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Consensus of High-Order Multiagent Systems
With Binary-Valued Communications and
Switching Topologies

Ru An“, Ying Wang

Abstract—This article studies the consensus problem of
high-order multiagent systems (MASs) with binary-valued
communications and switching topologies. To tackle the
challenge of unknown states caused by binary-valued com-
munications, this article constructs an estimation-based
consensus algorithm. First, a recursive projection identi-
fication algorithm is presented to estimate the neighbors’
states dynamically. Then, based on these estimates, a con-
sensus law is designed. By constructing and analyzing two
combined Lyapunov functions about estimation error and
state error, this article establishes their relation to over-
come the difficulty resulting from the coupling of the es-
timation and control and less information due to switch-
ing topologies. Under the condition of jointly connected
topologies, it is proven that by properly selecting the step
coefficient, the estimates of states can converge to the true
states with a convergence rate as the reciprocal of the re-
cursion times. Besides, the MAS is proved to achieve weak
consensus and the consensus rate is also established as
the reciprocal of the recursion times. Finally, a simulation
example is given to validate the algorithm.

Index Terms—Binary-valued communication, consen-
sus, high order, multiagent system (MAS), recursive projec-
tion identification algorithm, switching topology.
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[. INTRODUCTION

N RECENT years, the consensus problem of multiagent sys-
I tems (MASs) has attracted increasing attention from scholars
across various fields [1], [2], [3], [4], [5], [6], [7], [8], such as
swarm formation for autonomous aerial vehicles in engineering
fields [1], the reputation consensus of mobile nodes in commu-
nication fields [8], and so on. In swarm scenarios, all agents
dynamically adjust their positions and orientations relative to
neighboring agents to ensure a common heading direction.

At the start, the consensus problems are investigated with
accurate communications and fixed topologies, such as [9], [10],
and [11]. Furthermore, the necessary and sufficient conditions
of average-consensus in the noise-free case and asymptotic un-
biased mean-square average-consensus in the case of stochastic
noises were proposed in [12].

However, due to the limited capacity of the communication
channel, only limited data can be transmitted over the channel
perunit of time. Therefore, in each time interval, only limited bits
of data can be exchanged between agents, also called quantized
information [13], [14], [15]. Because of the wide application of
digital networks, the consensus problem over capacity-limited
networks has attracted a lot of interest. For example, the consen-
sus problems with quantized communication were considered
in [16], [17], [18], [19], and [20], which only need finite bits in
transmission.

Furthermore, binary-valued information is a specialized form
of quantized information, with the transmission of just one bit by
simplifying communication into only true or false states. Binary-
valued communication significantly cuts more communication
costs than others, contributing to its widespread and efficient
application. As a result, some works on the consensus problem
have appeared based on binary-valued communications [21],
[22]. Wang et al. [21] proposed a consensus algorithm based
on recursive projection and gave a mean-square consensus rate.
The system of [21] was expanded to high-order MASs in [22],
but with an orthogonal limitation on the coefficient matrices.

It is worth noticing that all the consensus works mentioned
above are for the fixed topology case. Actually, the topologies
of multiagent networks usually switch over time in practical
networks due to the interference of some external elements
and the changes in the current circumstances. There are some
works that investigate the consensus problem of MASs with
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switching topologies as well. For example, Jadbabaie et al. [5]
studied the case with accurate communications and switching
topologies that are jointly connected, simulating a simple mul-
tiagent collaboration model. Hu et al. [23] employed a recursive
projection identification algorithm to develop a control law and
proved that the first-order switching MAS with binary-valued
communications can achieve consensus with this control law.
Meng et al. [24] proposed a control law based on an adaptive
encoding—decoding scheme, demonstrating that the high-order
switching MAS without communication noises can exponen-
tially achieve consensus with finite bits of information.

Moreover, on the one hand, high-order systems play a critical

role in various practical applications, such as formation con-
trol [1], [2], social networks [25], and so on. On the other hand,
given the widespread use of digital communication, binary-
valued communication holds significant practical value due to
its ability to reduce communication costs compared with other
methods substantially. However, binary-valued communications
and switching topologies result in less transmitted information,
making theoretical analysis more complex, while the inclusion
of high-order systems leads to greater complexity in the dynam-
ics of MASs. Consequently, it is imperative and challenging
to address the consensus problem of high-order MASs under
binary-valued communications and switching topologies, which
is precisely the purpose of this article. The main contributions
of this article are as follows.

1) This article is the first to address the consensus problem
of MAS with a high-order system, binary-valued com-
munication, and switching topology simultaneously. In
contrast to the existing works [22] and [23], this article
has a more general model. To be specific, the states of
agents in high-order MASs are dynamic even if the control
input is absent, whereas the states of first-order MASs
in [23] are static. Therefore, each agent needs to estimate
its neighbors’ states dynamically in this article, which
makes state estimation more complicated. Besides, by
jointly analyzing the structure feature of the topology
graph and system model, this article relaxes the limitation
on coefficient matrices in [22] and only requires the system
to be marginally stable. On the other hand, this article
only requires binary-valued transmission and has a lower
communication cost than [24].

2) An estimation-based consensus algorithm, consisting of
estimation and control, is designed. First, to overcome
the challenge of unknown states caused by binary-valued
communications, a recursive projection identification al-
gorithm is presented to estimate the neighbors’ states.
Then, a consensus control law is designed based on the
estimates of neighbors’ states. It is worth mentioning that
this article introduces an adjustable coefficient into the
controller that removes the connectivity limitation on the
graph structure in [23].

3) Two combined Lyapunov functions are designed to an-
alyze the consensus of all agents and the convergence
of the estimates, respectively. Through the analysis of
these two Lyapunov functions, this article establishes the
relation between them to overcome the difficulty resulting

from the coupling of the estimation and control. At the
proper step coefficient, it is proven that the estimation
errors of neighbors’ states can converge to zero and the
MAS can achieve weak consensus. Furthermore, even
without connectivity constraint on the graph structure as
mentioned in [23], the convergence rate of the estimation
errors and the consensus rate can still reach the reciprocal
of the recursion times as [23].

The rest of this article is organized as follows. Section II
gives the preliminaries of basic concepts and graph theory and
describes the consensus problem. Section III introduces the
estimation-based consensus algorithm. The main results of this
article are presented in Section IV, which include the main
convergence and consensus results. In Section V, a simulation
example is given. Finally, Section VI concludes this article.

Il. PRELIMINARIES AND PROBLEM FORMULATION

In this section, we first give some basic concepts in matrix
and graph theory, and subsequently formulate the system model
and the consensus problems investigated in this article.

A. Basic Concepts

We use z € R™ and A € R to denote n-dimensional
column vector and n X m-dimensional real matrix, respectively.
Denote 0, = [0,...,0]T € R™ and 1,, = [1,...,1]7 € R™,
where the notation 7" denotes the transpose operator. Moreover,
we denote ||z|| = ||x]|2 and ||A|| = \/Amax(AAT) as the Eu-
clidean norm of vector and matrix, respectively, where A ax(+)
denotes the largest eigenvalue of the matrix. Correspondingly,
Amin () denotes the smallest eigenvalue of the matrix. For sym-
metric matrices A € R™*" and B € R™*"™, A = B represents
that A — B is a positive semidefinite matrix. diag{-} denotes
the block-diagonal matrix. For arbitrary matrices A = [a;;] €
R™ ™ and B € RP*4, the Kronecker product of A and B is
defined as

annB  a;2B a1, B
an B asn B aonB

AgBe | € RmP<na,
am1B  amaB mn B

Besides, the mathematical expectation is denoted as F[-].

B. Graph Theory

In order to describe the relation between agents, we introduce
a time-varying topology G,y = (No, (1)), where m(t) €
{1,2,...,h} is a time-varying function, Ny = {1,...,N}
is the set of agents, and F,,) € Ng X No is the ordered
edges set of the topology G,(;). Moreover, assume that
Gm(t) S {Gl, Ga, ..., Gh} and Em(t) S {El,Eg, ey Eh}.
Denote N, () as the neighbor set of the agent ¢ in the topology
G (1) Denote the adjacency matrix of the N agents at time
t as Ap,(1), where each element of the matrix A,,(; satisfies
a;;l(t) = 1if (i,)) € Ep), else a;?(t) = 0. Denote the degree
matrix of the N agents at time ¢ as D,, ), where D, ) =

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on June 21,2025 at 15:03:44 UTC from |IEEE Xplore. Restrictions apply.



AN et al.: CONSENSUS OF HIGH-ORDER MULTIAGENT SYSTEMS WITH BINARY-VALUED COMMUNICATIONS AND SWITCHING TOPOLOGIES

1371

diag{d" 5™ ... d7 D} and d"" is the degree of agent
i at time t. Then, the Laplace matrix of G, is defined as
Loty = Dty — Am(e)-

C. Problem Formulation

Consider the following MAS with N agents at time ¢:

where A € R™*" and B € R™™" are constant matrices, ;(t) €
R™ is the state of the agent ¢ at time ¢, and u;(t) € R™ is the
control input of the agent ¢ at time ¢.

Remark 1: As mentioned earlier, the consensus problem
of high-order MASs has wide applications, such as formation
control issues on a plane or in space, where agent states x;(¢)
are typically represented as 2-D or 3-D vectors [1], [2]. Besides,
high-order system models are frequently encountered in social
networks [25], such as when people simultaneously participate
in discussions on multiple topics with state 2;(¢) in (1). Conse-
quently, compared with first-order systems, high-order systems
are more general and more commonly used in the real world. In
addition, the system model of the form (1) is a typical high-order
MAS, widely employed in [22], [24], [26], and [27].

The agent i receives the following binary-valued information
with communication noise from its neighbor j:

{%®:%®+%w

2)
Sij (t) = ]l{yij (t)<cij}

where the agent j is the neighbor of the agent ¢ at time ¢,
d;j(t) € R™ is the communicating noise, y;;(¢t) € R™ is the
virtual output, ¢;; € R” is the threshold value, s;;(t) € R™ is
the binary-valued information that the agent ¢ collects from its
neighbor j, and 1, is the indicative function defined as

T
- Hagmy<e(m)}]

sam)]t, e =[e(1),¢(2),...,e(n)]",

Laze) = [Ha)<e)}s Lia@)<e@)s - -

with a = [a(1),a(2),...
and fork =1,2 n

g Ly ey

1, a(k) < c(k)
Laky<e(r)y = {0, a(k) > c(k).

Remark 2: The communication form of 1,y is commonly
used in the communication field, such as [28], [29], [30], and
[31]. In order to provide a clear understanding of the definition of
1{4<c)> an example is given as follows: if a = [~1,2, 5, =3, 017
and ¢ = [0,0,0,0,0]7, then Ta<cy = [1,0,0,1, 1]7.

In order to proceed with our analysis, we introduce some
assumptions about the graph, the noise, and the system coeffi-
cients.

Assumption 1: {G1,Gs,...,Gy} are jointly connected
and G; emerges at time ¢ with a probability p;(> 0), for ¢ =
1,2,...,h, where 3" p; = 1.

Assumption 2: The noise d,;(t) is independent identically
normally distributed as N (0, 621,,) for i, j, t, which implies that
each element of d;;(t) has the same distribution function F'(-)
and the associated density function f(-), respectively.

Assumption 3: L, and d;;(t) are independent. Besides,
Lty and Ly, ;) are independent for ¢ # [.

Assumption 4: The system matrix A is an orthogonal matrix,
and B is of full row rank.

Remark 3: Actually, by [32, Remark 2.3], we know that
Assumption 4 can be relaxed to the case where the matrix A
is neutrally stable, which is common in the model assumptions
and practical applications, such as [24], [32], [33], [34], and
[35]. If the matrix A is neutrally stable but not orthogonal, there
is a nonsingular matrix O such that A = O~ AQO is orthogo-
nal. Let Z;(t) = O 'a;(t) and B = O~'B. Then, Z;(t + 1) =
AZ;(t) + Bu;(t), where A is orthogonal and B is of full row
rank.

Moreover, Assumption 4 can be relaxed to the case that the
matrix A is marginally stable. In detail, by [32, Remark 2.2], we
know that if the matrix A is marginally stable but not neutrally
stable, then there is a nonsingular matrix 7" such that TAT ! =

As

0 A,

You and Xie [36] said, since the MAS with a stable coefficient
matrix Ay can achieve consensus even if the control input is
zero, we just need to focus on the neutrally stable part A,. In
contrast to [22, Assumption 2], Assumption 4 in this article is
more general, which relaxes the restrictions on the coefficient
matrices.

Now, we introduce the concept of weak consensus and the
problem to be studied.

Definition 1 ([37, Def. 2] Weak Consensus): Denote x;(t)
as the state of agent ¢ at time ¢, where ¢ = 1,..., N. For all
agents, if x;(t),i = 1,..., N, satisfy the following:

) El|lz;()]%] <oo,i=1,...,N;

2) limy oo Ef||lz:(t) — z;(1)|1?] = 0, i,7€{1,...,N}

Then, the agents are said to achieve weak consensus.

Problem: The goal of this article is to design a controller u; ()
based on binary-valued communications s;;(t) and switching
topologies G, (;) to achieve weak consensus.

, where Aj is stable and A, is neutrally stable. As

[ll. ALGORITHM DESIGN

This section focuses on the design of a consensus control
algorithm. In general, the consensus control is designed by using
the accurate states of the neighbors, as mentioned in [5], [9],
[10], [11], and [12]. However, in this article, the agent can only
obtain binary-valued communications from its neighbors. A
straightforward idea is to replace the accurate states of neighbors
with their estimates, so each agent should estimate its neighbors’
states first by the binary-valued communications, and then,
design the consensus control based on these estimates.

Based on the above idea, we propose an estimation-based con-
sensus algorithm involving both estimation and control, named
as Algorithm 1.

Remark 4: At the first step of Algorithm 1, the initial value
of the estimate can be chosen arbitrarily, i.e., can be any given
real number. The boundary M is then selected according to the
initial values of states and estimates, which is a piece of global
information of the MAS. By using the projection operator with
boundary M, both the estimates and values of agents’ states are
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Algorithm 1: Estimation-Based Consensus Algorithm.

i) Initiation: Denote the integer to(> 0) as the initial time.
xi(to + 1) = 2¥ is the initial state of the agent 4,
i5(to) = xy; is the initial estimate of the agent j
estimated by the agent 7. And, denote M as the upper
boundary for the norm of these initial values, i.e.,

M > ||27||, M > [|z;]|. For t > to + 1, the algorithm is
as follows.

ii) Observation: each agent ¢ gets the binary-valued
observations from its neighbors

Yij (t) = x;(t) + dij(t),
Sij (t) = ]]'{yij (t)<cij}»
where j € N™ i =1,... N, m(t) € {1,...,h}.

iii) Estimation: each agent ¢ estimates the state of its
neighbor agent j at time ¢ by

g(f (cij

i‘ij(lf) = HM{ALIA?U(T, — 1) +
- Adylt =) -5} O

where j € Nim (t), [ is the step coefficient for estimation
updating, F(2) = [F(21),...,F(z,)]T for any

2z =[21,22,...,2n)T € R", (-) is a projection
mapping defined as
I (¢) = argmin [[¢ — &, V¢ € R™. ©)

lel<nm

iv) Controller: based on these estimates, each agent ¢
designs its control by

w;(t) = i ]-)dmaxBTA Z (&45(t) — z:(2)), (5)

]ENm(t)

where diax = maxlSiSN,lgm(t)Sh{d:'n(t)}ao <7 <.
v) Repeat: Let ¢t =t + 1, go back to Step ii).

constrained within the bound of M as outlined in Algorithm 1.
In other words, for any given system, the estimation-based con-
sensus algorithm designed here can make the system consensus
in the range determined by the initial values.

Remark 5: The projection mapping I, is used to guarantee
the boundness of the estimates and good convergence effect in
the initial iterative process of the algorithm, which is common
in binary-valued identification, such as [21], [22], and [23]. It
is used to construct the damping compression coefficients in
the convergence analysis of the algorithm designed by the noise
distribution function under binary-valued data.

Besides, as [22, Remark 4] says, the projection mapping given
by (4) has the following property:

[TIas (1)

Remark 6: By (1) and (5), the state of the agent ¢ is updated

as z;(t + 1) = Az;(t) + (zfll)gdnfx ZjeN;"(” (245(t) — @i(t))-

—Tp(z2)]| < |21 — 22]] Vi, 20 € R™

For the convenience of the subsequent analysis, we rewrite
the above estimation and update in vector form.

First, define z(t) = [zT(t), 23 (t),..., 2% ()T € R™VN.

Then, denote the jointly connected topology formed by
G1,Ga,...,Gpas G = (Ny,E),where E=FE;U---UE}is
the set of all the edges. Next, we consider the agent ¢ in the
jointly connected graph GG, denote d; as its degree and N; as the
set of its neighbors and d = vaz 1 d;. Based on these, denote

#(t) = 18T, (0,80, (0, ... 8T, (0,80, ., (),
@l (), % (O € R

where Tdy+dotA4d; 141+ Tdy++d; S N, for = 1, 2,

.., N.
Similarly, denote
S(t) = [51Tr1 (1), SITT2 t),..., slTle (t),..., SiTm1+-v-+di,1+1 (1),
c Sz;d1+,..+di (t)7 c S%Td1+'“+dj\r ( )]T E ]R’nd
and
C = [ciprl,cffr27 . ’Cipml el Cg;‘d1+.--+di,1+1’ cee
T T T d
iT'd1+v»~+di7'"7CN"'d1+-~+dN] € ]Rn .

Without loss of generality, assume that the subscript 7
in vector Z(t) represents the neighbor j of agent i, i.e.,
Tip, (t) = 245(t), where s € Ny, s € {d1 +da + - +di1 +

.,dy 4+ -+ +d;}. Based on the above notations, we con-
struct three matrices to establish the relation of the states of
agents and their estimates.

P4y is designed to select each neighbor of each agent at
time . Define P, ;) = dlag{pm(t) pm(t)7 . ,pff(t)} € R4,
where it = 1 when (i,75) € Ep 1), else py; ) = 0.

@ is designed to select the true state of the

agent that correlates with its estimate. Define @Q =
T

[Ql’rla ey erdl ge ey QNleJr +dN 1+1 P QNTd1+-~-+dN} S

RN, where Qi = Qi =1[07 ,,1,05_;]7 € RN for

(i,75) € E, else Q;, = 0.
Win() is designed to select the neighbor set of each agent

at time ¢. Define W,,«) = [Wnll( B Wf,\[(t)] € RVx4,
where an(t) = [(_)'d1+"‘+di—1 Jbi, e, bdi,OdHﬁ...erN}T S R
for ie{l,...,N} Vk e{l,....d;}, by, =1 when

(’i, Tki+d1+---+di,1) S Em(t), else bki =0.

Based on the above matrices, the vector forms of estimation
and update are given as follows.

1) Estimation:

3(0) = Thag { (1 © A)i(t — 1)+ 2Py 9 1)

< (@p(C = (1 A)ile - 1) = 5(0) | ©)

where TInz(z) = [I1%,(21),..., 1%, (2)]7 and ®p(z) =
[FL(21),. . ,]—'T( )]T foranyz [2{7257...,25]T c R,
2z € R for k = .d
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2) Update:

z(t+1) = (IN ®A— Ly ® BBTA> x(t)

_r
(t + 1)dmax

D (W, ® BBTA)e(1) (7)

(t + ]-)dmax
where () = Z(t) —

+

(Q @ I,,)x(t) is the estimation error.

IV. MAIN RESULT

In this section, we will show that all agents can achieve weak
consensus and give the corresponding consensus rate.

To prove each agent can achieve weak consensus, we give the
following lemmas first.

Lemma 1: (See [23]). Denote L = 2?21 p; L;. If Assump-
tion 1 holds, then matrix L has the following properties.

1) L is a nonnegative definite matrix with rank n — 1.

2) L%~
eigenvalue and the largest eigenvalue of L, respectively.

Lemma 2: The agent states x;(t) and the estimates Z;;(t)
are all bounded, i.e., ||z;(¢)|] < M and ||Z;;(¢)|| < M, where
M is the upper boundary for the norm of initial values, i =
1,2,...,N,j e N™ ¢ >t,+1.

Proof: First, due to the definition of M, we can get |20 <
M, ||z} < M. By the estimation (3) and the definition of
I (+) (4) we have [|Z,;(¢)|| < M fort >ty + 1.

Then, assume that |lz;(k)|| <M for k=ty+ 1,t0+
2,...,t, we have the following.

1) When there is no neighbor of the agent 7 at time ¢, by
Remark 6, we can get x;(t + 1) = Ax;(t). Since A is an
orthogonal matrix, we have ||z, (t + 1)|| < || A]|||z:(¢)|| <
s (4)]] < M.

2) When there exists neighbor of the agent ¢ at time ¢, by
Remark 6, we can get

s (¢ + 1)l

- HAxi(t) +

2 -
%L, where Ao and Ay are the smallest positive

~BBT A

T+ Do (&35 (t) — zi(t)) H

N
d;n(t)")/BBT

d"yBBT A
(t + 1)dmax

- HAxi(t) - (t + 1)dmax

>

jen ™

[ (-

A4 )

ENrrL(t)

Az;i(t) +
%%‘ (t) H

m(),pBT "+ 4"y BBT
t + 1)dmax ! (t + 1)dmax

)]

=dr 1 =1,

Since d." )~ 0and Z PO

we have ||AZ

m(r‘) d'm.(t)

I E Do

jenN™®

t|l < M.

dnL(t) Ilj

1 ~
P g (

Moreover, for arbitrary -, we can choose an initial

m(t),yBBT
time ¢ that satisfies 0 < T dos < I, whent >ty +
d"yBBT d"®yBBT
1. Since ||(L,, — (lt—s-l;/dmax ) (lt—s-l;/dmax | = [In]| =1

and || Ax;(t)|| < M, we can get

dm(t)’yBBT

(+ 1)) < H -4 0P8 gy
@it + 1) < ( T D)o
4"y BBT
(t 4+ 1)dmax

<M.

M|

Thus, by induction, we have ||x;(t)|| < M forallt > ¢y +
1. The lemma is proved. |
Then, to jointly analyze the structure of the topology graph
and system model, we provide the following lemma.
Lemma 3: For positive semidefinite matrices A; € R™*" and
B; e R™*™ (4 =1,2),if A} = As and B; > Bs, then

A1 ® By = Ay ® Bo.

Proof: ~ For arbitrary positive semidefinite matrices
AeR™™ and B e R"™™, denote Aqi,A2,...,A, and
1, 42, - - -5l as the eigenvalues of A and B, respectively.
Then, by [38, Thm. 4.2.12], A; 1, are the eigenvalues of A ® B,
wherei=1,...,nandj =1,...,m.Since A = Oand B > 0,
we have A; > 0 and p; > 0, thus A;p; > 0.

Then, by the definition of the Kronecker product, we have
(A B)T = AT ® BT = A® B, ie., A® B is symmetric as
well. This, together with A;p; > 0, yields A® B > 0.

From the above conclusion and the distributive property of
the Kronecker product, we have

Al @By — A @By = (A1 —A2)®B1 = 0
A2®BlfA2®B2:A2®(B1*B2)EO.
Thus, we have A1®Bl t A2®Bl t AQ@BQ. ]

Next, we introduce two Lyapunov functions, V' (¢) and R(t),
to analyze the weak consensus of all agents and the convergence
properties of estimates, respectively. These functions are defined
as follows:

V(t) = Ela" (t)(L) © In)z(t)] (8)
R(t) = E[e"(t)e(t)). )

Then, the following two lemmas show the coupling relations
of the two Lyapunov functions.
Lemma 4: Under Assumptions 1-4, V' (¢) satisfies

3YA3Aab 29AwANAL
Vi) < [1— ——— | V(t—-1 —_—=
( ) o ( 2t}LNdmax ( ) - tdmaxkgkab
Rt =1+

where  Aqp = Amin(AT BBTA) Aap = rmax(ATBBT A),
A = Max)<i<p{Amax { W LW;}}, and B is a constant.
Proof: See proof in Appendix A. ]
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Lemma 5: Under Assumptions 1-4, R(t) satisfies

R(t) < (1 —

d (26pminf]\/1dmax - ')/Oé)) R(t — 1)

2y A A A2 3
SPRWENZABY (+— 1) 4 -
tdmax)\ )\ab

where pmin = mini<;<p{p;}, far = min i f(|cijr] + M),
ciji 1s the kth element of c¢;;, Agr = maxi<i<p{Amax
{QLZ'QT}}? )\Q = )\max{QQT}’ )‘-W = maXlSiSh{)‘-rnax
{WIW;}}, a= %7&?};”—#2)»,43,/)\@)»‘5/, and B is a
constant.

Proof: See proof in Appendix B. [ |

By Lemmas 4 and 5, we establish the relation between
these two Lyapunov functions. Then, a new function Z(t) =
(V(t), R(t))T is constructed to jointly analyze their properties,
to overcome the difficulty resulting from the coupling of the
estimation and control.

Lemma 6: (See [23]). If Assumptions 1-4 hold, then

1200 <1 (1~ 40) 2= 01 + 1]

O(stmr): (V) <1

12 = § 0 (L), Jomin(U) = 1

o (%) ’ )‘-min(U) > 1

AT
where U = “ uz], H= [B,B} , U= %
Uz  Ug Ndmax
— 2

Uz :%ENM)::B’ s = max( BpmlnfMqux ’YOZ), and

« is the same as in Lemma 5.

Remark 7: Noticing that 0 <V (¢) < ||Z(¢)|| and 0 <
R(t) < ||Z(t)||, we can transform the analysis of weak con-
sensus and estimate convergence property into analyzing the
convergence of Z(t).

Theorem 1: Under Assumptions 1-4, the switching MASs
(1) and (2) achieve weak consensus and the estimates of states
converge to the real states, i.e.,

lim E[|;(t) — a3 (1)]%] =
Jim Bl () = 5(0)]°) =

( “2 yo
dmax

when 3 > m ) with w1, us, and «v being given
in Lemmas 5 and 6.

Proof: Let |A] —U| =

1
)\min(U) = 5 (ul + uy — \/(ul + U4)2 - 4(U1U4 - u%)) .

(A —u1)(A — uy) — u3 = 0. Then

u Yo 2 .
If8 > m( w dmx), then we have ujuy > u3. Since
up > 0 and ugug > u3, Apin(U) > 0.

By Lemma 6, we have

0 (m) ) )\Inin(U) <1
0 (%) ’ )‘min(U) > 1.

Fig. 1.

Switching topologies.

Since Amin (U) > 0, there is lim;_, || Z(¢)|| = O.
By Remark 7, we have
lim V(t) = O,tlgrgo R(t) =

t—o0

(10)

Denote the Laplacian matrix of G as Lg and Z?Il L; —
L¢ £ Ly _g. By the relation between {Gi,Ga,...,Gh}
and G, we know that Ly~ ¢ is a Laplacian matrix of a
weighted graph. Then, we have Z? 1Li—Lg=Ly ¢ =0,
ie., ZZ 1 Li = Lg. Since p; > OandX:Z 1 pi = 1, we have

By Assumption 1, {G1,Gs,...,G}} are jointly connected,
then there exists a road between any different agents ¢ and j in
the network G. Suppose the road is as follows:

1=r9g =711 =Ty — =1y —1p=3 pN

which implies 7,11 € N,,. Then, the mean-square error of any
two different agents satisfies

Bll|zi(t) — 2;(t)|%]
= B (@ () = 27, (1)) + (2, (1)
4+ 4 (xrpil(t) — T, (t)) ”2]

=y (1))

T(t)(La @ L)z (t)]

70 (3 2o 0| -

Meanwhile

;i ()||°]

(t) — z;(1)|1*] = R(2). (12)

Substituting (10) into (11) and (12) gives the theorem. |
Theorem 2: Under Assumptions 1-4, the switching MASs
(1) and (2) achieve weak consensus at the rate of O(%), and the
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15The first-dimension of estimates

T@e second-dimension of estimates

1'5rhe third-dimension of estimates

0 0.5 1 1.5 2 2.5 0 0.5 1
time, t

Fig. 2. Estimates of neighbors’ states.

convergence rate of the estimation error reach O(%), ie.,
1
()
4
1
’ <-)
t

Whenﬁ>m(ul 1+ +1)and'y>
u1, ug, and a being given in Lemmas 5 and 6.

Blfli(t) — z;(6)]]

Blll:;(t) — 2;(0)]1*) =

m ax W]th

Proof:  Similar to the proof of Theorem 1, if 8>
2
T fr (1 + @i + 1), we have
2
u
Uy > 2 + 1.
uy — 1

If v > 2’\Nd““* , then u; —1 >0 and ug(u; — 1) > u3 +

uy — 1. Therefore
(uy +ug)? — 4(urug — u3) < (ug + ug — 2)?

and hence, we have A,;n (U) > 1. By Lemma 6, we have

1z01=0(3)-

Then, by Remark 7, we have

V() =0 G) R() =0 <%) .

By (11) and (12), we can obtain the theorem. |

Remark 8: Theorems 1 and 2 demonstrate that the consensus
properties of MASs and the convergence properties of the esti-
mation algorithm (3) depend on the step coefficients 5 and . To
be specific, Theorem 1 shows that the estimation algorithm can
converge and the MASs can achieve consensus for the case of

8> m( + 7-—) and v > 0. Theorem 2 shows that if

2
1 21 dlmx ;
B> 2pmm T (u1 T + + 1) and y > =5max are satisfied,
then the convergence rate “of the estlmatlon algorithm and the
consensus rate among the MASs can achieve O(%), which is the
fastest convergence order of the proposed algorithm with the

decay step size in this article according to Lemma 6, Remark 7,
(11), and (12).

«10% time, t

15 2 25 0 05 1 15 2 25
x10* time, t x10*

Remark 9: Different from [21] and [23], this article in-
troduces the coefficient v into the controller, which removes

2
the previous constraint for the graph structure, such as A—Q >1

in [21] and W > 11n [23]. This implies that by selectmg
appropriate y and 'B, the system can attain consensus and con-
vergence rates of O(%), as long as the graphs are connected or
jointly connected.

V. NUMERICAL SIMULATION

This section will illustrate the theoretical results with a sim-
ulation example.

Consider a third-order MAS that has six agents, the state of
the agent i is as follows:

x;(t+1) = Az;(t) + Bu;(t), i=1,2,3,4,5,6
1 0 -1
where A=|-1 0 0 and B=
1 1 0
—1.55 —0.55 0
1 —0.45 1.2 |. A is not orthogonal but neutrally
-05 -—-11 -—-1.15

stable, as indicated in Remark 3, since its eigenvalues are
{1,4,—i}. On the other hand, B is of full row rank, satisfying
Assumption 4. Therefore, both A and B are satisfying the
underlying conditions of this article.

The switching topologies are shown in Fig. 1, withp; = 7/24,
p2 = 1/3,and p3 = 3/8. These topologies are jointly connected
and satisfy Assumption 1.

Besides, we assume that the communication noises between
agents are distributed as N (0,64 - I3), which satisfies Assump-
tions 2 and 3. Take the initial state as x? = Tg, xg =1.5- Ig,
23 =3 15,29 =215, 29 = -2 15, and 20 = —15, and the
initial estimate as 39 = 690, and set the boundary M = 6. Then,
by Theorem 2 and Remark 8, we set vy=2 and 8 = 2682 be-

cause of 2’;”% = 0.9642 and 5——— (u1 Tttt =

2681. Using ‘the estimation- based consensus algorithm, one can
get the following simulation results.

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on June 21,2025 at 15:03:44 UTC from IEEE Xplore. Restrictions apply.



1376 IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 12, NO. 2, JUNE 2025
1(]’he first-dimension of the states 'I1'r(1)e second-dimension of the states 1ghe third-dimension of the states
xy(t) ——aa(t) zy(t) —aa(t) zy(t) ——aa(t)
xo(t) — ws(t) xy(t) - ws(t) xo(t) — ws(l)
5 x3(t)  we(t) 5 x3(t)  we(t) 5 z3(t)  we(t)
T w—
. e s
0 "\»W_ 0 0 r,'.‘ jecas e
-5 -5 -5
-10 -10 -10
0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5 0 0.5 1 1.5 2 2.5
time, t «10% time, t «10% time, t «10%
Fig. 3. States of agents.
15 Logarithm of MSE (estimates) Logarithm of MSE (states)
log(MSE) log(MSE)
10 -log(t)+15| | 10 -log(t)+10
-log(t)+5 -log(t)-10
0 0 M
-5 -5
-10 -10
0 5 10 0 5 10
time, log(t) time, log(t)
Fig. 4. Trajectory of the logarithm of mse.

As shown in Figs. 2 and 3, the states of all agents achieve con-
sensus, and the estimates of the neighbors’ states also approach
their real states. Besides, Fig. 4 illustrates that the estimation
errors can converge to O at the rate of O(%) and each agent can
achieve weak consensus at the same rate.

VI. CONCLUSION

This article addresses the consensus problem of high-
order MASs with binary-valued communications and switching
topologies. An estimation-based consensus algorithm, consist-
ing of an estimation term and a control term, is proposed.
Through the construction and analysis of two combined Lya-
punov functions, corresponding to the estimation error and con-
sensus error, this article overcomes the challenges resulting from
the coupling between estimation and control. It is demonstrated
that the estimation error can converge to zero and all agents
can achieve weak consensus under jointly connected topologies.
Furthermore, it is also shown that both the rate of convergence
and consensus can reach the reciprocal of the recursion times
with appropriate coefficients.

Future research on the consensus problem in high-order
MASs under binary-valued communications presents several
intriguing challenges. For instance, if the coefficient matrix A
is unstable, does the proposed algorithm remain effective? If

not, what modifications can be made to enhance the algorithm’s
performance?

APPENDIX A
PROOF OF LEMMA 4

Let

YL (t—
Vi=F {xT(t— 1) (IN®AT— ﬁ@ATBBT> (Line)
Yhme

L)1 A—
& )<N® o

® BBTA) z(t — 1)}

2 Lo
Vo= L B (27 (t-1) (Iyo AT - 12 o AT g BT
tdmax tdmax

(Lintty © In) (Winge—1) ® BBTA) e(t— 1)}

2
%:$E {gT(t_l) (Wg;(t—l)@)ATBBT) (L ®1In)

max
Wiy © BBTA) et = 1)]
Then, from (7) and (8), it follows that:

V(t) = Ela” () (L@ ® L)z(t)] = Vi + Va + Va. (Al
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First, by the property of conditional expectation, we get
Bla" ()L ® In)x(t)] = BE[T(#)(Lnw @ In)z(t)|
z(t)]] = B[2T (t)(L ® I,,)z(t)]. Similarly, by Assumptions 2
and 3, we have

'VLm(t—l)

Vle[E[xT(t—l) <1N®AT— 7

® ATBBT>

. Lo
(Lo l) (IN®A—7td“”®BBTA>

xa(t—1) |a(t— 1)”

2vL? ® ATBBT A 72
tdmax t2d2

max

=F [xT(t -1 (IZ@LL —
E [(Lm(t1)ﬁLm(t1))®ATBBTBBTA]> a(t — 1)].

Moreover, by Lemmas 1-3, we have I? @ ATBBT A
2 2 ~

(22L) @ (hapln) = 22222 [ @ I,,, and
N N

E [azT(t —1) <L ® I, — nlr® ATBBTA) x(t — 1)]

tdmax
(1 2’7)‘3)‘(117
o t)‘Ndmax

Then, by Lemma 2, we have

) Elz"(t = 1)(L @ I,)z(t — 1)].

29A3 M ap

- A2
t)VNdmax ( )

By
V1§(1 >V(t—1)+t2
where 0 < By < o0.
Similarly, by Assumptions 2 and 3, we obtain

2 Lone
Vy= — E[E[wT(t—1)<IN®AT—W®ATB

tdmax tdmax

~BT> (Lm(t) ® In) (Wm(t—l) ® BBTA) e(t—1)

lo(t — 1), 2(t — 1), Lm(tl)”

2 Lot
S E[J;T(t—l) (1N®AT—7d“”®ATBBT)

tdmax

(L L) (Winge1y ® BBTA) et — 1)} .

~ Since Lis a posiNtive: semidefinite matrix, there exists a matrix
L such that L = LT L. Then, substituting this decomposition
into the above equation and using the Schwarz inequality give

Lonir
Vo< (E {;«T(t—m (IN®AT—W®ATBBT>
~ N Lo
. (LT ®In) (L@In) <IN ®A-— % ®BBTA)

z(t —1)])? - (E [ET(t —1) (WT(,H) ® ATBBT)

m

1
(LTL ® In) - (Wint—1) ® BBTA) e(t — 1)]) ’

By Assumption 4, we have AAT = I,,, A(B) # 0, and then,
MATBBTBBT A) = (AT BBTAATBBT A) = »2(ATB
BTA). By AW, \LWy1)) < iw, M(A"BBTBBT
A)< 23 , and Lemma 3, we have

2 29AZ A,
Vo< — i \/Klt;N; *’) V(tl)} AwrZ pR(E-1)]
By
e
27 2 B2
< . \/V(t — Dawr%gR(t—1) + 7
v (A3 20w A AN
< Vit—1)+ =2 ABT T Rt — 1
o tdmax ( 2)"N ( )+ )‘%)"ab R( )
B
+ t—; (A3)
2943 ap
when ¢ > max{m,to}, where 0 < By < 00.

Since @ is a constant matrix, (%) is bounded. Moreover, A is
a constant matrix and W, ) is finite, thus

Bs

Vs< 3 (A4)

where 0 < B3 < oo.
By (A1)-(A4), we can obtain the lemma.

APPENDIX B
PROOF OF LEMMA 5

Let
- Qﬁ T T
Ry = ZE["(t = 1)(1a® A")(Pnity ® 1)

(@r(C = (a®@ A)i(t — 1)) — s(1))]

2y
tdmax

a(t—1) = (QWynu-1) ® ATBBT A)e(t — 1))] .

Then, from (6), (9), Remark 5, and the definition of £(¢), we
have

R(t) = BT (t)=(1)]

R3 = E[e"(t—1) (QLm-1) ® ATBBT A)

<E [((Id © A)i(t — 1) + g(Pm(t)@Jn) (@p(C—(I;0A)
at- 1) -s(0) - Qe mx(t))T

: ((Id © A)i(t—1) + g(Pm(t) @ 1) (Dp(C — (I @ A)
(1= 1)) = ) ~ Q@ L)a(t) )

=F |:<€T(t — 1)(Id®AT)+§ (Prnny®1In) (Pp(C— (14
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AYi(t = 1)) = ()" + 7 [ (= DB Qe
ATBBT) — " (t - )(WE, Q" ® ATBBT)D

(U ® )2t =1)+ 2Py 9 1) (Br(C - (12 9 2)

Z(t—1)) —s(t)) +

[(QLyn(—1) ® BBT A)

dmax

@t —1) — (QWyn-1) ® BBT A)e(t — 1)] )}

B
< R(t—1)+ Ry + Rs + —

- (B1)

where 0 < By < oo.

By the definition of s(¢), we can obtain that E[s(t)] =
Op(C — (Q ® I,)x(t)). Then, using the property of conditional
expectation, we get

26
Ry = —F [t —1)Ia @ AT) (P ® I,) (@ (C

- (La®@ A)i(t = 1)) — @p (C = (Q @ In)x(t)))]

el (t—1)(I;0AT) ((sz 7>®I,L> r(C

- (la® A)i(t—1)) = p (C - (Q®In)$(t)))] :

2
:—BE
t

And, denoting f dT , by Lagrange’s mean value theorem,

we have
Feij — Alij(t = 1)) = F (cij — (1))
= — f(&;(1)) (Adiy(t = 1) — 25(¢)
where &;;(t) is between ¢;; — A:%Z]( 1) and ¢;; — x;(t).

Then, let&(t) = (&1, (¢), ..., &5 (1), ... 7517\;%““_“1\’ )T,

with r, representing the neighbor j of agent i, i.e., &, (t) =
&i;(t). Denote diag(®s(£(t))) as a diagonal matrix generated
by each dimension of ®;(£(t)), with & = %22 By Lemma 2,
&;;(t) is bounded. Since the function @ is contmuous we have
diag(®;(£(1))) = far - La and

Op (C—=(a@ A2t —1)) = p (C = (Q & In)x(t))
= —diag (27 (£(1))) (g @ A)(t — 1) = (Q @ I)x(t))

— diag (25 (£(1))) ((Id®A>s<t—1>+ (QLune

dmax
®BBTA) z(t—1) — (QW,,-1) ® BBTA) e(t — 1)]) .

Then, we have

; 0((35r) o)
——E[ Tt —1)(1y 2 AT) Zpipi ® I,

-diag (@ (£(1))) (<1d®A>5<f—1>+t -

max

Ry =

[(QLm1)

®BBTA) z(t—1)— (QW 1y ® BBT A) (t—1)])
= —?E ST(t—l ®AT <<sz z) n)
. Bs
diag (24(£(1))) (fa ® A)e(t = 1) | + —5

where 0 < Bj5 < 0.
Subsequently, by Assumption 1 and the definition of P, ),

we can get Zle P; = I, and then

Ry = —?E Tt —1)(Is® AT) ((ZPZ ) )
ding (2 (€(1))) (1 © At~ )| + 2
< —@ et —1)(I; @ AT) <(sz ) >
(a® At —1)| + 2
< - Pl gy B (B2)

In a similar way to V5, let L,,,;_1) = T (t-1) m(t 1) and
use the Schwarz inequality again. Then, we have

2y
tdmax

=E[e" (t-1)(QL7, -1y ®ATBBT) (L p-1) @ A)z(t—1)]

Ele"(t — 1)(QLyy-1) ® ATBBT A)x(t — 1)]

< 2y (E[5T(t —-1) ((Qiﬁ(tq)zm

max

-BBT A) e(t — 1)|E[z"

Q") ® ATBB"

(t— 1)(f’£(t71)[~’m(t71) ® I,)

a(t— 1))

2y
< VioridpR(E— DV (i - 1)

rornAZA 2AN AW AL
< Y QLA Mab N2W ABV(til) )
tdmax 2)‘4N)\W A )\ab

R(t—1)+

Since Ay and A are finite, we have

td%:axE[ (t = 1)(QWpu—1) ® ATBBT A)e(t — 1)]
= tjnlx (BT (t - 1)(QQT ® AT BBTBBT A)e(t — 1)])?
: (E[€T(t ~ (W) Winge—1) @ In)e(t — 1)]>%
=< MR@ —1).

- tdmax
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Then, we can obtain

R3

AOLAZ A,
i (QL 2%ab Rt — 1) +

<
~ tdmax 2ANAW

29 ABA/AOM
4 HABVIQMW by

tdIIlaX

2ANAw A 5 Vit —1)
)‘%Aab

—1)

oe’
= R(t —
tdmax (

2vAN A A2
SVENEWEAB (4 - 1).

1)+
) tdmax)"%)\ab

This together with (B1) and (B2) gives the lemma.
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