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Abstract

This Letter further improves and extends the work of Wang et al. [Phys. Lett. A 312 (2003) 34]. In detailed, the linear fe
synchronization and adaptive feedback synchronization with only one controller for a unified chaotic system are discus
It is noticed that this unified system contains the noted Lorenz and Chen systems. Two chaotic synchronization theo
attained. Also, numerical simulations are given to show the effectiveness of these methods.
 2004 Elsevier B.V. All rights reserved.

PACS: 05.45.+b

1. Introduction

Chaotic behavior can be observed in many real-world physical systems, such as chemical reactors, feedb
control devices, and laser systems. Recently, chaos control and synchronization attract more and more attentio
from various fields. Over the last decades, many methodsand techniques for chaos control and synchronization
had been produced[1–7], such as OGY method[6], PC method[7], feedback approach[1], adaptive method[1],
time-delay feedback approach[2], backstepping design technique[3], etc.

In 1963, Lorenz found the first classical chaotic attractor[8]. In 1999, Chen found another similar but n
topological equivalent chaotic attractor[9]. In 2002, Lü and Chen found the critical chaotic attractor between
Lorenz and Chen attractor[10]. It is noticed that these systems can be classified into three different types from th
definition of Van̆ec̆ek andC̆elikovský[11]: the Lorenz system satisfies the conditiona12a21 > 0, the Chen system
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satisfiesa12a21 < 0, and the Lü system satisfiesa12a21 = 0, wherea12 anda21 are the corresponding elements
the linear part matrixA = (aij )3×3 of the system. Very recently, Lü et al. unified above three chaotic system
a new chaotic system—unified chaotic system[12], which is described by

(1)




ẋ = (25α + 10)(y − x),

ẏ = (28− 35α)x + (29α − 1)y − xz,

ż = xy − 8+α
3 z,

whereα ∈ [0,1]. System(1) is chaotic forα ∈ [0,1]. Whenα ∈ [0,0.8), system(1) is called the general Loren
system; whenα = 0.8, it becomes the general Lü system; whenα ∈ (0.8,1], system(1) is called the general Che
system.

Recently, there are some results reported about this unified chaotic system[13–16]. Lu et al. further investigate
the PC synchronization and its application in secure communication[13]; Lu et al. also studied its paramet
identification and tracking problem[14]; Tao et al. investigated its linear feedback synchronization, non-li
feedback synchronization and generalized synchronization[15]; Wu and Lu studied the backstepping control[3];
Chen and Lü discussed the adaptive feedback synchronization with three controllers[16]. This Letter introduces
the linear and adaptive feedback synchronization methods with only one controller, which contain the a
feedback synchronization of the Lorenz and Chen systems. In this sense, we improve and extend the
Wang et al.[1]. Numerical simulations show the effectiveness of these techniques.

Let system(1) be the drive system, then the response system is

(2)




u̇ = (25α + 10)(v − u),

v̇ = (28− 35α)u + (29α − 1)v − uw + u2,

ẇ = uv − 8+α
3 w.

2. Linear feedback synchronization

In the following, we present a theorem for the linear feedback synchronization of system(1).

Theorem 1. Let u2 = −k(v − y), where k > k0 = min0<β<β0 k(α,β), in which

(3)k(α,β) = (α + 8)

12

[ 1
β
(25α + 10) + 63+ M3

]2

1
3β

(25α + 10)(α + 8) − M2
2

4

+ 29α − 1,

(4)β0(α) = 4

3M2
2

(25α + 10)(α + 8),

where M2 and M3 are the bounds: |y|, |v| � M2, |z|, |w| � M3. Thus the response system (2) and the drive system
(1) reach synchronization for all α ∈ [0,1].

Proof. Let the synchronous errors bee1 = u − x, e2 = v − y, e3 = w − z. Then we have the error system

(5)




ė1 = (25α + 10)(e2 − e1),

ė2 = (28− 35α)e1 + (29α − 1)e2 − xe3 − we1 − ke2,

ė3 = −8+α
3 e3 + xe2 + ve1.

Consider the Lyapunov candidate

(6)V = 1

2

(
1

β
e2

1 + e2
2 + e2

3

)
.
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From system(1) and system(2), then we get

V̇ = 1

β
e1ė1 + e2ė2 + e3ė3

= −25α + 10

β
e2

1 − (k − 29α + 1)e2
2 − α + 8

3
e2

3 +
[

25α + 10

β
+ 28− 35α − w

]
e1e2 + ve1e3

� −25α + 10

β
e2

1 − (k − 29α + 1)e2
2 − α + 8

3
e2

3 +
[

25α + 10

β
+ 63+ M3

]
|e1||e2| + M2|e1||e3|

(7)= −eTPe,

wheree = (|e1|, |e2|, |e3|)T, and

P =



25α+10
β

−1
2

[25α+10
β

+ 63+ M3
] −M2

2

−1
2

[25α+10
β

+ 63+ M3
]

k − 29α + 1 0

−M2
2 0 8+α

3


 .

To ensure that the origin of error system(5) is asymptotically stable, then the symmetrical matrixP should be
positive-definite. If the symmetrical matrixP satisfies the following conditions:

(8)
25α + 10

β
> 0,

(9)
(25α + 10)(k − 29α + 1)

β
− 1

4

[
25α + 10

β
+ 63+ M3

]2

> 0,

(10)
(25α + 10)(α + 8)(k − 29α + 1)

3β
− α + 8

12

[
25α + 10

β
+ 63+ M3

]2

− (k − 29α + 1)M2
2

4
> 0,

P is a positive-definite matrix.
Obviously, condition(8) holds. If

(11)
(25α + 10)(α + 8)

3β
− M2

2

4
> 0,

andk > k(α,β), condition(10) holds. Moreover, if condition(10) holds, condition(9) holds. Note that condition
(11) is equivalent toβ < β0(α).

Therefore, there exists a real numberk, such that, when

k > k0 = min
0<β<β0

k(α,β)

for α ∈ [0,1], the matrixP is positive-definite. According to the hypothesis ofTheorem 1, the response system(2)
and the drive system(1) realize synchronization. That is,e1(t), e2(t), e3(t) → 0 ast → ∞.

The proof is thus completed.�
Remark. Since we do not know the detailed upper boundsM2 andM3, it is very difficult to determine the detaile
valuek0 from the hypothesis ofTheorem 1. However, we can attain the approximative upper boundsM̂2 andM̂3.
Also, we have found that there is a determined relation between the feedback gain and the system parameα and
the largest conditional Lyapunov exponentλ [15].

To avoid above real difficulties, we present the adaptive feedback synchronization method in the fo
section.
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3. Adaptive feedback synchronization

In this section, we introduce a new adaptive feedback synchronization method.

Theorem 2. The response system (2) can synchronize the drive system (1) if u2 = −k(t)(v − y) = −k(t)e2 and

(12)k̇(t) = θ(v − y)2 = θe2
2,

where constant θ > 0.

Proof. Let the synchronous errors bee1 = u − x, e2 = v − y, e3 = w − z. Then we have the error system

(13)




ė1 = (25α + 10)(e2 − e1),

ė2 = (28− 35α)e1 + (29α − 1)e2 − xe3 − we1 − ke2,

ė3 = −8+α
3 e3 + xe2 + ve1.

Define a Lyapunov candidate

(14)V = 1

2

(
1

β
e2

1 + e2
2 + e2

3 + (k − k∗)2

θ

)
,

where the constantβ > 0 andk∗ is a real constant.
According to system(1) and system(2), then we have

V̇ = 1

β
e1ė1 + e2ė2 + e3ė3 + k − k∗

θ
k̇

= −25α + 10

β
e2

1 − (k∗ − 29α + 1)e2
2 − α + 8

3
e2

3 +
[

25α + 10

β
+ 28− 35α − w

]
e1e2 + ve1e3

� −25α + 10

β
e2

1 − (k∗ − 29α + 1)e2
2 − α + 8

3
e2

3 +
[

25α + 10

β
+ 63+ M3

]
|e1||e2| + M2|e1||e3|

(15)= −eTP ∗e,

wheree = (|e1|, |e2|, |e3|)T, and

P ∗ =



25α+10
β

−1
2

[25α+10
β

+ 63+ M3
] −M2

2

−1
2

[25α+10
β

+ 63+ M3
]

k∗ − 29α + 1 0

−M2
2 0 8+α

3


 .

Similarly, whenk∗ > k0, wherek0 is defined inTheorem 1, the symmetrical matrixP ∗ is positive-definite.
SinceV̇ � 0, thene1, e2, e3, k − k∗ ∈ L∞. From the error system(13), ė1, ė2, ė3 ∈ L∞. SinceV̇ � −eTP ∗e and

P ∗ is a positive-definite matrix, then we have

t∫
0

λmin(P
∗)‖e‖2 dt �

t∫
0

eP ∗eT dt �
t∫

0

−V̇ dt = V (0) − V (t) � V (0),

whereλmin(P
∗) is the minimum eigenvalue of positive-definite matrixP ∗. Thus,e1, e2, e3 ∈ L2. According to

the Barbalat’s lemma,e1(t), e2(t), e3(t) → 0 ast → ∞. Therefore, the response system(2) synchronize the drive
system(1) by using the adaptive feedback controller.

This completes the proof.�
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Remark. The proof ofTheorem 2has improved the proof in Ref.[1]. Since the Lyapunov function(14) is a
function of variablese1(t), e2(t), e3(t), (k − k∗), we cannot directly deducee1(t), e2(t), e3(t) → 0 ast → ∞ from
the positive-definite matrixP ∗.

(a) (b)

Fig. 1. The synchronous errorse1(t) for the linear feedback synchronization. (a)k = 4, (b)k = 4.3.

(a) (b)

(c)

Fig. 2. The synchronous errors for the adaptive feedback synchronization. (a)e1(t), (b) e2(t), (c) e3(t).
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Fig. 3. The parameterk(t) for the adaptive feedback synchronization.

4. Numerical simulations

In this section, some numerical simulations are given to verify the effectiveness of above two kinds of m
In all simulations, assume thatα = 0.8, the initial conditions of drive and response systems are(1,2,3) and
(4,5,6), respectively.

Fig. 1 shows the synchronous errors for linear feedback control method. Obviously, the response an
systems cannot realize synchronization fork = 4.

Figs. 2, 3display the effectiveness of adaptive feedback control approach, whereθ = 1 andk(0) = 7. The
synchronous errors are shown inFig. 2and the parameterk(t) is displayed inFig. 3.

5. Conclusions

This Letter further investigates the linear feedback synchronization and adaptive feedback synchroniza
only one controller for the unified chaotic system. Especially, since the unified system contains the Lore
Chen systems as special cases, our methods are also valid for the Lorenz and Chen systems. Moreover
for the adaptive feedback synchronization theorem is rigorous, which improves the proof in Ref.[1]. Numerical
simulations also show the effectiveness of above approaches. Furthermore, the adaptive feedback synchronizatio
method with only one controller has widely applicative prospect in secure communication.
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