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Abstract

This paper investigates the consensus problem of multi-agent systems. Owing to the effect of bandwidth restriction, the
communication information between two adjacent agents is based on the binary-valued observation of the imprecise sender’s
output, which is only 1-bit. Each agent employs the recursive projection algorithm to estimate the states of all neighbours.
Then, an event—tri%gered coordination technique is proposed to address the consensus problem. The first characteristic of this
technique is that the information data transmission between two adjacent agents is managed by an event-triggered scheduler.
The second characteristic of this technique is that each agent adopts the event-triggered control protocol to achieve the
ultimate target. By this technique, the estimation error and the consensus error can converge to zero in the mean square
sense and in the almost sure sense with explicit convergence speeds. Moreover, the communication rate of the communication
scheme between two adjacent agents does not exceed fifty percent. And the communication rate of the control scheme can
almost surely converge to zero with an explicit rate. Compared with the existing results, these two communication rates can be
extremely reduced when achieving the same convergence value. As a result, the communication resources can be saved in terms
of quantization, communication and control. An example is presented to illustrate the advantage of the proposed technique.
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1 Introduction

Consensus is one of the key problems of multi-
agent systems (MASs) and has been a hot topic for a
long time [1-6]. As an effective tool, the event-triggered
control strategy is extensively used to deal with the
consensus problem of MASs [7-9]. The main charac-
teristic of this strategy is that the designed controller
of each agent is affected by an event. If this event is
satisfied, then information data transmission inside the
controller is achieved. Therefore, by the event-triggered
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control strategy, frequent data transmission can be
avoided, and hence the communication resources can be
saved. However, the majority of existing works concern-
ing the event-triggered consensus problem acquiesce in
sustained communication between two adjacent agents.
In other words, the communication data is transmitted
from one agent to its neighbours all the time. From
the perspective of consensus achievement and further
resource saving, an interesting question is whether the
sustained communication scheme can be replaced by
the event-triggered communication scheme.

In recent years, an event-triggered coordination
technique has been proposed in [10-13], which can
answer the above question. With this technique, event-
triggered control and event-triggered communication
perform simultaneously. To put it another way, when
some event is triggered, each agent broadcasts its state
information to all the neighbours, and updates its con-
trol signal at the same time. In this way, the communi-
cation between two adjacent agents is no longer continu-
ous, and the communication frequency can be extremely
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reduced. As a result, the communication resources can
be saved. However, in these works, the communication
schemes are based on the exact state information, which
is infinite-bit. In practical engineering, owing to the
limitation of channel bandwidth, the transmitted infor-
mation needs to be quantized to a finite number of bits.

Consequently, the available information is rather finite

and imprecise. Such communication condition will make

the event-triggered coordination problem more chal-
lenging. Furthermore, the less the amount of exchanged
information is, the harder this problem is.

During the past decades, quantized consensus prob-
lem of MASs has attracted considerable research atten-
tion [14-17]. Moreover, the idea of event-triggered con-
trol is successfully used to address this problem with
multi-level quantization [18-20]. Speaking of quantized
consensus, the authors consider that the most difficult
situation may be that each agent can only receive 1-bit
binary-valued information from its neighbours. In other
words, each agent can only distinguish whether its neigh-
bor’s workload with noises is larger than a threshold or
not [21-28]. Currently, there are mainly two approach-
es to deal with the consensus problem of MASs with
binary-valued communication. One is offline [23,26,27],
in which the estimation procedure is executed for some
holding time, and then the control procedure is started
at some skipping time. These two procedures are per-
formed alternatively. Thus, they are separate and are
not performed at every time instant. The other is on-
line [24, 25, 28], in which these two procedures are cou-
pled and can be performed at every time instant. Howev-
er, [23,24] and their follow-up works [25-28], sustained
control data transmission and sustained communication
between two adjacent agents are both required, which
may cause resource waste. For the sake of consensus
achievement and resource saving, a natural question is
whether the event-triggered coordination technique can
be used for the consensus problem of MASs with binary-
valued communication. And to the best of our knowl-
edge, this question is still open, which motivates this
paper.

Based on the above discussions, this paper concen-
trates on the consensus problem of MASs with binary-
valued communication via an event-triggered coordina-
tion technique. The main contributions are threefold.

e The event-triggered coordination technique is first
proposed to address the consensus problem of MASs
with only binary-valued communication. With this
technique, the mean-square consensus and the almost
sure consensus with explicit convergence speeds can
be realized. Furthermore, this technique allows that
event-triggered control and event-triggered communi-
cation can perform asynchronously, which is different
from those in [10-13]. In [10-13], the communication
processes between two adjacent agents do not con-
sider the effect of bandwidth restriction and require
the exact state information of each agent, which is
infinite-bit and can cause high power consumption.
Compared with them, this paper considers the effec-
t of bandwidth restriction. And the communication
information is even binary-valued, i.e. 1-bit informa-
tion. Thus, in terms of the power consumption, the
communication resources can be saved by the tech-
nique in this paper in comparison to those in [10-13].

e The communication process between two adjacent a-
gents is managed by an event-triggered scheduler de-
pending on the estimation effect. The scheduler trig-
gers communication only when the estimation effect
is bad. Thus, the designed communication scheme can
avoid frequent data transmission compared with the
sustained ones in [23,24]. Moreover, the communica-
tion rate of the communication scheme cannot exceed
fifty percent, which is much lower than those in [23,24].
In [23,24], this communication rate is one hundred per-
cent. Intuitively, the lower the communication rate is,
the lower the frequency of data transmission is. Con-
sequently, in terms of the transmission times of da-
ta, the communication resources can be saved by the
communication scheme in this paper in comparison to
those in [23,24].

e The event-triggered control strategy is related to the
consensus effect and the estimation effect. Data trans-
mission in the process of controller design is triggered
only when at least one effect is bad. Thus, the de-
signed control scheme can avoid frequent data trans-
mission in comparison to the state-feedback ones in
[23,24]. Even so, under some conditions, the conver-
gence speed in this paper can reach the fastest case

in [24] (O(t™")), and is faster than the fastest case

in [23] (O(t_%)). In addition, the communication rate
related to the control scheme can almost surely con-
verge to zero with a rate o(t~") (k is a positive con-
stant depending on the triggering condition and the
convergence speed), which can be extremely reduced
compared with those in [23,24] when achieving the
same convergence value. In [23,24], this communica-
tion rate is one hundred percent. Intuitively, the lower
the communication rate is, the lower the frequency of
data transmission is. As a result, in terms of the trans-
mission times of data, the communication resources
can be further saved by the control scheme in this pa-
per in comparison to those in [23,24].

The rest of this paper is organized as follows. In
Section 2, the considered problem is formulated. In Sec-
tion 3, communication schedulers are designed. In Sec-
tion 4, dynamic event-triggered controllers are designed.
Section 5 investigates the convergence and the conver-
gence speeds of the consensus error and the estimation
error. Section 6 shows the communication rates of the
designed schemes. In Section 7, a simulation example is
given to demonstrate the effectiveness of derived result-
s. Finally, Section 8 summarizes the main results.
Notations. R represents the set of real numbers. Z
represents the set of integer numbers. E represents the
mathematical expectation operator. P represents the
probability operator. || - || represents the Euclidean nor-

m. AT represents the transpose of matrix A. exp(-)

represents the exponential function. f =% ¢ means f
converges to g almost surely or with probability 1.

2 Problem formulation
Consider the following MAS:

zi(t+1) = z;(t) + wi(t), (1)

where t € Z, x;(t) € R is the system state, u;(¢t) € R
is the control of ith agent, : = 1,...,n. The interaction



topology among the agents is described by an undirected
and connected graph G. (i, 7) € G means that there is an
edge between agent i and agent j. The adjacency matrix
is defined by A = [a;j]nxn, where a;; = 0, a;; = 1 if
there exists an edge between agent ¢ and agent j, and
aj; = 0 otherwise. The set of neighbors of agent 7 is
denoted as IN;. The degree of agent i is denoted as d;.
The Laplacian matrix is defined as L = D — A, where
D = diag{d;},i=1,...,n. The eigenvalues of L satisfy
0= X < Xy < A3 <...< )\, The initial state of each
agent satisfies |z;(0)| < My for alli =1,2,...,n, where
My > 0 is a given constant.

In this paper, it is assumed that the information
that each agent receives from its neighbour or neigh-
bours is affected by some stochastic noises. And the ob-
servation is based on a binary-valued quantizer.

{ yij (t) = x;(t) + wi; (1), @)
sij(t) = Iy, 0<ci)s

where y;;(t) is the output information that agent j in-
tends to send to agent ¢, but is affected by the noise
wi;(t). Thus, x;(t) cannot be measured well. The nois-
es {w;;(t), (¢,7) € G} are identically normally distribut-
ed random variables with mean 0, and are independent
with respect to ¢, j,t. The distribution function and the
associated density function are, respectively, F(-) and
f(z) = dI;(;C) # 0. The o-algebra generated by {w;;(t)}
is defined as Dy = o{w;;(1),...,w;;(t)}. The communi-
cation information that agent i actually receives from a-
gent j is based on the binary-valued measurement s;;(t),
which is decided by the indicator function ;.. That is,
Sij (t) =1if Yij (t) < Cij, and Sij (t) = 0 otherwise. Con-
stant Cj; is a given threshold, j € IV;.

Definition 2.1 Ifthere exist constantsc > 0 andt* > 0,
such that the sequences f(t) and g(t) satisfy |%| <c

for any t > t*, then f(t) = O(g(t))- I liny o0 3 = 0

g(t) —
then f(t) = o(g(t)).

In [23,24], the communication between two adjacen-
t agents is sustained, i.e. the binary-valued information
si;(t) is transmitted from agent j to agent 7 all the time.
Moreover, [23, 24] employ the state-feedback control
method to achieve the consensus target. For the same
target, this paper proposes an event-triggered coordina-
tion technique, by which event-triggered communication
and event-triggered control can perform asynchronous-
ly. With this technique, the communication rates can be
reduced and the communication resources can be saved.
The system schematic is shown in Figure 1.

The target of this paper is to propose an event-
triggered coordination technique for each agent to es-
timate its neighbour’s state or neighbours’ states, and
make system (1) achieve consensus with explicit conver-
gence speeds.

3 Scheduler design

In this section, schedulers with triggered events will
be designed. According to Figure 1, schedulers decide
when the binary-valued information s (t) are sent to
estimators. For convenience, we define a scheduler switch

Event-triggered
controller i

[ ]

Event-triggered
controller j

—>| Agent i Agent j |€—

() l

S;i(t)

Estimator i [¢——— Scheduler j

Scheduler i |——>| Estimator j

Fig.1. The communication between two adjacent agents is
based on a triggered event to be designed later. The agent
Jj sends the binary-valued information s;;(t) (si;(t) =0 or
1) to the scheduler j. And when the event is triggered, the
scheduler j sends s;;(¢) to the estimator ¢ to estimate x;(¢).

Bij = Iyy for any i and j € N;. If 3;; = 1, then the
scheduler j sends s;;(t) to the estimator 7. If 5;; = 0,

then the communication is denied. The communication
rate of the communication scheme between the scheduler
j and the estimator ¢ is defined as [31]

Zi—ltﬂij(k). )

Ao = Jim
Now, we design three kinds of triggered events for
each scheduler as follows.
Scenario I: §;;(t) = I, (t)=13- In this scenari-
o, only when s;;(t) = 1, the communication is per-
missible. In other words, agent j only sends the infor-
mation s;;(t) = 1 to agent i. By noting E(5;;(t)) =
F(C;; — x;(t)), and following the law of large number-
s [33], we have

<1, t— oo.

(4)
Thus, by (3) and (4), 8;; < 1. Thus, in this scenario,
the communication rate related to the communication
scheme between the scheduler j and the estimator 7 is
not obviously reduced in comparison to those with con-
tinuous communication in [23,24].

Scenario II: 3;;(t) = Iys,,(1)=0}- In this scenario,
agent j only sends the information s;;(t) = 0 to agent
i. Again, by noting E(5;;(t)) =1 — F(C;; — z;(t)), and
following the law of large numbers [33], it holds

Skt Bi(B) s, Ypy F(Ciy —as(k))

Sk=1 DURR) 2%
t t

S Bis (k) as S r F(Cij — (k)
t t

<1,t— o0.
_ (5)
Similar to the scenario I, by (3) and (5), 5;; < 1, which
implies the communication rate related to the communi-
cation scheme between the scheduler j and the estima-
tor ¢ is also not obviously reduced compared with those
in [23,24].

Scenario III: ﬂij (t) = I{sij(t):(),Cij—Ij(t)>x} +
Lo, (t)=1,C1j—a;(t)<x}> Where x = Ffl(%). In this s-
cenario, only when s;;(t) = 0 and Cj; — x;(t) > x
or s;(t) = 1 and Cj; — z;(t) < x are satisfied,



the communication is permissible. Let Fiin(z) =
min{F(z),1 — F(z)} for any z € R. Then, Fy,(z) < 1
and

_ F(z), z<x,
Finin (%) = { 1-F(x), z>x.
Moreover, it holds
E(Bi;(t)) = Fuin(Cij — z;(1)). (6)

From (6), and by the law of large numbers [33], it holds

> e Bij (k) as, > et Fanin(Cij — (k)
t t

<

DN | =

(7)
By (3) and (7), 8;; < 4. Thus, the communication rate
related to the communication scheme between the sched-
uler j and the estimator ¢ can be extremely reduced com-
pared with those in [23,24]. However, this scenario is d-
ifficult to implement since x;(t) is unknown and needs
to be estimated when designing the scheduler j. Thus,
in the sequel, we redefine 3;;(t) as

ﬁl(t) = I Sij :O,Cf‘—i”‘ -1
J {s:5(8) i~ & (E=1)>x} )

s, ()=1,C1;—d:; (t—1)<x}>

where xy = F~1(1), and #;;(t) is the i-th agent’s estimate
to the state x;(t) of agent j. In this case, the scheduler j
only recognizes whether &;; (¢t — 1) satisfies C;; — Z;; (¢t —
1) > x rather than the exact #;;(¢ — 1). In addition,
in this case, E(8;;(t)) # Fmin(Cij — x;(t)). Thus, (7)
may not be satisfied. In Section 6, we will reanalyze the
communication rate 3;;.

In this paper, we will adopt the scenario III with
(8) to achieve the target in Section 2.
Remark 3.1 In the scenario III, an event-triggered
communication scheme (8) is proposed. If B;;(t) = 1,
then the communication between two adjacent agents
is triggered. In [10-18], the communication processes
are also event-triggered. However, the communication
processes in [10-13] require the exact state information
of each agent, which is infinite-bit and can cause high
power consumption. But in the communication scheme
(8), only 1-bit binary-valued communication data is
transmitted. Thus, in terms of the power consumption,
the communication resources can be saved through the
communication scheme (8).

4 Controller design

In this section, event-triggered controllers will be
designed to realize the target in Section 2. From Figure
1 we know that the designed controller of each agent de-
pends on the estimate of its neighbours’ states. Thus,
before constructing controllers, we establish the follow-

, T — o0.

ing estimation process

#i5(t) = War{ iyt = 1) +1p() (F(Cj — (¢ — 1))

—5ij (t))},

(9)
where constant M > My, constant +y is the step size for
estimation updating, p(t) = (t + b)~! satisfies p(t) €
(0, d%], where b > 0, I/ (2) is the recursive projection
operator

II = i —al, Vz € R,
m(2) arglglglr;ulz al, vz

and

8i5(t) 7= Bij (1) sij (1) + Ly s 0-1)>xy (1 = Bi (1)
(10)

It should be stressed that the estimation process (9)
is different from those in [23,24]. The former relies on
§;;(t), and the latter relies on s;;(t). Specifically, the es-
timation processes in [23,24] rely on sustained commu-
nication between two adjacent agents, i.e. s;;(t) is trans-
mitted to the estimator ¢ all the time, and then the es-
timate %;;(¢) can be constructed. However, from Figure
1, only when an event is triggered, i.e. 3;;(t) = 1, the
estimation process proceeds. For example, if s;;(¢) = 0
and Cj; — 2;5(t — 1) < x for some ¢, then §;;(t) = 0,
which means the scheduler switch is open and hence the
communication between the procedure and the estima-
tor is denied. Therefore, s;;(t) = 0 cannot be sent to the
estimator 7. From this perspective, the communication
frequency between two adjacent agents in this paper can
be reduced.

The following lemma shows that the value of §;;(¢)
is equal to that of s;;(t) for any i =1,...,n,j € N; and
t > 1. Thus, even if s;;(t) is not sent to the estimator ¢ at
some ¢, the estimator ¢ can still judge the value of s;;(t).
Lemma 4.1 Foranyi=1,...,n,j € N; andt > 1, it
holds that gij (t) = Sij (t)

Proof. We distinguish the following two cases.

Case I: f,;(t) = 1. In this case, the scheduler switch is
closed and the estimator ¢ can receive s;;(t). By (10), we
have §ij (t) = Sij (t)

Case II: 3;;(¢t) = 0. In this case, the scheduler switch is
open and the estimator ¢ cannot receive s;;(t).

If Cij — 2;5(t — 1) > x, then s;;(t) = 1 must be true.
Otherwise, if s;;(t) = 0, we can get 3;;(t) = 1, which is
a contradiction. In this way, §;;(t) =1 = s;;(t).

If Cij — &;(t — 1) < x, then s;;(t) = 0 must be true.
ThUS, gij (t) =0= Sij (t)

Based on the above analysis, the proof is completed. 1

By (9), we are in a position to construct the follow-
ing event-triggered controllers

wi(t) = —p(t) Y (2i(th)=&i5(8h)), t € [ththpn)s (11)

JEN;



where j € N;, ¢ = 1,...,n, k = 0,1,..., and the trig-
gering instant sequence {t},} witht{, =0 (i =1,...,n)
arises from the following condition

; (12)

B =min{| > (z

JEN;

—ay@) M}, (14)

Y;(t) is an internal dynamic variable satisfying the fol-
lowing equation

Ti(t+1) = &, X(t) — Iy(t), (15)

where 7; € (0,1) satisfies 7;1; > M and T;(0) > 0.
Remark 4.2 If v; tends to infinity, then the dynamic
event-triggered condition (12) will become a static one. In
[32], it has been shown that the next execution time given
by a dynamic event-triggered condition is larger than that
given by a static one. In this paper, this assertion can also
be derived from Theorem 6.5. Moreover, Theorem 6.5
further shows a comparison of the communication rate
between the dynamic event-triggered mechanism related
to (12) and the corresponding static one. That is, in some
cases, the communication rate via the former is much
lower and can converge to zero faster than that via the
latter. For more details, please see Remark 6.6.
Remark 4.3 The controller (11) is designed to make
the consensus error x;(t) — x;(t) and the estimation er-
ror x;(t) — &, (t) asymptotically converge to zero in both
the mean square sense and the almost sure sense. And
the triggering condition (12) is relevant to these two
errors. No matter which error becomes too large, (12)
will be triggered. The underlying motivation for design-
ing the event-triggered controller (11)-(15) lies in sav-
ing resource while achieving consensus target. With the
controller (11)-(15), frequent data transmission can be
avoided in comparison to the state-feedback ones in [23,
24/, and hence the communication resources can be saved.
Moreover, as stated in Remark 4.2, the dynamic event-
triggered condition (12) can further reduce the commu-
nication rate compared with the static one.

The following lemma is in connection with the non-
negativity of Y;(t), which is necessary to guarantee (12)
being a dynamic triggering condition [32].

Lemma 4.4 For anyt >0, T;(t) > 0.
Proof. From (12), we can get that for any ¢ € [t},t} ),

Ti(t) < TV—Et)M Then, by (15), we can derive

Ti(t+1)> (7 — V%)Ti(t), t>0.
Since Y;(0) > 0 and 7;1; > M, it holds that Y;(t) > 0
for any t > 0. i
The following lemmas are in connection with the
convergence of T;(t), which are useful for the conver-
%egnce speed analysis as shown in Theorems 5.5, 5.7 and

Lemma 4.5 ([34]) For any given ¢, kg > 0,0 <p < 1
and q € R, we have

ke l+k0)” eclktko)?
Z (14 ko)a ((k+k;0)z>+q—1>'

=1

Actually, Lemma 4.5 also holds provided that kg >
0 and 0 < p < 1. The proof is almost the same as that
of Lemma 3.3 in [34].
Lemma 4.6 Let a;(t) = O(t~%) and g;(t) = O(t~¥2),
where Y1 > 0 and ¥y > 0 are constants. Then, T;(t) =

O(t™%), where = min{yy, vo}.
Proof. From (13) to (15), we have

Then, through an iterative procedure, we can get

t—1

Ti(t) < 705(0) + Y (i(k) + gi(k)7 ' F M. (16)
k=0

By Lemma 4.5, it holds that

t—1

> (k) + g; (k)i —F

k=0

= O(t*d’)’

which in conjunction with 7 = o(t~¥) yields Y;(t) =
o@t=). i

At the end of this section, the following transforma-
tion of system (1) is presented, which will be helpful for
the main results in the subsequent sections.

Let the estimation error as e;;(t) = &;;(t) — ;(1).
And let n;;(t) = e;(t) — e;5(t). Then, substituting (11)
into (1) deduces that

zi(t+1) = xi(t) — p(t) _g}v_(fi(t) — (1)
2 (t) — iz (1) + ei(t) — ei(t))
zi(t) = p(t) 3 (wi(t) —x;(1))

JEN;
+p(t) > ei(t) —p(t) 22 mi(D).

JEN; JEN;

(17)



5 Convergence and convergence speed analysis

Based on the analysis in Section 3 and Section 4,
this section will establish the convergence and the con-
vergence speeds of the estimation error ¢;;(¢) and the
consensus error x;(t) — x;(t).

In Lemma 5.1, the boundedness test for system s-
tates of (1) will be presented. Then, in subsection 5.1,
the mean-square convergence and convergence speed will
be shown from Lemma 5.2 to Theorem 5.6. Finally, in
subsection 5.2, we will present Theorems 5.7 and 5.8 for
showing the almost sure convergence and convergence
speed, respectively.

Lemma 5.1 Foranyt>0andanyi=1,...,
following condition holds

n, if the

aut+1) < (1= dip®)a(t) — 22 [1i(@i(t) + gu(1))
M S (@s(h) + 5 (0)5 1 70 0)]

(18)
then |z;(t)| < (1 — ay(t)) M.
Proof. The proof is given in Appendix, so it is omitted
here. i
Next, the mean-square convergence and the almost
sure convergence of e;;(t) and z;(t) — x;(t) (j # i)
are considered, respectively. Before proceeding with the
main results, the following parameters are needed:

Symbol Meaning

Iu f(C+ M), f(-) is below (2)

C max{|Cy;|,i=1,...,n, j € N;}, Cj; is in (2)
dy max{d;}, d; is below (1)

ay max sup{e;(t)}, o;(t) is in (13)

iy

g(t) i 1ZjeN g3 (t)M?, g;(t) is in (13)
T(t) Z T2(t), Yi(t) is in (15)

~ The step size given in (9)

5.1 Mean-square convergence

In this subsection, the mean-square convergence
and convergence speeds of €;;(t) and x;(t) —x;(t) (j # )
are investigated. Before proceeding with these results,
the following lemmas are needed.

Lemma 5.2 Let R(t) = E(gT(t)e(t)), where e(t) =
(E1T1 (t), . ,€1le (t)752Td1+1(t)’ . 752Td1+d2 (f,), ey
Enrayy.va, 1) s Enrat yan (t)T. Then, the fol-
lowing inequality holds:

R(t)
< (1= hip#))R(t — 1) + hap(t)V (t — 1) + p*(t)

+3p(t)g(t — 1) + 2B — 1), > 1,

A (19)
where hy = 27 far — 228 — 2dy — (1+6a3,d3%;), ha =
§+12a2,d%,, ¢ > 0 and § > 0 is an arbitrary constant,
U = miin{ui}.

Proof. The proof is given in Appendix, so it is omitted

here. i
Lemma 5.3 Let V(t) = E(z7(t)Lx(t)). Then, the fol-
lowing inequality holds:

V(t) < (1= hapt))V(t = 1) + hap(t)R(t — 1)
p(t)g(t —1) (20)

+Wﬁt— 1), t > T,

+ép2(t) + 3%

c ’ An ¢ ’

2X2d 602, \nd A2~ 1222, M.d
where hg = =3 4 2OMEnEM fy — 22 G =CMonCM
2

4
Ty = max{dy, 2;‘—;}, ¢ > 0 and ¢ > 0 is an arbitrary
2

constant.
Proof. The proof is given in Appendix, so it is omitted
here. i

The following lemma is necessary for the mean-
square convergence speed.

Lemma 5.4 For any constant B > 0 and & > 0, the
following assertions hold as k — oo:

(1)
k ~
[T = Bp()) = O((k +b)~7).
i=1
(i)

l=i+1

O((k +b)=58 &> B,
= (%+@) %+5M &=@

O((k + b)=%), & < B.

Proof. The proofs are similar to those of Lemma 4
in [23], so they are omitted here. i
From Lemma 5.2 to Lemma 5.4, the following the-
orem related to the mean-square convergence and con-
vergence speeds of €;;(¢) and z; () —x;(t) (j # i) can be
derived, respectively.
Theorem 5.5 Assume the conditions of Lemma
4.6 hold. Let U(t) = (R@),V()T, C = (¢e)T,
Cr o= 3(1,2)7, Gy = B AT gnd H =

hi —he
—hs hy )’

Then, the following assertions hold ast — oo:

O((t + b)~Amin () Amin(H) < 1),
U] = { Ot + b)~ == In(t + b)), Awwin(H) = &,
O((t +b)~¥), Amin(H) > 1),

where ) = min{1,2¢}, 1) is defined in Lemma 4.6.
Proof. The proof is given in Appendix, so it is omitted

here. i
In the following theorem, some sufficient conditions

are provided to guarantee 0 < Amin (H) < W, Amin (H) =
¥ and Apin(H) > ¢, where ¢ > 0.



Theorem 5.6 Assume «p; satisfies 0 < apy <

A2 ~ .
ﬁ\/ﬁ(l - ﬁ) — 21. Then, the following as-
sertions holg 3
(i) If QflM (h4 + (1) <7 <G, then 0 < Amin(H) < 9,
(“) Ifﬁy - CQ; then )\min( ) = wi
(i5i) If v > (o, then Amin(H) > 1,
where (1 = 1 + 2dy + 60[?\/10@\4 +

And _
ot and G =

ﬁ (C1 ).
Proof. The proof is given in Appendix, so it is omitted
here. i

5.2 Almost sure convergence

In this subsection, based on the results in Subsec-
tion 5.1, the almost sure convergence and convergence
speeds of €;;(t) and x;(t) —x;(t) (j # ¢) are investigated.
Theorem 5.7 Assume the conditions of Lemma 4.0,
the conditions ay € (0, ﬁ\/:\\%(l QdM) 2¢))
and vy > 2fM( % + (1) in Theorem 5.6 hold. If hy > hg
and hy > ha, where hy (I = 1,...,4) are given in Lem-
ma 5.2 and Lemma 5.3, then for any i = 1,...,n and
J € Ni,eij(t) £ 0 and z;(t) — zj(t) <5 0 ast — .
Proof. The proof is given in Appendix, so it is omitted
here. i

The following theorem is related to the almost sure
convergence speeds of ¢;;(t) and x;(t) — x]( ) (§ #1).

} < h with

Theorem 5.8 Assume sup{p(t - p(t i)

h= min{hy — hg, hy — ha}, and the rest of conditions of
Theorem 5.7 hold. Then for anyt=1,...,nandj € N;,
the following assertions hold ast — oco:

Int >
O(3v)s 0<29 <1,
where 0,5 (t) € {E?j(t), (zi(t) — x;(t)?}.
Proof. The proof is given in Appendix, so it is omitted
here. i
6 Communication rate analysis

In this section, we successively analyze the com-
munication rate of the event-triggered control scheme
(ETCS) consisting of (11)-(12), and the communication

rate of the communication scheme between schedulers
and estimators (CSSE).

6.1 Communication rate of ETCS
Definition 6.1 (/29]) Let K;(t) represent the number of

triggering times of agent i in [0,t]. Then the communica-
tion rate of the event-triggered control scheme consisting

of (11)-(12) is denoted by x;(t) = Klf(t)

Let z;(t) = > (&;;(t)—;(t)). Then, the triggering
JEN;
condition (12) can be rewritten as

|2i(t) = zi(th)| > ai(®)eu(t) + ()M, (21)
where ¢;(t) = g;(t) + Y;Et)
gi(t) and M are the same as those in (12).

, and the parameters «;(t),

To obtain the communication rate of ETCS, the
following assumption is needed.
Assumption 6.2 For any i = 1,...
assertions are satisfied:

,n, the following

Gi(t)

n
() lim inf st + ) > 0, (i) lim inf ()

t— 00 Gi(t) t—00

>0,

where i € (0,1) is a constant, w(t) = p(t) max{2yd;, 7= (t),
Gi(H)}, and r(t) € {tYnt, t72¥ +71}.

Remark 6.3 (i) Let p = 0.01, v = 10, v; = 10, 1; =
02, M =1, T;(0) = 1, d; = 2, p(t) = (¢t + 10)~!
gi(t) = 0.01(t+0.1)7%% and a;(t) = 0.1(t+20) L. Then,
r(t) = t=98 and both case (i) and case (i) are satisfied.
(i) Actually, Assumption 6.2 means that the function
Gi(t) can be the polynomial decay function of t instead
of the exponential decay function. In view of ¢;(t) =

gi(t) + L9 with g;(t) and T

Vi
rameters in the triggering condztzon (12), (12) can be
more easily triggered for the exponential decay function
case than the polynomial decay function case. In terms of
reducing data transmission for resource saving, the trig-
gering condition (12) should be slowly triggered. More-
over, by Assumption 6.2, the communication rate x;(t)
can be proved to converge to zero in the following theo-
rem.

Now, we are in a position to propose the following
theorem about communication rate of ETCS.
Lemma 6.4 (/87]) Let {x,,} and {y,} be two sequences.
If {yn} is strictly increasing, lim, oo yn = 00, and

Tp—Tp_1 _ . Tn _
e T then lim,, oo =

Theorem 6.5 Assume Assumption 6.2 and the condi-
tions of Theorem 5.8 hold. Then, the communication rate

of ETCS satisfies

P{ lim x;(t)t

being the triggering pa-

limy, o0

=0} =1, (22)

where 0 < Kk < ﬁ

Proof. The proof is given in Appendix, so it is omitted
here.

Remark 6.6 Intuitively, there exists a tradeoff among
the triggering condition (12), the convergence speeds and
the communication rate of ETCS. Consider the case that
Y1 > o and 2¢p < 1. In this case, for the given gain
p(t) and step size vy, by (13) and (15), based on Theorem
5.5, Theorem 5.8 and Theorem 6.5, if the decay speed
of gi(t) is increasing, so are the decay speeds of T;(t)
and ;(t), then (12) will be easier to be satisfied, and
the parameter 1o will become larger. From the case (i)
of Theorem 5.5 and the case (i) of Theorem 5.8, the
convergence speeds will be improved. In addition, from the
case (ii) of Assumption 6.2, the parameter p will become
smaller, which yields a smaller parameter k. As a result,
the communication rate of ETCS will be improved and
its decay speed will be reduced.

Remark 6.7 Remark 4.2 claims that the communica-
tion rate via the dynamic mechanism related to (12) can
converge to zero faster than that via the static mecha-
nism. Now, the detailed reason is offered. Consider the



1

case that a;(t) = O(t~3) and g(t) O(t™2), then
Ti(t) = O(t3). Assume a;(t) = t73, g;(t) = ™1,
Ti(t) =t"% and w(t) =t} then by the case (ii) of As-
sumption 6.2, u € (0, %} For the static mechanism, v;
tends to infinity, then ;(t) becomes g;(t). Again, by the
case (i) of Assumption 6.2, 1 € (0,1]. Obviously, the
larger p is, the larger k may be. Consequently, the com-
munication rate via the dynamic mechanism related to
(12) can converge to zero faster than that via the static
mechanism.
6.2 Communication rate of CSSE

The communication rate of CSSE is defined in (3).
In Section 3, we do not precisely analyze the communi-
cation rate Bij since E(ﬂlj(t)) # Fmin(C'ij — ,I](t)) by
(8). In this subsection, based on Theorem 5.7, we are in
a position to reanalyze f3;;. Before proceeding with the
main result, the following lemma is needed.
Lemma 6.8 (/33]) If {f,,n > 1} is a martingale sat-

oS} 2
isfying Ef? < oo such that W < 00, then

n=1

4
5

lim {2 =0 a.s.
n—oo

Now, by virtue of Theorem 5.7 and Lemma 6.8, the
following result about j3;; can be derived.
Theorem 6.9 Assume the conditions of Theorem 5.7

hold. Then, for anyi=1,....,n and j € N;,
t
Bij = lim b=t Foin(Cy = 75(8) L,
t—o0 t 2

Proof. The proof is given in Appendix, so it is omitted
here.

Remark 6.10 In [23, 24/, the communication between
each scheduler and its adjacent estimator is sustained. In
other words, each scheduler switch is always closed. Thus,
Bij(t) =1 for anyt > 1 and hence Bij = 1. However,
as shown in Theorem 6.9, ﬁu < L which means the
communication rate of CSSE can be reduced to a great
extent compared with those in [23, 24].

7 An example

Consider system (1) with parameters ajo = a1z =
16 = Q21 = Q24 = Q3] = A35 = Q42 = Q46 = 053 =
a56 = A1 = A4 = QA5 — 1, and A5 = 0 otherwise. The

network topology is shown in Fig.2. The initial value of
system state is x(0) = [2.5, —4.3,6.8,5.9, —1.3, —3.6]7".
In this case, some system parameters are chosen as
2;;(0) = [22212212121212] i=1,...,6,
jGNz,M—lo,C’U—Ou:Oélfy—lO
v; = 10, 7; = 0.2, T;(0) = 1. The random noises
{wi;(t), (4,j) € G} are assumed to have standard normal
distributions.
7.1 Convergence analysis

To realize the control target, the event-triggered
controller (11) is designed with the control gain p(t) =
(t + 10)71, and the threshold parameters are a;(t) =
0.1(t+20) ! and g;(t) = 0.01(¢+0.1)~%3. Fig.3 describes
the simulation result of system state. Fig.4 shows the

estimation result. Fig.5 shows the simulation result of
V (t) with the algorithms in this paper and in [23], which
demonstrates that the convergence speed of V (¢) in this
paper is faster than that in [23]. Fig.6 shows the con-
vergence speed of V() compared with O(($)%%). Fig.7
shows the effect of the step size v on the convergence
speed of V(¢).

7.2 Communication rate analysis

By adopting the state-feedback control strategy in
[24], i.e. a;(t) = 0 and g;(t) = 0, the convergence speed
is O(%) And the convergence speed in this paper is

O((%)O'g). Thus, the convergence speed of the state-
feedback control strategy is higher. However, its com-
munication rate may also be higher. Let ¢ = 100. Then,
1 = 0.01. In other words, when designing the state-
feedback controllers, data transmission should happen
100 times to make the convergence value reach 0.01. Let
t = 316. Then, (1)°® = 0.01. From (67), the triggering
times of agent ¢ satisfies K;(t) = 18. To put it anoth-
er way, when designing the event-triggered controllers,
data transmission only occurs 18 times to make the con-
vergence value reach 0.01. Moreover, from Theorem 6.5,
xi(t) tends to zero as t goes to infinity. As a result, fre-
quent data transmission can be avoided, and hence the
communication resources can be saved.

Fig.2. Network topology.
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Fig.3. Trajectories of system states (k).

8 Conclusion

This paper has proposed an event-triggered coor-
dination technique to address the consensus problem
of MASs with binary-valued measurements. With this
technique, the estimation error and the state error can
realize the mean-square convergence and the almost sure
convergence with explicit convergence speeds. In addi-
tion, the communication rates of ETCS and CSSE have
been analyzed. Future works will consider the consensus
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problem under external attacks, as well as the privacy
preserving consensus problem.

Appendix
8.1 Proof of Lemma 5.1
From (1) and (11), it holds that
zi(t+1) = (1 —dip(t))zi(t) — p(t) 3 (eilt) — ei;(1))

JEN;

+p(t) > Eis(t),

JEN;

which in conjunction with 0 < p(t) < d%_ yields
|lzi(t + 1) < (1= dip(t))]zi(t)]

+p(t)] VGXJ)Vv(ez'(t) —ei(1))| + dip(t) M.

For any ¢ > 0, it follows from (12)-(14) that

| Z (ei(t) —eij(t))] < (ai(t) + gi(t) + Tit)

: v;
JEN;

)M.

Thus,
lzi(t + 1) < (1= dip(t))]zi(t)]
+(ai(t) + gi(t) +

L) 4 q)p(t) M.

vi

Since a;(0) < 1 — & we have |2;(0)] < My < (1 —
a;(0))M. Thus, it holds from (18) that

[z (1)] < (1= dip(0))]:(0)]
+(ai(0) + g:(0) + T2 + d;)p(0) M
< (1—ay(1)M.

Now, assume |x;(t)| < (1—a;(t))M holds for some ¢t = k.
For t = k + 1, we can get from (16) and (18) that

|i(k+1)| < (1 —dip(k))(1 — cs(k)) M
+Hai(k) + gi(k) + T2+ dy)p(k) M
< (1 —ai(k+1))M.
By the mathematical induction, it holds |z;(¢)] < (1 —
a;(t))M for any t > 1 and any ¢ = 1,...,n. The proof

is completed.
8.2 Proof of Lemma 5.2

By Lemma 5.1, we have |z;(t)] < M for any t >
1 and any i 1,...,n. Thus, it holds that z;(t) =
I (zj(t)) for any ¢ > 1 and any ¢ = 1,...,n. By (9),
(17) and Lemma 4.1, we have

IN

E[eij(t — 1) + vp(t)(F(Ciy — 5t = 1)) = 555(8))

+p(t) 3 (2t —1) —a(t — 1))

IEN;
—o0) X ealt =D+ plt) X malt - 1] 121
1EN; 1EN;

(23)



Let
@i (t) = eij(t) +ypt)(F(Cij — 245(t)) — si5(t + 1))
+p(t) > (z(t) — i (t) — p(t) > €jlt)

IEN; IEN;
+o(t) > nu(t),
IEN;
and p(t) = (p1r, (1), - - -, Plra, (t), P2r4; 11 ),
P2r4; 1, (t)a o Pnrag gy, 41 (t>7 e Prra o yay, (t))T'
Then,
p(t) = e(t) +yp(t)(F(t) — S(t+1)) (24)
+o(t)Q(Lx(t) — P(e(t) — n(1))),
where F(t) = (F(CH” )N (e ()))
F(OQTd1+1(t))a"'7F(02Td1+d2(t))7"'; .
F(Corayivay s ) FCorayy 0 ()
Cij = Cij — &45(t),

S = (517 (0 -+ 5100, (0520010 (1),

T
SnT’dl+.,.+dn (t)) )
> Mra, (t)’ N2ra, 41 (t)a IR
M2ra; 1a, (t)7 s 7nn7'd1+,.4+dn,1+1 (t)) < Mnray o qay, (t))T)
and ) = (Q1r17"' yAnray ¢ yd, 410t
QanIJF”.Hn)T with qi; = (O,..., \1// ,...,O)T.

j th position
Following (23) and (24), we can derive that

5214, 4d, (t>7 s Snrg 4o, 41 (t)’ R

n(t) = (e, (t), ...

7Q1’rd1 ) q2'rd1+17 s

R(t) = E(eT (t)e(t))

(25)

Since z;(t) and Z;;(t) are bounded, e(¢) is also bounded.
Thus, from (24), we have

E("(t = 1)p(t - 1))

< ®(t) + 20()E(ET (t — 1)QPn(t — 1))
+29p? (DE((F(t — 1) = S(¢))"QP(t - 1))
+2p°(HE(2" (t — 1) LQT QPn(t — 1)) (26)
—2p*(HE(" (t = DPTQTQPn(t — 1))
+p*(ME@" (t - )PTQTQPn(t — 1))
+c1p?(t),

where ®(t) = R(t — 1) + 2’yp(t)IE(5T(t — 1) (E(t-1) -

)

10

S(0)) + 20(DEE" (¢t~ DQLa(t — 1)) — 2p(1E(" (¢ -
1)QPe(t — 1)) + cop®(t), co > 0, ¢1 > 0 are constants,
and P = (pl’r‘l 3. )pl’l‘dl )t apnrd1+m+dn71+1a R ]

p”“‘d1+u,+dn) Withpij = (O,..., 1 ,...,O)T.

i th position

By Lemma 1 in [24], we can obtain that

() < (1 - @yfar — 2t 2dy)p(1)) R(t 1)

+Ip(t)V (t — 1) + cap?(2),

(27)
where co > 0.
Since z;(t) and Z;;(t) are bounded, it yields from (12)
that | > 7;;(t)| is bounded. Therefore, for ¢ > 1, it
JEN;
(2 mi(®),--s 2 my()"

holds Pn(t) = is also
JEN1 JEN,

bounded.
Then, by virtue of (26) and (27), we have

E(p"(t — 1)p(t — 1))

< (1= @yfar — e — 203)p(t) ) Rt — 1)

(28)
+Ip(t)V (t — 1) + c3p?(t)
F2p(E(ET(E - 1)QPy(t — 1)),
where c3 > 0 is a constant.
Now, we analyze the term E(e7'(t — 1)QPn(t — 1)).
Obviously,
E("(t - 1)QPn(t - 1))
E Z E(am( )%;Pn(t - 1))
i=1j€N;
n
(29)
<Y X E[3( -1+ Heh Pt - 1)
i=1jEN;
= ¥ E[33 (- D+ 3 X malt-1)?).
i=1jEN; leN;
Based on the triggering condition (12), we can get
| 2 m(t =1
JEN;
< 303, T (@it 1) - a5t — 1)
JEN;
2 (30)
+ 3 eylt—1)] Mg - 1)
JEN;
FAME2(p 1)



< 6a3,d; > (@t =1 =yt = 1)

+ 3 et =] +3M2g2e - 1)
JEN;

FAMEp2(p ),

Then, (29) in conjunction with (30) implies

E("(t - 1)QPn(t - 1))
= %E(‘?lrl( - 1) +...+ 617'[1 (t - 1) + E%rd1+1 (t - 1)

+...+ sgmlw t—1+...+ sw b, (t—1))

+303,dnE[ X 5 S (@it — 1) -yt - 1)
i=1jEN;

+dy Y et -1+ +dn Y
JEN: JEN,

30— 1) + 2EET(E - 1)

< (3 +3a3,d3)R(t — 1) +6a3,d3,V(t— 1)

eni(t—1)

+3g(t— 1) + MY 1),
" (31)
By (25), (28) and (31), we can obtain
R < (1 @yfar — 2t — 2y
—(1+60%,d3,))p(t) ) R(t — 1) (32)

+(6 + 12a3,d3,)p()V (t — 1) + c3p?(t)

+3p(t)g(t — 1) + 2MDrO (¢ 7).

m

Thus, the proof of Lemma 5.2 is finished by letting c¢3 =
é. |
8.8 Proof of Lemma 5.3

By the presentation of matrix P below (26), system
(17) can be rewritten as
w(t +1) = (I = p(t)L)z(t) + p(t) P(e(t) —n(t)),

where £(t) is in Lemma 5.2 and 7(¢) is below (24).
Then, it holds that

V(t) = IE(\IJ(t) + o2 (0" (t — )PTLPy(t — 1)
—2p2(t)eT

—2p(t)a” (t = 1)(I = p(t) L)LP(t— 1))

(t—1)PTLPy(t—1)

3

~

3
where U(t) = 27(t — 1)(I — p(t)L)L(I — p(t)L)x(t
1) +2p(t)zT(t — 1)(I — p(t)L)LPe(t — 1) + p?(t)eT (t —
PTLPe(t —1).

From Lemma 2 in [24], we know that

E(U(1)) < (1 32p(t)V(t—1)
+2AK§MP(t)R(t — 1)+ cap?(t), t > T,
(34)

where ¢4 > 0 is a constant.
Now, we analyze the term E(—2p(t)z
p(t)L)LPy(t - 1)).

Following Theorem 5 (ii) in [30],

Tt — 1)1 -

we have
E(2e7(t — 1)(I - p(t)L)LPy(t — 1))

2/E@T(t —1)(I — p(t)L)L(I — p(t)L)z(t — 1))
x/E(nT(t —1)PTLPn(t — 1))

IN

< 2\/051/(15 —1)22E(yT(t — 1) PT Py(t — 1))

< (t = 1)PTPn(t - 1)),

<eV(E-1)+ %;‘]E(UT

(35)
where c5 > 0 is a constant.
By (30), we can get
E(n” (t — 1)PTPr(t — 1))
—E[ X mylt—1))?
i=1 jEN; (36)
< 6a%,dpy(2V(t—1)+ R(t—1)) +3g(t — 1)
+3ET(E - 1).

Based on the analysis in Lemma 5.2, we know that e(t —
1) and Pn(t — 1) are bounded for ¢ > 1. Then, from
(33)-(36), we can obtain

V(o) < (1= GF - s = B0 )V (e - 1)

(g o SR ) ) R — 1) + o0 (1)

Cs

+3%2p(t)g(t — 1)

| 3M? gﬁinp(t) Tt —

) t>T1,

(37)

where cg > 0 is a constant.
Therefore, the proof of Lemma 5.3 is finished by letting
]

cs = cand cg = C.

8.4 Proof of Theorem 5.5
For ¢t > T4, by (19) and (20), we have

Ut) < (I = p)H)U(t = 1)+ p*(t)C + p(t)g(t — 1)C,

p(t
+p(t)Y(t = 1)Cs,



which yields

1@l
< = p@HNUE =D+ Cllp* ()

+Cullp(t)g(t = 1) + |Cap(t) T (E — 1), t > T1.
(38)

By choosing proper constants § and ¢, we can de-
rive HT = H. Since p(t) is non-increasing and satis-
fies lim; o p(t) = 0, there exists To > 0 such that
p(t) < m for t > Ty. Then, it holds

11— p(O)HI| < (1= Ain(H))p(t), t > To.
This in conjunction with (38) implies

1@l
< (= Amin(H)p) U = D[ + [IC]1p%(2)

+[Cullp(t)g(t = 1) + [|Callp()Y(t — 1), t > Ts,
(39)
where T3 = max{Ty,T>}.
When t > T3, through an iterative procedure, we can
get from (39) that

U@ < 111~ Aasn PO TO)]

OIS TT (1= A (H)p(0))02(6)

i=11=i+1
t t

+C3 Z H (1 - )‘min(H)p(l))p(i) (9(7’ - 1)

1=11=1+1
+Y(t - 1)),

where C3 = max{||C1||, | C2||}-

By noting g;(t) = O(t~%2), the proof is completed from
Lemma 4.6 and Lemma, 5.4. i
8.5 Proof of Theorem 5.6

2
Let ¢ = 52— and 6 = h3 — 12a3,d3,. Then, it

}fl})l.ds that HT = H. The minimum eigenvalue of matrix
is

~ hi4hy — /(hy + hy)? — 4(hihy — B3)

AInin (H) 2

. )\2 ~
By noting 0 < ayy < m\/ﬁ(l — ﬁ) — 21, we

can get that hy > 21/;. We next distinguish the following
cases.
Case (i). Two sufficient conditions for Ayin(H) > 0 are

hy > 0 and hihy > h3. And by solving these two in-
equalities, we can get

0< < X (1 ! ) !
a =< 4 a7 7)
M o oandy Vo 2da’ N

12

and

Moreover, two sufficient conditions for Ay, (H) < 1[) are
hy + hy > 2 and hihy — h3 < ¢¥(hy + hy) — 2. By
solving these two inequalities, we can get v < (o.
To sum up, ~if QJ%M(% + (1) <y < (o, we can get 0 <
)\min (H) < '(/)
Case (ii). Two sufficient condition for Ay, (H) = ¢ are
hi+hs > 2¢ and hyhy—h2 = 9 (h1+hy)—1p2. By solving
them, we can get v = (o, which yields Apin(H) = z[;
Case (iii). Two sufficient condition for Ay, (H) > W are
hy + hyg > 2 and hihy — h3 > ¥(hy + hy) — 2. By
solving these two inequalities, we can get v > (2, which
implies Apin(H) > 1[)
By virtue of the above analysis, the proof is completed. I
8.6 Proof of Theorem 5.7

Let v(t) = T (t)e(t) and w(t) = z(t) Lx(t). Similar
to (19) and (20), we have

E(v(t)|D¢-1)
< (1= hap(t)v(t — 1) + hap(t)w(t — 1) + Ep*(t)
+3p()g(t — 1) + 20T (¢ 1), ¢ > 1,
" (40)
and
E(w(t)|De-1) < (1 = hap(t))w(t — 1) + hgp(t)o(t — 1)
+ep?(t) + 3% p(t)g(t — 1)
MDA O (1) ¢ > Ty,
" (41)
where D, is given in (2).

Let z(t) = v(t) + w(t). By noting hy; > hs and hy > ha,
and from (40)-(41), we can get

(42)
where T' > 0 is a sufficiently large constant.
From Lemma 4.6, we can derive that
S P2 (k) < oo, (43)
k=1
S plk)glk—1) < o, (44)
k=1
and -
> k)Y (k—1) < 0. (45)
k=1



Then, from (42)-(45) and by Lemma 1.2.2 in [35], z(¢)
converges a.s. to a finite limit. Moreover, by Theorem
5.5 and Theorem 5.6, we can get that tli}m E(z(t)) = 0.

Thus, following Lemma 2 in [33] on Page 67, it holds
that tlim z(t) = 0 a.s., which yields tlim €;j(t) = 0 a.s.

and tli}rn zi(t) —x;(t) =0as. forany i =1,...,
j € N;. i
8.7 Proof of Theorem 5.8

Similar to (40)-(42), we can derive

2(t) < (L= hp(t))=(t = 1) + (6 + &)p*(¢)

+3(1+ %2 )p(t)g(t — 1)

22)p()Y(t - 1)
T(t = 1) (Ft) - S(t)),
where the elements of F(t) are F(C;; — 2;(t)) with the

same order as (t).
By (46), we have

n and

+3due (1 4

+2yp(t)e

z(t) N z(t—1) 1 B
5 e < Gy~ ey — WAt -1 +

+3(1 4 22)g(t = 1)
+UL (1 4 22)T (¢ - 1)

(€+2e)p(t)

m

+27eT(t — 1) (F(t) — S(t)).

(47)
Through an iterative procedure, it yields from (47) that
z(t) z(0) z
p(t) < p(0) kgl(p(k) p(k: i) —h)z(k —1)
t t
+@+2e) > plk)+3(1+22) 3 g(k—1)
k=1 k=1

By noting p(t) = (t + b)~!, we have

p(1) Y plh) = O(120). (19)

k=1

By noting g(t) = O(5z55) and T(t) = O(z5) with ¢ <

19, we can get

o(t) S glk—1) & plt) 3 T(k— 1)

t
k=1

k
_ { (lnT)v 2'(/}:17
O(zmz), 20#1.

-~

Since E(F( xj(t)) — si;(t)|D¢—1) = 0, we know that
{F(C; ( )) - Sw( ), D;} is a martingale difference
sequence for any 1 =1,...,n and j € N,;. Thus, by
Theorem 1.3.10 in [36], we ‘have

S 35k — D)(F(Cyy — 5(k)) — si5(F))
1 (51)

where A(t) = Z;zl sfj(k —1) and € > 1 is arbitrary.
If A(t) converges to a finite number Ag, then by (51), it
holds

> &Mk —1)(F(k) - S(k)) = O(1). (52)

If tlim A(t) = oo, then by (51), it holds
—00

zt:sT(k— hpzt:z (53)

k=1 k=1
_ 1 1 A
where h, = sgp{m =i h} <0.
By (51)-(53), we can derive
¢
- =0(1), A(t) = Ao,
0y t-n(Fw-st) { Zg {028
k=1 = )
(54)

Then, the proof is completed is from (49), (50) and (54).1

8.8 Proof of Theorem 6.5

Based on Theorem 5.8, we have 9;;(t) < mqr(¢),
a.s., where m; > 0 is a constant. Then, we have

2 3 (O] + 2 e, |i(t) =

marz (t), a.s.,

|2i(t)]

IN

IN

where my > 0 is a constant.
By (9) and Lemma 4.1, we can get

|2i(t + 1) — zi(t)]
=| Z (Zij(t+1)

b)) — &y (t) —
< vp(t) gj:v |F(Cij — &4 (1)) —

+ >0 Jai(t+ 1) —zi(0)]

JEN;

Sij(t + 1)|

(56)

By (17), (21) and (55

), we can derive

M\»—l

|2i(t+1) —2i(t)] < p(t) (mar> (t) +6(H) M), a.s., (57)



where mg > 0 is a constant.
Thus, from (56), (57), and by noting |F'(
sii(t +1)| < 2, we can obtain

Cij — 2i5(t)) —

|zi(t 4+ 1) — zi(t},)]
< zi(t) — zi(th)] + p(t) (27d; +mars (t) + i (t)M)

< Jaat) = 28| + mas(t), a.s.,

(58)
where my > 0 is a constant.
Let 7, =t} —t}.- Then, through an iterative procedure,
we have

|2i(th 1) — 2i(t},)]
= |zi(ty, + 1) — z(t},)]
|2i(ty, + 7 — 1) = zi(t})| + mawo(t], + 74 — 1)

A

A\

my Zt +'rk 1

stz

@ (s)

matiw(th), a.s..

IN

(59)

By (21), it holds

|2i(thg) = 2i(th)] > i(tg) 0 (tr)+<i(tha) M. (60)
Thus, it yields from (59) and (60) that
mariw(t},) > <i(th 1) M,
which yields
T,i > Mw™

Hth)si(thr)s (61)

where M > 0 is a constant.
By (61), and from the case (i) to the case (ii) of Assump-

tion 6.2, there exists a positive integer s, such that for
any k > s, the following inequality hold
> M(t)". (62)

Through an iterative procedure, we can get from (62)
that

k—1
Lot TS () (63)
Jj=s
By noting % > j, we have from (63) that
k-1
th>th+ MY gt (64)
j=s

14

By Lemma 6.4, we can obtain that

Z]“> 7—s)k”+1 k — oo,

w41 (65)

where € > 0 is a sufficiently small constant.
Thus, by (64) and (65), it holds

E> 4 MERTY k= o0, (66)

where M > 0 is a constant.
Let ¢! < t. Then, (66) yields

t—t
k< (—=
M

)T

which implies

(67)

where |a] represents the maximal integer that is less
than or equal to a

Since 0 < Kk < (67) yields

u+1’
K;(t 1 1
lim 2il0) < lim ———tw Tl =, (68)
t—oo tl—kK t—o00 erl
Then, from (68), we can get IP’{tlim xi(t)t" =0} =1,
which completes the proof. i

8.9 Proof of Theorem 6.9
Let Bi;(t) = P(8i;(t) = 1/D;_1). Then, by (8), we
have
Bij(t) = P(si; (t)
+P(s45(t) = D)0y -2 (-1)<x}
= (1-F(Cy -
+F(Cij —

= 0)Iicy; -2 (t-1)>x}

(69)
xj(t)))l{cij*i’ij(tfl)>)(}

IO ey - -1 <x)-

Thus, Bij(t) is Dy;_1 measurable. Moreover, by noting
E(Bi; ()| Di—1) = P(Bi;(t) = 1|D¢-1) and by (69), we

can get that {5,;(t) — 5;;(t), D¢, t > 1} is a martingale
difference sequence.

Let fij(t) = kil (ﬁzj(k)
1,%), )

— Bz](k:)) Then, for any s €

E(f,;(1)[Ds) = E(fiy(s)|Ds)
FE( Y (By(k)

k=s+1

70
— Bij (k))IDs). i



Foranyl=s+1,...,t, it holds Dy C D;_1 and

E(8i(1) ~ B (DID,) = E(E(85(1) - B (DIPr-1) D, )

= 0.
(71)
Then, by (70)-(71), we can derive E(f;;(t)|Ds) = fi;(s),
€ [1,t), and thus {f;;(t),t > 1} is a martingale.
In addition, by noting Ef7;(t) < oo and

— E(fij (k) — fij(k = 1))
Z( (k) 2( )

7 < o0,
k=1
it yields from Lemma 6.8 that
t ~
> (Bij(k) — Biz (k)
lim =1 =0,a.s. (72)
t—00 t

Let B;;(t) = (1 — F(Cy — (O cy—a,0>x) +
F(Ciyj — zjt) {0y —x;i<xy- Then, E(8y;(t) =
Fuin(Cij — x(t)). Moreover, by Theorem 5.7, we have

sz(t) 2) sz(t) ast — oo.
By (3), (72) and the law of large numbers [33], we can
derive
t
> Fmin 01 —x;(k 1
i = lim D k=1 (Cij — z;(k)) < as
t—00 t

The proof is completed. i
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