly defined by (9).

3) 3-D saturated -grid scroll chaotic attractors

(11)

where , , and
are similarly defined by (9).

Moreover, (1) with (7) and saturated controllers (8), (10), and
(11), respectively, can generate 1-D -scroll, 2-D

-grid scroll, and 3-D
-grid scroll chaotic attractors for some

suitable system parameters. For example, (1) with (7) and (8)
generates a 1-D 6-scroll chaotic attractor as shown in [31, Fig.
6] for , , , ,

; (1) with (7) and (10) creates a 2-D 6 6-grid scroll chaotic
attractor as shown in [31, Fig. 7] for

, , , ;
and (1) with (7) and (11) generates a 3-D 6 6 6-grid scroll
chaotic attractor as shown in [31, Fig. 8] for ,

, , , ,
, .

It is worth noting that the dynamic range of the 3-D
6 6 6-grid scroll chaotic attractor shown in [31, Fig. 8]
is , , .
Similarly, the dynamic ranges of other multiscroll chaotic
attractors are within the same quantity level ( ). How-
ever, the dynamic ranges for most analog electronic devices in
laboratories are only [ 13.5 V, 13.5 V], with power supplies
15 V [33]–[36]. To experimentally verify the above saturated
multiscroll chaotic attractors, one has to rescale the dynamic
ranges of the multiscroll chaotic attractors. For this purpose,
one needs to rescale the dynamic range of the saturated function
series (9). To do so, the definition of saturated function series
(9) is redefined as follows:

if

if

if

if

(12)
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Fig. 1. 10� 10� 10-grid scroll saturated chaotic attractor. (a) x–y plane. (b) x–z plane.

When , ,
, , , ,

, , (1) with
(7), (11) and (12) has a 3-D 10 10 10-grid scroll chaotic
attractor as shown in Fig. 1. Fig. 1(a) and (b) shows the –
and – plane projections, respectively. Clearly, the dynamic
range of above 3-D 10 10 10-grid scroll chaotic attractor is:

, , . In our experiments, the
voltages of the positive and negative power supplies are V
and the outputs of the saturated voltages are V. By taking
into account the precision in calculation, the maximum dynamic
ranges of all operational amplifiers are [ 10 V, 10V].

Because (1) with (7) is continuous in , it has some very
good analytical properties as compared to the corresponding
step multiscroll system studied in [10] and hysteresis multiscroll
system (1) with (2) are discontinuous in all switching points. Al-
though Lü et al. [31] have designed a two-dimensional Poincaré
return map to verify the chaotic behaviors of the created multi-
directional saturated multiscroll chaotic attractors via a rigorous
theoretical approach, experimental verification of these results
is still lacking. In Section IV, to bridge this gap, a systematic ap-
proach is proposed for generating saturated multiscroll chaotic
attractors by a physical electronic circuit.

III. DESIGN OF MULTIDIRECTIONAL HYSTERESIS

MULTISCROLL CIRCUITS

In this section, a novel blocking circuit diagram is con-
structed for experimental verification of multidirectional
hysteresis multiscroll chaotic attractors, including 1-D -scroll,
2-D -grid scroll, and 3-D -grid scroll chaotic
attractors.

A. Multidirectional Hysteresis Multiscroll Circuits and
Experimental Observations

In this subsection, a circuit diagram is introduced for gener-
ating multidirectional hysteresis multiscroll chaotic attractors,
with experimental observations reported.

Fig. 2. Hysteresis currents i (v � 1) and i (v + 1).

A hysteresis current function is described by

if
if

(13)

or

if
if

(14)

where ,
V, and is a nonnegative integer. Fig. 2 shows the hysteresis

current function for .
In the following, the basic hysteresis current functions (13)

and (14) are applied to construct the hysteresis series function
generator (4) in the proposed circuit design.

According to (1)–(6) and (13)–(14), we design a circuit
diagram for generating multidirectional hysteresis multiscroll
chaotic attractors, as shown in Fig. 3. This diagram includes
four different function parts: , , , . More precisely,

consists of three integrators and two subtractor amplifiers;
is the generator for hysteresis current series ;

includes the generator for hysteresis current series and
the generator for hysteresis voltage series ; consists
of the generator for hysteresis current series and the
generator for hysteresis voltage series . Fig. 4 shows
the circuit diagram of the hysteresis series generator . The
switches K1, K2, K3, K4 in Fig. 3 are used to control the
hysteresis series , , , and , respectively.
Therefore, the switches K1, K2, K3, K4 in Fig. 3 can control
the number of directions for the hysteresis multiscroll chaotic
attractors, as summarized in Table I. On the other hand, the



LÜ et al.: MULTIDIRECTIONAL MULTISCROLL CHAOTIC ATTRACTORS 153

Fig. 3. Circuit diagram of multidirectional hysteresis multiscroll chaotic circuits.

TABLE I
ON-OFF OF SWITCHES K1 � K4 AND THE NUMBER OF DIRECTIONS FOR THE

MULTISCROLL ATTRACTORS

switches ( 2, 3, 4) in Fig. 4 are used to control the
number of scrolls in the -direction, as summarized in Table II.
Moreover, all operational amplifiers in Figs. 3 and 4 are TL082
and the supply voltage of the electrical source is V.

According to Table I, when the switches K1, K2, K3, K4 are
switched off, the circuitry shown in Fig. 3 can generate 1-D

-scroll chaotic attractors by switching the switches
( 2, 3, 4) shown in Fig. 4 and Table II. Fig. 5 shows the ex-

TABLE II
ON-OFF OF SWITCHES K (n = 2, 3, 4) AND THE NUMBER OF SCROLLS N

perimental observations of 1-D 10, 11-scroll chaotic attractors
in the – plane.

As seen from Table I, when the switches K1, K3 are switched
on and the switches K2, K4 are switched off, the circuitry shown
in Fig. 3 can create 2-D 3 -grid scroll chaotic attractors
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Fig. 4. Circuit diagram of the hysteresis series generator.

by switching the switches ( 2, 3, 4) shown in Fig. 4
and Table II. Fig. 6 shows the experimental observations of 2-D
3 10, 11-grid scroll chaotic attractors in the – plane.

According to Table I, when the switches K1, K2, K3, K4 are
switched on, the circuitry shown in Fig. 3 can generate 3-D
3 3 -grid scroll chaotic attractors by switching the
switches ( 2, 3, 4) shown in Fig. 4 and Table II. Fig. 7
shows the experimental observations of 3-D 3 3 10, 11-grid
scroll chaotic attractors in the – plane. Fig. 8 shows the exper-
imental observations of 3-D 3 3 10, 11-grid scroll chaotic
attractors in the – plane.

B. Dynamic Equations of Hysteresis Multiscroll Circuits

In this section, the dynamic equations of the designed hys-
teresis multiscroll circuits are rigorously derived from the cir-
cuit diagram Fig. 3.

Define

if is switched on
if is switched off.

(15)

According to (13)–(14) and based on the circuit diagrams
shown in Figs. 3 and 4, one obtains the total hysteresis current

of the generator as follows:

(16)

where V, ( ) are the shift voltages of
the hysteresis current functions, V is the manostatic
value of the zener diode, k is the voltage–current
conversion resistor, and the unit of is milliampere.
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Fig. 5. Experimental observations of 1-D hysteresis multiscroll chaotic
attractors in the x–y plane. From up to down: (a) 10-scroll, where
x = 1:3 V=div, y = 0:75 V=div. (b) 11-scroll, where x = 1:3 V=div,
y = 0:75 V=div.

One also obtains the total hysteresis current of as
follows:

(17)
where k , V, and the unit of is mil-
liampere.

Similarly, one gets the total hysteresis current of as
follows:

(18)
where k , V, and the unit of is mil-
liampere.

Therefore, the total hysteresis current of N2 and N3 is

(19)

and the total hysteresis current of N2, N3, N4 is

(20)

According to (16)–(18), the input voltages ( )
of the operation amplifiers in , , can be obtained as
follows:

(21)

Fig. 6. Experimental observations of 2-D hysteresis multiscroll chaotic
attractors in the x–y plane. From up to down: (a) 3� 10-grid scroll,
where x = 1:3 V=div, y = 0:8 V=div. (b) 3� 11-grid scroll, where
x = 1:44 V=div, y = 0:8 V=div.

where k ( ), k , V,
and with V.

According to the recursive formulas (21), one can calculate
the input voltages ( ) of the operation amplifiers
as follows:

(22)

where the units of all voltages ( ) are volt. The
real measurement values of ( ) in the circuit ex-
periment may have a small departure from the theoretically cal-
culated values of (22), due to the discreteness of the real circuit
parameters and the measurement errors. The differences can be
corrected via a small adjustment of the resistors
and in the circuit implementation.

Because ( ), from (21), the manostatic
value of the zener diode should satisfy the following condi-
tion

where .
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Fig. 7. Experimental observations of 3-D hysteresis multiscroll chaotic
attractors in the x–y plane. From up to down: (a) 3� 3� 10-grid scroll,
where x = 1:3 V=div, y = 0:8 V=div. (b) 3� 3� 11-grid scroll, where
x = 1:44 V=div, y = 0:8 V=div.

Remark 1: It is well known that the number of scrolls
depends on the voltage of the electrical source and the dis-
placement of the hysteresis function. In theory, the maximum
number of scrolls should satisfy . Let

V, V, then . However,
because of the limitation of the dynamic range of operational
amplifier and the parameter discretization of other electronic de-
vices, the maximum number of scrolls that can be realized in the
practical circuit is far less than the above theoretically critical
value. In fact, it is very difficult to physically realize more than
10 scrolls from technical view.

One can rigorously derive the dynamic equations of hys-
teresis multiscroll circuits from Fig. 3. In the following, only
the 3-D setting is described in detail, since the 1-D and 2-D
settings are special cases of the 3-D setting and they can be
similarly discussed.

Assume that K1, K2, K3, K4 in Fig. 3 are switched on. Based
on the circuit diagram shown in Fig. 3, using the node analysis
approach from circuit theory, one can obtain the circuit equation
on the noninverting terminal of the operational amplifier ,
as follows:

(23)

Fig. 8. Experimental observations of 3-D hysteresis multiscroll chaotic
attractors in the x–z plane. From up to down: (a) 3� 3� 10-grid scroll,
where x = 1:3 V=div, z = 0:8 V=div. (b) 3� 3� 11-grid scroll, where
x = 1:44 V=div, z = 0:8 V=div .

where , , and are defined by (16)–(18),
respectively, and , , , are also defined by

(24)

Multiplying to both sides of (23), and using (23)–(24),
one obtains

(25)

where k , k , k ,
k , and k . Let ,

,
, , ,
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Fig. 9. (a) Voltage saturated function S(u). (b) Delayed voltage saturated function S(u� E ).

and . The units of , , and
are in volts.

Considering the time-scale transformation , from
(25), one has

(26)

According to the operational amplifiers and shown in
Fig. 3, one obtains

(27)

where V and k . Thus, one has
and

. From (26)–(27), one obtains the normal state
equation for 3-D hysteresis multiscroll chaotic attractors as fol-
lows:

(28)
Since (1) with controller (6) is the vector form of (28), we

have thus derived the dynamic equation of the 3-D hysteresis
multiscroll chaotic attractors.

IV. DESIGN OF MULTIDIRECTIONAL SATURATED

MULTISCROLL CIRCUITS

Based on the voltage saturated function in this section, a
simple block circuit diagram is described for hardware im-
plementation of multidirectional saturated multiscroll chaotic
attractors, including 1-D -scroll, 2-D -grid scroll, and
3-D -grid scroll chaotic attractors.

A. Voltage and Current Saturated Functions

A voltage saturated function is described by

(29)
where , are the values of saturated voltages,

are the switching points, and is the slope. Fig. 9(a)
shows the above voltage saturated function .

Based on the voltage saturated function , one can further
define the current saturated function as follows:

(30)

Fig. 10. Saturated function series f(u).

Fig. 11. Circuit cell for delayed voltage and current saturated functions. When
E = 0, that is, removing comparing voltage U , it also shows the circuit cell
for voltage and current saturated functions.

where is a voltage–current conversion resistor. One can
easily realize the transformation between the voltage saturated
function (29) and the current saturated function (30) via the
voltage–current conversion resistor .

A delayed voltage saturated function is described by

(31)

where , are the values of saturated voltages,
is the delayed voltage, are the switching points, and

is the slope. Fig. 9(b) shows the above delayed voltage
saturated function .

Similarly, the delayed current saturated function is defined as
follows:

(32)
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Fig. 12. Block circuit diagram of multidirectional saturated multiscroll chaotic circuits.

According to (29) and (31), the voltage saturated function
series is described by

(33)

Based on the voltage saturated function series , the cur-
rent saturated function series is defined as follows:

(34)

Fig. 10 shows the voltage saturated function series with
in (33).

B. Circuit Realization for Voltage and Current Saturated
Functions

In this subsection, two circuit cells are constructed for realiza-
tion of the voltage and the delayed voltage saturated functions,
respectively.

Fig. 11 displays the circuit cell for realizing the delayed
voltage and the delayed current saturated functions. Suppose
that the comparing voltage in Fig. 11 is .
Then, the circuit cell can export the delayed voltage saturated
function , as shown in Fig. 9(b), and the delayed
current saturated function . In
Fig. 11, the operational amplifier is TL082; the voltages of the
positive and negative electrical sources are V; the
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Fig. 13. Subcircuit diagram for generator N of current saturated function series i (x).

outputs of the saturated voltages are V,
the switching points are ; the
slope is ; and the delayed voltage is .

When , that is, removing comparing voltage in
Fig. 11, , and Fig. 11
also shows the circuit cell for realizing the voltage and the cur-
rent saturated functions, which can export the voltage saturated
function as shown in Fig. 9(a) and the current saturated
function .

Here, assume that the ratio of resistor is . Then,
the comparing voltage in Fig. 11 is

. In this case, the comparing voltage and the delayed voltage
are almost same; that is, . Based on this assumption, one
can construct the more complex saturated function series circuit
by using the saturated function circuit cell and the delayed sat-

urated function circuit cell shown in Fig. 11 with different com-
paring voltages ( and ).

C. Multdirectional Saturated Multiscroll Circuits and
Experimental Observations

In the following, the two basic circuit cells shown in Fig. 11
are used to construct the circuit for realizing the voltage satu-
rated function series (33).

The designed circuit diagram for generating multidirectional
saturated multiscroll chaotic attractors is shown in Figs. 12–14.
The main block diagram Fig. 12 includes five different func-
tion parts: N1, N2, N3, N4, and the switch sets. More precisely,
N1 consists of three integrators, two inverter amplifiers and two
subtractor amplifiers; N2 consists of the generator for the -di-
rectional current saturated function series and the gener-
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Fig. 14. Subcircuit diagram for generator N of current saturated function series i (y) and voltage saturated function series f (y). After replacing all y by z,
f (y) by f (z), and N by N , it also shows the subcircuit diagram for generator N of current saturated function series i (z) and voltage saturated function
series f (z).

ator for the -directional voltage saturated function series ,
as shown in Fig. 13; N3 consists of the generator for the -direc-
tional current saturated function series and the generator
for the -directional voltage saturated function series , as
shown in Fig. 14; N4 consists of the generator for the -direc-
tional current saturated function series and the generator
for the -directional voltage saturated function series , as
shown in Fig. 14 with replacing all by , by , and

by . Switches K1, K2, K3, K4 shown in Fig. 12 are used
to control the number of directions of the multiscroll chaotic
attractors. When K1, K3 are switched off and K2, K4 are con-
nected to the ground, the circuit generates 1-D -scroll chaotic
attractors; when K1, K2 are switched on, K3 is switched off, and
K4 is connected to the ground, the circuit creates 2-D -grid
scroll chaotic attractors; when K1, K2, K3, K4 are switched on,
the circuit generates 3-D -grid scroll chaotic attrac-
tors. Moreover, the linkage switches K5, K6 shown in Fig. 13 are
used to control the number of scrolls in the -direction. That is,
when K5, K6 are switched off, the circuit generates 10 scrolls in
the -direction; when K5 is switched on and K6 is switched off,
the circuit creates 12 scrolls in the -direction; when K5, K6 are
switched on, the circuit generates 14 scrolls in the -direction.

Furthermore, all operational amplifiers shown in Figs. 12–14
are TL082, the supply voltages of the positive and negative
electrical sources are V, and the output saturated
voltages of the operational amplifiers are V. On

the other hand, for convenient adjustment and higher precision,
all resistors are precisely adjustable resistors or potentiometers.
Here, , , are the voltage–current conversion resis-
tors. is determined by resistors , and
the output saturated voltage . And, the comparing voltages

( ) in Fig. 13, ( ) in Fig. 14, and
( ) in Fig. 14 with replacing all by ,

by , and by , are determined by in
Fig. 13, in Fig. 14, and in Fig. 14
with replacing all by , by , and by , re-
spectively. By adjusting the resistors , ,
and , one can control the above corresponding com-
paring voltages, respectively. Thus, one can adjust the delayed
voltages to generate the desired saturated function series in im-
plementation. Note that is the integral constant of the
integrators in N1, which is also the transformation factor of the
time-scale.

According to the main block circuit diagram Fig. 12, when
K1, K3 are switched off and K2, K4 are connected to the ground,
the circuitry shown in Fig. 12 can generate 1-D 10, 12, 14-scroll
chaotic attractors by switching the linkage switches K5, K6 in
Fig. 13. More precisely, when K5, K6 are switched off, the cir-
cuitry can create a 10-scroll attractor in the -direction; when
K5 is switched on and K6 is switched off, the circuitry can gen-
erate a 12-scroll attractor in the -direction; when K5, K6 are
switched on, the circuitry can create a 14-scroll attractor in the
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TABLE III
CIRCUIT PARAMETERS FOR THE REALIZATION OF 1-D SATURATED N -SCROLL

CHAOTIC ATTRACTORS

Fig. 15. Experimental observations of 1-D saturated multiscroll chaotic
attractors in the x–y plane. From up to down: (a) 13-scroll, where
x = 1:3 V=div, y = 0:4 V=div. (b) 14-scroll, where x = 1:4 V=div,
y = 0:4 V=div.

-direction. Here, all required circuit parameters are given in
Table III. Note that the subcircuits N1, N2 are at work in this
case, but the subcircuits N3, N4 are not at work.

Fig. 15 shows the experimental observations of 1-D 13,
14-scroll chaotic attractors in the – plane. Here, the observed
13–scroll chaotic attractor is verified by slightly readjusting the
subcircuit N2 in Fig. 13, as follows: (1) K5, K6 are switched
on; (2) the subcurrent is switched off; (3) readjust the
resistors to make the comparing voltages satis-
fying V, V, V,

V, V, and V.
It should be pointed out that all circuit parameters have to
be readjusted for realizing attractors with an odd number of
scrolls, since there always exist errors in electronic devices.

From Fig. 12, when K1, K2 are switched on, K2 is switched
off, and K4 is connected to the ground, the circuitry creates 2-D
10, 12, 14 10-grid scroll chaotic attractors by switching the
linkage switches K5, K6 in Fig. 13. That is, when K5, K6 are
switched off, the circuitry generates a 2-D 10 10-grid scroll at-
tractor in – plane; when K5 is switched on and K6 is switched
off, the circuitry creates a 2-D 12 10-grid scroll attractor in

– plane; when K5, K6 are switched on, the circuitry gener-
ates a 2-D 14 10-grid scroll attractor in – plane. Here, all

TABLE IV
CIRCUIT PARAMETERS FOR THE REALIZATION OF 2-D n�m-GRID SCROLL

CHAOTIC ATTRACTORS

Fig. 16. Experimental observations of 2-D saturated multiscroll chaotic
attractors in the x–y plane. From up to down: (a) 12� 10-grid scroll,
where x = 1:2 V=div, y = 1:6 V=div. (b) 14� 10-grid scroll, where
x = 1:4 V=div, y = 1:6 V=div.

required circuit parameters are given in Table IV. Note that the
subcircuits N1, N2, N3 are at work in this case, but the subcir-
cuits N4 is not at work. Fig. 16 shows the experimental obser-
vations of 2-D 12, 14 10-grid scroll chaotic attractors in the
– plane.When K1, K2, K3, K4 in Fig. 12 are switched on and
K5, K6 in Fig. 13 are switched off, the circuitry generates a 3-D
10 10 10-grid scroll chaotic attractor. Here, all required cir-
cuit parameters are given in Table V. Note that all the subcircuits
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TABLE V
CIRCUIT PARAMETERS FOR THE REALIZATION OF 3-D n �m � l-GRID

SCROLL CHAOTIC ATTRACTORS

Fig. 17. Experimental observations of 3-D saturated 10� 10� 10-grid scroll
chaotic attractors. From up to down: (a) In x–y plane, where x = 1:0 V=div,
y = 0:8 V=div. (b) In x–z plane, where x = 1:0 V=div, z = 0:8 V=div.

N1, N2, N3, N4 are at work in this case. Fig. 17 shows the exper-
imental observations of a 3-D 10 10 10-grid scroll chaotic
attractor in the – and – planes, respectively.

D. Theoretical Analysis of Multdirectional Saturated
Multiscroll Circuits

Here, the designed multidirectional saturated multiscroll cir-
cuits are further investigated; their dynamic equations are rig-
orously derived from the circuit diagrams Figs. 12–14. In the
following, we only consider the 3-D setting since 1-D and 2-D
settings are special cases of 3-D setting.

According to the subcircuit N2 shown in Fig. 13, the total
current saturated function series in -direction is given
by

(35)

where ( ), , are the normal switch
functions corresponding to the status of the switches K5, K6 in
Fig. 13, respectively, , and all above requisite
circuit parameters are given in Table III.

From the subcircuit N3 shown in Fig. 14, the total current
saturated function series in the -direction is given by

(36)

where and all the above required
circuit parameters are given in Table IV. Moreover,

creates the voltage saturated function series in the -di-
rection.

According to the subcircuit N4 shown in Fig. 14 with re-
placing all by , by , and by , the total cur-
rent saturated function series in the -direction is given by

(37)
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where and all the above re-
quired circuit parameters are given in Table V. Furthermore,

generates the voltage saturated function series
in the -direction. From (35), (36), and (37), the total current
saturated function series is .

Therefore, according to subcircuit N1, the circuit equation of
the operational amplifier OP7 is given by

(38)

where . Here, , , , and
, , , are, respectively, defined by (35)- (37), and

(39)

In Fig. 12, let k . Multiplying to both
sides of (38), and using (38) and (39), one has

(40)

where , , and
generate the voltage saturated function series in the , , -di-
rections, respectively. Considering the time-scale transforma-
tion , from (40), one has

(41)

From Table V, . By changing resistor , one can
adjust the system parameter .

Moreover, according to the operational amplifiers and
of subcircuit N1, shown in Fig. 12, one has

(42)

From (41)–(42), one attains the normal state equation of 3-D
saturated multiscroll attractors as follows:

(43)

According to Table V, one can get the system parameters of
as follows: saturated voltage V,

V, slope ,
delayed voltages ( ) defined by Table V; the
system parameters of as follows: saturated voltage

V, V, slope
, delayed voltages ( ) given

by Table V; the system parameters of as follows: saturated
voltage V,

V, slope , delayed voltages
( ) defined by Table V. Based on above parameters,
one can deduce the detailed expressions of , , and

in (43).
Remark 2: It is clear that there are several holes in Fig. 17(a).

This is because the probabilities of appearance for the scrolls

lying in the position of the holes are very low. Moreover, it indi-
cates that the multidirectional multiscroll chaotic attractors be-
come more and more unstable with the increase in the number
of scrolls and the number of directions.

V. CONCLUSION

In this paper, a systematic methodology for circuit design
has been proposed for experimental verification of multidirec-
tional multiscroll chaotic attractors, including 1-D -scroll,
2-D -grid scroll, and 3-D -grid scroll chaotic
attractors. More precisely, a simple block circuitry diagram
has been designed for physically realizing 1-D -scroll,
2-D 3 -grid scroll, and 3-D 3 3 -grid scroll
hysteresis chaotic attractors via simple switchings. Moreover,
a novel block circuitry has been designed for experimentally
verifying the saturated 1-D 10, 12, 14-scroll, 2-D 10, 12,
14 10-grid scroll, and 3-D 10 10 10-grid scroll chaotic
attractors via switching. It has been demonstrated that one can
easily physically realize chaotic attractors with an odd number
of scrolls by slightly modifying the corresponding voltage
saturated function series of the circuitry, so as to generate for
instance a 1-D 13-scroll chaotic attractor. This is the first time
in the literature to report the experimental verification of 1-D
14-scroll, 2-D 14 10-grid scroll, and 3-D 10 10 10-grid
scroll chaotic attractors. The reported experiments have also
shown that the realization of 3-D -grid scroll with

chaotic attractors is much more difficult than that
for 1-D -scroll with and 2-D -grid scroll with

chaotic attractors.
As can be seen throughout this paper, the proposed design

idea and approach actually indicate a theoretical principle for
hardware implementation of chaotic attractors with a multidi-
rectional orientation and with a large number of scrolls. It is be-
lieved that this design methodology will provide a useful tool for
many real-world engineering applications that require complex
multiscroll chaotic attractors generated by simple and reliable
electronic circuits.
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