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Abstract—The interaction of interest-coupled decision-makers
and the uncertainty of individual behavior are prominent characteristics of multiagent systems (MAS). How to break through the
framework of conventional control theory, which aims at single
decision-maker and single decision objective, and to extend the
methodology and tools in the stochastic adaptive control theory to
analyze MAS are of great significance. In this paper, a preliminary
exploration is made in this direction, and the decentralized control
problem is considered for large population stochastic MAS with
coupled cost functions. Different from the deterministic discounted
costs in the existing differential game models, a time-averaged stochastic cost function is adopted for each agent. The decentralized
control law is constructed based on the state aggregation method
and tracking-like quadratic optimal control. By using probability
limit theory, the stability and optimality of the closed-loop system
are analyzed. The main contributions of this paper include the
following points. 1) The concepts of asymptotic Nash-equilibrium
in probability and almost surely, respectively, are introduced and
the relationship between these concepts is illuminated, which provide necessary tools for analyzing the optimality of the decentralized control laws. 2) The closed-loop system is shown to be almost
surely uniformly stable, and bounded independently of the number
of agents . 3) The population state average (PSA) is shown to converge to the infinite population mean (IPM) trajectory in the sense
of both 2 -norm and time average almost surely, as
increases
to infinity. 4) The decentralized control law is designed and shown
to be almost surely asymptotically optimal; the cost of each agent
based on local measurements converges to that based on global
measurements almost surely, as
increases to infinity.
Index Terms—Asymptotic Nash equilibrium, decentralized control, multiagent systems, stochastic cost function, stochastic differential game.

I. INTRODUCTION
A. Motivations and Issues
N RECENT years, analysis and control design for multiagent systems (MAS) have become very popular in the control community, forming an active area in the study of complex
systems. A typical kind of MAS, which we called large population stochastic multiagent systems (LPSMAS), is focused on in
this paper. There are many practical examples for LPSMAS in
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engineering, biological, social and economic systems, such as
wireless sensor networks ([1]), very large scale robotics ([2]);
swarm and flocking phenomenon in biological systems ([3],
[4]); evacuation of large crowd in emergency ([5]), sharing and
competing for resources on the Internet ([6]), and so on.
Agents in LPSMAS are autonomous and interacting. Autonomy refers to that each agent is a unity of plant, sensor, and
controller, with (relatively independent) its own performance
criteria or cost function. Agent to agent interaction is usually
due to the coupling of their dynamics or cost functions, which
leads to conflicting objectives or consistent emergence population behavior.
Agents in LPSMAS have self-governed but limited capability
of sensing, computing (decision-making) and communicating,
leading to the decentralized control for the whole system.
Namely, decision-making of each agent can only depend on
its local state, or, under certain circumstances, include those
of others in its sensing neighborhood. While, in conventional
control systems, control laws are always constructed based upon
the overall states of the plants. So, from this point of view, conventional control systems can be viewed as single-agent systems.
Agents in LPSMAS behave randomly and cohesively. Randomness consists in that the dynamics of agents are always
influenced by some random noises and so evolve uncertainly.
Cohesiveness is particularly prominent in biological and social
systems, which means that every agent has the tendency of approaching the average state of the population, reflecting the relationship between the microscopic agents’ behaviors and the
macroscopic population behavior. Driven by random noises, individual agent behaves as a stochastic process, but due to cohesiveness, the whole system often takes on some deterministic pattern, reflecting the emergence characteristics of complex
systems.
As mentioned above, autonomy and interaction of agents give
rise to the dynamic game-theory modeling for LPSMAS; stochastic systems theory is a powerful tool to describe the uncertainty of agents’ behaviors; the control design for LPSMAS is
required to be put under the framework of decentralized control
systems. So, the problem considered is actually a large scale
distributed stochastic game involving numerous agents. Just as
stabilization and optimization are two fundamental issues for
single-agent systems, for LPSMAS we are also concerned with
how to construct decentralized control laws to make closed-loop
systems stable and performances of agents optimized.
Different from conventional control systems, for LPSMAS,
we are not only concerned with the property of evolution in time
scale but also that of variation in “space” scale, here variation in
“space” scale refers to variation of the number of agents in the
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system, especially the asymptotic property of the whole system
, such as whether the closed-loop stability and opas
timality can be retained, whether the control law is asymptotically optimal. Concerning the asymptotic property is an important reason why we use LPSMAS instead of MAS for our
problem formulation. “Large population” embodies our angle of
view, which is a dynamic concept, different from the one “large
scale.” The MAS in the above-mentioned examples can be taken
as LPSMAS to study, but there does be some MAS that cannot
be viewed as LPSMAS, for example, the oligopoly models in
game theory.
B. State of the Art for MAS and Main Contributions of the
Paper
There has been much quantitative analysis on MAS, mainly
concentrated on system stability and optimality. The models
wherein used can be divided into two categories: deterministic
and stochastic models. [7]–[12] used deterministic model to investigate the temporal evolvement of MAS in swarm, network
consensus problem, coordination control and formation control,
and analyzed the closed-loop stability for the case of fixed agent
number. In swarm systems, stability usually means that agents’
states retain bounded as time goes on, called cohesive stability
([7], [8]). While in the problems such as network consensus,
coordination control, and formation control, stability usually
means agents’ states asymptotically approach certain configurations as time goes on, called consensus stability ([9]–[12]).
Both of these stability concepts are presented under the condition of fixed number of agents , while, in many MAS, stability
conditions are closely related to ([13]–[15]). So, it is necessary to study whether the closed-loop stability is still retained
when
is changed, that is, whether the closed-loop system is
uniformly stable with respect to .
The frameworks of optimization analysis for MAS can be
divided into game-theory-based and nongame-theory-based.
Under the nongame-theory-based framework, a centralized cost
function is used to characterize the system performance, and the
objective of the control design is usually to draw the states of the
closed-loop system to the minimizer of the cost. The research in
[7] and [12] indicate that many swarm, flocking algorithms can
be viewed as optimization processes for a collective potential
function, which is in fact the centralized cost function. Under
the game-theory-based framework, each agent has its own cost
function, all of which comprise a cost group, and the objective
of the control design is usually to obtain equilibrium strategies
with respect to the cost group. [16] gave a good survey for
noncooperative game models, which are widely used in the
flow control and routing of networks ([17]–[19]).
Concerning about the optimal control of MAS with stochastic dynamic game models, roughly speaking, there are
two classes of cost functions: stochastic and deterministic,
according to whether or not depending on sample paths of
the underlying probability space. Stochastic cost functions
have clearer physical interpretations and practical meanings,
however, up to now, are limited to be used in finite strategy
games ([20]–[22]). While, most of the existing research on
infinite strategy stochastic games are restricted to deterministic
costs (for instance, in the mathematical expectation form). [23]
considered discrete time, discrete state, coupled Markov game

applied to power control for CDMA communication network.
[24]–[26] studied the LQG games with scalar agent models and
deterministic discounted cost functions.
In this paper, the decentralized control for LPSMAS with
coupled stochastic cost functions is considered. The state aggregation method ([25], [26]) is used to design the control law.
The closed-loop system is shown almost surely asymptotically
optimal in the sense of Nash equilibrium and almost surely uniformly stable with respect to , that is the closed-loop stability is retained even if the number of agents becomes arbitrarily large. Compared with the existing work, the paper is characterized by the following points. 1) Agent models are multivariabled, which are not limited to be position or velocity. 2)
Not only the temporal evolvement but also the asymptotic propare investigated. It is proved
erty of the system as
that the closed-loop system is almost surely uniformly stable
in the sense of time average, that is, the closed-loop stability
will not be destroyed in case of proliferation of agents. 3) Stochastic time-averaged cost functions are optimized, which have
a clearer and intuitive physical meaning than expectation-type
deterministic cost functions, but, in the stochastic case, the costs
to be studied are random variables (which are actually functions
defined on some probability space) rather than scalars encountered in deterministic cases. So, in this case, the cost minimization essentially involves comparison of functions, which makes
the existing concepts of Nash-equilibria for deterministic cost
functions not suitable. Thus, to solve the decentralized optimal
control problem for LPSMAS with coupled stochastic cost functions, some new concepts such as asymptotic Nash equilibria in
the probabilistic sense are introduced. To obtain the optimality
of stochastic cost functions, the analysis of the property of the
closed-loop sample paths seems to be key. This brings difficulty
to the convergence analysis of the estimates involved, due to
the essential difference between the growth rates of the sample
paths and moment paths of diffusion processes. By using the
probability limit theory, we obtain some laws of large numbers
related to the closed-loop system, with which, show that the decentralized control law constructed is almost surely asymptotically optimal. 4) The laws of large numbers of the closed-loop
system are presented to show the convergence of the PSA to
norm and time avthe IPM trajectory in the sense of both
erage almost surely, which, in some sense, reflects the resultant
characteristics of MAS from microscopic uncertain behaviors
to macroscopic deterministic behaviors.
C. Organization of the Paper and Notation
The following notation will be used throughout this paper.
denotes 2-norm of vectors or F-norm of matrices;
dedenotes the transpose
notes the trace of a square matrix ;
of a vector or matrix ; for any given appropriate dimensional
;
vector and symmetric matrix
and
denote the maximum and minimum
denotes
eigenvalue of symmetric matrices, respectively;
denotes the family
the indicator function of a set ;
dimensional continuous vector-valued functions
of all
on
;
de. For any
notes the family of all bounded functions in
.
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The remainder of this paper is organized as follows. In
Section II, we present some relevant concepts of Nash-equilibria in the probabilistic sense, and the model and assumptions
of cost-coupled LPSMAS. In Section III, we first investigate
the tracking-like quadratic optimal control problem, and then,
construct the decentralized control law by state aggregation.
Main results of this paper are presented in Sections IV–VI.
In Section IV, we demonstrate that the closed-loop system is
almost surely uniformly stable. In Section V, we present the
laws of large numbers of the closed-loop system, with which we
analyze the asymptotic optimality of the decentralized control
law in Section VI. In Section VII, we use a numerical example
to verify our results. In Section VIII, some concluding remarks
are included with some further research topics.
II. PRELIMINARY CONCEPTS AND PROBLEM FORMULATION
A. Nash Asymptotically Optimal Decentralized Control
We denote a system of
agents by
equation for the th agent is given by

, and the dynamic
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equilibrium with respect to the corresponding sequence of cost
, if for any
groups
, there exists
such that for any

Theorem 2.1: A sequence of control groups
is an asymptotic Nash-equilibrium
in probability with respect to
if and only if that there exists a sequence of nonnegaon
satisfying
tive r.v.s.
and a measurable set
, such that for any
, the control group
is
an
—Nash-equilibrium1 with respect to
.
, by
Proof: Sufficiency: For any given
, there exists
such that
. Since for any
, the control group
is an
—Nash-equilibrium
, we have for any
with respect to
which leads to

where

is its state,
;
is its control input,
is a sequence of independent standard Brownian
motions with proper dimension on some probability space
.
For convenience, for agent , we denote the local-measure, global-measurementment-based admissible control set by
based admissible control set by
, admissible control set by
. In different problems, there may be different interpretation
, and
. For example
and relationship of
is adapted to
is adapted to

(1)
Let
. Then, by (1) we have
. Thus,
Necessity: If the sequence of control groups
is an asymptotic Nash-equilibrium
in probability with respect to
, then we can take
and

is adapted to
In this case, we have for all
is adapted to

When
, the corresponding control is called as centralized control; while, when
, as decentralized control.
The so-called optimal decentralized control means that
can only be based on the local meathe synthesis of
surement of agent , that is,
, to minimize the
corresponding cost function
, where
. For convenience, we denote a
by
, and its corcontrol group of
responding cost group by
,
which is a group of random variables (r.v.s.).
Below we give the definitions of asymptotic Nash-equilibria
in the probabilistic sense.
Definition 2.1: A sequence of control groups
is called an asymptotic Nash-

That is, for any
and
is an
—Nash-equilibrium with respect to
.
, there exists
such that for
Since for any
any
we have
.
Definition 2.2: A sequence of control groups
is called an almost sure asymptotic
Nash-equilibrium with respect to the corresponding sequence
, if
of cost groups
there exists a sequence of nonnegative r.v.s.
on
, and a measurable set
, such
that for any
, and the control group
1For the definition of -Nash-equilibrium, the readers are referred to Definition 4.1 of [16].
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is an
—Nash-equilibrium with
.
respect to
Remark 1: Asymptotic Nash-equilibrium in probability
means that even if agent changes its strategy unilaterally
,
among global-measurement-based admissible control set
the probability of its gaining a cost reduction by may be
arbitrary small, provided is sufficiently large.
Almost sure asymptotic Nash-equilibrium is to say that
when is sufficiently large, the local-measurement-based cost
of agent deviates from that based on global
which is almost
measurements by only a small quantity
surely convergent to zero as
.
Theorem 2.2: If a sequence of control groups
is an almost sure asymptotic
Nash-equilibrium with respect to the corresponding sequence
, then
of cost groups
is also an asymptotic Nash-equilibrium in
.
probability with respect to
If the sequence of control groups
of the sequence of systems
is an almost sure (in probability) asymptotic Nash-equilibrium
, then
with respect to
we call it almost surely (in probability) asymptotically optimal
decentralized control in the sense of Nash-equilibrium.
Remark 2: In static game models, the utility function of agent
is usually denoted by
, where
.
is its strategy, belonging to , which is a number set;
is a system parameter. Here, the strategy of agent is
,
is the state of nawhich is a stochastic process on
. In stochastic control problems with deterministic
ture
cost functions, the costs are usually mathematical expectation
of some stochastic cost functions

control law to achieve a Nash-equilibrium (asymptotically). For
(stochastic) cooperative games, the readers are referred to [29].
B. Problem Formulation
In this paper, we consider the system of agents described by
linear dynamics
(2)
where

is the measurable state of agent
is its control input,
is a sequence of independent dimensional stan;
dard Brownian motions on a probability space
is its dynamic parameter, called parameter vector;
are
matrix-valued continuous functions with proper dimensions;
is the
dimensional noise intensity matrix;
, reflecting the impact on agent by the external environment.
denotes the system comprised of
As mentioned before,
the first dynamical equations of (2). Here, a control group of
is
, and the cost function of agent
has the coupled quadratic form

(3)
where is an
semi-positive definite matrix, is an
positive definite matrix,
. The admissible control set for
agent is described by
is adapted to

In fact, this kind of cost functions involve all possible states of
. In engineering systems, enumerating all
nature
is impossible, but a single long-time experiment is performed
to compute the cost function. On the other hand, for the control
law designed, we are naturally concerned with the optimality of
. We hope to get opthe closed-loop system for any given
timality with large probability, best with probability 1. So, it is
of great importance to consider how to optimize stochastic cost
functions in the probabilistic sense. There are many achievements on optimizing stochastic cost functions in the stochastic
control and optimization for single-agent systems ([27], [28]).
Naturally, it is inevitable to introduce the concepts of Nash-equilibria in the probabilistic sense for the optimal control of MAS
under the game-theory-based framework.
Remark 3: Nash-equilibrium is a specific form of “optimality” often considered in a noncooperative game, which
says that one player cannot reduce its cost by altering his
strategy unilaterally ([16]). While in a cooperative game, what
we often encounter is Pareto optimality, which says that no
other joint strategy can reduce the cost of at least one player,
without increasing the cost of the others. In this paper, we will
focus on the noncooperative case, and design a decentralized

is adapted to

Remark 4: For static games, Rosen ([30]) gave a condition
on the existence of Nash-equilibrium strategies. For stochastic
linear quadratic games, Corollary A.1 and Corollary B.2 in [16]
show that there is always a Nash-equilibrium strategy in the
linear feedback form if the dynamics of agents are noncoupled.
However, for this type of strategies, the controller of each agent,
generally speaking, will use the states of all the other agents
in the real time, and so, is not decentralized. In this paper, we
will find a sequence of decentralized control groups
, such that not only is it an almost
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sure (in probability) asymptotic Nash-equilibrium, but also ensures the closed-loop systems to be uniformly stable in the sense
of time average.2
The parameter vector in model (2) has the following propare independently sampled from the statistical
erty:
, where
:
is a distristructure
, called prior
bution function on the parameter vector space
distribution. We can construct the empirical distribution functions by

(4)
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ability space for a succinct description. In fact, we can also view
as a sequence of r.v.s. independent of Brownian
: we can define
motions
the product probability space
, and on
are i.i.d. r.v.s. with the common distri. Define
.
bution
are i.i.d. with the same disThen it is known that
tribution as
. Define
. Then
is a sequence
of independent Brownian motions, which is also independent of
. Instead of state equation (2), we may consider the
system of agents described by
(5)

where
.
Remark 5: In model (2), the noise intensity matrix can also
continuously depend on the parameter vector. However, this
may result in no essential difference in the controller design and
closed-loop analysis, and so, for simplicity, here we assume that
the noise intensity matrix is the same for all agents.
For the model considered, we have the following assumptions.
A1) The support of
denoted by
is compact.
converge to
weakly, denoted by
A2)
.
is stabilizable
A3) For any
and detectable.
are independent r.v.s. with identical
A4)
mathematical expectation, and independent of
;
is measurable with respect to
, where
.
embodies the
Remark 6: The assumption of
parameter distribution of LPSMAS, which is different from
conventional control systems. In conventional control systems,
to describe a plant, we mainly use the state vector, whose
components represent a certain attribute of the plant. All
available values of the state vector comprise the state space.
For LPSMAS, the distribution information of the parameter
space is also valuable. Here, by aid of the concepts of Bayesian
the prior distribution function
statistical inference, we call
on parameter space. When the number of agents
becomes
tends to this given distribution
.
arbitrarily large,
The assumption of the compactness of its support is relatively
strong, but it is suitable for many bounded distribution in
practical systems, though not for normal, exponential and other
unbounded distributions. For example, [31] considered a sensor
network applied to environment monitoring, where a large
number of micro-senors are scattered randomly on a bounded
monitoring area . The sensed object for the network is a
for each
scalar field on this area, and the position
,
sensor is a random variable with uniform distribution
all of which comprise a sequence of independent and identical
distributed (i.i.d.) r.v.s.
, we are only concerned about
Remark 7: For
the statistical information, while, omitting the underlying prob2The definition of uniform stability in the sense of time average will be given
in Theorem 4.1.

as a realization of
,
In this paper, we view
such that
namely, there exists
. In fact, owing to the independency of
and
, there is no essential difference between (2) and (5). Therefore, for simplicity, we will
as a deterministic sequence when considering
view
the system of agents described by (2).
By the Glivenko-Cantelli theorem ([32]), it is known that

where
ality, we assume that

. So, without loss of genersatisfies

that is, Assumption A2) holds.
Remark 8: Assumption A3) is to ensure the closed-loop staand the compactness of
bility. By the continuity of
. It is easy to know the following.
, Riccati equation
i) For any
(6)
, where
has a unique semi-positive definite solution
;
and
are both con.
tinuous on
ii) For any
, all the eigenvalues of
have negative real part;
is
, such that
continuous over ; there exists
.
, Lyapunov equation
iii) For any
has a unique positive definite solution
, with the property that
.
Remark 9: For a more general case, we may consider difof agents. In this case,
ferent expectations of initial states
,
we may expand the parameter vector to
and then introduce
and
as the prior and empirical
distribution functions, respectively. To avoid notational complication, we assume the same expectation of the initial states of
all agents in Assumption A4).
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III. DECENTRALIZED CONTROL LAW CONSTRUCTION
By the model (2) and the cost function (3), it can be seen
that we are going to consider a tracking-like quadratic optimal
control problem, where the reference signal for agent is
, which is unknown and cannot be used for
constructing the decentralized controller by agent , since
is adapted to
. So, to design the decentralized control law, it
.
is key to get a good approximation for the PSA
Precisely, the designing procedure has the following three steps:
1) solve the tracking-like quadratic optimal control problem
with a deterministic reference signal; 2) use the state aggregation method to approximate the PSA by a deterministic signal
; 3) construct the decentralized control law by using . The
local controller of each agent consists of two parts: one is the
for stabilization, and the other is
feedback of its own state
for tracking the population behavior. The local
the filer of
controller has the same structure and parameters as those of
the tracking-like quadratic optimal control with a deterministic
reference signal, but with the reference signal replaced by .
Intuitively, should possess the following property: if every
agent views it as the approximation of the PSA, and according
to which, makes the optimal decision, then the expectation of
when the number
the closed-loop PSA ought to approach to
tends to infinity. This kind of methodology for
of agents
construction of the decentralized control law is called Nash certainty equivalence principle ([33]), which has the similar spirit
to the well-known certainty equivalence principle adopted in
adaptive control, where the unknown parameters are estimated,
and the estimates are used as the true parameters to construct
the control laws. Based on the Nash certainty equivalence
principle, in Subsection III-A, Step 1) is accomplished; then
in Subsection III-B, Step 2) and Step 3) are accomplished to
realize the decentralized control law design.

where is semi-positive definite, is positive definite.
is stabilizTheorem 3.1: If
is detectable, then for the system (7) and
able,
the cost function (8), we have the following results.
i) The algebraic Riccati equation
has a unique semi-positive
definite solution .
ii) All the eigenvalues of
have negative real part.
iii) The differential equation
(9)
has a unique solution in
(10)
iv) The optimal control

is given by
(11)

v) The optimal value of the cost function is

(12)
The proof of this theorem is put into Appendix B.
B. Infinite Population Mean and Controller Design
is replaced by
In the cost function (3), if
some
, then, by Theorem 3.1 we may obtain the optimal control for agent
(13)

A. Infinite Horizon Tracking-Like Quadratic Optimal Control
Consider the system

where
(7)

where
are system state and output, respecis a deterministic signal;
is a -dimensional
tively;
standard Brownian motion.
The admissible control set is described by

;
, which is the unique semipositive definite solution of Riccati (6).
Denote
. Substituting (13) into (2), we have the closed-loop
equation for agent

Taking expectation on both sides of this equation, we have

We are now in a position to approximate the PSA by state
aggregation.
First, we construct an auxiliary system
The cost function is described by

(8)
Authorized licensed use limited to: IEEE Xplore. Downloaded on November 17, 2008 at 20:19 from IEEE Xplore. Restrictions apply.
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This describes the limit system of
when
, which is a
continuum of agents, each agent is marked by a parameter vector
.
indicates the distribution of the parameter vectors. By
(14) we have
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Thus,

which leads to
(15)
Define an operator

on

(16)
Then, from Remark 8 and
ator on
By virtue of
rewritten as

, it is easy to know that
. So,
is indeed an oper-

By the condition of the theorem, is a contraction on
. By the contractive mapping theorem, (17) has a unique
.
solution
Remark 10: For one-dimensional systems, by a direct calculation, it can be verified that the condition of Theorem 3.2 holds
if and only if
(18)

.
and (15), the auxiliary system (14) can be
(17)

Equation (17) especially embodies the property that the approximation of the PSA should possess: if every agent views as
the approximation of
, and according to which,
makes the optimal decision, then the expectation of the resulted
when
. So, if
closed-loop PSA should converge to
(17) has a unique solution , then it can be used as the approximation of PSA, and will be called the Infinite Population Mean
(IPM) trajectory below. For convenience of the controller design, we make the following assumption.
A5) Equation (17) has a unique solution, denoted by .
Generally speaking, it seems difficult to verify this assumption. However, since it is imposed on the system structure, we
can obtain some sufficient conditions which can be verified
easily. See, for instance, the condition given in Theorem 3.2
below.
Theorem 3.2: If

then (17) has the unique solution
.
Proof: By the definition of it is known that for any

If
, then (18) always holds, regardless of the distribution
. If
and
, then (18)
function
, which, intuitively,
holds if and only if
is likely to make (18) hold.
means that a large ratio
Under Assumption A5), we can construct the decentralized
controller for agent , denoted by
(19)
where
(20)
By (16) we know that the IPM depends only on the struc, the cost patural information of the system
, and the mathematical expectation of the initial
rameters
state , independent of agents’ states
in the
real time. So, the control law given by (19) indeed depends only
on the local measurements of agent . In addition, if is a con, then we can construct algorithms for
traction on
getting approximate solutions of (17), which is similar to the
proof of existence and uniqueness of the solution of ordinary
differential equations ([34]).
By now, we have accomplished the decentralized control law
design based on the tracking-like quadratic optimal control and
the Nash certainty equivalence principle. Some questions come
out naturally: as the approximation of the PSA, does the IPM
have a good property? How to characterize the approach of the
? Before further analysis of
IPM to the PSA when
the property of the IPM, we will consider the stability property
of the closed-loop system. It can be seen that the closed-loop
stability depends only on the boundness of the IPM.
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IV. STABILITY ANALYSIS

variable

Theorem 4.1: (Almost surely uniformly stable in the sense
of time average) For system (2), if Assumptions A1), A3)–A5)
hold, then the control law (19) and its corresponding closed-loop
satisfies
solution

independent of

, such that for any

. So, the
closed-loop stability is retained when
becomes arbitrarily
large. This kind of stability can be viewed as a generalization
to LPSMAS for the almost sure stability in the sense of time
average of the single-agent stochastic systems ([27]).
V. LAWS OF LARGE NUMBERS OF THE CLOSED-LOOP SYSTEM

(21)
Proof: Substituting the control law (19) into the state equation (2), we have the closed-loop solution

(22)
For

is stable, we have
(23)

Denote
. Then, by Remark 8 (ii) and
(20) we get
(24)
Furthermore,

which leads to

By Lemma 12.4 of [27] we have

In this section, the performance of the IPM will be analyzed
as the approximation of the PSA. The analysis in Section IV
shows that the performance of the IPM has no influence on the
closed-loop stability. However, as it is well-known that the optimality and robustness of the adaptive control based upon certainty equivalence principle often depend on whether or not the
parameters estimate is convergent to their true values. Likewise,
the analysis in Section VI will show that the asymptotic optimality of the decentralized control law based on the Nash certainty equivalence principle also depends on whether or not the
PSA converges to the IPM as increases to infinity.
The main results in this section will be summed up as Theorems 5.1–5.2, which are actually two types of measures for
evaluating the accuracy of the IPM as the approximation of the
PSA.
For the auxiliary system (14) and the closed-loop system,
we have the following lemmas, whose proofs are put into
Appendix C.
Lemma 5.1: For the system (2), if Assumptions A1),
of the auxA3)–A5) hold, then the unique solution
iliary system (14) is uniformly bounded and equicontinuous
, namely,
, and for any
,
on
, such that for any
there exists
, provided
.
Lemma 5.2: For the system (2), if Assumptions A1),
A3)–A5) hold, then under the control law (19), the closed-loop
and any given
solution (22) satisfies: for almost all
is uniformly Lebesgue
. Here
.
integrable on
Lemma 5.3: For the system (2), if Assumptions A1),
A3)–A5) hold, then under the control law (19), the closed-loop
solution (22) satisfies

where
is defined in Lemma 5.2.
Theorem 5.1: (Law of large numbers in the sense of
-norm) For the system (2), if Assumptions A1)–A5) hold,
then under the control law (19), the closed-loop solution (22)
satisfies

Thus, from (22) and (23) it follows that
(25)
This together with (19) and (24) results in

(26)
a.s.
, by (25) we can

are independent of
Noticing that
get (21).
Remark 11: The uniformity in Theorem 4.1 refers to that
there exists
, and a nonnegative finite random

is defined in Lemma 5.2.
where
Proof: By (22) and (15) we have
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(28)
From Assumption A4) and Remark 8 (ii) it follows that
, which
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Remark 12: From Theorem 5.1, it can be seen that the closedloop system satisfies: for almost all
. Theorem 5.2 presents another type of measure for evaluating the approaching of the PSA
to the IPM, which emphasizes for the stationary case. Since we
select the time-averaged stationary cost function (3) for agents,
Theorem 5.2 will play a key role in the optimality analysis of
the closed-loop system in Section VI.
We can construct a subspace of

together with Theorem 2.8 in [27] implies
(29)
Notice that

(30)
Then, by Lemma 5.2 and (29) we have

(31)
By (4), (14), and (27), we have

(32)
is uniformly bounded and equicontinBy Lemma 5.1,
uous. Hence, by (32), Assumption A2) and Corollary 1.1.5 in
[35], we have

which has a clear physical meaning: a family of all
dimensional finite average power continuous functions. It is
. We can define an equivalence relaobvious that
denoted by : for any
tionship on
if and only if
.
by
, and define on the
Denote the equivalent class of
quotient space
: for any
. It can be shown
that
is a norm on
, and
is a normed space. Theorem 4.1 and Theorem 5.2 tell us
, and
that for almost all
.
From the point view of the decentralized control law design,
the IPM can be regarded as the approximation of the PSA. On
the other hand, it characterizes the macroscopic behavior, of
is the approximation. In the LPSMAS
which
of biology and economics, there may be some intrinsic game
mechanism leading to a deterministic patten on the layer of
the macro scope. Laws of large numbers may play a role in
bridging between the microscopic uncertainty and the macroscopic determinacy.
VI. OPTIMALITY ANALYSIS

(33)
Therefore, by (30) and (31) we get (26).
Theorem 5.2: (Law of large numbers in the sense of time
average) For the system (2), if Assumptions A1)–A5) hold, then
under the control law (19), the closed-loop solution (22) satisfies

Below we will investigate the optimality of the decentralized
with respect
control law
to the corresponding sequence of cost groups
. Particularly, in Theorem 6.1 we will show
, the control group
is
that for any
suboptimal in the sense of Nash-equilibrium, namely

(34)
Proof: Similar to (30), we have

Hence, from Lemma 5.3 and (33) we get (34).

The fact that the decentralized control law is not optimal is essentially due to the information restriction of control design,
that is, the IPM is used to construct the control law instead of
the PSA. However, owing to the laws of large numbers of the
converges to the
closed-loop system, the PSA
almost surely. Therefore, the optimality loss incurred
IPM
by information restriction will tend to zero when the number of
. In fact, we can prove that
. Hence,
agents
the decentralized control law is almost surely optimal.
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Let

By now, we have considered the case with linearly coupled
cost function given by (3). In fact, we may consider a more
general case with the coupled cost function:
(35)

(36)
(42)
where

is continuous and for a constant

, satisfies
(43)

(37)
refers to the closed-loop solution corresponding to
where
for the system (2); and
some control
if
otherwise. Then we have Lemmas
6.1–6.1, whose proofs are put into Appendix D.
Lemma 6.1: For the system (2) and the cost function (3), if
Assumptions A1), A3)–A5) hold, then there exists a nonnegative finite random variable , such that
(38)
Lemma 6.2: For the system (2) and the cost function (3), if
Assumptions A1), A3)–A5) hold, then there exists a nonnegative finite random variable , such that

Lemma 6.3: For the system (2) and the cost function (3), if
Assumptions A1), A3)–A5) hold, then we have
(39)
Lemma 6.4: For the system (2) and the cost function (3), if
Assumptions A1), A3)–A5) hold, then we have

(40)
where
(41)
Theorem 6.1: For the system (2) and the cost function (3), if
Assumptions A1)–A5) hold, then the sequence of control groups
is an almost sure asymptotic Nash-equilibrium with respect to the corresponding cost
.
groups
Proof: From Theorem 5.2 and (41) it follows that
. By Lemmas 6.3 and 6.4 we have

which together with Definition 2.4 leads to the conclusion.

It can be seen that if 1)
is Lipschitz continuous and is
, then (43) holds. So,
positive definite, or 2)
.
(3) is a special case of (42) with
Based on the Nash certainty equivalence principle, the design
procedure of the decentralized control law for the system (2) and
the cost function (42) is the same as that for (2) and (3). The
decentralized control law is given by

where
. Here
is the unique solution of (17) with the operator redefined
is replaced by
in (16). Similar to Theorem
as: the
6.1, we have the following result.
Theorem 6.2: For the system (2) and the cost function (42), if
Assumptions A1)–A5) hold, then the sequence of control groups
is an almost sure asymptotic Nash-equilibrium with respect to the corresponding cost
.
groups
Remark 13: The cost-coupled MAS considered in this paper
can be found in many engineering problems, such as the power
control of wireless communication networks ([36]), the production output adjustment ([26]) and the distributed optimal consensus ([37]). Obviously, it would be more applicable and meaningful if one could extend the result of this paper to the dynamics-coupled case. However, in that case, the change of the
control strategy of a single agent may result in the change of the
states of all the other agents, which brings essential difficulty
to the analysis of the asymptotic optimality of the control law
synthesized based on the Nash certainty equivalence principle.
Thus, the dynamics-coupled case is a hard topic and needs further investigation.
VII. NUMERICAL EXAMPLE
Consider a social foraging model ([8]). Different from the
deterministic noise in [8], agents are driven by Gaussian white
is
noises. The dynamical equation of agent in

where
factor,

is its velocity,
is its mass,
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Fig. 1. Trajectories of agents’ states when

N
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= 100.

nutrient profile description function,
are i.i.d r.v.s. with normal distribution
is a sequence of independent
standard Brownian motions.
The cost function of agent is described by

are shown
Letting increase from 1 to 800, the curves of
in Fig. 2, where (a) is for
along with , (b) is for
along with . It can be seen that the rate of
approaching to
.
zero is approximately
VIII. CONCLUDING REMARKS

where
Let

.

. Then, according
to Theorem 3.2, to ensure Assumption A5), it needs
. It can
only to require that
or
,
be easily seen that when
the above inequality holds. In this case, similar to the
method suggested by [38], from the auxiliary system (14)
one can get
, where
.
Hence, by (19) we have the decentralized control law
.
Taking
, when the number of agents
, the
trajectories of the closed-loop system are shown in Fig. 1.

The decentralized control problem for LPSMAS with coupled stochastic cost functions is investigated, including the control design and the closed-loop analysis. For the control design, we first present the tracking-like quadratic optimal control, then the approximation of the PSA by state aggregation, at
last the decentralized control law based on the Nash-certainty
equivalence principle. For the closed-loop analysis, by probability limit theory (such as the strong law of large numbers and
weakly convergence of empirical distributions), we answer the
following three fundamental questions: 1) under the decentralized control law designed, whether the closed-loop system is
stable, and whether the stability is independent of the number of
,
agents (namely, uniform with respect to ); 2) As
whether the PSA converges to the IPM; 3) whether the decentralized control law designed is asymptotically optimal with respect to the coupled stochastic cost functions.
It is worth pointing out that, the cost-coupled LPSMAS considered in this paper is a kind of individual-population interacting MAS. For this kind of systems, the result obtained in this
paper indicates that the overall impact on a given agent by the
population of all agents is nearly deterministic with probability
one, and the individual impact is neglectable as the number of
agents increases to infinity. This phenomenon is similar in spirit
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Fig. 2. Curves of 

and 

pN with respect to N .

to the concept of Wardrop-equilibrium in the context of transportation networks ([6], [39]). For the decentralized control of
this kind of MAS, many important issues are still open and need
to be investigated, such as, how to design optimal decentralized (adaptive) controls for the cases with parametric uncertainties, unmodelled dynamics ([40], [41]), unknown disturbances
or partial measurement information.

Lemma A.2: If all the eigenvalues of have negative real
of following differential equation
part, then the solution
(A.2)
satisfies

(A.3)

APPENDIX A
BASIC LEMMAS IN PROBABILITY THEORY
Lemma A.1: Consider a wide stationary -dimensional
Gaussian process
with zero-mean
and continuous in mean square. If its self-covariance matrix
is absolutely integrable, that is,
, then
a.s.
Proof: It needs only to show

where
of

means the double factorial
is the unique positive definite solution of
, and
.
Proof: By (A.2) and Itô formula we have

(A.1)
Notice that
is zero-mean wide stationary Gaussian
and continuous in mean square, the covariance funcsatisfies
tion
, where denotes
the -dimensional vector with the th component being 1, and
the others being 0. Then, we can conclude that the spectrum
of
is absolutely continuous, and hence,
function
(A.1) holds ([42]).

(A.4)
Let
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, i.e.,
. Notice that
we have
, the
for any initial value
corresponding solution is
. Since
and all the eigenvalues of
have positive real
is unbounded. Thus, the solution of (10) is unique in
part,
, i.e., (iii) holds.
(iv), (v): From (7) and Itô formula it follows that

Therefore,
. Let
. Then the above inequality can be rewritten as
. Noticing
have

, by induction we
(A5)

Since

is continuous in terms of
almost surely,
. Hence, by (A.5) and the Fatou lemma we
obtain
.
. This
Furthermore,
together with (A.4) gives

By (7), (9), and (10) we have

(A.6)
Set
. Then from
, (A.6)
and the comparison theorem (Theorem 2.6.4 in [43]), it follows
that

(B.2)
. Then, by

Let
(B.2) we have

(A.7)
By
Hence, when

we have
, we have
. Suppose for some

.
, we have

already got
. Then it follows from (A.7) that
. Therefore, by induction, (A.3) is true for
all

(B.3)

.
APPENDIX B
PROOF OF THEOREM 3.1

This together with (iii) implies that for all

,

The proofs of (i) and (ii) can be found in [44]. Here we need
only to show (iii), (iv), and (v).
(iii): The general solution of (9) can be expressed as
. Since
have negative real part, there exists
all the eigenvalues of
and
such that
.
and
. Then, when
Let
, one can get the
solution (10). Furthermore, by

(B.1)
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Recalling that

and Lemma 12.3 of [27], we have

(B.5)
which together with (B.4) gives

Thus,
, and
are uniformly bounded. We now
and
.
show the equicontinuity of
By Dyson’s expansion ([45])
Take
(B.6)

we have

Then, the closed-loop system is

(B.7)

and hence,

Thus, from Lemma 12.4 of [27] and (iii)
(B.8)
(C.1)

Let

, and
. Then, we have
, and by
Lemma 12.3 of [27],
. Thus,
a.s. Furthermore, from
a.s. Thus, by
(B.7) and (iii) it follows that
; by (B.1), (B.4), and (B.5),
(B.6) and (B.8) we have
. Hence, is the optimal control , and the corresponding cost value is , i.e., (11) and (12) both hold.
APPENDIX C
PROOFS OF LEMMAS 5.1, 5.2, AND 5.3
Proof of Lemmas 5.1: Let

This together with

implies that there exists
such that
the uniform continuity of
equicontinuous.
Denote

Then (15) can be rewritten as
Hence, to prove the lemma, we need only to show that
and
are uniformly bounded and equicontinuous.
From Remark 8 (ii) we know that for any
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. This together with the properties of uniformly integrability [see ([32], pp.94)] ensures (C.2).
.
We now prove (C.3). Let
From Remark 8 (iii) and Lemma A.2 it follows that
Then
from (C.1)

Notice that

(C.4)
Hence, by Cauchy inequality we have

This together with Theorem 2.8 in [27] implies

(C.5)

Then, there exists

independent of

, and

such that
.
and
on

This together with the uniform continuity of
implies the equicontinuity of
.
independent
Similarly, we can show that there exists
of , and such that
. From this and the uniform
, and
on
the equicontinuity of
continuity of
follows. Thus, the lemma is true.
Proof of Lemma 5.2: Let
.
Then, in order to prove the lemma, by (28) we need only to show

(C.2)

.
By (C.4) we get
Therefore, by (C.5) and Jensen inequality, we know that for any
, there is
,
given positive integer
such that
(C.6)
Take
lows from

. Then for any
and (C.6) that

and

, it fol-

. Thus,
. Here
denotes the largest integer less than or
, by the property of uniform inequal to . Noticing
tegrability [see ([32], pp. 102)], one can get (C.3) immediately.
Thus, the lemma is true.
Proof of Lemma 5.3.: Let
and
. Then, (28)
can be rewritten as

So, to show the lemma, we need only to show
(C.3)
From Assumption A4) and Theorem 2.8 in [27] it follows that
a.s. By using Assumption A4) again we have
, and hence,
.
From Remark 8 (ii) we see that
. Thus, by Jensen inequality ([32]) we have

(C.7)

(C.8)

(C.9)
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Denote
. Then by Itô formula and Remark 8 (ii) one

, a.s. Similar to the proof of (C.7) one can get (C.9). Thus, the
lemma is true.

can get
(C.10)
Hence, by Theorem 2.8 in [27] there exists
such that

,

APPENDIX D
PROOFS OF LEMMAS 6.1–6.4
Proofs of Lemmas 6.1–6.2: The proof of Lemma 6.2 is very
similar to that of Lemma 6.1. So, here we only show Lemma 6.1.
Let
Then, by (35) we have

(C.11)

From

(C.10)

it

follows

that

. By (C.11) we know that for any
such that for all

, there is

(C.12)

, by Remark 8 (ii) there is

For any

From Theorem 4.1 we know that
is independent of
.
Thus, (38) holds, that is, Lemma 6.1 holds.
Proof of Lemma 6.3: From (35) and Theorem 4.1 we have

such that

This together with (C.12) implies that
.
Therefore,

by

and the arbitrariness of we have (C.7).
is a wide stationary Gaussian
Recall that
process with zero-mean and continuous in mean square. Then,
,
by some direct calculation we know that
where

Thus, it follows from Lemma A.1 that

Hence, (C.8) is true.
From Assumption A4) and Theorem 2.8 in [27] we have

Thus, (39) holds, that is, Lemma 6.3 holds.
Proof of Lemma 6.4: By the notation of Lemma 6.1 and
and
Lemma 6.2, let

Then, by Lemma 6.1–6.2 we have
, since
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. Thus, we need only to consider such
that satisfies the following condition:
(D.1)
From Lemma 6.1 and (37), (D.1) it follows that

(D.2)
Noticing
, by (D.2) and Lemma 6.2 we get

(D.7)
(D.3)
Noticing

Thus, from (D.5), (D.6), (D.7) and
Thus, Lemma 6.4 holds.

we get (40).

ACKNOWLEDGMENT
, letting

,

by (D.3) we have

The authors would like to thank the anonymous reviewers for
their detailed and insightful comments.
REFERENCES

(D.4)
From (36), (37) it is easy to see that

(D.5)
where

By the Schwarz inequality, (41) and (D.4) we have

(D.6)

[1] C. Y. Chong, S. P. Kumar, and B. A. Hamilton, “Sensor networks:
Evolution, opportunities, and challenges,” Proc. IEEE, vol. 91, no. 8,
pp. 1247–1256, 2003.
[2] J. H. Reif and H. Y. Wang, “Social potential fields: A distributed behavioral control for autonomous robots,” Robotics Autonomous Syst.,
vol. 27, pp. 171–194, 1999.
[3] D. Grönbaum and A. Okubo, “Modeling social animal aggregations,”
in Frontiers in Theoretical Biology.. New York: Springer-Verlag,
1994, vol. 100, pp. 296–325, Lecture Notes in Biomathematics.
[4] K. M. Passino, “Biomimicry of bacterial foraging: For distributed optimization and control,” IEEE Control Syst. Mag., vol. 22, no. 3, pp.
52–67, Jun. 2002.
[5] D. Helbing, I. Farkas, and T. Vicsek, “Simulating dynamic features of
escape panic,” Nature, vol. 407, no. 6803, pp. 487–490, 2000.
[6] E. Altman, T. Boulogne, R. El-Azouzi, T. Jiménez, and L. Wynter, “A
survey on networking games in telecommunications,” Comput. Operations Res., vol. 33, no. 2, pp. 286–311, 2006.
[7] V. Gazi and K. M. Passino, “Stability analysis of swarms,” IEEE Trans.
Autom. Control, vol. 48, no. 4, pp. 692–696, Apr. 2003.
[8] Y. Liu and K. M. Passino, “Stable social foraging swarms in a noisy
enviroment,” IEEE Trans. Autom. Control, vol. 49, no. 1, pp. 30–44,
Jan. 2004.
[9] R. Olfati-Saber and R. M. Murray, “Consensus problem in networks of
agents with switching topology and time-delays,” IEEE Trans. Autom.
Control, vol. 49, no. 9, pp. 1520–1533, Sep. 2004.
[10] L. Moreau, “Stability of multiagent systems with time-dependent commmunication links,” IEEE Trans. Autom. Control, vol. 50, no. 2, pp.
169–182, Feb. 2005.
[11] J. A. Fax and R. M. Murray, “Information flow and cooperative control
of vehicle formations,” IEEE Trans. Autom. Control, vol. 49, no. 9, pp.
1465–1476, Sep. 2004.
[12] R. Olfati-saber, “Flocking for multi-agent dynamic systems: Algorithms and theory,” IEEE Trans. Autom. Control, vol. 51, no. 3, pp.
401–420, Mar. 2006.
[13] Z. Liu and L. Guo, “Connectivity and sychronization of multi-agent
systems,” in Proc. 25th Chinese Control Conf., Harbin, China, Aug.
2006, pp. 373–378.
[14] C. Q. Ma, T. Li, and J. F. Zhang, “Linear quadratic decentralized dynamic games for large population discrete-time multi-agent systems,”
J. Syst. Sci. Math. Sci., vol. 27, no. 3, pp. 464–480, 2007.

Authorized licensed use limited to: IEEE Xplore. Downloaded on November 17, 2008 at 20:19 from IEEE Xplore. Restrictions apply.

1660

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 53, NO. 7, AUGUST 2008

[15] T. Li and J. F. Zhang, “Decentralized tracking-type games for
multi-agent systems with coupled ARX models: Asymptotic Nash
equilibria,” Automatica, vol. 44, no. 3, pp. 713–725, 2008.
[16] T. Basar and G. J. Olsder, Dynamic Noncooperative Game Theory..
London, U.K.: Academic, 1982.
[17] Y. A. Korilis and A. Lazar, “On the existence of equilibria in noncooperative optimal flow control,” J. ACM, vol. 42, no. 3, pp. 584–613,
1995.
[18] E. Altman and T. Basar, “Multi-user rate-based flow control,” IEEE
Trans. Commun., vol. 46, no. 7, pp. 940–949, Jul. 1998.
[19] E. Altman, T. Basar, and R. Srikant, “Nash equilibria for combined
flow control and routing in networks: Asymptotic behavior for a large
number of users,” IEEE Trans. Autom. Control, vol. 47, no. 6, pp.
917–930, Jun. 2002.
[20] K. Najim, A. S. Poznyak, and E. Gomez, “Adaptive policy for two finite
Markov chains zero-sum stochastic game with unknown transition matrices and average payoffs,” Automatica, vol. 37, no. 7, pp. 1007–1018,
2001.
[21] A. S. Poznyak and K. Najim, “Learning through reinforcement for
-person repeated contrained games,” IEEE Trans. Systems, Man, Cybern. Part B. Cybern., vol. 32, no. 6, pp. 759–771, Dec. 2002.
[22] G. Fagiolo, L. Marengo, and M. Valente, “Population learning in a
model with random payoff landscapes and endogenous networks,”
Comput. Econ., vol. 24, no. 4, pp. 383–408, 2004.
[23] M. Huang, R. P. Malhamé, and P. E. Caines, “On a class of largescale cost coupled Markov games with applications to decentralized
power control,” in Proc. 43rd Conf. Decision Control, Nassau, Bahamas, 2004, pp. 2830–2835.
[24] M. Huang, P. E. Caines, and R. P. Malhame, “Individual and mass behaviour in large population stochastic wireless power control problem:
Centralized and Nash equilibrium solutions,” in Proc. 42nd Conf. Decision Control, Maui, HI, 2003, pp. 98–103.
[25] M. Huang, P. E. Caines, and R. P. Malhamé, “Large-population costcoupled LQG problems: Generalizations to non-uniform individuals,”
in Proc. 43rd Conf. Decision Control, Nassau, Bahamas, 2004, pp.
3453–3458.
[26] M. Huang, P. E. Caines, and R. P. Malhamé, “Large-population costcoupled LQG problems with nonuniform agents: Individual-mass behavior and decentralized -Nash equilibria,” IEEE Trans. Autom. Control, vol. 52, no. 9, pp. 1560–1571, Sep. 2007.
[27] H. F. Chen and L. Guo, Identification and Stochastic Adaptive Control.. Boston, MA: Birkhäuser, 1991.
[28] Y. Kabanov and S. Pergamenshchikov, Two-Scale Stochastic Systems.. New York: Springer-Verlag, 2003.
[29] D. W. K. Yeung and L. A. Petrosyan, Cooperative Stochastic Differential Games.. New York: Springer, 2006.
[30] J. B. Rosen, “Existence and uniqueness of equilibrium points for
concave n-person games,” Econometrica, vol. 33, no. 3, pp. 520–534,
1965.
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