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DISTRIBUTED OUTPUT FEEDBACK INDIRECT MRAC OF
CONTINUOUS-TIME MULTIAGENT LINEAR SYSTEMS*
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Abstract. This paper studies the distributed leader-follower output consensus problem for
continuous-time uncertain multiagent linear systems with general input-output forms. Specifically,
we extend the well-known output feedback indirect model reference adaptive control (MRAC) and
develop a fully distributed output feedback indirect MRAC scheme to achieve closed-loop stability
and asymptotic leader-follower output consensus. Compared with the existing results, the proposed
distributed MRAC scheme has the following characteristics. First, the orders of each agent’s pole/zero
polynomials, including the followers and the leader, can differ from others, and the parameters in each
follower’s pole/zero polynomials are unknown. Second, the proposed adaptive control law of each
follower solely relies on the local input and output information without requiring the state observer
and the structural matching condition on the followers’ dynamics, commonly used in the literature.
Third, for any given leader with a relative degree n*, the leader-follower output tracking error and its
derivatives up to the n*th order converge to zero asymptotically, which has never been reported in
the literature. Finally, a simulation example verifies the validity of the proposed distributed MRAC
scheme.
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1. Introduction. Multiagent systems (MASs) focus on the joint behavior of au-
tonomous agents. In the past decades, researchers in various fields focused on how
agents cooperate with each other and revealed many interesting phenomena [3, 14]. A
fundamental problem in MASs is designing a control law for each agent that solely re-
lies on neighborhood information, such that the networked system can achieve specific
tasks such as formation, swarming, or consensus. Several prestigious papers [4, 11]
have further highlighted the important and fundamental problems the cooperative
control of MASs suffers from.

Many remarkable results have been reported to deal with various multiagent dis-
tributed control and coordination tasks, e.g., consensus/synchronization [20], forma-
tion control [8, 36], bipartite consensus [18, 39], and containment control 7, 19]. Since
cooperative control requires agents to reach agreement on their respective tasks, con-
sensus control has become a central topic in MAS research. Currently, there are

*Received by the editors November 27, 2023; accepted for publication (in revised form) February
7, 2025; published electronically May 9, 2025.
https://doi.org/10.1137/23M1620107
Funding: This work was supported in part by the National Natural Science Foundation of
China under grants 62322304, 62173323, T2293770, and 62433020.
fState Key Laboratory of Mathematical Sciences, Academy of Mathematics and Systems Sci-
ence, Chinese Academy of Sciences, Beijing 100190, China, and School of Mathematical Sciences,
University of Chinese Academy of Sciences, Beijing 100049, China (j.guo@amss.ac.cn).
fCorresponding author. School of Automation, Beijing Institute of Technology, Beijing, 100081
China (yanjun@bit.edu.cn).
8School of Automation and Electrical Engineering, Zhongyuan University of Technology,
Zhengzhou, 450007 Henan Province, China, State Key Laboratory of Mathematical Sciences, Acad-
emy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China, and
School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China
(jif@iss.ac.cn).

1616

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/23M1620107
mailto:j.guo@amss.ac.cn
mailto:yanjun@bit.edu.cn
mailto:jif@iss.ac.cn

Downloaded 05/09/25 to 211.86.149.67 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

DISTRIBUTED OUTPUT FEEDBACK INDIRECT MRAC 1617

mainly two consensus control strategies: the behavior-based (or leaderless) strategy
[17, 24] and the leader-follower strategy [9, 43]. The main task of a consensus control
problem is to design appropriate distributed consensus protocols to achieve consensus.
However, designing distributed protocols is challenging due to the interaction between
agents [16].

To date, the consensus problem has been extensively studied in the control com-
munity. For instance, in [24, 26], the consensus problems for some simple linear MASs
were investigated. Since then, the literature has addressed the consensus control for
the case with noises [51], for general linear homogeneous MASs [15, 34, 46], some non-
linear MASs, such as Lipschitz nonlinear systems [31], Euler-Lagrange systems [23],
rigid body systems [27], nonlinear MASs with compasses [22] and fractional MASs
[44]. Note that the well-known backstepping technique originally developed in [13] for
nonlinear adaptive control design is still effective and quite popular for cooperative
control design and analysis of MASs [40]. Furthermore, the output regulation tech-
nique is also a powerful tool for cooperative control design and analysis, and many
remarkable results have been published [35, 41].

Adaptive control methods are widely used in various fields [42], in which the model
reference adaptive control (MRAC) technique has attracted significant attention since
it can simultaneously realize online parameter estimation and asymptotic tracking
control for systems with large parametric/structural uncertainties [1, 10, 30, 37, 45,
48, 49]. Many key problems in cooperative control theory and applications have been
well handled using MRAC-based control methods [5, 6, 21, 47, 50]. Research on
distributed MRAC for open-loop reference models has been done in [25]. Moreover,
[30] studied the adaptive leader-follower consensus problem for MASs with general
linear dynamics and switching topologies. In [5], the authors considered that the
leader’s external input is not shared with any follower agent and proposed a new
external input estimator in a hierarchical and cooperative manner. All these results
are developed under the distributed MRAC framework.

However, how to develop a fully distributed output feedback MRAC is still an
open research case. Actually, after reviewing the distributed MRAC literature, we
find that the existing distributed MRAC results mainly used state feedback to solve
the state consensus problems under the well-known matching condition. The latter
condition requires the dynamics of the followers and the leader to meet some structural
matching equations from which the ideal parameters of the nominal control laws can be
calculated. The matching condition with respect to most of the real control systems is
quite restrictive, and largely constrains the application range of such methods. Thus,
one key technical problem that must be concerned is how to relax the restrictive
matching conditions, especially for the distributed MRAC. Moreover, to the best of
our knowledge, a fully distributed output feedback MRAC has never been reported
yet, which faces several key technical problems to be concerned. Such problems are (i)
how to estimate the unknown parameters of all followers by only using their own input
and output? (ii) How to design a distributed MRAC law for each follower by only using
the local input and output information? (iii) How do all leader-follower tracking errors
converge to zero without persistent excitation? These technical problems have not
been addressed in the literature yet. Hence, this paper systematically addresses the
distributed output feedback MRAC problem and solves the above technical problems.
Specifically, we develop a fully distributed output feedback MRAC scheme without
requiring the restrictive matching condition. Particularly, the asymptotic convergence
of the leader-follower consensus is achieved.
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Overall, this work’s main contributions and novelties are as follows.

(i) A linearly parameterized output feedback adaptive control framework is es-
tablished to address the distributed leader-follower output consensus problem
for linear MASs in general input-output forms. Each agent’s dynamics have
different pole/zero polynomials and different orders, with all coefficients being
unknown.

(ii) A fully distributed output feedback adaptive control law is developed for
the considered MASs, where the adaptive control law of each follower solely
relies on the local input and output information without requiring the state
observer and the restrictive structural matching condition on the followers’
and leader’s dynamics commonly used in the literature.

(iii) To establish the distributed output matching equation for each follower, some
auxiliary systems are introduced to generate filtered signals of individual sig-
nals and neighbors’ outputs. Such filtered signals are crucial to constructing
the distributed matching equations from which the adaptive parameters used
in the adaptive control laws can always be derived.

(iv) The closed-loop stability and asymptotic output consensus analysis are con-
ducted by using a gradient-based framework independent of Lyapunov func-
tions. Particularly, the leader-follower output tracking error and its deriva-
tives up to the n*th order converge to zero asymptotically without persistent
excitation, which has not yet been reported in the literature.

The remainder of this paper is organized as follows. Section 2 provides the prob-
lem statement and the preliminaries. Section 3 introduces the distributed output
feedback MRC design and the corresponding theoretical results for providing the ba-
sic idea. Section 4 is the main part of this paper presenting the adaptive control details
where the coefficients are unknown, and section 5 presents two simulation examples
to illustrate our algorithm’s performance. Finally, section 6 concludes this paper.

Notation. In this paper, R denotes the sets of real numbers. Let s denote the
differential operator, i.e., s[z](t) = @(t) with z(t) € R", t > to. By L>, L? and L'
we denote the three signal spaces defined as L™ = {x(t) : [|z(")]|eo < 00}, L? =
{o(t) : [2() 2 < oo} and L1 = {a(t) : ()] < 00} with () loc = $uPsg, [2(E)]loos
lz()ll2 = (i lz(@)[3d)"/? and [lz() [y = [io" |l=(t)[1dt, respectively.

2. Problem statement. This section formulates the system model, the control
objective, the design conditions, and the technical issues to be solved.

2.1. System model. The MAS considered in this paper is described by the
following input-output form:

where N is the number of followers, y;(t) € R and wu;(t) € R are the output and input
of the i-th follower, respectively, k,; is a constant referred to as the high frequency
gain, and P;(s) and Z;(s) are the pole and zero polynomials with unknown coefficients,
degree n; and m;, respectively, i.e.,

Pi(s) = 5" 4 pin,—15™ " 4 -+ pias + pio,

Zi(s) = 8™+ zim,—15™ T 4+ zins + zio
It should be noted that n; and nj, as well as m; and m;, can be different for i # j,
with 4,7 =1,...,N.

The leader’s output and input dynamic is

(2.2) P (8)[yo] (1) = (D),
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where P, (s) is a stable polynomial of degree n*, and r(¢) is a bounded and piecewise
continuous reference input signal for the leader.

Actually, (2.2) can be chosen more general as follows: Py, (s)[yo](t) = Zm(s)[r](¢),
with Z,,(s) and P,,(s) being two given zero and pole polynomials. But, the design
and analysis for more general cases are similar to that for the case of (2.2). Therefore,
for simplicity of presentation, here we choose (2.2) to conduct the distributed MRAC
design and analysis. The reader can refer to [10] and [37] for more details.

Next, it is important to clarify the necessity of using the input-output form (2.1)
to establish a distributed MRAC framework. Some black-box systems may not afford
to build a state-space system model when no information about the internal state
variables is available. However, establishing a simple input-output model without
containing internal state variables is possible for such black-box systems. In this
case, the input-output information is adequate for the MRAC and distributed MRAC
control design and stability analysis. However, a potentially arising question is that as
long as an input-output model is established, one may derive its state-space realization
and still use state-space-based methods to conduct the control design and analysis.
Indeed, the state-space model can be derived from the input-output model. However,
from a practical viewpoint, the state-space model may sometimes be unsuitable for
designing the controller because the state variables generally do not have explicit
physical meanings. Therefore, addressing the cooperative control problems by using
the input-output models (2.1)—(2.2) is significant.

Communication graph. Let the MAS be described by (2.1)—(2.2). The com-
munications between these N + 1 agents are modeled as a directed graph G ={V,E},
where V = {vg,...,un} is the set of nodes with vy representing the leader, v;,i =
1,..., N, representing the ith follower, and £ C V x V being the set of edges of G.
The directed edge (vj,v;) represents a unidirectional communication channel from
agent v; to agent v;, i.e., agent v; can obtain the output information from agent
v;, but not vice versa. The neighborhood of agent v;, i = 0,..., N, is denoted by
N, ={v; €V:(vj,v;) €E}. A directed sequence of the edges (v1,vi2), (viz, vi3), ...,
(vi k—1,vik) is called a path from node v;1 to node v;,. A directed tree is a directed
graph where each node except for the root node has a single neighbor, and the root
node is a source node. A spanning tree of G is a directed tree whose node set is V. Its
edge set is a subset of £. Moreover, (v;,v;) is called a self-loop. This study assumes
a simple graph, i.e., the graph has no self-loops or multiple arcs.

2.2. Control objective and design conditions.

Control objective. For the MAS (2.1)—(2.2), the control objective is to design a
distributed output feedback MRAC law solely using local input and output informa-
tion so that the closed-loop system is stable and of the higher-order output consensus
properties:

where y)(t) denotes the jth derivative of y(t).

Assumptions. To meet the control objective given by (2.3), we present the
following assumptions:

(A1) All Z;(s),i=1,...,N, are stable polynomials.

A2) The relative degree of ith follower is n; — m; =n* fori=1,...,N.
3) An upper bound on n;, denoted as 7, is known.
4) The leader input r(t) satisfies 7(t) € L*°.
)

(

(A
(A
(A5) The directed graph G has at least one spanning tree with vy being the parent.
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It is well known that the usual MRAC systems require the zeros of the control
system to be stable, which is a consequence of zero-pole cancellations occurring in
the MRAC systems. In this case, the MRAC law will cancel and replace the control
system’s zeros with the reference model’s. For stability, such cancellations must be
stable. In other words, the control system must be minimum-phase. Moreover, the
control system’s relative degree must equal the reference system’s degree to guar-
antee model matching, which is necessary for tracking target even when the system
parameters are known [37]. For a distributed MRAC design, assumptions (A1)—(A2)
are regarded as extensions of the minimum-phase condition and the model-matching
condition in the usual MRAC systems. Moreover, assumption (A3) is required for
constructing a parameterized system model for parameter adaptation. Besides, as-
sumptions (A1)—(A3) are the traditional design conditions in the usual MRAC sys-
tems, and assumption (A4) is a relaxed design condition on the reference system,
which is used to ensure higher-order output consensus. Finally, assumption (A5) is
a typical design condition for the output consensus control that is commonly used in
the literature.

2.3. Comparisons and technical issues to be solved.

Comparison to cooperative output regulation. The linear cooperative out-
put regulation problem was first formally formulated and solved using a distributed
observer approach on a static network in [32] and then on a jointly connected switched
network in [33]. In order to address the design condition where each follower possesses
knowledge of the leader’s system matrix, the literature [2] investigates the linear co-
operative output regulation problem on static networks using an adaptive distributed
observer approach. The output regulation based cooperative control has been system-
atically studied in the control community. Generally speaking, the standard output
regulation based cooperative control method typically relies on the existence of a
solution for the regulator equations, which fundamentally distinguishes it from the
well-known MRAC technique. This is the reason why the establishment of a fully
distributed output feedback MRAC framework for cooperative control remains an
imperative, necessitating our attention and focus.

Comparison to distributed MRAC. As mentioned in the introduction, dis-
tributed MRAC methods are now applied to multiagent linear time-invariant systems.
However, the existing literatures [5, 21, 30, 47, 50] mainly focus on the MASs described
by the state feedback for state tracking. The followers’ models are of the basic form:
z; = Ajx; + Biug, i =1,..., N, where z; € R™ and uw; € R™, i=1,...,N, are the
state vectors and input vectors of the followers, A; and B;, i=1,..., N, are unknown
constant matrices of appropriate dimensions. The leader model is of the basic form:
o = Aoxo+ Boug, where xg € R™ is the state vector, ug € R™ is the bounded reference
input, and Ay and By are constant matrices, with Ay being stable.

The control objective is to find a distributed MRAC law that ensures closed-loop
stability and asymptotic state consensus lim;_, o (z;(t) — 2o(t)) = 0. To achieve the
control objective, an essential condition, known as the structural matching condition,
is as follows. (i) For each follower v;, there exists a constant matrix K7;; and a
nonsingular constant matrix Kj; of appropriate dimensions such that

(2.4) Aci=A; + BiK{;, Bei=BiK},
where A,; is a stable and known matrix, and B; is a known matrix fori=1,..., N. (ii)

For each pair of (v;,v;) € £, there exist constant matrices K3;; and K3;; of appropriate
dimensions such that for i=1,..., N,
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(2.5) Aj=A;+ BiK3l,, Bj=BKj;.

The readers can refer to [30] for further details on the matching condition (2.4)—
(2.5). Note that state consensus is a strong control objective. When state consensus is
achieved, the followers can track the arbitrary behaviors of the leader, which requires
structural similarities among all agents. Such structural similarities are modeled as the
matching condition (2.4)—(2.5). However, the latter condition is restrictive for many
applications, and largely restricts the application range of the consensus methods.

Technical issues to be solved. Considering that it is sufficient to achieve output
consensus for more applications, this paper focuses on addressing how to develop a
fully distributed output feedback MRAC scheme to ensure asymptotic output con-
sensus for the MAS (2.1)—(2.2) without requiring the restrictive matching conditions
just like (2.4)-(2.5). The basic idea of MRAC is to design an adaptive control law
that ensures the closed-loop system matches any given reference system. Inspired by
this, for the distributed output feedback MRAC, the agents that are connected to the
leader follow the reference system (i.e., the leader model). However, the agents that
are not connected to the leader do not have an available reference system. Thus, the
first technical problem is designing virtual reference systems for the agents, especially
for those not connected to the leader. Then, a potentially arising question is how to
guarantee that the agents with virtual reference systems can achieve leader-follower
output consensus. Moreover, the third technical problem is accomplishing the higher-
order tracking properties (2.3). In a word, to establish a fully distributed output
feedback MRAC framework, the following technical problems must be solved:

(i) How to design the virtual reference models for all followers and construct the
plant-model matching equations, especially those that are not connected to
the leader, by solely using the local input and output information?

(ii) Given that the agents could follow the virtual reference systems asymptoti-
cally, how to eventually realize leader-follower output consensus for the whole
MAS (2.1)—(2.2)? Especially, asymptotic output consensus is required, which
leads to more difficulties for adaptive control design and analysis.

(iii) The current results of the distributed leader-follower control indicate that
the asymptotic state/output consensus property can be ensured. However,
under the usual design conditions, how to ensure some higher-order output
consensus as shown in (2.3)? To the best of our knowledge, this problem has
never been addressed in the literature.

3. Distributed output feedback MRC design. This section provides the
basic idea of the distributed output feedback MRAC framework through a distributed
model reference control (MRC) design, assuming all system parameters are known.
The design contains four steps: (i) deriving the distributed MRC law structure, (ii)
constructing virtual reference inputs, (iii) calculating the control law parameters, and
(iv) conducting system performance analysis.

Step 1: Distributed MRC law structure. Given that all system parameters
are known, we design the distributed MRC law for the ith agent, i=1,..., N, as

3.1 wi(t) = 077 wii () + 057 wai (1) + 05,003 (t) + O30, (1),

where 07, € R"71,05. € R"! 05, € R, and 603, € R are constant parameters to be
specified, and

(3:2) wii(t) = [wi] (1) €R™ ™, way(t) = [yi](t) e R™ Y,
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with a(s) = [1,s,..., sﬁ*ﬂT eR™ ! and Agi(s) =s" "1+ AG, 58" T4+ A s+ A
representing an arbitrary monic Hurwitz polynomial. The signals wq;(¢) and we;(t)
are obtained through filtering u;(¢) and y;(¢) by the stable filter %S()g), respectively.

Remark 3.1. Since A.;(s) in (3.2) is monic and of degree 7 — 1 and the maximum
degree of the vector a(s) is n — 2, each element of the vector A“(j)s) is strictly proper,
i.e., the degree of the numerator a(s) is strictly less than that of the denominator

Aci(s). Thus, there does not exist any algebraic loop in the control law (3.1).

In traditional MRAC, ws;(t) corresponds to the reference system input. Since
each agent receives signals from its neighbors, and the number of neighbors N; is
known, we design ws;(t) as

LS, wens,

(3:3) wilt) =4 N
T(t)7 Vo € M7
where r;(t), j=1,...,N;, are auxiliary signals to be designed.

From (3.3), for agents connected to the leader, the leader’s input r(t) is directly
used as ws;(t), enabling them to follow the leader as in traditional MRAC. For agents
not connected to the leader, r(¢) is unavailable. To solve this, we design the auxiliary
signal Ni Zvi en;, Ti(t) as ws;(t), which acts as a virtual reference. Designing this
virtual reference and ensuring all agents can follow the leader are key challenges
addressed in this paper. Next, we explain how to obtain 7,(¢) to construct ws;(t).

Step 2: Virtual reference input construction. As mentioned in Appen-
dix A, traditional model reference control requires an additional reference signal
r(t) = P (8)[ym](t), which is the sum of some derivative information of the tracked
signal. Inspired by this, if the derivatives yJ(-k)(t)7 k=1,...,n", with respect to the jth
agent are known, we design r;(t) as

(3.4) rj(t) =W (s)[y;1(t)

with W(s) = s + p+_15" L +--- 4+ 915 + b being some chosen monic Hurwitz
polynomials of degree n*. However, yj(-k) (t) is generally difficult to be obtained. Hence,
using (3.4) to obtain r;(¢) is inappropriate. Thus, we present a construction method
to obtain r;(t) using only u; and y;. For simplicity, we change the subscript from j
to 7, and define two vectors:

(3.5) 05 = [kpizios kpizits - - s kpiZiom, —1, Kpi, —Pio, —Dit,

T ni+mi+1
ooy Pimi—2, —Pimi—1] €R ,

(3.6) $ilt) = Aeil(s) [:] (1), A:(S) [wil (8), .., Zm(; (o).
s 1 s
Aei (S) [Uz] (t)v Aez (3) [yz] (t)v Aez (S) [yz] (t),
ni—2 ni—1 T
S S c Rni—f—mi—l’
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where Agi(s) = 8™ + X§, 18" 4 4+ X s+ A§) representing an arbitrary monic
Hurwitz polynomial. Then, ignoring the exponentially decaying signal, the system
(2.1) can be expressed as

Ain,—1(s)
Aei(s)
with Ajpn,—1(s) = A, 8™+ + X s + A5, To design r;(t), we first give the
following lemma demonstrating a key property of ygj)(t),i: 1,...,N,j=1,...,n".

(4)

LEMMA 3.2. Fory,”’(t), j=1,...,n*, it can be expressed by ygk)(t),k:Q o1,
R

ﬁ(s)[uz](tx k=1 + My, ... 7j + mq, 9;17 ¢Z(t>7 and yl(t)
Proof. The proof is given in Appendix B. ]

Based on Lemma 3.2, we recursively obtain that ygj)(t)7 j=1,...,n"% can be
k
S

expressed by ﬁ[ul](t) for k =1+mi,....5+m, 0, ¢i(t), and y;(t). Thus, we

(3.7) yi(t) — (il (t) = 057 di(t)

express ygj)(t),j =1,2,...,n%, as

gltmi gJtmi

(38) yi(j) :HZJ <yia m[uz], ey Aei(s)[ui},ezi,(bi) .

As demonstrated in the proof of Lemma 3.2, H;; is obtained by applying a filter
related to A.;(s) to the original input-output system. Its form depends solely on
Aci(s). If Aci(s) is predetermined, then H;; is a known mapping. Consequently,
Hi;,i=1,...,N,j=1,...,n", are known and smooth mappings with respect to its
variables. It should be noted that from (3.4), we derive an analytical expression for
r;(t) as

n slHmi sitmi
3.9 P — iH;j AN L7 D RSN ’ae*ﬁ A
. e (8w S Y
where 1y, k = 1,...,n*, are constant parameters with ¢,- = 1 such that s" +

Upe_18" ~L 4o 4 ah1s + 1 is a Hurwitz polynomial.

Remark 3.3. From (3.9), we see that 7;(t) depends on the unknown vector 65 .
For the adaptive control case, we construct an estimate of r;(¢) that will no longer
depend on any unknown information (see section 4). Besides, to estimate the higher-
order derivatives of y;(t), one may employ a standard high-gain differential observer
[12]. Even though the high-gain observer design is simple and easy to implement,
using this observer is difficult to realize asymptotic output consensus, and involves
the high-gain issue. We propose a linear parametrization-based estimation method
based on this consideration to derive the r;(¢)’s estimate and achieve the asymptotic
output consensus. Finally, it is worth noting that by (3.1), (3.3), and (3.9), it is known
that each agent’s controller makes use of only its own and its neighbors’ information
and does not need the global information of the leader.

From (3.1), it is evident that the nominal control law for each follower solely
relies on local input and output information, and does not depend on global leader
information.

Step 3: Calculation of 67;, 65,, 03,, and 05,. Now, we construct some plant-
model output matching equations from which 07, 65,, 63,, and 65,, can be calculated.

Motivated by the usual output feedback MRC in [37], we derive the distributed
version of the plant-model output matching equations as follows.
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LEMMA 3.4. For the ith agent connected to the leader, there exist constants
Hiﬁiv 0317 0;02', ng such that

017 a(s)Pi(s) + (03] a(s) + 030:Aci(s)) kpiZi(s)

(3.10) *
= Aci(s) (Pils) = kpit3;Zi(5) P (5)) ;

and for the ith agent not connected to the leader, there exist constants 07;,605,;,05,,053;
such that

(3.11) 0;Ta(s)Pi(s) + (057 a(s) + 030, Aei (5)) hipi Zi(5)
= Aci(s) (Pi(s) — kpit3;Zi(s)¥(s)),

where a(s) and V(s) are defined below (3.2) and (3.4), respectively.

Proof. The proof is similar to that of Lemma A.2 in Appendix A, and thus,
omitted here. For details, one may refer to [37]. 0

Remark 3.5. These matching equations always have nontrivial analytical solu-
tions, and one can choose the solution {67;,0s;,65;,65;} to (3.10)—(3.11) from

(3.12) 017 a(s) = Aci(s) — Q(5)Zi(s), 057 als) + 030;Aci(s) = =05, Ri(s),

and 03, = k;, where Q(s) is the quotient of %&"(S) and R;(s) = Aci(s)Pn(s) —
Q(s)P;(s) for (3.10), and Q(s) is the quotient of L@g(s) and R;(s) = Aui(s)¥(s) —

o
Q(s)P;(s) for (3.11).

The parameters 07;,05;,05;,65; in Lemma 3.4 can be called distributed matching
parameters, as with these parameters, the distributed MRC law (3.1) matches all
followers to the leader, as shown subsequently.

Step 4: System performance analysis. To proceed, we first define the local
output tracking error as

1 .
(3.13) ei(t) =vit) - 3+ > yit), i=1,...,N,
¢ 'Uje-/\/i

where N; is the number of the neighbors of agent v;. Such a local output tracking error
measures the disagreement between the follower ¢ and the average of its neighbors on
the output because it is essential to characterize the consensus level of the follower
and the leader. The motivation of defining such a local state tracking error is shown
as follows.

LEMMA 3.6. Under assumption (A5), if e;(t) is bounded, then y;(t) is bounded
foralli=1,...,N. Further, if for any j =1,...,n*, lim;_, ez(-j)(t) =0 holds (or
exponentially) for alli=1,...,N, then lim;_ o (y;(t) — yo(t))(j) =0 holds (or expo-
nentially) for alli=1,...,N.

Proof. Performing a proof similar to that for Lemma 4.1 in [29], one can verify
this lemma. 0

From Lemma 3.6, global higher-order leader-follower consensus properties can
be achieved as long as the higher-order derivatives of all local tracking errors (3.13)
converge to zero as time tends to infinity. According to this lemma, the following
theorem clarifies the closed-loop stability and output consensus performance.
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THEOREM 3.7. Under Assumptions (Al), (A2), and (A5), the distributed MRC
law (3.1) configured with 0%,;,05;,050;,0%; in Lemma 3.4 ensures that all closed-loop sig-
nals are bounded and the tracking errors y;(t)—yo(t), t = 1,...,N, and their derivatives
up to the n*th order converge to zero exponentially as t — oo.

Proof. For all agents v; € {v;:v9 € N;}, the leader vy can be regarded as the
reference output. Thus, based on Theorem A.3 in Appendix A, one can verify that
the input u;(t) = QTZ-TMM( )+ 05T wa; (t) + 050,5i (t) + 03,7(t) ensures that the signals of
the agent v; are bounded, and y;(t) — yo(t), ¢ = 1,...,N, and their derivatives up to
the n*th order converge to zero exponentially.

For the agent v; ¢ {v; : vo € N;}, by Lemma 3.4, we first prove that e;(¢) converges
to zero exponentially. Operating both sides of (3.11) on y;(t), we have

01:a(s) Pi(s)[yil (t) + (02,a(s) + O20iAci(5)) ki
(3.14) Zi(8)[yil(t) = Aci(s) (Pi(s) = kpib3iZi () (s)) [y:] (1)

Moreover, with some manipulations on (3.1), we have

Aci()[ui] (t) = 0;a(s) [ui] () + 03,a(3) 3] (£) + O3 Aci (5) ¥ (5) Ni vl @)

¢ ’U]‘GNi
(3.15) + Aci(8)020i[yi] (t) + Aci(s) [en,,] (1),

where €p_, (t) is an exponentially decaying signal associated with the initial conditions.
Then, we have

kpi Zi(8)Aei(s) [u] (t) = Pi(s)Aci(s) [yi] (1)
= kpi Zi(8)Nci(8)020i [yi] (t) + kpi Zi(8) Aci(3) [en,,] ()

1

+kpiZi(S)93iAci(S)\Iji(S) ﬁ Yj (t)
vJGNl
(3.16) + kpiZi(s) (0;a(s) [ua] (t) + 05:a(5) [yi] (1)) -

Combining (3.16) and (3.14), together with P;(s)[y;](t) = kpiZ;(s)[w;](t), indicates
that

(B17) AU L)y O )= —EpiZi(s)Aels) fen.] (1)
g v EN;

Since A.i(s),¥(s), and Z;(s) are all stable polynomials and the degree of ¥(s) is n*,

*

we conclude that for [=0,1,...,n%,

0
1

(3.18) (yz(t) A g yj(t)> — 0, exponentially.
g vVj eN;

According to Lemma 3.6, (3.18) suggests that the higher order exponential leader-
follower consensus (2.3) is achieved. This also implies that y;(t) € L due to the
boundedness of yo(t).

Now, we prove u;(t), ..., N, are also bounded. Using (2.1) and (3.17),

=1,
we have kp; Zi(s)? Aci(s)¥ ( )[ (D] = Pi(s $)Aei(5)Zi(5) 57 X0, en, Tal(t) + €xi(t) with
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€1:(t) = —kpiZi(s)Aci(s) [en,,] (t). Since Ag;(s), ¥(s), and Z;(s) are all stable, we can
derive

u;(t) kpi Zi(5),(s) | N; v];v ri| () + e2(t),
where €5;(t) is an exponentially decaying signal associated with initial conditions.
Note that 1@2131(7(:))\11(5) is stable and proper, i.e., the degree of the numerator P;(s) is
not greater than that of the denominator kp;Z;(s)¥(s). Thus, if > -7 € L™,
then w;(t) € L.

Let I; denote the length of the longest directed path for the leader vy to the
node v;. Suppose that there exists a follower v; such that r; is unbounded. Then,
there exists a neighbor vy, of vg such that 7y, is unbounded and ly; < lx. From
assumption (A5), and by repeating this analysis for up to lj; steps, we conclude that the
reference signal of the leader r(t) is unbounded, which is a contradiction. Therefore,
ri(t)e L=, i=1,...,N, and so are the control u;(¢). This completes the proof. 0O

Remark 3.8. Equation (3.17) shows that the convergence rate is influenced by the
roots of a certain polynomial, with larger roots leading to faster convergence speed.
However, large roots can cause initial output fluctuations. Therefore, the choice of A;
and A; should consider both the convergence speed and the transient performance of
the system.

So far, we have provided a basic distributed MRC' framework for the MAS (2.1)—
(2.2) which is fundamental for the distributed MRAC design addressed next.

4. Distributed output feedback MRAC design. This section develops a
distributed output feedback indirect MRAC scheme for the MAS (2.1)-(2.2), where
the parameters p;;, 2;;, and k,; are unknown. Specifically, we construct the distributed
output feedback MRAC law, with the distributed indirect MRAC design procedure
comprising five steps: (i) distributed MARC law construction, (ii) plant parameter
estimation, (iii) controller parameter calculation, (iv) virtual reference input signal
estimation, and (v) stability performance analysis.

Step 1: Distributed MARC law structure. The distributed MRAC law is
designed as

(4.1) u;(t) = 9%; (t)wr4(t) + 9%; (t)wai (t) + O3 (t)3; (t) + O20i (t)ys (t),
where 601;(t) and 602;(t) are estimates of 67, and 03, in Lemma 3.4, respectively, 03;(t)
is an estimate of k%_, w1i(t) and wa;(t) are defined in (3.2), and ws;(¢) is an estimate
of ws;(t) in (3.3).

Step 2: Plant parameter estimation. Consider the ith follower in (2.1). The
signal ¢;(t) in (3.6) can be obtained through filtering u;(t) and y;(¢) by the stable filter
4o with g;(s) = [1,s,.. .,s”i_Q]T and A;(s) below (3.6). Similarly, A‘"’7’1(5)[%](15)

Aci(s) Agi(s)
in (3.7) can be obtained through filtering y;(¢) by the stable filter /&1]\71;7,(;)(5)
Let 0,;(t) be an estimate of ¢, and define the estimation error as
Ai n;—1\$S
(12) =080 =)+ 55 ), 0>t
To update 6,;(t), we use the following gradient algorithm:
; Ligi(t)ei(t)
4.3 Opi(t) = ———5——, Opi(to)=00;, t>t
( ) P() m?(t) ) p(O) 075 = o,
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where I'; = diag {Fli,’ymiJrl,ng} with T'y; € Rmixmi’, I'y = Fi > O,’Ymi+1 > 0, and
[y € R™ XM Ty, =TL >0, fp; is an initial estimate of 05 € Rritmitl and

(4.4) m;(t) = /1 + kol (t)g:i(t), k>0.
From (3.5), we denote 6,,(t) as

— — ~ T

Opi(t) = |kpizio(t),- -, kpizy, 1 (8), kpi(t), =Pio(t), - ., —Disn,—1(t)
Thus, we construct the estimates of P;(s) and Z;(s) for the ith follower as

Pi(&ﬁi) = g —"—ﬁi,ni*lsni_l + -+ pi1s+ Dio,

(4.5) Zi(,2) = 8™ + Zim, 1™ T o+ Zas + Zio,

where Z; = [Zi0, ..., 2i,m,—1]" with 2; = %}Jt()t) and p; = [Pios---,Pin,—1)7 are the
pi

estimates of 2z} = [zi0,...,%im,~1)]7 and p} = [pioy-.-,Pin,—1)°, respectively. To

ensure I%m(t) # 0 during parameter adaptation, the parameter update law (4.3) needs
to be modified by introducing some robust term, such as parameter projection, dead-
zone modification, o-modification, and so on. We omit the details due to the paper
length constraints.

For the parameter 6,,(t), the following lemma clarifies some properties crucial for
stability analysis.

LEMMA 4.1. The adaptive algorithm (4.3) guarantees (i) Opi(t),60pi(t), ef(t)) are

bounded and (ii) %(tt)) and 0,;(t) belong to L.

Proof. The proof is similar to Lemma 3.1 in [37], and so, it is omitted here. 0O

Note that the regressor vector ¢;(t) is not required to be persistently exciting, and
thus, we cannot ensure that the estimation errors €;(¢) converge to zero. Nevertheless,
this paper shows that the proposed distributed MRAC law (4.1) still ensures closed-
loop stability and the tracking properties shown in (2.3).

Step 3: Controller parameter calculation. For the ith agent connected to
the leader, the controller parameters {61;(¢), 02;(t),020i(t),03:(t)} are obtained from

0Tia(s)Pi(s,1:) + (05;a(s) + O20iMci(5)) kpi Zi(s, %)
(46) = Aci(s) (pz(sapAz) - ];piQSiZAi(Sa ZAi)Pm(S)) )

and for the ith agent not connected to the leader, the controller parameters are
obtained from

95&(5)?1(87151) =+ (9;&(8) =+ 9201‘/\”’(3)) kpiZi(S, ZAl)

(47) = Aci(s) (Pl(S,pAZ) — ];piegiZAi(S, 21)\11(8)) .
Regarding how to specifically derive 0y;(t), 02;(t), 620:(t), 03:(t), the reader can refer
to (3.12).

Step 4: Virtual reference input signal estimation. The signal @s;(¢) in
(4.1) is designed by

1
N f(t)a Vo ¢M7
(4.8) Dy(t)y=4{ N v%ﬁ- ’
r(t), vy € NG,
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where 7;(t) is an estimate of the signal 7;(¢). For simplicity, we change the subscript
of #;(t) from j to ¢, and design 7;(¢) as

. n” 81+mi 5j+"hi
(4.9) Ti—j;ijij (yia m[uz]a e Aei(s)[ui]ﬁpi,@)-

Now, we derive the following lemma to demonstrate a convergent property of the error
7;(t) — r;(t) under some particular conditions.

LEMMA 4.2. For the gradient algorithm (4.3), if m;(t) € L, «;(t) € L™, and
y;(t) € L, then we have 7;(t) € L and
(4.10) tllf&(ri(t) —r;(t))=0.

Proof. The proof of this lemma is long. Thus, we present it in Appendix B to
avoid disrupting the reading flow. ]

Step 5: System performance analysis. Based on the above derivations, we
provide the main result of this paper, which demonstrates that the closed-loop stability
and asymptotic higher-order output consensus are achieved by using the distributed
MRAC law (4.1).

THEOREM 4.3. Under assumptions (A1)—(A5), the distributed output feedback
MRAC law (4.1) ensures that all signals in the adaptive control system comprising
(2.1), (2.2), (4.1), and (4.3) are bounded, and for i=1,...,N,

(4.11) lm (yi(t) = yo(1))™ =0, k=0,....n".

Proof. First, we prove that the agents connected to the leader can track the leader
and generate a virtual signal #(¢) satisfying lim,_, o (7(£)—7(t)) — 0 and #(t) € L*°. For
the ith agent connected to the leader, the control law becomes u;(t) = 67, (t)wy; (t) +
0L ()wai(t) + O3;(£)r(t) + O20:(t)y:(t). Hence, from Theorem A.4 in Appendix A, we
have the closed-loop stability and lim;_o. (y;(t) — yo(¢)) = 0. Under assumption (A4),
we have 1;(t) € L> and g;(t) € L. Following Lemma 4.2, and combined with the
closed loop stability yields lim;_, oo (7;(t) — 7(t)) =0 and #;(t) € L°°.

Second, we prove that for the ith agent, if the conditions lim;_,o (7;(t) —7;(t)) =0
and 7&]» (t) € L* are satisfied for any v; € N;, then the following properties hold:

(k)
(4.12) lim yi(t)—% >yt =0,

t—o0 i
v E./\fi

for any k=0,...,n*i=1,...,N, and fi(t) € L. In view of the control (4.1), for
any v; € Nj, define

(1.13) B5(0) = G PO

Then, ignoring the exponentially decaying signal, it follows from (4.13) that 7;(t) =
U(s)[9;](t). Substituting it into (4.8) yields ws;(t) = ‘1/(5)[]\,% Zvj en; J71(t). Based on
Theorem A.4 in Appendix A with u;(t) = 0%, (t)w1;(t) + 02, (t)wai(t) + 03:(t)@si(t) +
020:(t)y:(t), all signals with respect to the ith agent system are bounded and
limy oo (yi(t) — Ni >_v;en; Ui (t)) = 0. Moreover, we further verify that
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(k)
. 1 . .
(4.14) lim yi(t)—ﬁ Z Uj =0, k=0,...,n".

t—o0 i
v; EN;

Proving (4.14) is quite similar to that of Theorem 3.1 in [38], and thus, omitted here.
Since

(4.15)
(k)

lim | y;(t) — Ni > it

t— o0 i
’U]‘G-/\[i
k
| . A (k) . . ;o (k)
:tlggo yi(t)—ﬁ Z 7;(¢) thlggo N Z <M[Tjrj](t)> )

T vj eN; v eN;
it is sufficient to prove that for any v; € N;, the following equation holds:

®)
(4.16) Jim (\pis) 7, — 7)) (t)> 0.

t—o0

Let ¢;(t) =7;(t) — r;(t) and the kth order time derivative of ﬁ[ej](t) is %[Eﬂ(t)
Thus, with #Z) being stable and proper, if lim;_,(7;(t) — r;(t)) = 0 for v; € N,
the property (4.16) holds. Moreover, if 7;(t) € L™ for v; € N, then ;(t) € L> and
4i(t) € L°°. From Lemma 4.2, it follows that 7;(t) € L.

Third, we prove that limy_,o(7;(¢) — r:(t)) = 0 and #;(t) € L™ for i = 1,...,N.
We demonstrate that each agent satisfies 7; (t) € L. Let l; denote the length of the
longest directed path for the leader vy to the node v;. Suppose there exists at least
one agent v; such that fk(t) is unbounded. Then, there exists a neighbor v, of vy
such that 7;";9] is unbounded and [y, <Ij. Repeating this analysis for up to I); steps, it
concludes that the reference signal of the leader 7(¢) is unbounded, which contradicts
assumption (A5). Therefore, 7;(t) € L=, i =1,...,N. Then, we get m;(t) € L,
u;(t) € L, and y;(t) € L and Lemma 4.2 indicates lim;_, o (7;(t) — r;(t)) = 0 and
Fi(t) € L™,

Finally, we demonstrate the tracking convergence and the higher-order properties.
From the second and third steps, we get lim; o0 (y:(t) — N%-Zvje/\/i y; (1) *) =0,
for any £ =0,...,n*,9 = 1,..., N. This, together with Lemma 3.6, indicates that
limy oo (yi (£) — yo(t)™ = 0 for all k = 0,...,n* and i = 1,...,N. The proof is
completed. ]

Remark 4.4. Theorem 4.3 addresses the tracking performance in the presence of
unknown parameters. If the reference signal ro(¢) meets certain additional conditions,
such as being sufficiently rich of order 27, then the tracking error can further converge
to zero exponentially. For more details, please refer to reference [10].

So far, we have established a fully distributed output feedback MRAC scheme,
where the adaptive control law for each follower only relies on its local input and
output information, and the asymptotic leader-follower output consensus is achieved.
Particularly, the proposed adaptive control scheme overcomes the restrictive structural
matching conditions, e.g., (2.4) and (2.5), commonly used in the existing distributed
MRAC literature. Moreover, the higher-order leader-follower output consensus is
achieved without using the persistent excitation condition as shown in Theorem 4.3.
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Fic. 1. Communication graph for nominal control design.

5. Simulation examples. This section presents an example to demonstrate the
design procedure and verify Theorem 3.7, Lemma 4.2, and Theorem 4.3. We study the
consensus performance of four followers and a virtual leader for the nominal control
case and adaptive control case, and their associated communication graph is shown
in Figure 1.

Simulation system. Consider the following MAS containing four followers mod-
eled as

(5.1) Pi(s)[yil (t)=kpi Zi(s)[ui](t), t>0, i=1,2,34,

where Pi(s) = (s +1)(s — 3), Z1(s) = s+ 1, Pa(s) = (s + 2)(s — 3)(s + 3), Za(s) =
(s + D)(s +1).Pa(s) = (s — (s +2). Za(s) = 5+ 4, Pa(s) = (s — D5~ 1)(s +2),
Zy(s) = (s+ 1)(s+ 1), and kypy = —1/3,kp2 = 2,kp3 = —3,kps = 4. Note that the
followers’ models considered in this simulation are unstable and heterogeneous. The
leader model is chosen as

(5.2) Yo(t) = Win(s) [ro] (t)

with Wy, (s) = 1/Pn(s) = $ and yo(t) = 5sin(2t). Thus, we calculate that r(t) =
10cos(2t) 4 5sin(2t).

Nominal control case. When the parameters are known, we utilize distributed
MRC law to achieve convergence.

Distributed MRC' law specification. Based on (3.1), the distributed MRC law for
the MAS (5.1)—(5.2) is designed as

(5.3) i (t) = 07 wii(t) + 03] was (£) + O30,4: (1) + 05w (1),

where wj;(t),j = 1,2,3, can be derived from (3.2) and (3.3) with Ax(s) = s+
1L,Awp(s) =52 +1.55+0.5,Ac3(s) =s+ 1, Aea(s) =s? +1.55+ 0.5, and ¥(s) = s+ 1.5.
Moreover, by Lemma 3.4, the matching parameters in (5.3) are calculated as

07, =0.5, 05, =0, 059, =4.5, 05, = —3, 0} =[-53.5,-53.5],
03, = [—33.625, —13.75]7, 035y = 26.25, 035, = 0.5,
075 = 0.6667, 035 =0.6667, 0305 =0.5, 055 = —0.3333,
1, =10.4167,0.9167]7, 63, =1[0.3750, —0.3750]T, 630, = —0.6250, 65, =0.25.

System responses. The initial outputs of the followers are chosen as [y1(0),y=2(0),
y3(0),4(0)]T = [3.5,6,0,8.3]7. Figure 2 shows the response of the outputs y;(t),i =
1,...,4, of the followers and the trajectories of the derivatives of the leader and
followers’ output. Figure 2 highlights that the desired output higher order consensus
performance is ensured. The simulation results verify the theoretical results.

Adaptive control case. To verify Lemma 4.2 and Theorem 4.3, consider the
system (5.1)—(5.2) where the parameters are unknown.
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FiG. 2. Trajectories of the five agents’ outputs and derivatives.

Distributed MRAC law specification. Based on (4.1), the distributed MRAC law
for the MAS (5.1)—(5.2) is designed as

(5.4) i (t) =07 (H)wr (1) + O3, (£)wai (t) + O20i ()i (t) + 03 ()3 (1),

where wj;(t),7 = 1,2, can be derived from (3.2) with A.i(s) = s+ 4,Acxa(s) = s* +
55 4+ 6,Ac3(s) = s+ 5, Aes(s) = 82+ 7s + 12, and ¥(s) = s + 1.5. Moreover, to
obtain the adaptive parameters 61,(t),02;(¢),020,(t),03:(t) in (5.4), first by (4.3), we
obtain the estimates of ¢, defined in (3.5) with Ty =T'3 = 10144, =Ty = 10156,
and Agi(s) = s% + 35 + 2,Aea(s) = 53 + 1.8335% + 5 + 0.167, Ao3(s) = 52 + 1.333s +
0.333, Aea(s) = s® + 1.833s% + s + 0.167, where ¢;(t), €;(t), and m;(t) can be derived
from (3.6), (4.2), and (4.4), respectively. Then, 61,(t),02;(t),020:(t),05:(t) can be
calculated by (4.6) and (4.7). Next, we specify the signal (4.8) as

W31 (t) = ws2(t) =7r(t), ws3(t) =1/2(P1(t) +72(t)), wsa(t) =1/2(72(t) +73(2)),

where

SAj,nfl (S)
Acj(s)

with ¢;(t) defined in (3.6) and Aj,—1)(s) defined below (3.7).

System responses. The initial outputs of the followers are chosen as [y1(0),y2(0)
,y3(0),44(0)]7 = [~1,2,3,1]T. Figure 3 displays the first element of the adaptive
parameters {601;(t),02;(t),020:(t),0s:(t)} in (5.4) and Figure 4 presents the responses
of the outputs y;(t),7 = 1,...,4, of the followers. Figure 4 reveals that the desired
output consensus performance is ensured. Besides, Figure 5 shows the trajectories of
the followers’ inputs, and Figure 6 displays the consistency of the estimated virtual
reference signal. From Figure 6, Lemma 4.2 is well verified. Figure 7 illustrates the
trajectories of the first derivative of the leader and followers’ output, highlighting
that the higher-order properties in Theorem 4.3 are well supported by the numerical
example. Overall, the simulation results have verified the theoretical results for the
adaptive control case. Here we provide only numerical examples, while how to apply
the proposed method in a real application is currently under investigation.

75(t) =055 (t)s[e;](t) + [y;](t) + 1.5y,(t), j=1,2,3,4,

6. Conclusion. This paper proposes a fully distributed output feedback MRAC
method for a general class of linear time-invariant systems with unknown parameters.
The developed architecture overcomes the restrictive matching condition commonly
used in the existing distributed MRAC methods. Our adaptive control law solely relies
on local input and output information and ensures global higher-order leader-follower
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F1G. 3. Trajectories of the parameter adaptation.
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Fic. 5. Trajectories of the followers’ inputs.

output consensus. Several simulation results verify the validity of the proposed adap-
tive control method. Nevertheless, how to solve the issues when the MAS (1)—(2)
with uncertain switching topologies by using a distributed output feedback MRAC
framework should be further studied.

Appendix A. Some useful lemmas and theorems. The following lemma
establishes a crucial link between the square integrability property of a function and
the asymptotic convergence of an associated error signal. Specifically, it states that
if a function f(t) has a bounded derivative and the integral [~ f2(¢)dt is finite, then
f(t) asymptotically approaches zero as t — oo. This lemma is a specific application of
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Fic. 7. Trajectories of the agents’ output derivatives.

a more general result known as Barbalat’s lemma, which guarantees the convergence
of certain types of functions under the given conditions [10].

(See [37].) If f(t) € L™ and f(t) € L?, then limy o f(t) =0.

Now we present some well-known results of traditional indirect MRAC of LTI
systems, which are fundamentals in our distributed output feedback MRAC design.
Consider a traditional indirect MRAC system. The control system is

(A1) P(s)[yl(t) = kpZ (s)[u](t),

where y is the output, u is the input, P(s) is the pole polynomial with unknown
coefficients, Z(s) is the stable zero polynomial with unknown coefficients, and k, is
the unknown high-frequency gain. The reference model is

(A.2) Prn(8) [ym] (t) =7 (1).
The indirect MRAC law is

LEMMA A.1l.

(A.3) w(t) =0T wy (t) + 02 wo(t) + O20y(t) + O37(2),

where 0;, i = 1,2,20,3, are designed parameters, w (t) = XC((SS)) [u](t) € R" L wo(t) =

a(&sz)[ ]( ) S Rnil with G(S) = [1,8, e
nomial of degree n — 1.

s"’z], and A.(s) being a monic stable poly-
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LEMMA A.2. (See [37].) There exist constant parameters 05 ,05,0%,,05 such that

(Ad) 017 a(s)P(s) + (057 a(s) + O30Ac(s)) Z(s) = Ac(s) (P(s) = 052 () P (s))-

THEOREM A.3. (See [37].) If the parameters 0; in (A.3) are replaced by 07,
i =1,2,20,3, satisfying (A.4), then the control law (A.3) ensures that all signals in
the closed-loop system are bounded and y(t) —ym (t) = €o(t) for some initial condition-
related exponentially decaying €o(t).

For the adaptive case, there are two steps to design 6;, i = 1,2, 20, 3: (i) estimation
of the system parameters by an adaptive law like (4.3), and (ii) calculation of the
controller parameters using some linear equations like (31). Under some standard
assumptions, the indirect MRAC system (A.1)—(A.3) has the following properties.
All these properties can be seen in [37].

THEOREM A.4. (See [37].) The adaptive control law (A.3) ensures that all signals
are bounded and y(t) — ym(t) € L2, lim; 0 (y(t) — ym(t)) =0.
Appendix B. Proofs of Lemmas 3.2 and 4.2.

B.1. Proof of Lemma 3.2. Using A.;(s) defined below (3.6), we can express
the agent model (1) of the following form:

Aini—1)(s)

T 0 =6 o)

(B.1) yi(t) —

Then, we have

(B.2) slyil () = 0, 5[] (t) + Aos(s) lyi] ()
T s " Smi-&-l "
- epi Am(s) [ 1](t)7 L) Aez (S) [ l](t)7
S s™ 8Mi(n,—1)(8)
Arls) [yl (), - -, Ar(s) [y:] (1) T Au(s) [ya] (1)

. . s m;+1 s
Slncentie degree of Ag;(s) is ny, then m[“i](t)"“’A o) [u;](t) and m[yi](t),
. 1(3) [y;](t) can be expressed by ¢;(t).
Moreover we calculate

Uz

S

i1(8) = i) + — =[] (1),
Am(s)[y]() y()+ Ael(s) [y]()
SAi(n'—l)(S) SAi(m—l)(s) - A?(n»—l)AEi(s)
——— |y (t :Afn_7 i () + . il(t),
Aei(s) [y]() (n; l)y() Aei(s) [y]()
where W, and QA(Z?Q(Z)_ Aei(s) are strictly proper. This indicates that

el( )
Lemma 3.2 holds for j=1.
When 1 < j <n*, we have

. . sTA; . —1)(s
)= 057 o)) + g

; " ; 14 T
£y smitd s g1t

=0, m[ui](t)’.”’[\ei(s) [u:](t) Noils) [yl (£), - -, Aor(s) [yi] (1)
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S"Li +J

Noting that j < n*, n; = m; + n*, the signals Agij(s)[ul](t),,m[ul](t), and

Sj(s) [wil(2),. 7M[ i](t) can be directly obtained. Moreover, through de-
comp031t10n one can 0 tain

ghita L L ni—1 B sk
= hqrsd™ l =0,...,5—1
Aei(s) ;) qk$ + ; qk Aei (S) 4 ) »J )
Sin(n:—l)(S) j_lu . k niilv Sk
B.a) IR SRy Gk N .
Aei(s) P ]; Aei(S)

Thereby, s7 [yl](t) j=1,2,...,n* — 1, can be expressed by s[y;](t),...,s " [y;](t), O
n (3.5), i (é)[ ui](t), k=14 m;, ...,j —|—mz, @i(t), and y;(t).
When j = n*, only the signal - (S) “[u;](t) needs to be considered. Concretely,

smMiti s

Ao lualt) = g5 ual(t) = wi(t) + LA“)(S)[ i|(t) with 811\_7/\(‘:)() being strictly
proper which indicates the conclusion also holds for j=mn"*. Thus, the lemma follows.

B.2. Proof of Lemma 4.2. We first demonstrate that d;; (t) converges to s[y;](t)
by showing that the error term involving ém-(t) approaches zero as t — oco. Using
mathematical induction, we extend this result to d;x(t), showing that it converges
to s¥[y;](t) for higher orders. Combining these results, we then establish that the
tracking error 7;(t) — r;(t) converges to zero. The detailed proof process is as follows.
With (3.8), we define

81+m‘ Sj+mi 8
B. dlt:Hz Py A 7 LWy o N Wiy Upiy @0
(B.5) 0= Hy (35l o Sl 6
fori=1,...,N and j = 0,...,n*. Comparing (3.8) and (B.5), we see that d;;(¢),
j = 0,...,n*, are the estimates of y;(t), s[yi](t),...,,s" [yi](t), respectively. Since
Opi(t) € L, 08,() € L™, @§(t) € L, is(t) € L*°, and ;(t) € L™, it follows that
7i(t) € L. Next, we will prove a stronger conclusion that

(B.6) dij(t) — s [yi](t) =0, j=0,...,n%

We now use mathematical induction to prove (B.6). The proving technique refers
to the proof of the higher-order tracking property of MRAC in [38].

Let 0,:(t) = 0, (t) — 05;- When j =1, from (B.1), the signal d;; defined in (B.5)
can be expressed by

(B.7) i (1) = 05 0s16(0) + =1 1),

Then, by (B.2) and (B.7), we have d;; (¢) —s[y;](t )zég( )s[o:](t) = ( ) i(t). Noting
(4.2) and (B.1), ¢;(t) can be expressed by ¢;(t) = 9;:( Vi (t) — G*T@( )= 9;( Vi (t).
Then, the derivative of €;(t) is €(t) = 9;;-( )b (t) + 61 (t )é3(t). Noting (4.3), we have

0,i(t) € L and thus é(t) € L. Hence, by (4.3)7 we have 0,(t) € L°°. Since
épq;(t) € L? by Lemma 4.1, then Lemma A.1 indicates that lim,_, épi(t) = 0. Thus,
to prove that d;; (t) — s[y;](t) = éﬁ(t)@(t) converges to zero, it is sufficient to prove
lim;_, o €;(t) = 0. Next, we will prove this property by using the definition of limits,
i.e., for any given 7, there exists a T'="T(n) > 0 such that |&;(¢)| <n.
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We decompose the signal ¢;(¢) into two fictitious parts: one being small enough
and one converging to zero asymptotically with time going to infinity. First, two
fictitious K (s) and H(s) are introduced and defined by

(B.8) K(s)= sH(s)=1-K(s),

(s +a)*’

where a > 0 is an adjustable parameter. Thus, given K(s), the filter H(s) is strictly
proper (with relative degree one) and stable, and is specified as

s+a)k —dF
(B.9) H(s) = %(1 _ K(s)) = i(z;ja)k

Moreover, from [28], it is known that the impulse response function of H(s) is h(t) =
E‘l[H(s)] et Zl 1 (k7 3 <t*=% and the L' signal norm of h(t) is

(B.10) I = [ e =~

We choose the filters K (s) and H(s) with k=2. Using (B.8) that 1 =sH(s) + K (s),
we divide €;(¢) into two terms:

éi(t) = s[0,0:](t) = H(s)s*[0;0i](t) + sK ()[04 (1)
(B.11) = H(s)s*[0:0i](t) + sK () [e](1)
By the assumption m;(t) € L> and (B.3) and (B.4), we have ¢;(t), bi(t), di(t) € L.

By Lemma 4.1, we have 6,;(t),0,:(t) € L. Therefore, noting ,;(t) € L™, it follows
that

(B.12) s* 07 6i)(t) = (67,0 + 20150 + 01,bi] (£) € L.

Then, from the above L! signal norm expression of H(s), ||h(:)||1 = 2, we have
c

(B.13) H(s)s*[Bei] (1) <

for any ¢ > 0 and some constant ¢; > 0 independent of a > 0. WQ NOwW Con-
sider sK(s)[e;](t). Since ¢;(t) € L and my(t) € L, then &(t) = 07 (t)¢i(t) +
(0 (t) — H;i)T ¢i(t) € L. By Lemma 4.1 and m;(t) € L, we have €;(t) € L. Using
Lemma A.1, it follows that lim; o €;(t) = 0. Therefore, since sK(s) is stable and
strictly proper, then, for any finite a >0 in K(s),

(B.14) lim sK (s)[e;](t) =0,

t—o00

For any n > 0, set a = a(n) > 2% for the filter H(s). Then, it follows that for any
t>0,

(B.15) H(s)s?[05;6:)(t)| <

Moreover, by lim;_, o, sK(s)[e;](t) = 0, there exists T = T'(a(n),n) > 0, such that for
any t>T,

<

RS

a
a

(B.16) |sK (s)[ei](t)] <

N3
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Therefore, due to (B.15) and (B.16), for any ¢ > T,

(B.17) 601 < [HE)2BEe0| + 15K ()l 0] < 3+ 2 =n,

which implies lim;_, o, €;(t) =0. So far we have proved that

lim (dan () — sly](1)) = 0.

t—o0

Given that for all j=1,...,k—1, k <n*, the following properties hold:

lim ¢, i(k— 1)(t):0, lim (d” (t) - Sj [yi](t))zo,

t—o00 t—o00

(B.18)

where €;,_1)(t) = 9;; (t) (s"¢i](t)) . We have the following analysis.
When j =k, by (B.1), we have *[y](£) = 02T s* (] () + =0 [1(4) Define

Aei(s)
SkAi(nifl) (S)

(B.19) P(t)=s"[gi](t), Q(t) = T(s)[yi](t)'
Then,
(B.20) s [yil (t) = 03] P(t) + Q(1).

For simplicity of presentation, we denote
(B.21) dip(t) = 0L, (t) P(t) + Q(1),

where ﬁ(tl and Q(t) are the estimates of P(t) and Q(t), respectively. Using (B.4),
Q(t) and Q(t) can be expressed by

k—1 n;—1
(B.22) Qt)=>_ hus'lyi](t) + Z i
1=0
R k—1 5 nlfl
(B.23) Q(t) =) hudu(t Z by
=0

Then, by (B.22), (B.23), and the properties given in (B.18), we have

(B.24) lim (Q(t) — = lim (Zhl i — ))) =0.

t—o0 t—o00

Similarly, noting that each element of the vector s¥[¢;](t) contains s/~ [y;](t), 7 =
1,...,k, and some filtered signals on y;(t) and u;(t), then by (B.4), (B.18), and similar
analysis for the convergence of Q(t) — Q(t), it follows that lim,_,. (P(t) — P(t)) = 0.
Therefore, by (B.20) and (B.21), we have

lim (din(8) = 5"y (£) = lim 67,() P(t) + lim 07(8)(P(t) — P(t))
(B.25) + lim (Q(1) -~ Q(1)) = lim G7;(1)P(2).

We next prove that limy o0 02 () P(t) = limy—o0 07 () (s*[¢](t)) = 0. Consider the
signal €;(,—1)(t) = 0;(t) (s*~ 1[</§l](t ). Its derlvatlve is

)
(B.26) Eich—1) (1) = 05 (8)s" Ha) (1) + 0;(8) " 4] (2).
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Since m;(t) € L™ and lim; épi(t) = 0, it follows that lim;_, . 6";(t)sk_1[¢i](t) =
0. Hence, by (B.26), to prove limy_,o 07 (t) (s*[¢](t)) = 0, it is sufficient to prove
lim; o0 é(k—1)(t) = 0. Similar to (B.11), we express é;,_1)(t) as

éi(k—l)( ) = S[9T ( [¢z])](t)
(B.27) = H(s)s*[0] (s" i) 1(t) + sK (s)[es—1)] (£)-

By the assumption m;(t) € L and (B.3) and (B. ) we have, for k <n*, s*¢;(t) € L>°.
When k = n*, by the additional assumption ;(t), y;(t) € L°°, we have sk"’l(b (t) € L.
Moreover, by Lemma 4.1, we have 6,;(t),0,;(t) € L>. Therefore noting 6,;(t) € L,
it follows that

S2105(1) (" o) J(0) = [ 05" (i) + 200, 0] + O™ 0| (1) € L.

Then, for j = k, similar to (B.13), we have |H(s)s2[02;s*~1[¢;]](t)] < <, for some

¢ > 0 independent of a. Since sK(s) is stable and strictly proper, sg that, with
limy o0 €(k—1)(t) = 0, we have lim;_, o sK(s)[€;(x—1)](t) = 0. Hence, similar to (B.17),
by choosing suitable parameter a >0 in H(s) and K (s), it can be shown that for any
1> 0, there exists T = T'(n,a) > 0, such that for any t>T, it holds that éie—1) (L) <.

Therefore, lim;_, o0 é;(x—1)(t) = 0. Then, by lim; égi(t)sk_l [¢:](t) =0 as established
above (B.27), and (B.25), we have

(B28)  lim e(t) = lim 0,(t) (s"[0:)(1) =0,  lim (dix(t) — s*[5:) (1)) =0.

Therefore, by (3.8), (3.9), (4.9), and (B.5), it follows that

7 () — it ij () — 7 [yl (t)) = 0,
with 9; defined below (3.9). The proof is completed. 0

REFERENCES

[1] M. BouMm, M. A. DEMETRIOU, S. REICH, AND I. G. ROSEN, Model reference adaptive con-
trol of distributed parameter systems, SIAM J. Control Optim., 36 (1998), pp. 33-81,
https://doi.org/10.1137/S0363012995279717.

[2] H. Ca1, F. L. LEwis, G. Hu, AND J. HUANG, The adaptive distributed observer approach to
the cooperative output regulation of linear multi-agent systems, Automatica, 75 (2017), pp.
299-305, https://doi.org/10.1016/j.automatica.2016.09.038.

[3] P. Cuvykov, T. A. BERRUETA, A. VARDHAN, W. SAVOIE, A. SamLaND, T. D. MURr-
PHEY, K. WIESENFELD, D. I. GOLDMAN, AND J. L. ENGLAND, Low rattling: A predic-
tive principle for self-organization in active collectives, Science, 371 (2021), pp. 90-95,
https://doi.org/10.1126/science.abc6182.

[4] J. A. Fax AND R. M. MURRAY, Information flow and cooperative control of wvehicle for-
mations, IEEE Trans. Automat. Control, 49 (2004), pp. 1465-1476, https://doi.org/
10.1109/TAC.2004.834433.

[5] R. GoEL, T. GARG, AND S. B. Roy, Closed-loop reference model based distributed MRAC
using cooperative initial excitation and distributed reference input estimation, IEEE Trans.
Control Network Syst., 9 (2022), pp. 37-49, https://doi.org/10.1109/TCNS.2022.3141015.

[6] G. Guo, J. KanNg, R. R. L1, AND G. H. YANG, Distributed model reference adaptive opti-
mization of disturbed multiagent systems with intermittent communications, IEEE Trans.
Cybernetics, 52 (2020), pp. 5464-5473, https://doi.org/10.1109/TCYB.2020.3032429.

[7] H. HAGHSHENAS, M. A. BADAMCHIZADEH, AND M. BARADARANNIA, Containment con-
trol of heterogeneous linear multi-agent systems, Automatica, 54 (2015), pp. 210-216,
https://doi.org/10.1016/j.automatica.2015.02.002.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/S0363012995279717
https://doi.org/10.1016/j.automatica.2016.09.038
https://doi.org/10.1126/science.abc6182
https://doi.org/10.1109/TAC.2004.834433
https://doi.org/10.1109/TAC.2004.834433
https://doi.org/10.1109/TCNS.2022.3141015
https://doi.org/10.1109/TCYB.2020.3032429
https://doi.org/10.1016/j.automatica.2015.02.002

Downloaded 05/09/25 to 211.86.149.67 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

(8]

[9]

[10]
(11]

(12]

(13]

14]

(15]

[16]

(17]

(18]

(19]

20]

(21]

(22]

(23]

[24]

(25]

[26]

27]

(28]
29]

(30]

DISTRIBUTED OUTPUT FEEDBACK INDIRECT MRAC 1639

T. R. HAN, Z. Y. LiN, R. H. ZHENG, AND M. Y. Fu, A barycentric coordinate-based approach to
formation control under directed and switching sensing graphs, IEEE Trans. Cybernetics,
48 (2017), pp. 1202-1215, https://doi.org/10.1109/TCYB.2017.2684461.

Y. G. HonGg, G. R. CHEN, AND L. BUSHNELL, Distributed observers design for leader-
following control of multi-agent networks, Automatica, 44 (2008), pp. 846-850,
https://doi.org/10.1016/j.automatica.2007.07.004.

P. A. IoANNOU AND J. SUN, Robust Adaptive Control, Courier Corporation, 2012.

A. JADBABAIE, J. LIN, AND A. S. MORSE, Coordination of groups of mobile autonomous agents
using nearest neighbor rules, IEEE Trans. Automat. Control, 48 (2003), pp. 988-1001,
https://doi.org/10.1109/TAC.2003.812781.

H. K. KHALIL AND J. W. GRIZZLE, Nonlinear Systems, 3rd ed., Prentice Hall, Upper Saddle
River, NJ, 2002, https://testbankdeal.com/sample/nonlinear-systems-3rd-edition-khalil-
solutions-manual.pdf.

M. Krstic, P. V. KokoTovic, AND I. KANELLAKOPOULOS, Nonlinear and Adaptive Control
Design, John Wiley & Sons, 1995.

S. G. L1, R. BATRA, D. BROWN, H.-D. CHANG, N. RANGANATHAN, C. HOBERMAN, D. RUS, AND
H. LipsoN, Particle robotics based on statistical mechanics of loosely coupled components,
Nature, 567 (2019), pp. 361-365, https://doi.org/10.1038/s41586-019-1022-9.

Y. L1, X. WANG, J. SuN, G. WANG, AND J. CHEN, Data-driven consensus control of fully
distributed event-triggered multi-agent systems, Sci. China Inf. Sci., 66 (2023), 152202,
https://doi.org/10.1007/s11432-022-3629-1.

Z. K. L1 AND Z. T. DING, Distributed adaptive consensus and output tracking of unknown
linear systems on directed graphs, Automatica, 55 (2015), pp. 12-18, https://doi.org/
10.1016/j.automatica.2015.02.033.

Z. K. L1, Z. S. DuaN, AND G. R. CHEN, Dynamic consensus of linear multi-agent systems, IET
Control Theory Appl., 5 (2011), pp. 19-28, https://doi.org/10.1049/iet-cta.2009.0466.

Z. Y. LN, L. L. WANG, Z. M. HAN, AND M. Y. Fu, Distributed formation control of multi-
agent systems using complex Laplacian, IEEE Trans. Automat. Control, 59 (2014), pp.
1765-1777, https://doi.org/10.1109/TAC.2014.2309031.

H. Y. Liv, G. M. XiE, AND L. WANG, Necessary and sufficient conditions for contain-
ment control of networked multi-agent systems, Automatica, 48 (2012), pp. 1415-1422,
https://doi.org/10.1016/j.automatica.2012.05.010.

M. Lu aNnDp L. Liu, A low gain approach to output consensus of networked heteroge-
neous linear multi-agent systems, SIAM J. Control Optim., 59 (2021), pp. 4295-4313,
https://doi.org/10.1137/19M1296458.

D. G. Lui, A. PETRILLO, AND S. SANTINI, Distributed model reference adaptive con-
tainment control of heterogeneous multi-agent systems with unknown wuncertainties
and directed topologies, J. Frankl. Inst., 358 (2021), pp. 737-756, https://doi.org/
10.1016/j.jfranklin.2020.11.005.

Z. MENG, G. SHI, AND K. H. JOHANSSON, Multiagent systems with compasses, STAM J. Control
Optim., 53 (2015), pp. 3057-3080, https://doi.org/10.1137/140982283.

E. Nuno, R. ORTEGA, L. BASANEz, AND D. HiLL, Synchronization of networks of
nonidentical Fuler-Lagrange systems with wuncertain parameters and communication
delays, IEEE Trans. Automat. Control, 56 (2011), pp. 935-941, https://doi.org/
10.1109/TAC.2010.2103415.

R. OLFATI-SABER AND R. M. MURRAY, Consensus problems in networks of agents with switch-
ing topology and time-delays, IEEE Trans. Automat. Control, 49 (2004), pp. 1520-1533,
https://doi.org/10.1109/TAC.2004.834113.

Z. H. PEnG, D. WANG, H. W. ZHANG, G. SUN, AND H. WANG, Distributed model reference
adaptive control for cooperative tracking of uncertain dynamical multi-agent systems, IET
Control Theory Appl., 7 (2013), pp. 1079-1087, https://doi.org/10.1049/iet-cta.2012.0765.

W. REN, Synchronization of coupled harmonic oscillators with local interaction, Automatica,
44 (2008), pp. 3195-3200, https://doi.org/10.1016/j.automatica.2008.05.027.

A. SARLETTE, R. SEPULCHRE, AND N. E. LEONARD, Autonomous 7igid body atti-
tude synchronization, Automatica, 45 (2009), pp. 572-577, https://doi.org/10.1016/
j-automatica.2008.09.020.

S. SASTRY, M. BODSON, AND J. F. BARTRAM, Adaptive Control: Stability, Convergence, and
Robustness, Prentice-Hall, Upper Saddle River, NJ, 1990.

G. SoNG, Adaptive Control for Distributed Leader-Following Consensus of Multi-Agent Sys-
tems, Ph.D. thesis, University of Virginia, Charlottesville, VA, 2015.

G. SoNG AND G. TA0, An adaptive consensus control scheme for multi-agent systems with
persistent switching topology, in Proceedings of the 2018 American Control Conference,
IEEE, 2018, pp. 2509-2514.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1109/TCYB.2017.2684461
https://doi.org/10.1016/j.automatica.2007.07.004
https://doi.org/10.1109/TAC.2003.812781
https://testbankdeal.com/sample/nonlinear-systems-3rd-edition-khalil-solutions-manual.pdf
https://testbankdeal.com/sample/nonlinear-systems-3rd-edition-khalil-solutions-manual.pdf
https://doi.org/10.1038/s41586-019-1022-9
https://doi.org/10.1007/s11432-022-3629-1
https://doi.org/10.1016/j.automatica.2015.02.033
https://doi.org/10.1016/j.automatica.2015.02.033
https://doi.org/10.1049/iet-cta.2009.0466
https://doi.org/10.1109/TAC.2014.2309031
https://doi.org/10.1016/j.automatica.2012.05.010
https://doi.org/10.1137/19M1296458
https://doi.org/10.1016/j.jfranklin.2020.11.005
https://doi.org/10.1016/j.jfranklin.2020.11.005
https://doi.org/10.1137/140982283
https://doi.org/10.1109/TAC.2010.2103415
https://doi.org/10.1109/TAC.2010.2103415
https://doi.org/10.1109/TAC.2004.834113
https://doi.org/10.1049/iet-cta.2012.0765
https://doi.org/10.1016/j.automatica.2008.05.027
https://doi.org/10.1016/j.automatica.2008.09.020
https://doi.org/10.1016/j.automatica.2008.09.020

Downloaded 05/09/25 to 211.86.149.67 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1640

B1] Q.

32] Y.

[33] Y.

[34] Y.

35] Y.

[36] H.

37] G.

38] G.

[39] M.

[40] M.

[41] X.

[42] L.

[43] Y.

[44] Y.

[45) Y

[46] K

[47] C.

48] Y.

[49] Y

[50] Z.

[51] X

JIAN GUO, YANJUN ZHANG, AND JI-FENG ZHANG

SoNG, J. D. Cao, AND W. W. Yu, Second-order leader-following consensus of nonlinear
multi-agent systems via pinning control, Systems Control Lett., 59 (2010), pp. 553-562,
https://doi.org/10.1016/j.sysconle.2010.06.016.

F. Su aAnND J. HuANG, Cooperative output regulation of linear multi-agent sys-
tems, IEEE Trans. Automat. Control, 57 (2011), pp. 1062-1066, https://ieeexplore.
ieee.org/abstract /document/6026912.

F. Su anD J. HuaNG, Cooperative output requlation with application to multi-agent consen-
sus under switching network, IEEE Trans. Syst. Man Cybernet. Part B (Cybernetics), 42
(2012), pp. 864-875, https://doi.org/10.1109/TSMCB.2011.2179981.

F. Su aAND J. HUANG, Two consensus problems for discrete-time multi-agent systems
with switching network topology, Automatica, 48 (2012), pp. 1988-1997, https://doi.org/
10.1016/j.automatica.2012.03.029.

F. Su AND J. HuaNnG, Cooperative global output regulation of heterogeneous second-
order nonlinear uncertain multi-agent systems, Automatica, 49 (2013), pp. 3345-3350,
https://doi.org/10.1016/j.automatica.2013.08.001.

G. TANNER, G. J. PApprAs, AND V. KUMAR, Leader-to-formation stability, IEEE Trans.
Robot. Automat., 20 (2004), pp. 443—-455, https://doi.org/10.1109/TRA.2004.825275.

Tao, Adaptive Control Design and Analysis, Vol. 37, John Wiley & Sons, 2003.

TAO AND G. SONG, Higher order tracking properties of model reference adaptive con-
trol systems, IEEE Trans. Automat. Control, 63 (2018), pp. 3912-3918, https://doi.org/
10.1109/TAC.2018.2802496.

E. VALCHER AND P. MISRA, On the consensus and bipartite consensus in high-order multi-

agent dynamical systems with antagonistic interactions, Systems Control Lett., 66 (2014),
pp. 94-103, https://doi.org/10.1016/j.sysconle.2014.01.006.
WaNg, Z. D. Wang, H. L. Dong, AND Q. L. HAN, A nowvel framework for
backstepping-based control of discrete-time strict-feedback nonlinear systems with multi-
plicative noises, IEEE Trans. Automat. Control, 66 (2020), pp. 1484-1496, https://doi.org/
10.1109/TAC.2020.2995576.

L. WaNG, Y. G. HonG, J. HUANG, AND Z. P. JIANG, A distributed control approach to a
robust output regulation problem for multi-agent linear systems, IEEE Trans. Automat.
Control, 55 (2010), pp. 2891-2895, https://doi.org/10.1109/TAC.2010.2076250.

WEN, G. Tao, B. JIANG, AND H. YANG, Adaptive LQ control using reduced Hamiltonian for
continuous-time systems with unmatched input disturbances, SIAM J. Control Optim., 59
(2021), pp. 3625-3660, https://doi.org/10.1137/19M1275115.

Wu, Q. Li1aNG, Y. ZHAO, J. Hu, AND L. XIANG, Distributed estimation-based output con-
sensus control of heterogeneous leader-follower systems with antagonistic interactions, Sci.
China Inf. Sci., 66 (2023), 139204, https://doi.org/10.1007/s11432-020-3191-x.

K. XiE AND Q. Ma, Consensus analysis of fractional multi-agent systems with de-
layed distributed PI controller, J. Syst. Sci. Complex., 36 (2023), pp. 205-221,
https://doi.org/10.1007/s11424-022-1256-8.

C. Xu, Y. J. Zunang, AND J. F. ZHANG, Singularity-free adaptive control of MIMO DT
nonlinear systems with general vector relative degrees, Automatica, 153 (2023), 111054,
https://doi.org/10.1016/j.automatica.2023.111054.

Y. You AND L. H. XIE, Network topology and communication data rate for consensusability
of discrete-time multi-agent systems, IEEE Trans. Automat. Control, 56 (2011), pp. 2262—
2275, https://doi.org/10.1109/TAC.2011.2164017.

Z. YuaN, W. ZENG, AND S. L. DAL, Distributed model reference adaptive containment
control of heterogeneous uncertain multi-agent systems, ISA Trans., 86 (2019), pp. 73-86,
https://doi.org/10.1016/j.isatra.2018.11.003.

J. ZHANG AND J. F. ZHANG, A quantized output feedback MRAC scheme for
discrete-time linear systems, Automatica, 145 (2022), 110575, https://doi.org/10.1016/
j.-automatica.2022.110575.

J. ZHANG, J. F. ZHANG, AND X. K. Liu, Matriz decomposition-based adaptive control of non-
canonical form MIMO DT nonlinear systems, IEEE Trans. Automat. Control, 67 (2021),
pp. 43304337, https://doi.org/10.1109/TAC.2021.3115850.

Y. ZHEN, G. Tao, Y. XU, AND G. SONG, Multivariable adaptive control based consen-
sus flight control system for UAVs formation, Aerosp. Sci. Technol., 93 (2019), 105336,
https://doi.org/10.1016/j.ast.2019.105336.

ZONG, T. L1, AND J. F. ZHANG, Consensus conditions of continuous-time multi-agent sys-
tems with additive and multiplicative measurement noises, SIAM J. Control Optim., 56
(2018), pp. 19-52, https://doi.org/10.1137/15M1019775.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1016/j.sysconle.2010.06.016
https://ieeexplore.ieee.org/abstract/document/6026912
https://ieeexplore.ieee.org/abstract/document/6026912
https://doi.org/10.1109/TSMCB.2011.2179981
https://doi.org/10.1016/j.automatica.2012.03.029
https://doi.org/10.1016/j.automatica.2012.03.029
https://doi.org/10.1016/j.automatica.2013.08.001
https://doi.org/10.1109/TRA.2004.825275
https://doi.org/10.1109/TAC.2018.2802496
https://doi.org/10.1109/TAC.2018.2802496
https://doi.org/10.1016/j.sysconle.2014.01.006
https://doi.org/10.1109/TAC.2020.2995576
https://doi.org/10.1109/TAC.2020.2995576
https://doi.org/10.1109/TAC.2010.2076250
https://doi.org/10.1137/19M1275115
https://doi.org/10.1007/s11432-020-3191-x
https://doi.org/10.1007/s11424-022-1256-8
https://doi.org/10.1016/j.automatica.2023.111054
https://doi.org/10.1109/TAC.2011.2164017
https://doi.org/10.1016/j.isatra.2018.11.003
https://doi.org/10.1016/j.automatica.2022.110575
https://doi.org/10.1016/j.automatica.2022.110575
https://doi.org/10.1109/TAC.2021.3115850
https://doi.org/10.1016/j.ast.2019.105336
https://doi.org/10.1137/15M1019775

	Introduction
	Problem statement
	System model
	Control objective and design conditions
	Comparisons and technical issues to be solved

	Distributed output feedback MRC design
	Distributed output feedback MRAC design
	Simulation examples
	Conclusion
	References
	Appendix A. Some useful lemmas and theorems
	Appendix B. Proofs of Lemmas 3.2 and 4.2
	Proof of Lemma 3.2
	Proof of Lemma 4.2


