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Abstract
For mitigating the libration angle fluctuation of the tethered satellite system, this paper discusses how to make the uniform
velocity–deceleration separation scheme achieve the best effect. First, a judgment condition is established to determine
the tether state by comparing the tether length and the relative distance of the sub-satellite and the parent satellite. Based
on the tethered satellite system dynamics equation and Clohessy–Wiltshire equation, dynamic models are given for four
cases of tether states. Second, the influence of the uniform velocity–deceleration separation scheme on the libration angle
is analyzed by taking the libration angle at the separation ending time and the mean absolute value of the libration angle as
index functions. Then, the optimality problem of the uniform velocity–deceleration separation scheme is formulated as an
optimization problem with constraints, and an approximate solution algorithm is given by combining the back propagation
neural network and Newton–Raphson method of multiple initial values. Finally, the effectiveness of the proposed method is
verified by a numerical simulation.
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1 Introduction

As a kind of typical spacecraft, tethered satellites connect
satellites to space shuttles, spacecraft or space stations via
tethers or chains [1]. Compared with other spacecraft [2,
3], tethered satellites have the tether connection, which is
convenient for delivering and recycling at any time [4–7].
Tethered satellites work at a distance of 100–150km above
the ground, and mainly perform tasks of collecting cosmic
dust particles and observing themechanism bywhich the sun
affects climate or weather changes [8, 9]. In addition, if the
tether ismade of conductivematerials, it not only can provide
electricity for the satellites, but also can be used as the com-
munication medium between the sub-satellite and the parent
satellite [10]. Just because of these advantages, tethered satel-
lites are widely used in the field of modern spaceflight.

The concept of tethered satellite originates from the idea
of space elevator proposed byTsiolkovsky in 1895 [11]. Lim-
ited by the aerospace and material technology, the idea was
not been effectively carried out at that time. Until 1974, Ital-
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ian astronomer Colombo formally proposed the concept of
the tethered satellite system (TSS) [12]. In the1990s, the elec-
tric tether system was designed and successfully applied to
TSS-1 and TSS-1R jointly launched by Italian Space Agency
and National Aeronautics and Space Administration [13]. In
1996,UnitedStates conducted theTether Physics andSurviv-
ability experiment, the main purpose of which was to study
the reliability and the long-term usability issues of space
tethers. In the past 2 decades, the related field of TSS has
developed rapidly, and a series of verification experiments
have been implemented. In 2007, Russia and Europe jointly
conducted the Young Engineer Satellite-2 test for verifying
the feasibility of using the tether dynamic release method to
realize the return of on-orbit loads. In 2010, Japan Aerospace
Exploration Agency (JAXA) done the Tether Technologies
Rocket experiment to study the feasibility of the isolated elec-
trodynamic tether to collect ionospheric electrons and the
orbital limit theory [14]. In 2017, JAXA tested the Kouno-
tori Integrated Tether experiment to verify the space debris
removal technology using the electrodynamic tether momen-
tum exchange [15].

The TSS is usually modeled as the dumbbell model [16–
20], which does not consider the quality, the toughness, the
flexibility and the plasticity of the tether and ignores the
attitude motion of satellites. The sub-satellite and the par-
ent satellite are also regarded as two particles to obviously
reflect the process of the tether deployment and retrieval.
Cartmell and Mckenzie [16] illustrated that using the dumb-
bell model as the TSS model made it easier to study issues
such as the tether control on elliptical orbits, the capturing
spacecraft, the payload and the tether suspension rotation.
Chen et al. [17] investigated the TSS dynamics model prob-
lem and found that the dumbbell model was one of the most
important TSS models. Beletskii and Pivovarov [18] consid-
ered the modeling problem of the dumbbell-shaped satellite
attitude and themotion equation under themultiple factors of
gravitymoment, aerodynamicpressure, aerodynamic friction
and air gradient effect. Burov andKosenko [19] discussed the
dynamics of a variable length dumbbell in a central field of
Newtonian attraction, where the dumbbellmoved on an ellip-
tical orbit similar to the Kepler orbit. Yu et al. [20] discussed
the modeling and dynamics of a bare tape-shaped TSS under
the atmospheric drag, the electrodynamic force and the heat-
ing impact.

The task of TSS mainly includes three phases: expansion
phase, state maintenance phase and recovery phase. In order
to suppress the fluctuation of the sub-satellite during deploy-
ment and recovery, a series of control methods have been
developed, and the most commonly used one is based on
the tension. Liu et al. [21] proposed a underactuated control
scheme to handle the rotational deployment problem of a
dual-body TSS. Chu et al. [22] put forward a hybrid tension
control approach to stabilize the satellite system tethered to

large space debris. Bourabah andBotta [23] designed a bang–
bang length-rate control law and used the particle swarm
algorithm to optimize the switching time and the tether length
rate to reduce libration angles of the TSS. Su et al. [24] con-
sidered the controller with two robust terms for the triangular
TSS formation with unmeasured velocities. Shan and Shi
[25] gave a velocity-based detumbling strategy to effectively
stabilize the TSS by controlling the movement of the tracker.

The separation scheme for the TSS mainly includes the
rigid boom deployment, the momentum-exchange tether
deployment, the electrodynamic tether deployment and the
passive tether deployment. Among them, the momentum
exchange tether deployment method is one of the most
commonly used methods, since compared with traditional
tether release ones, this can reduce the fluctuation and
improve the stability of the TSS [16]. In this type of
momentum-exchange tether deployment method, the uni-
form velocity–deceleration separation scheme (UVDSS) is
one of the most important. This paper takes this as the
research object, discusses how the separation scheme affects
the libration angle, and explores how to design the separa-
tion scheme to minimize the fluctuation of the libration angle
during the separation process of the TSS.

In practice, the UVDSS is often used to the separation
of the sub-satellite and the parent satellite in the TSS. To
mitigate the libration angle fluctuation, this paper discusses
how to make the UVDSS achieve the best effect. The main
contributions are briefed below:

• For determining the tether state, a judgment condition is
introduced by comparing the tether length and the relative
distance of the sub-satellite and the parent satellite. Based
on the tethered satellite system dynamics equation and
Clohessy–Wiltshire equation, dynamic models are given
for four cases of tether states.

• Anumerical calculation algorithmof the libration angle is
proposed in stages of the uniform velocity separation and
the deceleration separation. Taking the libration angle at
the separation ending time and the mean absolute value
of the libration angle as index functions, the influence of
the UVDSS on the libration angle is analyzed.

• The optimality problem of the UVDSS is modeled as an
optimization problem with constraints. Then, an approx-
imate solution algorithm is given based on Newton–
Raphson method of multiple initial values, where a back
propagation (BP) neural network is used to model opti-
mization objective functions.

The remainder of this paper is organized as follows. Sec-
tion2 sets up coordinate systems and dynamic equations
associated with the TSS. Section3 gives the UVDSS and
analyzes its influences on the libration angle. And the opti-
mality problem of such scheme is solved in Sect. 4. Section5
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employs a numerical example to demonstrate the results
obtained. Section6 gives the summary of this paper and looks
forward to the future work.

2 Dynamics modeling of tethered satellite
system (TSS)

2.1 Coordinate systems

Three coordinate systems are established to describe the TSS
dynamics in the separation phase of the sub-satellite and the
parent satellite, as shown in Fig. 1.

1) Earth-centered coordinate system OeXY Z
The origin Oe is located at the center of Earth. The axis

OeX is along the intersection of the equatorial surface and the
orbital surface, from the center of the earth to the ascending
node. The axis OeZ is perpendicular to the orbital surface
toward the arctic. The axis OeY is determined by the right-
hand rule.

2) Orbital coordinate system Ox′ y′z′
The origin O is located at the centroid of the TSS. The

axis Oy′ is along the direction of the systems orbital motion.
The axis Ox ′ is along the orbital radius vector

−−→
OeO . The

axis Oz′ is determined by the right-hand rule.
3) Tethered coordinate system OXoYoZo

The origin O is located at the centroid of the TSS. The
axis OXo is along the direction of the tether, and points from
the parent satellite to the sub-satellite. The orbital coordinate
system Ox ′y′z′ is rotated by the angle θ along the axis Oz′
and the angle ϕ along the axis Oy′, respectively, to obtain
the tethered coordinate system OXoYoZo, where θ is the
libration angle, and ϕ is the spin angle.

2.2 TSS dynamics

In this paper, we concentrate on the change of the libration
angle and ignore the spin angle. Let ϕ = ϕ̇ = ϕ̈ = 0. Three

Parent satellite

Sub-satellite

Fig. 1 Coordinate systems

control variables are considered during the entire process
of the sub-satellite deployment: the tether length, the tether
velocity and the libration angle. To facilitate the study, the
following assumptions are given [26, 27].

• The TSS and the sun approximately form a two-body
system.The centroid of the earth coincideswith the center
of the earth.

• The dumbbell model is used to describe the spatial posi-
tion state of the TSS. That is, two satellites are regarded
as the mass points, the tether mass and the flexural stiff-
ness are not considered, and the tether length direction is
rigid.

• Orbital perturbation forces such as the center body non-
spherical perturbation force, the celestial gravity, the
atmospheric resistance and the solar radiation pressure
are not considered.

Affected by the gravitational field of Earth, the electro-
magnetic field and other factors, the tether velocity of theTSS
and the relative velocity of the sub-satellite and the parent
satellite are usually not synchronized. Therefore, the tether
has two states: stretch and relaxation.

When the tether is in the stretch state, two satellites are
constrained and seen as one system. Since the system is only
affected by the gravitational force, it approximately satisfies
the following dynamic equation [28, 29]:

⎧
⎪⎪⎨

⎪⎪⎩

l̈ − l
[(

θ̇ + Ω
)2 + Ω2

(
3cos2θ − 1

)]
= − T

m̄
,

θ̈ + 2
(
θ̇ + Ω

) l̇

l
+ 3Ω2 sin θ cos θ = 0,

(1)

where l, l̇ and l̈ represent the tether length, the tether velocity
and the tether acceleration at the current moment, respec-
tively. θ , θ̇ and θ̈ represent the libration angle, the libration
angle velocity and the libration angle acceleration at the
current moment, respectively. Ω is the orbital angular veloc-
ity with Ω = 2π

Trun
, where Trun is the orbital period. m̄ =

m1m2/ (m1 + m2), where m1 indicates the mass of the sub-
satellite, m2 indicates the mass of the parent satellite. T
means the tether tension.

When the tether is in the relaxation state, two satellites
are seen as two independent systems. The orbital coordinate
system is established with the parent satellite as the reference
object satisfying the dynamic equation [30]:

{
ẍ − 2ω ẏ − 3ω2x = fx ,

ÿ + 2ωẋ = fy,
(2)

where x, y are the projections of ρ on the orbital coordinate
system, ρ represents the relative displacement of two satel-
lites. fx , fy are the components of the active perturbation
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22

1

Fig. 2 The relative motion of the sub-satellite and the parent satellite

force, respectively. ω is the orbital angular velocity of the
parent satellite.

It can be known from the prerequisites that two satellites
have no external force and fx = fy = 0. Then, by (2), we
can get

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x =2
(
2x0 + ẏ0

ω

)
−

(2 ẏ0
ω

+ 3x0
)
cos (ωt)

+
( ẋ0

ω

)
sin (ωt) ,

y =
(
y0 − 2ẋ0

ω

)
+ 2

(2 ẏ0
ω

+ 3x0
)
sin (ωt)

+ 2
( ẋ0

ω

)
cos (ωt) − 3 (ẏ0 + 2ωx0) t,

(3)

where x0, y0, ẋ0, ẏ0 are the initial position and the initial
velocity of the relative motion of two satellites. The relative
motion of two satellites is shown in Fig. 2, where R1, Rco

and R2 are the orbital radii of the sub-satellite, the centroid
of the TSS and the parent satellite, respectively.

Since the orbital radius of the TSS is much larger than
the relative displacement between two satellites, we have
OeO parallel to Oem2. And based on the property of the
corresponding angle, we get θ ≈ δ and ω ≈ Ω . Letting
x = ρ cos δ = ρ cos θ , y = ρ sin δ = ρ sin θ , and bringing
them into (3), it follows that

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ cos θ =2
(
2x0 + ẏ0

Ω

)
−

(2 ẏ0
Ω

+ 3x0
)
cos (Ωt)

+
( ẋ0

Ω

)
sin (Ωt) ,

ρ sin θ =
(
y0 − 2ẋ0

Ω

)
+ 2

(2 ẏ0
Ω

+ 3x0
)
sin (Ωt)

+ 2
( ẋ0

Ω

)
cos (Ωt) − 3 (ẏ0 + 2Ωx0) t .

(4)

3 Uniform velocity–deceleration separation
scheme (UVDSS) and its property

It can be seen from (1) and (4) that the solution of the libra-
tion angle is related to the tether velocity. For mitigating the
libration angle fluctuation of the TSS, this section first gives
the introduction of the uniform velocity–deceleration sepa-
ration scheme (UVDSS) and then discusses how the tether
velocity and the tethers release length in the uniform velocity
separation phase affect the libration angle.

3.1 UVDSS and algorithm for obtaining the libration
angle

Since the sub-satellite and the parent satellite are separated
through the release of the tether, the UVDSS is making the
tether keep a uniform velocity and then uniform deceleration
until the tether reaches the tail end. The concrete process of
releasing the tether can be seen in Fig. 3. For a UVDSS, the
separation process of the TSS is divided into two phases. In
the first phase, the tether is released at a uniform velocity,
and in the second phase, the tether is released at a uniform
deceleration. These two phases are called the uniform veloc-
ity separation phase and the deceleration separation phase,
respectively.

Let the tether velocity and the tethers release length in the
uniform velocity separation phase be v and λ, respectively.
Once v andλ are given in aUVDSS, thewhole tether velocity
can be obtained by the equation of motion. Thus, a given
UVDSS can be represented by the two tuples (v, λ).

From the relationship between velocity and displacement,
it is known that the duration of the uniform velocity separa-
tion phase is g1 (v, λ) = λ

v
, the duration of the deceleration

separation phase is g2 (v, λ) = 2
v

(L − λ), and the total sep-
aration time of the TSS is

Tether
velocity

Time

Uniform velocity
separation phase

Deceleration

separation phase

1( , )

2( , )

( , )

Fig. 3 The tether velocity in a UVDSS
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t f (v, λ) = g1 (v, λ) + g2 (v, λ) = 1

v
(2L − λ). (5)

Next, we discuss the TSS dynamic equations for the
uniform velocity separation phase and the deceleration sep-
aration phase, respectively. The comparison of the tether

length and the relative distance of the sub-satellite and the
parent satellite can be used as a judgment condition to deter-
mine whether the tether is in a relaxation state or in a stretch
state. Then, according to the tether state, the TSS has the dif-
ferent dynamic equation. Letting the initial relative velocity
of the sub-satellite and the parent satellite be v0, their relative
distance ρ can be obtained in light of (4).

1) Uniform velocity separation phase: 0≤ t ≤ g1 (v,λ)

In this phase, it is known that l = vt , l̇ = v and l̈ = 0.
If ρ ≤ l, then the tether is in a relaxation state, and the

TSS is regarded as two relativemotion systems. The dynamic
equation is given by (4).

If ρ > l, then the tether is in a stretch state, and the TSS
is viewed as one system. By (1), the dynamic equation is

⎧
⎪⎪⎨

⎪⎪⎩

vt
[(

θ̇ + Ω
)2 + Ω2

(
3cos2θ − 1

)]
= T

m̄
,

θ̈ + 2
(
θ̇ + Ω

)

t
+ 3Ω2 sin θ cos θ = 0.

(6)

2) Deceleration separation phase: g1(v,λ) ≤ t ≤
tf (v,λ)

For this phase, the tether initial velocity is v, the final
velocity is 0 and the tether’s total release length is L − λ.
Thus, it is known that

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

l = λ + v (t − g1 (v, λ)) − v2(t − g1 (v, λ))2

4 (L − λ)
,

l̇ = v − v2 (t − g1 (v, λ))

2 (L − λ)
,

l̈ = − v2

2 (L − λ)
.

(7)

If ρ ≤ l, then the tether is in a relaxation state, and the
dynamic equation is given by (4).

If ρ > l, then the tether is in a stretch state, by (1) and (7)
the dynamic equation is given by (8).

In view of dynamic equations in the two phases, we know
that when the tether is in a relaxation state, the libration angle
θ follows (4), which yields (9).

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

v2

2 (L−λ)
+

(
λ+v (t−g1 (v, λ))− v2(t−g1 (v, λ))2

4 (L−λ)

) [(
θ̇ + Ω

)2 + Ω2
(
3cos2θ − 1

)]
= T

m̄
,

θ̈+ −8vλ + 8vL − 4v2 (t − g1 (v, λ))

−4λ2 + (4L − 4v (t − g1 (v, λ))) λ + 4v (t − g1 (v, λ)) L − v2(t − g1 (v, λ))2

(
θ̇ + Ω

)

+ 3Ω2 sin θ cos θ = 0.

(8)

θ = arctan

( 2
(
2x0 + ẏ0

Ω

)
−

(
2 ẏ0
Ω

+ 3x0
)
cos (Ωt) +

(
ẋ0
Ω

)
sin (Ωt)

y0 − 2ẋ0
Ω

+ 2
(
2 ẏ0
Ω

+ 3x0
)
sin (Ωt) + 2 ẋ0

Ω
cos (Ωt) − 3 (ẏ0 + 2Ωx0) t

)

. (9)

When the tether is in a stretch state, θ follows second-order
nonlinear differential equations (6) and (8). At this point,
there is no displayed solution of θ and then we can use the
4-order Runge–Kutta method to get a numerical solution of
θ .

In summary, the comparison of two phases is shown in
Table 1, and the algorithm for obtaining the libration angle θ

is shown in Algorithm 1.

Algorithm 1 Algorithm for obtaining the libration angle θ

1: Give the total tether length L , the orbital angular velocity Ω , the
mass of the sub-satellite m1, the mass of the parent satellite m2, the
initial relative velocity v0 and a UVDSS (v, λ).
2: for t = 0 : g1 (v, λ)

3: solve (4) to obtain ρ, and l = vt .
4: if ρ ≤ l
5: solve (9) to obtain θ , and T = 0.
6: else if
7: solve (6) to obtain θ with the 4-order Runge–Kutta method,
and then obtain T based on θ and (6).
8: end if
9: end for
10: for t = g1 (v, λ) : t f (v, λ)

11: solve (4) to obtain ρ, and solve (7) to obtain l.
12: if ρ ≤ l
13: solve (9) to obtain θ , and T = 0.
14: else if
15: solve (8) to obtain θ with the 4-order Runge–Kutta method,
and then obtain T based on θ and (8).
16: end if
17: end for

Algorithm 1 is done by calling two models (the TSS
dynamic model and the Clohessy–Wiltshire equation) and
the 4-orderRunge–Kutta algorithm.Thus, the convergenceof
Algorithm 1 is principally determined by the 4-order Runge–
Kutta algorithm,whose convergence ismainly ensured by the
Lipschitz condition [31, 32].
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Table 1 Comparison of two
phases

Uniform velocity separation phase Deceleration separation phase

The tether length l Monotonically increasing Parabola

The tether velocity v Constant Monotonically decreasing

The duration g1(v, λ) g2(v, λ)

The dynamic equation (6) or (4) (8) or (4)

Let f (θ, θ̇ ) = −2
(
θ̇ + Ω

) l̇
l − 3Ω2 sin θ cos θ based on

(1). Then, we have

∂ f (θ, θ̇ )

∂θ
=−3Ω2cos2θ+3Ω2sin2θ,

∂ f (θ, θ̇ )

∂θ̇
=−2

l̇

l
.

It can be seen that ∂ f (θ,θ̇ )
∂θ

and ∂ f (θ,θ̇ )

∂θ̇
are continuous over

the domain. And for any θ1, θ̇1, θ2 and θ̇2, it follows that

∣
∣ f

(
θ1, θ̇1

) − f
(
θ2, θ̇2

)∣
∣

=
∣
∣
∣ − 2

(
θ̇1 + Ω

) l̇

l
− 3Ω2 sin θ1 cos θ1

+2
(
θ̇2 + Ω

) l̇

l
− 3Ω2 sin θ2 cos θ2

∣
∣
∣

≤
∣
∣
∣2

(
θ̇2 + Ω

) l̇

l
− 2

(
θ̇1 + Ω

) l̇

l

∣
∣
∣

+∣
∣ − 3Ω2 sin θ1 cos θ1 − 3Ω2 sin θ2 cos θ2

∣
∣

≤ 2
l̇

l

∣
∣θ̇1 − θ̇2

∣
∣ + 3

2
Ω2

∣
∣ sin

(
2θ1

) − sin
(
2θ2

)∣
∣

≤ 2
l̇

l

∣
∣θ̇1 − θ̇2

∣
∣ + 3Ω2

∣
∣θ1 − θ2

∣
∣.

In views of the definition of Lipschitz condition, it can be
seen that f (θ, θ̇ ) satisfies the Lipschitz condition. This lays
the foundation for the convergence of Algorithm 1.

3.2 Effect of the tether velocity in UVDSS on the
libration angle

The libration angle θ is a function of the time t and is affected
by v and λ. For this, it is written as θ = θ (t; v, λ), where
t ∈ [

0, t f (v, λ)
]
. Define the mean absolute value of the

libration angle as

|θ |ave(v, λ) = 1

t f (v, λ)

∫ t f (v,λ)

0
|θ (t; v, λ) |dt, (10)

where t f (v, λ) is given by (5).
The libration angle at the separation ending time and the

mean absolute value of the libration angle are adopted as
index functions to analyze the influence of the tether velocity
on the libration angle. For a given tether’s release length in
the uniform velocity separation phase, denote

Table 2 System parameters

Physical quantity Value

The mass of the sub-satellite m1 = 40kg

The mass of the parent satellite m2 = 200kg

The total tether length L = 800m

The orbital height h = 500km

The initial separation velocity v0 = 0.3m/s

1(
) (

°)

 (m · s−1)

100m
400m
700m

0.25 0.26 0.27 0.28 0.29 0.30 0.31 0.32 0.33 0.34 0.35
−40

−10

−20

−30

0

10

20

30

Fig. 4 The function curve of θ1 (v) with respect to v for a given λ

θ1 (v) = θ
(
t f ; v, λ

)
,

θ2 (v) = |θ |ave(v, λ).

Next, we use simulations to show the effect of the tether
velocity on θ1 (v) and θ2 (v). System parameters are given by
Table 2. Choose λ = 100m, 400m and 700m, respectively.
The relationships between θ1 (v), θ2 (v) and v are shown in
Figs. 4 and 5 according to Algorithm 1.

From Figs. 4 and 5, one can see that the relationship
between θ1 (v), θ2 (v) and v is closely related to the value
of λ. The value of λ determines the properties of such rela-
tionships, such as the convexity, the monotone interval, the
existence of zero point, etc.
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2(
) (

°)

100m
400m
700m

 (m · s−1)
0.25 0.26 0.27 0.28 0.29 0.30 0.31 0.32 0.33 0.34 0.35

34

32

30

28

26

24

22

36

38

Fig. 5 The function curve of θ2 (v) with respect to v for a given λ

3(
)°()

0.25m/s
0.3m/s
0.35m/s

 (m)

−20

−30

−40

−50

−10

0

10

20

30

40

0 100 200 300 400 500 600 700 800

Fig. 6 The function curve of θ3 (λ) with respect to λ for a given v

3.3 Effect of the tether’s release length in the
uniform velocity separation phase on the
libration angle

We discuss the influence of λ on the libration angle at the
separation ending time and the mean absolute value of the
libration angle by simulations. For this, v is given and we
denote

θ3 (λ) = θ
(
t f ; v, λ

)
,

θ4 (λ) = |θ |ave(v, λ).

The parameters of the TSS are selected as shown in Table
2. Let v = 0.25m/s, 0.3m/s, 0.35m/s, respectively. Algo-
rithm 1 is used to get θ , and index functions θ3 (λ) and θ4 (λ)

are analyzed with respect to λ, respectively. The simulation
results are shown in Figs. 6 and 7.

4(
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Fig. 7 The function curve of θ4 (λ) with respect to λ for a given v

It can be seen from Fig. 6 that θ3 (λ) is nonlinearly related
to λ. There is at least one zero point for θ3 (λ), that is, there
is at least a UVDSS to guarantee that the libration angle at
the separation ending time is 0. If there exist multiple zero
points, it is necessary to consider comprehensively Fig. 7 for
the further judgment. For example, there are three zero points
when v = 0.25m/s, includingλ = 16m, 390m, 716m. Since
θ4 (λ) is monotonically increasing with respect to λ in Fig. 7,
it can be seen that the separation scheme with v = 0.25m/s,
λ = 16m is the best one.

Remark 1 It can be seen from Sects. 3.2 and 3.3 that any
change in v and λ will affect the change of the libration
angle of the whole process, and (v, λ) has no linear relation-
ship with θt f (v, λ) and |θ |ave(v, λ), respectively. Therefore,
it is necessary to fit θt f (v, λ) and |θ |ave(v, λ) based on the
data-based algorithm.

4 Optimality of the UVDSS and solution
algorithm

This section discusses how to select v and λ to make the
separation process of the sub-satellite and the parent satellite
as stable as possible, that is, how to select v and λ to optimize
the libration angle at the separation ending time and themean
absolute value of the libration angle.

4.1 Modeling of the optimality problem of the
UVDSS

Denote the libration angle at the separation ending time as
θt f (v, λ), i.e.,

θ
(
t f ; v, λ

) = θ(
1

v
(2L − λ); v, λ) := θt f (v, λ). (11)
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A solution of θt f (v, λ) = 0 gives a UVDSS that makes the
librational angle be at the equilibrium, that is, the stability
of the TSS is guaranteed. In view of (10), it can be seen that
|θ |ave(v, λ) represents the libration degree of the sub-satellite
and the parent satellite during the release process for a given
UVDSS.

Based on the above considerations, |θ |ave(v, λ) is used as
the index function, θt f (v, λ) = 0 is used as a constraint con-
dition, the optimality problem of the UVDSS is established
as

min
(v,λ)

{|θ |ave(v, λ)} (12)

s.t. θt f (v, λ) = 0, (13)

v ∈ [v, v], λ ∈ (0, L), (14)

where v and v represent the lower bound and the upper bound
of the tether velocity respectively. The solution of the opti-
mization problem above is denoted as (v∗, λ∗), called the
optimal UVDSS.

Remark 2 1) The optimization goal (12) is the mean value of
the full-period libration angle during the separation phase,
which can reflect the overall change trend of the TSS. The
constraint condition (13) is that the libration angle is 0 at
the separation ending time, which can ensure that the TSS
enters a stable orbit and works normally. 2) In actual work, in
order to increase the adaptability of the algorithm, (13) often
becomes |θt f (v, λ)| ≤ ε, where ε represents a tolerance level.

4.2 Algorithm to find the optimal UVDSS

Based on dynamic equations (4)–(8), it is hard to get explicit
expressions of θt f (v, λ) and |θ |ave(v, λ) about (v, λ), which
makes that the frequently encountered solving algorithm can
not work to solve the optimization problem (12)–(14). To
resolve this dilemma, inspired by system identification the-
ory [33–35], two back propagation (BP) neural networks
are introduced to establish function models of θt f (v, λ) and
|θ |ave(v, λ). Then, Newton–Raphson method of multiple ini-
tial values is used to find the zero point set of θt f (v, λ).
By comparing the value of |θ |ave(v, λ) on the constraint set,
(v∗, λ∗) is obtained. The detailed process is as follows:

Step 1 (Build the dataset of θt f (v, λ) and |θ |ave(v, λ)

based on Algorithm 1)
Step 1-1: Evenly divide the sets [v, v] and (0, L) with the

step sizes Δ1 and Δ2 to get two sets

V = {
v + iΔ1 ∈ [v, v]|i = 0, 1, 2, . . .

}
, (15)

L = {iΔ2 ∈ (0, L)|i = 1, 2, . . .} . (16)

Step 1-2: For any (v, λ) ∈ V × L, use Algorithm 1 to
obtain θ (t; v, λ). Then, we can get

Θ = {θ (t; v, λ) |(v, λ) ∈ V × L}.

Step 1-3: Based on Θ , (10) and (11), the dataset of
θt f (v, λ) and |θ |ave(v, λ) is obtained

Θt f = {θt f (v, λ)|(v, λ) ∈ V × L},
|Θ|ave = {|θ |ave(v, λ)|(v, λ) ∈ V × L}.

Step 2 (Establish function models of θt f (v, λ) and
|θ |ave(v, λ) based on BP neural networks, Θt f and |Θ|ave)

The following takes θt f (v, λ) as an example to show how
to use a BP neural network to construct its function model.
The one of |θ |ave(v, λ) can be obtained similarly.

Step 2-1: Network initialization. (v, λ) is used as the two-
dimensional input vector, θt f (v, λ) is the expected network
output. Therefore, the number of input layer neurons is 2 and
the number of output layer neurons is 1. Give the number
of hidden layers and the number of corresponding neurons.
Initialize each connection weight and threshold.

Step 2-2: Output calculation of the hidden layer. The hid-
den layer output ym is calculated as follows:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

y1 = f1
(
w1[λ v]T + α1

)
,

y2 = f2
(
w2y1 + α2

)
,

...

ym = fm
(
wm ym−1 + αm

)
,

where m is the number of hidden layers, w j and α j denote a
weight matrix and a threshold vector of the j th hidden layer,
respectively. f j (·) is an activation function for the j th hidden
layer. When f j (·) acts on a vector, it means that it acts on
each element of the vector and then forms a new vector.

Step 2-3:Output calculation of the output layer. The neural
network output z is calculated as follows:

z = g (pym + β) ,

where g(·), p andβ represent an activation function, aweight
matrix and a threshold vector of the output layer, respectively.

Step 2-4: Error calculation. Comparing the training output
z with the expected output θt f (v, λ), the prediction error is
obtained as

e = θt f (v, λ) − z.

Step 2-5: Error backpropagation. The weights and thresh-
olds of each layer are adjusted according to Levenberg–
Marquardt algorithm [36] such that the modified network
output can be close to the expected value.
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Fig. 8 The algorithm flowchart

Step 2-6: Repeat the above process and traverse V , L and
Θt f to get the function model of θt f (v, λ).

Step 3 (Find the zero point set of θt f (v, λ) based on
Newton–Raphson method of multiple initial values)

Basedon the training functionmodel of θt f (v, λ),Newton–
Raphson method of multiple initial values is used to find the
zero point set of θt f (v, λ). For a given X0 ∈ V × L, the
iteration equation is as follows:

Xk+1 = Xk − θt f (Xk)

θ̇t f (Xk)
, (17)

where Xk = [vk, λk], k represents the kth iteration. If the
limit of Xk exists, then this limit can be an element of the
zero point set of θt f (v, λ). When X0 traverses V × L, the
zero point set can be obtained as

O = {
lim
k→∞ Xk |X0 ∈ V × L}

.

Step 4 (Give the optimal UVDSS (v∗, λ∗))
Based on the training function model of |θ |ave(v, λ), the

optimal UVDSS can be obtained as

(v∗, λ∗) = argmin
(v,λ)∈O

|θ |ave(v, λ).

The overall algorithm design is shown in Fig. 8.

Remark 3 Compared with the existing literature [37–39], the
advantages of the method proposed by the paper can be
briefly summarized in two aspects. From the research pur-
pose point of view, the existing literature mainly discusses

the properties of the UVDSS and its influence on the libra-
tion angle. The advantage of themethod in this paper is that it
can optimize the tether velocity and the tethers release length
in the uniform velocity separation phase, and then guaran-
tee the minimum libration angle during the release process.
From the research method point of view, the advantage of
the method in this paper not only takes full account of the
mechanism model of the TSS, but also employs data-driven
optimization techniques, that is, the method in this paper is
both mechanism- and data-driven.

5 Numerical simulation

This section uses a numerical simulation to demonstrate the
above theoretical model and analysis results. The parameters
are given in Table 2. Let Δ1 = 0.01 and Δ2 = 2 in (15) and
(16), which implies

V = {0.25 + 0.01i ∈ [0.25, 0.35]|i = 0, 1, 2, . . . , 10} ,

L = {2i ∈ (0, 800)|i = 1, 2, . . . , 400} .

5.1 Effectiveness of the algorithm to find the
optimal UVDSS

In view of Algorithm 1, the libration angle of the entire
separation process can be obtained for each UVDSS from
V × L. Then, the three-dimensional curves of θt f (v, λ) and
|θ |ave(v, λ) are obtained by (11) and (10), as shown in
Fig. 9a–b.

Next, we use Step 1 and Step 2 in Sect. 4.2 to establish the
function models of θt f (v, λ) and |θ |ave(v, λ). The number of
hidden layers is 2, and the number of neurons is 10 and 5,
respectively. The activation function of the hidden layer is
the tansig function, and the activation function of the output
layer is the identity mapping function. The training mod-
els obtained are illustrated in (18) and (19) as follows (their
curves are shown in Fig. 10a–b):

θt f
(
v, λ

)=p · tansig(w2 · tansig(w1[λ, v]T+α1
)

+ α2
) + β, (18)

|θ |ave(v, λ)= p̄ · tansig(w̄2 · tansig(w̄1[λ, v]T+ᾱ1
)

+ ᾱ2
) + β̄, (19)

where

p = [−0.1 −0.8 −0.7 0.2 −0.9
]
, p̄ = [−0.5 −0.1 −0.7 0.9 0.2

]
,

w1 =
[−4.2 2.9 3.0 −4.3 −4.2 −3.1 4.2 −2.4 2.7 2.7
−0.8 −3.2 1.2 −0.3 −0.3 −2.8 −1.4 −0.9 2.5 −3.7

]T

, w̄1 =
[
1.6 −1.0 3.7 0.5 3.7 −3.9 2.8 4.4 −3.8 2.7
4.1 −3.8 1.2 4.3 −1.4 0.6 1.5 1.0 −1.0 3.0

]T

,
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Fig. 9 The three-dimensional curves of θt f (v, λ) and |θ |ave(v, λ)
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Fig. 10 The neural network training models of θt f (v, λ) and |θ |ave(v, λ)

Table 3 The value of |θ |ave(v, λ) with respect to O
(v, λ) |θ |ave(v, λ)

(0.25m/s, 392.67m) 26.76◦

(0.26m/s, 354.65m) 26.63◦

(0.27m/s, 315.29m) 26.40◦

(0.28m/s, 274.09m) 26.20◦

(0.29m/s, 230.38m) 26.03◦

(0.30m/s, 186.70m) 25.97◦

(0.31m/s, 145.72m) 26.01◦

(0.32m/s, 102.05m) 25.98◦

(0.33m/s, 49.99m) 25.80◦

(0.34m/s, 8.60m) 25.85◦

w2 =
⎡

⎢
⎢
⎢
⎢
⎣

0.3 0.4 0.6 1.7 1.6 0.1 −0.05 2.1 1.1 −0.4
−1.0 −0.03 0.6 −0.3 −0.1 0.1 0.05 0.8 −0.2 0.1
−0.3 −0.03 1.3 −0.1 −0.8 0.3 −0.6 0.4 0.1 −0.5
1.1 −0.7 −0.4 −0.2 −0.5 −0.7 −0.1 0.1 1.3 0.5
0.9 −0.3 −0.4 −0.2 −0.4 0.3 0.2 −0.3 2.2 −0.2

⎤

⎥
⎥
⎥
⎥
⎦
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Fig. 11 The curve of libration angle θ (t; v, λ)

w̄2 =
⎡

⎢
⎢
⎢
⎢
⎣

0.01 0.3 −0.2 −0.4 0.5 1.0 0.5 0.7 −0.2 0.5
0.2 −0.9 −0.5 0.3 −0.4 −0.06 −0.1 −0.5 −0.6 0.7

−0.2 −0.07 −0.9 0.04 0.1 0.2 −0.6 −0.1 −0.1 −0.2
−0.8 0.3 1.0 0.4 −0.07 0.3 0.03 0.03 −0.3 0.5
0.4 0.2 0.9 −0.2 0.6 −0.3 0.4 −0.7 0.3 −0.8

⎤

⎥
⎥
⎥
⎥
⎦

,
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α1 = [
4.0 −3.8 −1.3 2.6 0.9 −2.0 1.5 −1.2 3.4 4.1

]
, ᾱ1 = [−4.5 3.8 −2.5 −1.3 −0.4 −0.3 1.7 1.8 −3.8 4.5

]
,

α2 = [−1.7 2.1 −0.4 1.7 1.9
]
, β = 0.6, ᾱ2 = [

2.1 0.6 −0.5 0.9 1.4
]
, β̄ = −0.3.

By the comparison of Figs. 9a and 10a and the comparison
of Figs. 9b and 10b, it can be seen that the BP neural network
can model θt f (v, λ) and |θ |ave(v, λ) well.

On the basis of (18), select an element arbitrarily from
V × L as the initial value of (17) for iterative calculation.
The stop condition is set to |Xk − Xk−1| ≤ 10−5. After the
initial value traverses V ×L, the zero point setO is obtained
as

O ={
(0.25m/s, 392.67m), (0.26m/s, 354.65m),

(0.27m/s, 315.29m), (0.28m/s, 274.09m),

(0.29m/s, 230.38m), (0.30m/s, 186.70m),

(0.31m/s, 145.72m), (0.32m/s, 102.05m),

(0.33m/s, 49.99m), (0.34m/s, 8.60m)
}
.

By substituting each element ofO into (19), we can obtain
Table 3. It can be seen from Table 3 that when (v, λ) =
(0.33m/s, 49.99m), the smallest value of |θ |ave(v, λ) is got
as 25.80◦. That is, (v∗, λ∗) = (0.33m/s, 49.99m). The libra-
tion angle θ is shown in Fig. 11, the tether state is shown in
Fig. 12. We find that the tether changes from a relaxation
state to a stretch state at 578s and continues until the mis-
sion is completed, where “1” indicates the tether is in the
relaxation state, “2” indicates the tether is in the stretch state.
In addition, the tether tension can be obtained as shown in
Fig. 13.

Remark 4 In the simulation, there are two kinds of param-
eters to be selected or given, one is the parameters of the
system, and the other is the parameters in the algorithm. The
first kind of parameter comes from a actual system, as shown
in Table 2. The second kind of parameters are obtained by
training based on the available data.

5.2 Comparative simulation and analysis

To show the superiority of the method proposed in this paper,
firstly a comparative study should be made on the BP neural
network and the Newton–Raphson method.

TheBP neural networkmethod is comparedwith the poly-
nomial fitting method. The root mean square error (RMSE)
is used as the index to compare the fitting effect. The result is
shown in Table 4. This implies that the fitting effect of the BP
neural network method is better than the polynomial fitting
method.

The Newton–Raphson method is compared with the
binary search method. Similarly, we choose multiple values
as the initial value of the iteration, and the iteration precision
is set to 10−5. Then we record the number of iterations two
methods require to achieve the desired accuracy for each ini-

Table 4 RMSE of BP neural
network and polynomial fitting
method

RMSE of BP neural network RMSE of polynomial fitting method

θt f (v, λ) 0.2963 1.6859

|θ |ave(v, λ) 0.0633 0.3306
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Fig. 14 Comparison of the libration angle for five UVDSSs

Table 5 The values of index function for five UVDSSs

θt f (v, λ) |θ |ave(v, λ)

(0.33m/s, 49.99m) −0.3196◦ 25.8096◦

(0.27m/s, 20m) −15.6390◦ 23.5232◦

(0.29m/s, 700m) −17.9755◦ 35.5249◦

(0.35m/s, 40m) 9.9467◦ 26.8335◦

(0.34m/s, 600m) −16.1528◦ 34.4216◦

tial value. After simulation verification, the results show that,
on average, the Newton iteration method requires only 4 iter-
ations, while the binary search method requires 27 iterations.
This implies that the Newton iteration method converges
faster than the binary search method for the same required
precision.

Next, we verify whether the UVDSS solved in this
paper is the best solution. The optimal UVDSS is obtained
as (v∗, λ∗) = (0.33 m/s, 49.99m), and we randomly
selected four UVDSSs to compare for it. Four UVDSSs are
(0.27m/s, 20m), (0.29m/s, 700m), (0.35m/s, 40m) and
(0.34m/s, 600m). Then we can get curves of five UVDSSs
as shown in Fig. 14 and index function values correspond-
ing to five UVDSSs as shown in Table 5. It can be seen that
the optimal UVDSS solved in this paper makes the time-
consuming of releasing the tether moderate and minimizes
the optimality problem (12)–(14).

6 Conclusion

This paper has investigated the influence of the UVDSS on
the motion state and the libration angle of the TSS. We have
developed a numerical solution algorithm for the libration
angle based on the TSS dynamics equation and Clohessy–

Wiltshire equation. Furthermore, we have designed the opti-
mization algorithm using the libration angle as the objective
to obtain the optimal UVDSS. Through simulation compari-
son, the superiorities and advantages of the proposed method
have been demonstrated.

In future work, we can consider the optimization problem
with the spin angle, the tether flexibility and the satellite
attitude. In addition, the optimality problem of the UVDSS
is discussed in this paper, and the corresponding ideas and
methods can be extended to the one of other separation
schemes.
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