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This paper is concerned with the optimal identification problem of dynamical systems in which only
quantized output observations are available under the assumption of fixed thresholds and bounded
persistent excitations. Based on a time-varying projection, a weighted Quasi-Newton type projection
(WQNP) algorithm is proposed. With some mild conditions on the weight coefficients, the algorithm is
proved to be mean square and almost surely convergent, and the convergence rate can be the reciprocal
of the number of observations, which is the same order as the optimal estimate under accurate
measurements. Furthermore, inspired by the structure of the Cramér-Rao lower bound, an information-
based identification (IBID) algorithm is constructed with an adaptive design about weight coefficients
of the WQNP algorithm, where the weight coefficients are related to the parameter estimates which
leads to the essential difficulty of algorithm analysis. Beyond the convergence properties, this paper
demonstrates that the IBID algorithm tends asymptotically to the Cramér-Rao lower bound, and hence
is asymptotically efficient. A numerical example is simulated to show the effectiveness of the proposed
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1. Introduction
1.1. Background and motivations

Along with the modern science and technology rapid devel-
opment, quantized systems have been widely applied in practical
fields such as industrial systems, networked systems and even bi-
ological systems. For example, (i) industrial systems (Auber et al.,
2018; Gagliardi et al., 2021; Tan et al.,, 2021): usually quantized
sensors are more cost effective than regular sensors. In many
applications, they are the only ones available during real-time op-
erations. There are numerous examples of quantized observations
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such as switching sensors for exhaust gas oxygen, ABS (anti-lock
braking systems), and shift-by-wire; photoelectric sensors for
positions, gravity gradiometers with saturation constraints; traf-
fic condition indicators in the asynchronous transmission mode
networks; and gas content sensors (CO, CO,, H,, etc.) in gas and
oil industry. (ii) Networked systems (Dargie & Poellabauer, 2010;
Sohraby & Znati, 2007): thousands, even millions, of sensors
are interconnected using a heterogeneous network of wireless
systems. On account of limitations of the sensor power or com-
munication bandwidth, the information from each sensor turns
out to be quantized observations with a finite bit or even 1 bit.
(iii) Biological systems (Ghysen, 2003; Wang et al., 2010, 2003):
only two states of information, “excitation” or “inhibition”, are
detected from outside of the neuron. When the potential is bigger
than the potential threshold, the neuron shows the excitation
state, otherwise shows the inhibition state.

Due to the widespread adoption of systems with quantized
observations, lots of researches related to the identification of
such systems have emerged in the literature (Carbone et al., 2020;
Casini et al., 2011; Godoy et al., 2011; Risuleo et al., 2020; Wang
et al,, 2010; Zhao et al., 2023). In addition, numerous methods are
proposed to achieve identification with quantized observations
such as empirical measure method (Wang & Yin, 2007; Wang
et al,, 2003), expectation maximization method (Godoy et al,,
2011; Zhao et al., 2016), sign-error type algorithm (Csaji & Weyer,
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2012; Wang et al.,, 2022), stochastic approximation type algo-
rithm (Guo & Zhao, 2013; Song, 2018), and stochastic gradient
type algorithm (Guo & Zhao, 2014; Zhang et al., 2021). The emer-
gence of these algorithms prompts us to explore how to achieve
better identification effect by use of algorithm designs. Moreover,
the study of the optimal quantized identification algorithms not
only could achieve the improvement of identification theory, but
also is helpful to improve the resource utilization with the lim-
ited communication bandwidth resources in the communication
fields.

It is worth noticing that there is usually no explicit solution for
the log-likelihood function of quantized systems due to the strong
nonlinearity of quantized observations (Zhao et al., 2016), which
makes it extremely hard to design the optimal identification
algorithm by minimizing the objective function. Fortunately, it
is known that the Cramér-Rao (CR) lower bound is a measure
that the system data contains the amount of information of
unknown parameters and can be used as a criterion to check the
effectiveness of a procedure. In other words, the corresponding
identification algorithm is termed efficient if the CR lower bound
is achieved. Therefore, this paper investigates the optimal iden-
tification under quantized observations from the point of the CR
lower bound.

1.2. Related literature

Actually, there are some interesting discussions about the CR
lower bound of quantized systems (Guo & Zhao, 2014; Gustafsson
& Karlsson, 2009; Wu et al., 2013). For example, Gustafsson and
Karlsson (2009) and Wu et al. (2013) investigated a detailed
study on the CR lower bound and derived its expression un-
der different quantized measurements. Moreover, some results
have also appeared for asymptotically efficient algorithms under
quantized observations in the past two decades (Guo & Diao,
2020; Guo et al., 2015; Wang et al,, 2018; Wang & Yin, 2007;
Wang et al,, 2003; Yang & Fang, 2014; You, 2015; Zhang et al.,
2021). For example, Wang et al. (2018, 2003) established the
asymptotical efficiency properties of empirical measure method
and non-truncated empirical measure method for FIR systems un-
der binary-valued observations and periodic inputs, respectively.
Based on empirical measure method, Wang and Yin (2007) pro-
posed a quasi-convex combination estimator for multi-threshold
sensors and established its strong consistency and asymptotical
optimality under periodic inputs, Guo et al. (2015) and Guo and
Diao (2020) investigated asymptotically efficient algorithms for
the systems with general quantized periodic inputs under vari-
ous cases. Apart from the off-line algorithms mentioned above,
there are also some discussions on online algorithms. Yang and
Fang (2014) presented a recursive identification method for FIR
systems with quantized measurements based on the stochastic
approximation algorithm with expanding truncation bounds, and
proved its asymptotic efficiency under independent and identi-
cally distributed (i.i.d) two-valued random inputs. You (2015) de-
veloped a stochastic approximation type recursive estimator with
adaptive binary observations and i.i.d. input signals, and demon-
strated it asymptotically approached the CR lower bound. Zhang
et al. (2021) proposed a stochastic gradient-based recursive al-
gorithm under binary-valued observations, and shown its con-
vergence and asymptotic efficiency under bounded persistent
excitations for first-order FIR systems.

However, almost all of the existing investigations on asymp-
totically efficient quantized identification algorithms suffer from
some fundamental limitations. Most of these researches are based
on the empirical measure algorithm, which is off-line and thus
is difficult to apply to feedback controls. On the other hand, the
conditions required are strict in the almost all of the online ones,
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such as the periodic or two-valued random or i.i.d. inputs, the
adaptive and designable thresholds and so on.

Therefore, the goal of this paper is to develop an asymptoti-
cally efficient online algorithm, which could relax or remove the
above-mentioned limitations. It is our hope that the approach
of this paper will open up new avenues for further studies in
the area of integrated design of identification and control with
quantized constraints.

1.3. Main contributions

This paper investigates the asymptotically efficient recursive
identification of the systems under quantized observations with
multiple thresholds. The main contributions of this paper can be
summarized as follows:

e Inspired by a time-varying projection in Zhang et al. (2022),
a novel weighted Quasi-Newton type projection (WQNP)
algorithm is proposed under quantized observations with
multiple thresholds. With some mild conditions, the WQNP
algorithm is proved to be convergent in both mean square
and almost sure sense under bounded persistent excitations
with the help of a scalar type Lyapunov function. Besides,
the convergence rate can achieve the reciprocal of the num-
ber of observations under a proper requirement of weight
coefficients, which is the same order as that under accurate
measurements.

e This paper gives the CR lower bound of the system with
multiple-threshold quantized observations. Then, based on
the recursive form of its CR lower bound to design the
weight coefficients of the WQNP algorithm, an information-
based identification (IBID) algorithm is constructed, whose
adaptive weight coefficients depend on the parameter es-
timates. Besides, the convergence rate is proved to reach
the reciprocal of the time step by combining the scalar type
and matrix type Lyapunov function methods. Moreover, the
IBID algorithm is shown to be asymptotically efficient un-
der bounded persistent excitations. In contrast with Wang
and Yin (2007), the algorithm is an asymptotically efficient
online algorithm under non-periodic or non-independent
signals.

e The theoretical analysis method is different from the exist-
ing quantized identification algorithms. This paper adopts
an idea of higher moment acceleration to solute the strong
coupling between the weighted coefficients and the esti-
mates of the IBID algorithm in the matrix type Lyapunov
function method. It is worth mentioning that Markov in-
equality and the higher moments of estimation errors are
used to establish the convergence rate of the matrix type
Lyapunov function.

The rest of this paper is organized as follows. Section 2 de-
scribes the identification problem under multiple sensor thresh-
olds. Section 3 presents the WQNP algorithm, and demonstrates
its convergence properties. Section 4 constructs the IBID algo-
rithm based on the CR lower bound, and establishes its conver-
gence properties and asymptotic efficiency. All of the proofs of
the main results are uniformly provided in Section 5. Section 6
supplies a numerical example to show the main results. Section 7
gives the concluding remarks and related future works.

Notation. In this paper, R" and R™" are the sets of
n-dimensional real vectors and n x n dimensional real matrices,
respectively. I, is an n-dimension iderlltity matrix. || - || is the

Euclidean norm, i.e, [[x|| = (}_{,x?)? for the vector x € R"

and ||All = ,/(Amax(AAT)) for the matrix A € R™". Besides, the

trace of the matrix A is tr(A) = Zi":] a;;. For the matrix Ay, denote
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Ac=0(y) as Al = 0(3) and Ac = 0 (¢) as [IAll = o (3)- The
function Iy denotes the indicator functlon whose value is 1 if its
argument (a formula) is true, and 0, otherwise.

2. Problem formulation
2.1. Observation model

Consider the following dynamic linear system
V=00 +di, k=1,2,..., (1)

where k is the time index, ¢, € R", & € R", and d; € R are the
regressor, unknown but constant parameter vector, and noise at
time k, respectively. The system output y; is measured by a sensor
of m thresholds —oco < C; < G < --- < C < o0. The sensor is
represented by a set of m indicator function, which is given by

0, if Y < Cy;
1, if G<y =G
) ) (2)

Ak
m, if yx > Gp;

which can also be represented as g
Co = —o0 and Cm+1 = oQ.

m .
= Zi:o il <y=Ciyr ) where

2.2. Assumptions

In order to proceed our analysis, we introduce some assump-
tions concerning priori information of the unknown parameter,
the regressors and the noises.

Assumption 2.1. The prior information on the unknown param-
eter 0 is that & € £ C R" with £ being a bounded convex set.
And denote 6 = sup, ., 7]l

Assumption 2.2. The vector sequence {¢y} is supposed to be
bounded persistently exciting, i.e.,

k
.1 T
llkrg golf % 12_1 &9y >0, (3)
and supy [|gx]| < ¢ < oc.

Assumption 2.3. Assume that {d} is a sequence of independent
and identically normally distributed variables following N(0, o2).
The distribution and density functions of d; are denoted as F(-)
and f(-), respectively.

Remark 2.1. Actually, the median u of the noise could be esti-
mated similarly to Wang et al. (2022) when & # 0. Thus, without
loss of generality, we assume that u = 0 throughout the paper.
Moreover, Assumption 2.3 can be extended to the unknown but
parameterizable noise distribution case, such as normal distribu-
tion with unknown mean value and variance. In this case, the
parameters of the noise distribution and the unknown parameter
6 can be jointly identified by the same way of identifying the
unknown parameter 6 alone (Wang et al., 2006). Furthermore,
the noise under Assumption 2.3 also can be generalized to the
one that the second derivation of the logarithm density function

is less than zero (i.e., & 1“£ < 0), and the density function of the
noise satisfies min =~ 1<izm  f(x) > 0.
Xe[C;—¢0,Ci+p0]

The goal of this paper is to develop an online asymptotically
efficient algorithm to estimate the unknown parameter 6 based
on the information from input ¢, quantized observation gy, and
the stochastic property of the system noise d; under bounded
persistent excitations.
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3. The WQNP algorithm
This section will construct a Quasi-Newton type identifica-
tion algorithm under quantized observations, and establish its
convergence properties.

3.1. Algorithm design

For the simplicity of description, denote Fi(x) = F(C; — x),
fix) =f(CG —x),fori=0,...,m+ 1, and Hj(x) = Fi(x) — Fi_1(x),

hi(x) = fi(x) — fi_1(x) fori =1, ..., m + 1. Moreover, denote

Fik = F (#(9) . fix = fil¢;0). @
and their estimates based on 6;_; as

Fix = F(@L0-1), fix = F(or0n), (5)
fori =0,...,m+ 1. Correspondingly, denote

Hi = Hi(¢40), hix = hi(¢0), (6)
and their estimates as
Hl k= Hl(¢k Gk ) ik = h; (¢k 9k ) (7)

fori=1,...,m+ 1. Hence, Eq; = Zi"j]](i — 1)Hi.

Next, we would like to introduce the idea of the Quasi-Newton
type identification algorithm under quantized observations. Actu-
ally, the identification problem of unknown parameter 6 is to find
the roots of

m+1 m+1

w(B) =Y (i— DHix — Y (i — DHi(¢;0),

i=1 i=1

for all k > 0. Note Z:"Jql( 1)H;x is unavailable due to the
existence of unknown parameter 6, and g is available W1th its
expectation Y ""'(i — 1)H;. Therefore, we replaced Y [

1)H; ; with gy in uk(H) By instrumental variable method (L]ng
& Soderstrom, 1983), we use ¢,-s instrumental variable to define
the vector-valued scores

k m+1
u@y=->" (q, — ) (i — DH{(¢] é)) é. )

I=1 i=1
whose Jacobian matrix is used to construct the Newton-type step.
Then, we calculate 3”"( ) as

k m+1

a”" S B e 9)

=1 i=1
We generalize the above calculated Newton step as

k
=Y B (10)

Then, based on the idea of recursive least squares, we construct
the identification algorithm as

m+1 .
> - 1>H,-,k) :

i=1

N

Ok

O—1 + axPi_ 1 <Qk -

1
14 By Pe—1bic’
Pe = Pee1 — axBiPi—19xby Pe—1

Then, we design the weight coefficients «;, on the quantized
observation g, to adjust the performance of the identification
algorithm, i.e.,

m+1

Sk = 2 igl(ci_y <y=Ci)-
i=1

ay =
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Moreover, we utilize the specific time-varying projection opera-
tor in Zhang et al. (2022) to guarantee the boundness of estimates,
which is also helpful in the convergence analysis of the scalar type
Lyapunov function method. Based on the above idea, a weighted
Quasi-Newton type projection (WQNP) algorithm is constructed
as Algorithm 1.

Algorithm 1 The WQNP Algorithm

Beginning with an initial value 6y € 2 and a positive definitive
matrix Py € R™", the algorithm is recursively defined at any
k > 0 as follows:

1: Weighted conversion of the quantized observations:

m+1
Sk = Zdi.l<1(c,-,1<yksc,-}- (11)
i—1
2: Estimation:
O = I, <9k—1 + akPI<—l¢k§k) , (12)
m+1
Sk =Sk — Z o kHi ks (13)
=1
1
ax = T o ATh (14)
1+ ﬁl<¢k Pk—1¢k
P = Pi_1 — aBiPr—19xy Pi1, (15)

where I:Ii,k are defined in (7). Besides, ITq(-) is the projection
mapping defined as

I(x) = argmin ||x — z||g, Vx € R", (16)
zef2

where || - ||q is defined as ||n]lq = +/nTQn,Vn € R" and Q is
a positive definitive matrix.

Remark 3.1. It is worth noticing that when the quantized output
is binary-valued observation (i.e., m = 1) and the dimension
of the unknown parameter 6 is one (i.e, n = 1), the WQNP
algorithm can degrade into the unified stochastic gradient-based
recursive algorithm in Zhang et al. (2021). More specifically, the
innovation of the quantized observation in (13) can be rewritten

as Sy = (Otzﬁk — A1) (F(C] — ¢]{ék—1) — I{y5C1})~ Therefore, the
WAQNP algorithm is a general extension of the algorithm in Zhang

et al. (2021) from binary-valued observations to multiple sensor
threshold observations.

3.2. Convergence properties

Before establishing the convergence, the following assumption
about the weight coefficient is given.

Assumption 3.1. The weight coefficients o (i=1,...,m+1
and Sy are scalars satisfying —o0 < o < o1 < o < -+ <
Umy1k < @ < 0o With ey x —aox > @ > 0and 0 < B <
Br < B < oo, respectively. Besides, the weight coefficients saﬁsfy
%a * TN e (¢, - 35.6,+39) fx)>1- %

1<i<m

—

Theorem 3.1. [f Assumptions 2.1-2.3 and 3.1 hold, then the WQNP
algorithm is convergent both in mean square and high rank square,
ie,

lim EG76; =0 and lim E||6,|* =0, (17)
k—00 k—00

and there exists a positive real number v < oo such that

~ 1 - 1
E||6x]*> = 0 <I<V) and E|6|* =0 (kfv> ; (18)
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for r = 2,3, ... Besides, the WQNP algorithm is also convergent
almost surely, i.e.,

lim 6, =0, a.s.,
k—o00

where 6, = ék — 0 is the estimation error.

The proof of Theorem 3.1 is supplied in Section 5.1.

Remark 3.2. Theorem 3.1 establishes the convergence properties
of the WQNP algorithm for high-order parameter systems with
quantized observations while Zhang et al. (2021) show the con-
vergence properties for 1-order parameter systems. The key diffi-
culty of the proof is how to guarantee the compression coefficient
less than 1, which is related to dealing with the non-commutative
matrices. Two techniques are applied in this part. First, a time-
varying projection operator is introduced to deal with the product
of the non-commutative matrix Pk([)kd),f and keep the boundness
of estimates. Besides, the boundness of estimates and regressor is
used to ensure f = ming<j<m MiNye(c,—45,c,+45f () > 0, and then

make the compression factor 1 — 2%} in (37) less than 1.

Besides the convergence, the convergence rate is another ma-
jor problem that should be made clear.

Theorem 3.2. Under the conditions of Theorem 3.1, if the con-
dition (3) in Assumption 2.2 is enhanced as there exist a positive
integer h and positive number § > 0 such that } ZL*,?H bl >
821, and

k 1<i<m 9ef

-1
% > (2 inf min minf(C; —qb,fﬁ)) : (19)

then the WQNP algorithm has a mean square convergence rate as
0(1) ie.,

~ 1
E[6]* =0 (E) :

where o and B are defined in Assumption 3.1.

The proof of Theorem 3.2 is put in Section 5.2.

Remark 3.3. Theorem 3.2 describes the fact that even under
quantized observations, the convergence rate of O(%) can be
achieved with a suitable design of weight coefficients in the
WQNP algorithm (12)-(15), which is the same rate as the case
with accurate measurements.

Similar to the proof of Theorem 3.1, the following corollary
can be derived directly, which is concerned with high rank square
convergence rate.

Corollary 3.1.  Under the condition of Theorem 3.2, we have
El0l* =o(3) forr=2,3,...

4. Asymptotically efficient algorithm

This section focuses on how to design and analyze the optimal
identification algorithm under quantized observations. To realize
it, we give a criterion, the CR lower bound under quantized ob-
servations, based on which an asymptotically efficient algorithm
is constructed.

4.1. Cramér-Rao lower bound
Aiming at the system (1) with quantized observations (2), the

following proposition establishes the CR lower bound of param-
eter estimates.
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Proposition 1. For the system (1) with quantized observations (2),
the CR lower bound is
—1

k
Ay = (Z pibioy] ) : (20)
=1

where
m+1 h2

il
=y ™ (21)
i=1 "

with h;; and H;; defined in (6) fori=1, ...,

The proof of Proposition 1 is supplied in Section 5.3. To un-
derstand the relationship between identification under quan-
tized observations and the one under accurate observations, the
following proposition is given.

m+ 1

Proposntlon 2. Under Assumptzon 2.3, p; defined in (21) satisfies
mi1(G—Ci_1)—0 PI = 2 where o2 is the covariance of d.

The proof of Proposition 2 is supplied in Section 5.4.

Remark 4.1. The CR lower bound ?f the system (1) with accurate
(aiz S ¢,¢,T> . Combined it with Proposi-
tion 2, we find that the influence of quantized observations on the

identification effect can be represented by the CR lower bound to
some extent.

observations is

4.2. The IBID algorithm

This part will construct an asymptotically efficient algorithm
with a proper design of weight coefficients on the WQNP algo-
rithm, which is based on CR lower bound.

By the structure of CR lower bound, Ay defined in (20) can be
written recursively as
Pk Ak—1Prdg Ak
1+ pdy, A—19x
Since py depends on the unknown parameter 6, we estimate it by

1R
=yt J" where H; and h; are defined in
iv

Ap = Apeq — (22)

use of 9k_1 as P
(7).

Note that Py in recursive least square algorithm could repre-
sent the covariance of the estimation error to some extent, which
enlightens us to design its weight coefficient as the estimate of CR
lower bound coefficients, i.e.,

i=1

m+1 h2

ﬂk = ,6I< = Z

i=1 ik

2 By (23)

Moreover, noticing (9) and (10) during the structure process of
Newton step, we have 8, = — Z;’;l a; khi . Therefore, the weight
coefficient of the weighted conversion is designed as

. hik .
Qg = A= — LU
Hi i
From Lemma 5.8 in Section 5.5 and the boundness of the estimate
6, and the regressor ¢y, the following proposition can be estab-
lished directly to illustrate the properties of @i x(i =1, ..., m+1)

and 31«

m+ 1. (24)

Proposition 3. Denote
fm(x) n f1(X)>

1—Fnlx) Fix)

Then, ﬂk and &; defined by (23)-(24) satisfy 0 < ﬂk < 00,

—00 < @1k <+ < Amy1k < 00 and Gmi1x — @1k > & > 0.

a = infmin
k xef2
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Based on the WQNP algorithm and the weight coefficients in
(23)-(24), an information-based identification (IBID) algorithm is
constructed as Algorithm 2.

Algorithm 2 The IBID Algorithm

Beginning with an initial value éo € £2 and a positive definitive
matrix Py € R™", the algorithm is recursively defined at any
k > 0 as follows:

1: Update of the adaptive weight coefficients:

h”( m+1 hz
Qix = —= and By = E = (25)
ik =1 Hik

where fl,;k and I:Il-,,< are defined as (7).
2: Weighted conversion of the quantized observations:

m+1
=D ikl ne=q)- (26)
3: Estimation:
Ok = Mz (Qk—1 + akPl<—1¢k5k) , (27)
m+1
Sk =Sk — Z&i,kHi.k, (28)
R 1
ay = #’ (29)
1+ Brey Peo19x
Pv = Pt — aBiPi10f dcPr—1. (30)
Remark 4.2. Different from the WQNP algorithm and the

weighted least square algorithm, the weight coefficients ; x and
Bi of the IBID algorithm are related to the estimates. This leads
to the essential difficulty of algorithm analysis since the prop-
erties of the adaptive weight coefficients and the convergence
of the estimate are interdependent, which make the scalar type
Lyapunov function method no longer applicable. Therefore, we
introduce a matrix type Lyapunov function method to analyze the
convergence rate of the IBID algorithm.

4.3. Convergence properties

The following theorem shows the convergence and the opti-
mal convergence rate of the IBID algorithm.

Theorem 4.1.
function satisfies

If Assumptions 2.1-2.3 hold and the noise density

2 min _f(x)>= max __ f(x), (31)
Xe[Ci—$0.Ci+p01 xelCi—0,Ci+ 381

fori = 1,...,m, then the IBID algorithm is convergent in both
mean square and almost sure sense, i.e., limy_ IEQkT 6 = 0 and
limy_, o O = 0, a.s. Besides, the mean square convergence rate is

ENG? =0 -
kll” = i
The proof of Theorem 4.1 is supplied in Section 5.6.

Remark 4.3. The noise condition (31) is mainly used to guaran-
tee that the convergence of the scalar type Lyapunov function.

. . f(CGi—¢ élk 1 1 ' .
This keeps in essence ’+ = hold for i =
p f(G— ¢k xk 1) > 2 ( )
1,...,m, where 91 k—1 With ¢k ; k—1 in the interval between ¢

and ¢k 9k—1- This point is also the key difficulty in the convergence
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analysis of the IBID algorithm. This will be left as an open ques-
tion. A possibly effective way in the authors’ view is removing
the limitation of the projection and using the covariance matrix
of estimation error to analyze the convergence analysis of the IBID
algorithm.

According to the proof of Theorems 3.1 and 4.1, the following
corollary is derived directly, which is on the high-rank square
convergence rate of the IBID algorithm.

Corollary 4.1.  Under the condition of Theorem 4.1, the IBID
algorithm is convergent in high rank square with E||6;|*" = o (3}),
forr=2,3,...

4.4. Asymptotical efficiency

The following theorem shows 13k of IBID algorithm represents
the covariance of estimation error to some extent.

Theorem 4.2. If Assumptions 2.1-2.3 and (31) hold, then 13k defined
in (30) has the following property,

lim k(EP, — Ag) = 0.

k— o0

The proof of Theorem 4.2 is supplied in Section 5.7. The fol-
lowing theorem demonstrates that the IBID algorithm can achieve
the CR lower bound asymptotically, which implies that the IBID
algorithm is asymptotically efficient and optimal.

Theorem 4.3. If Assumptions 2.1-2.3 and (31) hold, then the IBID
algorithm is asymptotically efficient, i.e.,

lim k (E6; — Ax) = 0.
k— o0
The proof of Theorem 4.3 is put in Section 5.8.

5. Proofs of the main results
5.1. Proof of Theorem 3.1

Before proving the convergence of the WQNP algorithm, some
lemmas are collected and established, which are frequently used
in the analysis of convergence.

Lemma 5.1 (Calamai & Moré, 1987). For the bounded convex set
§2, the projection is defined as I1y(x) = arg min,cg ||x —z||q for all
x € R", where Q is a positive definitive matrix. Then, for all x € R
and x* € £2, it holds | Mo(x) — x*||, < llx = x*llq-

Lemma 5.2 (Zhang et al., 2022). Let Xq, X3, ... be any bounded
sequence of vectors in R*n > 1). Denote Ay = Ay + Zf‘zl XixT
with Ay > 0. Then, it holds that 3 po (X[ A, 'X;)? < oc.

Lemma 5.3 (Chen, 2002). Let (v, Fi), (wk, F) be two nonnegative
adapted sequences. If E(vgs1|Fk) < v + wg and E Zf’:] wy < 00,

then vy converges a.s. to a finite limit.

Lemma 5.4 (Zhang et al, 2021). For any given positive integer |
and a, b € R, the following results hold

T0-9=o((3))
N o) 0=
ST ={o(") o=,

1
0 ﬁ ,a>b.
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Lemma 5.5. Under Assumption 2.2, Py defined in (15) has the
following properties: (i) the inverse of Py follows P, T = P,;l] +
Brdrpi ; (ii) For any initial P > 0,

1
0<Py <Pt and P,=0 <E> .
Proof. From (15), we have P,' = P, + Biér¢i. Then, by
Pe1Py " = I + Pr_1Prgrdpl and iterating the right parts of last

equation, one can get P, ' = P;' + Zf;l Bidigp!, Consequently,
by 8i > é > 0 and Assumption 2.2, the conclusion is true. O

Lemma 5.6. If Assumptions 2.2 and 3.1 hold, then

|6ss — 0| <jm + 1)|@|@lIPell.j > 0.

Proof. If j = 0, then the conclusion is true. Otherwise,
ket

16kt = Oll = 10hes — Ol < Y 16— bia . (32)
I=k+1

By Lemma 5.1 and (12), we have
16; — 61— ||,2,I—1 = [Tp <él—1 + alP1—1¢l§1> — 0y ||12J[_1
slaPa¢iilly = a'¢l Pa(Py + Biip P dS)
=a;¢| P11+ Bip Pia)si = aig) Paohi;.

Noting P; > 0, we have ||Pj|| = Amax(P1) = k;liln(P,’l). By Assump-
tions 22 and 3.1, 0 < a < 1, |6 — 64> <

||é1 - é,_llllz)_l/)\mm(P,’]), and Lemma 5.5, we can get
1

18— D1l < /adT P16iE (P

< 1 _ = =
<y @ PagilBilIPI2 < 2|@IBlIP—1]l < 21@¢]IP]l-

Then, taking it into (32) yields this lemma. O
Proof of Theorem 3.1. The proof is based on a scalar type
Lyapunov function method, divided into the following three parts.

Part I: The mean square convergence properties. _ .
Denote a scalar type Lyapunov function as Vj, = O,ZquGk. From
(12), (14) and Lemma 5.1, we have

A ~ T
Vi = (Hpk—l <9k—1 + akPk—1¢k5k) - 9) P!
. <17pk—1 (ékfl + akpk—1¢I<§k) - 9)

<(Oe-1+ akPk—1¢k§k)T P! Bkt + aePro1 i)
<04 POt + BBy 1 + 2ay, O—15¢
+ aiy Peo1iSy + 2Brakdy Pe—1duby O—15k
+ a; Budy P19y P 1915k
<Vi1 + BiO_ 1 dui Oc1 + 20 O 15i
+ Gy P i3 (33)
By Esi = > 1" irHik Fox = Fox = 0, Fny14 = Fnyrx = 1 and
the differential mean value theorem,
m+1

E[Sk|Fi-1] = Zdi,k (Hi,k - I:Ii,k)

i=1

o

(@i — i) (FIG — 80 1) = F (G — 9]0))

i=1
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@i )f (G — P &ik )by O

az«H k—

Olz+1k @i k)i kdp O (34)

m
fn
where &  with ¢/ &;, in the interval between ¢}6 and qb,fék_l
such that F(C; — b bk-1) — F(G — ¢ 0) = —f(Ci — b &it )y 1,
and fix 2 f(C; — ¢ & x). Then from (33)-(34) and |3¢| < 2&, we

have

EVi < EVi_1 + EBB)_ ddp 01 + Eandy Peo1915:

m
-2 Z E(ctip1k — i kOr_ 1 kpr O

i=1

<EV, 1 +E[1 2% (e — i ik
= -1 -
Br
- BiOL ddr O 1 + AT Ep] P 1 i

~ -1 25" (o —aix)f 1
< EO;{T,1P]<,21 (In + (1 _ 21_1( l+‘311,<k 1,k)ﬁ,k> Pk2,1

_1
- Pedudi P2 ) P %0k—1 + 47 arpy Pe 19 (35)

Denote

f=min  min _f(x). (36)
= 1=isMmxe[G-¢0,G+¢0]

From Assumption 2.3, we have f > 0 and f,-,k
tion 3.1 and (35), we get

> f. By Assump-

- _1 2uf _1.
EVi <Ef,_,P, 7} <In + (1 3 )Pk B P 1) Py %01
+ 4o’ aypy Pe—1¢x, (37)

where 1 — Zaj:/ﬁ < 1/n from Assumption 3.1 and (36).
Next, we show the mean square convergence of WQNP algo-
2uf

rithm in two cases, 1 — % <0and1-— -z > 0.

Case I-1: 1 — 2% <o.

Noticing P = P (In+ BPeorordy), we have
e Bkdr Pe—1p = (|P, | |Pk_—11|)/|Pk 1| and |PI 1| = |Pk 1| 1+
ﬂk¢,zpk_1¢k). Then,

p! ‘PI |dx
Zalﬁl¢lpl 1¢1 = Z‘ ! |P 1|l 1| Z/P

=1
<log |P'| —log|Py"| . (38)
From Lemma 5.2, we have
k

Z (,31¢1TP171¢z)2 < 00. (39)

=1
And by (37) and (38), we get

EVy <EVi_1 + 4&°axdp Pe_16x

k o2 k
4
<EVo + > %} QI Piag = 0 (log|P; ).
1=1 =1

Then, combining Lemma 5.5 gives

EO Ok < EVi/Amin (P ") = O (logk/k) . (40)
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Casel-2: 1 — 7{ > 0. In this case, from (37) we have

2 _1_
(] + ( ;f> 5k¢,;rpk—l¢k> Py %01

+ 4520k¢;€ P19k

2af T o T
<|1+(1- 7’ BkPy Pe—1Pk | EVi—1 + 4a“ axgy, Pr— 19k

k 2
H ( (1 - ﬁf) it P,_las,) EVo

EV, < ]E(gk

k k 2
+4aay [ (1 + (1 - ;f) Bi} P,~_1¢,»> Qg Pagr. (41)
I=1 i=l+1

First, we estimate the first item on the right side of (41) by (38),
(39) and Lemma 5.5. By 0 < a; < 1, we have

k 20
I1 (1 + (1 - ;) i P «/n)
=1

:ez;;l log(1+(1*ZOK[/E)A‘;I@TP[—WI)
~e(1-201/B) Iy ig{ Pi1y

=e(1*ﬂ)21 1G] Pt 8(17%) Yk B Pogn)?

S6(1—2&):/5) (1og P!

_1°g|P51D M

(- Zozf/ﬁ)

=M ([P]/[Po ")) (42)

where M is a constant related to (39).
Then, we estimate the second item on the right side of (41).
Noticing (39) and (42), we have

k k 2
@y |1 (1 + (1 = f) Bio] Pf_1¢i> ag Pi_1gh

llil+1

—2
4; Z 1_[ (1 + (1 - ﬂf> Bid; Pie 1¢z> apip P_1¢

— I=1 i=4+1
| = [Po]

4Ma FT— |P
= }P 1’ g Z 2 —2af /B

l]‘[

_ 1-2af/B
e (|P,1|> o (43)

- &
e P,
s(1-%)
Then, taking (42) and (43) into (41

BV =0 (|p; 1| 7).

Hence, for 1 — Za)i/ﬁ > 0, combining Lemma 5.5 gives

) gives

. v _
EGT < ]Ei"f]) —0 (l<"(1*2”£/ﬁ)*1) , (44)

min Pk

where Assumption 3.1 assures n (1 — 2af /) — 1 < 0.
Therefore, combining (40) and (44) yields

log k :
0(12%). it

0 (lc"@—z“fi/?)—l) .

N
1=

i 2>,
EAL O = (45)
< 1.

w‘ Ew\
1~

Part II: This part focuses on the convergence property of the
WQNP algorithm in the high rank square.
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When r = 2, from (33), we have
~ -~ 2
Ve < (Vi1 + (@ Ok—1)* + 2 Ok—15k + aipy, Pe—1457)
<V 1+ (BB i O1 V' + 2 b1 V'S
+ GG (dy Piori)3 + 48O 1) 5
+ 2Vie1 (Bibi_ 1y Ok—1 + 26 Oc15k)
+ 2Vi_ 1k Pe—1iSt
+ arpy Pe1 Sy (BilOy_190 ) + 265 Or15) -

Noticing [Sx| < (m + D)a|, |l¢kll < ¢, (36), (45), Assumption 2.1
and Lemma 5.5, we have

m
EVY <EV{ y + 2EVi_1(Bi — 2 Z(ai+l.k — i )01 ey O
i=1
+ 0 (E[6-11?)
<EV? ; +2(1—2af /B) EVi_1BiO;_ by k1
+ 0 (Ellf-11?) (46)

Next, we consider this problem from the following two cases,
ie,1—2af/B <0and 1—2af/B > 0.

Case II-1: 1 — 20{]:/3 < 0. From (45) and (46), we have

~ log k
EVZ <EVZ | + 0 (Elfc_1]2) < EVZ , +0 (7)

k
k
=EVy 4+ O (Z lolgl) =0 (log’ k),

I=1
which together with Lemma 5.5 yields

. EV? log? k
BN < e =0 (). )
)‘min (Pk ) <

Case II-2: 1 — 2af /B > 0. By (44) and (46), we have

EVZ < (1+2(1—2af/B) By P—1rc) EVE_
L0 (kn(l—za[/ﬁ)—l)

k 2
< 1_[ (1 +2 (1 - ;f> ,31¢>1TP171¢1> EVg
=1
k k 2
+0 (Z 1_[ (1 +2 (1 - Zf> ﬁi¢;rpi—l¢i>

1=1i=I+1

) ln(1—2a):/E)—1) -0 <k2n(1—2a£/3)) _ (48)
For 1 — Zozji/ﬁ > 0, combining Lemma 5.5 and (48) gives
~ EV, Z
EIGl* < 5 =0 (len(-20/)2). (49)
)‘min (Pk )

Therefore, from (47) and (49), we have

2 . 2af

o(“’g "), it 20>,
Bla=1 s

o(kZ”U—Z“Uﬂ)-Z), it 2 <1
Similarly, for any r > 3, we can get

0 (L5, it 2L,
ENG = ‘ ’

0 (k’”(H“i@*f), it 2L <1,

where Assumption 3.1 keeps rn (1 — 2af /B) —r < 0.
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In summary, there exists < oo such that (18) holds for any
r > 1, which implies (17).

Part IIl: The almost sure convergence of WQNP algorithm is

considered in this part. Denote V, = " ‘?;”1)' By (37) and
min{"}

Lemma 5.5, we have

E[VilFi—1] <Vie1 + 20 aiy, Pe— 19/ Amin(Py )
<Vie1 +0(1/k%), for 1 —2af /B < 0;
E[Vi| Fie1] <Vier + (1 — 2(xf> 70"[1&{@(45_126’(71
B Amin(Py )
+ 20 axdy Pe— 16/ 2min(Py )
<Vi1+ (1—2af/B) B&* 16117 /k
+ 0(1/k*), for 1 —2af /B > 0.

o _
From (45), we have EM =0 k‘2+”(1_2°‘£/’3)) when 1 —

2af /B > 0. From Y 2 k™2"(17240/8) < oo, S 1/K% < o0
and Lemma 5.3, V} converges almost surely to a bounded limit.
From (40) and (44), we have EV, — 0,k — oco. Then, there is

a subsequence of Vj that converges almost surely to 0. Noticing
16clI?> < Vi, Ok almost surely converges to 0. O

5.2. Proof of Theorem 3.2

Since ﬁ,k > infy minq<j<m Mingeg f(G — qb,fz?) £ fs, noticing

(35) we have
~ _1 _ 1 1 _1_
EV, <EJ] P, % (In + (1 ~ 2af, /,3) P2 piud! P,3_1> P 20,

+ 4@ apgy Pe_19x
k—1

<EVin— (20f3/B ~ 1) D B0 Bl
I=k—h
k—1

+ ) A& aa gl P, (50)
I=k—h

where 2ozf¢/ﬁ — 1 > 0 by (19). From Assumptions 2.1 and 2.2,

we have ||6;]| <26 and ||¢i|| < ¢.For =k —h, ..., k—1, using
Lemmas 5.5 and 5.6 give

— 0] BLe1di 191101

= — Op_pBr1dr1® 1 Ocn + 20] Badiadl 1 (6 — Oen)
— (0 = On) B 101 (011 — Bin)

< — O Bre1d 1911 0k—n + 20/ Briadriadly (6 — Oin)

= — Oy Brr1s1 81O + 0 (1/(k — ). (51)
By Assumption 3.1, we have
k—1 2
hpBs
Biiadiidlyy = hpsly > ——————
,:Xk_:h T (I "Il + Bg?) k
k 2p—1
hBs°P,_,
AP+ D B ) = . (52)
( ’ Z (IPg 11l + B?) k
Denote y = B (ﬂ - 1) > 0. By Lemmas 5.4 and 5.5
Y= i) \ B i ' -

substituting (51) and (52) into (50) gives

EVi <EVin — (20f3/B — 1) hp*/(IP; | + Bo?) k
BB P + 0 (1/(k — )
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=1 —hy/k) EVi_n + 0 (1/(k — h))

=0(1/k")+0(1)=0(1).
Then, by Lemma 5.5, we have
Ef; Ok < EVi/Amin (Pe') = 0(1/k).
Thus, the WQNP algorithm has a mean square convergence rate
as 0(3)
5.3. Proof of Proposition 1

Since the noises {dk} are i.i.d., we have

k m+1

HPM®_H§yMWW

=1 i=1
Denote the log—likehhood function as

P(s1,52,...,8|0) =

k
Zlog]P’(sﬂG)

=1

I(0) =logP(s1,5s2,...,5[0) =

k m+1
_ Z Z log(Hi )isi=a; }-
=1 i=1
il lOng I h' !

Noticing that ¢1, and continuing the partial pro-

cess, we have ~ g’sz’-’ _n IH;I; h"¢l¢>l . where I, = f(Gi— ¢ 6)—
f(Ciza —¢,T(9)fori—2 mand Wy =f(C—¢[0), hypy, =
—f'(Cn — $70) with f'(x) = Bf( x)/dx. Hence, Zm“ hi, = 0 and
821k k m+1 h/ [Hll h'l ;
7’1{5 =i} | D1y s
2096 Z Z Hzo e

together w1th El(slzai_l)
= w2k h
T 002

-1
< i <"i‘1 h;quu 3 hll ) ¢¢ )
- 72 Lis)= ai g} | P1o;
i=1 Hi,l

=1

k m+1 ./ 2
_ hi,lHiJ - hi,l T
(B )

=1

= H;, the CR lower bound is

-1

k m+1 k m+1
(@33 »> ”)m)
=1 i=1 =1 i=1 !

k m+1 -1
(ZZm).
=1 i=1 !

5.4. Proof of Proposition 2

Since f'(x) = — 2% f(x) for the normally density function f(x)
with covariance o2, we have

m+1 hg

lim p; = lim E —
AC—>0 maxi=1,_._ m+1(G—Ci—1)—>04 p Hj
1=
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=/j:7 (fj;(();)))zdx = /;OO (_%)Zf(x)dx = %,

o0

Hence, Proposition 2 holds.
5.5. Proof of Proposition 3

Before proving Proposition 3, we give the following lemma to
analyze the properties of h; ; and H .

f)—f(y) if x£y;
Lemma 5.7. Let g(x,y) = {F ("L—F W " # Then, gy(x, y) <
-7 yx=y

0 when x # y.

Proof. Denote g(x,y) = U%(F(x) F(y)) + (f(x) — f(y)). Noticing
that g(y,y) = 0 and g;(x, y) = F(x) — F(y )/, we have g(x, y) >
0 when x # y. Since f'(x) = —xf(x)/o%, we get
(F) = FON/(F(x) — F))y
—SFX)F(x) — F(y)) — U (x) — F(¥)

(F(x) = F(n)?
= —f(X)&(x, y)/(F(x) — F(y))*.

So, we have gi(x,y) < Owhenx #y. O

g(x,y) =

Based on Lemma 5.7, we give the following lemma, which can
lead to Proposition 3 directly.

Lemma 5.8. Forx € (—oo,o0)andi = 1,...,m + 1, denote
hi(x) = f(G — x) — f(Ci—1 — x) and Hi(x) = F(G; — x) — F(Ci_1 — X).
Then, fori=2,...,m+1,
hi(x hi_1(x

l()< 11(). (53)
Hi(x)  Hi_1(x)
Proof. From Lemma5.7and C; > Ci_; > Gy fori=2,...,m+1,

FG=x)—f(Gi_1—X) F(Gia—x)—f(Ci_1—X) PRI ;
we(5h3a;/e F‘(]C X FC 1) FIC 0 —F(C 1 =x)’ which is equivalent

5.6. Proof of Theorem 4.1

From the deﬁmtlon of H; x and I:I, k in (6) and (7), there exists
9, k—1 With ¢k i k—1 in the interval between ¢k9 and ¢,< Ok 1 such
that

m+1
E[8¢| Fie1] = Z&i k (Hik —H; k)

i=1

m
E Qip1k — Ak (Fi,k - Fi,k)
i=1

m

=- Z (@is1k — Qi) fikdi Orr, (54)
i=1
where f,k 2 f(G —

m

M= (@ip1k — Qi) fir/ B (55)

i=1

T .
B 0ik—1) > Minyic._35 .45 f (x). Denote

By the continuity of f(x) and F(x), A, and Bk are bounded. From
(7), (25), (31) and (55),

iy (Giera — ik) fi

h2
Zm+l M
i=1 Hi,k

(&i+1,k - &i,k)fi,k
fi

Ak = — —
(Oéi+1.k - Oli,k) ik

_ X
iy
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p (&i+1”< - &i,k) minyeic,_g5.c+561 S (%) _ 1
> = - > - (56)
Din (ai+1”< - a'}k) MaXye(c,—ga,c+g01f (X) — 2
Let
A =infig, A = Supir, & =sup max |&l; (57)
k k k i=1,...m+1
B =infp. p= sup Br- (58)

Then, it can be seen that A > 1/2, B > 0, » < oo and E < 00

from the boundness of ék and ¢y. B
Let Vi = 6] P, "6y Similar to (33), we have

Vie <Viet + B @ 6e1)? + 27 13k + xdp PeoriS2. (59)
By (54)-(59), we have
IE‘A/k S]E‘A/k—l + EBké/;rflqbk‘ﬁ]Zék—l + Eak(l)[{ﬁk—l‘ﬁk‘gi
m+1
+2E)  dix (Hi,k - Hi,k) O
i=1
<EVi_1 + E (1 = 240) Al 1dupy 01 + Bl P11y
<EV_ +E (1-22) BiOL_ by O
+ Edrp; P 19132, (60)

where 1 — 2\ < 0.

Next, we discuss the convergence rate based on the higher
moments and covariance of estimation errors.

First, we show the mean square convergence rate of IBID

algorithm can reach O (%) Similar to (38), we have

k
Y Bl P < log‘f’k‘l‘ - log‘l%‘l‘. (61)
I=1
Noticing 5| < 24, (60) and (61), we have
EVi <EVi_1 + By D1y
a5 &
<Blo+ = > Eapid] gy =0 (10gE|R).

1=1
From (58) and Assumption 2.2, we get
Pe=0(1/k) and P,' =0 (k). (62)
From (62), we have
EGT 6 < EVi/Amin (ﬁ,;‘) — 0 (logk/k) . (63)

Second, we establish the higher moments convergence rate of
estimation errors (i.e., E[|6,]>", r > 2) similarly to Part II in the
proof of Theorem 3.1.

Based on (59), (60) and (63), similar to (46) we can get

m
EV,? SEV,?,l + 2EVi 1 (B — 2 Z(&m,k — &i,k)fi,k)é,f,lmdék—]
i=1
+ 0 (E[6-117)
<EV{  +2 (1= 2) EVi 1 BBy uhy Oh1 + O (Ell6i1 1)
k
N log k N logl
2 2
<EVZ , +0 (T) <EVZ+0 (121: -
=0 (logk) ,
which together with Lemma 5.5 yields
Ellfl* < BVZ /a2, (P") = 0 (log? k/k?) .

min
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Similar, for any r > 1, we can get

E[6]" = 0 ((logk) /K') ,¥r =1,2,3...

(64)

Third, we construct a matrix type Lyapunov function by the
covariance ]EOkOkT of the estimation errors to prove that the mean
square convergence rate of the IBID algorithm reaches O (%) Let

O = ék,] + &,<13k,1¢k§k and ék = 6y — 6. Then, ék = Hqu (6x) and

O = 1 + BPio1 DS (65)
Based on (62), (64) and (65), we have
E[0* =0 ((logk) /K) ,r =1,2,3... (66)

Without loss of generality, we assume 6 € 2 — 952, where 952
is the edge set of £2. Denote w = min,¢yq || — @] > 0. Then by
Markov inequality,

PO ¢ 2) <P (16— 0l = @) =P (16l > w)

=P ([16c]* > o) < Ell6c]* /o™ (67)
Noticing [|6x — 6 = O when 6 € £, and |6 — 6]l <
l@Pe—1¢13kll = O (1) when 6 ¢ 2, we have
E(B — 01) 0 — 0)" < 6 — O]l
<O(1/K) P (6 ¢ 2). (68)

For a € R" and b € R", we have ab” + ba" < 2+/alab”bl,. Then,
from (66), (67) and (68), we have

Eékélz ZEéké,;r + E(ék — ék)é’;f + ]Eék(ék — ék)T
+ BB — 06k — )"
SEéké;Z- + 2\/Eé,;rék . ]E(ék - ék)T(ék - ék)ln
<E00; +0(1/k¥) /P (6 ¢ £2) +0(1/K) - P (6k ¢ £2)
=E6i6; +o0(1/k). (69)
By (7) and (24), we have E[5}|Fq] = o a? Hi and
S Gkl = 0. Then, by (54), (62), (65), (69), E[Sk|Fi—1] =

S & ¢ Hi g and Assumptions 2.1-2.2,
m+1
EOG; < BO 10, +E Y &7 HirdiPe 1y P
i—1
m+1
+E Z @i k(Hik — Hik)akOk—1p Pe—1
=1
m+1 1
+E Z i k(Hi — Hix)axPe_1difp_; + 0 <k7>
i=1
5 AT 5 AT T
< E6¢—16,_; — EOc—16,_1 0k Bk Pr) Pi—1
— EarPr—1Bcdrdy Oc—104_, + EO_10;_ by,

m
- (BrarPi—1 — Z (@is1k — i) fik@ePe—1)
'=ml ~ A
+ E(BraPi—1 — Z (Gi1.k — Gik) fikiPr—1)

i=1

- Pepi O 10f_1 +0(1/K) (70)
. ) n hy
where Py is generated by (15) with g, = S TI; Aig = _Tk

k
-1

and a; = (1+ Be@p Pe—1x)” . Then, by fni1x = for =0 and (6),
we have g, = — Z:El ik (fix —ficrk) = 2imy (ctiprk — aig)

10
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fix- From Assumption 2.2, we have

Pe=0(1/k) and P,' = 0O (k).

_ fG=x)—f(Gi1—x)
F(Gi—x)—F(Ci—1—x)"

ai(¢kék_1). From the continuous differentiability of f(-) and F(-)

(71)

Denote wj(x) = Then, o = oi($id), ik

we get «;(-) is the continuous differentiable. From (34), (62), (71)
and ay, a, € (0, 1),
m
BraiPr—1 — Z (is1k — Qi) fikiPr1
i=1
m m
( > Z Qip1,k — Uik fk Z O‘1+1k_051k flk
i=1 i=1
m
( ) Z Ait1k — ik <fi.k _fi.k>
i=1
1 m+1
+0 (E) . Z (ctik — @) (fi.k _fi—l.k)
i=1
1 m+1
= (E) D (i — i) F (G (B — 9)‘
i=1
1 m+1
+0 ( ) 2 el(Gol (Fuoe=Fi1) ‘
=0 (1/k) - |k ]I, (72)
where “;‘, « is between (jbk 6 and qbk Qk 1 ;“, k is between G — ¢, é, ke

and C; — ¢k9 ﬁ ¢ and 9, «—1 are denoted as (54). Then, based on
(66), we have

m
E (ﬂkakl’k—l — Z (Gisrx — & k)f KaiPy 1) Oc—100_ 1 depr

m
+ Edy Ox—104_ ( 1 akPr—1 — Z (Gis1k — &i,k)]}i,kaklgkl)

1
<o( - |- El6? \/151||9k||2 E |64
k k

=0 (1/k) - /0 (log® k/k?)
=0 (1/K%). (73)
By (71) and Py = Pi_1 — aiPi—1Brpi Pe—1, taking (73) into (70)
yields
EG O <Eb_10;_ | — Eb_10)_ arBidepr Pe1
— EayPi_1 By Ok—10;_1 + 0 (1/k)
<(In — axP_1 By JEOk—10;_,
- (In — akBerdy Pi—1) + O (1/K%)
<PuP "\ Ef_10;_ P P+ 0 (1/K%)

k
mE ATp— a1 -
=PyPy "EOoOL Py Pk + O <§ PP, 117P, 1P,<>
=1
=0(1/k).

Therefore, E[|6]|* = tr(EGH) ) = O

0 (z)-
Remark 5.1. The key of this proof is the following three point.
First, we introduce high-order moments of estimation errors and
the scalar type Lyapunov function following Zhang et al. (2021)
to overcome the difficulty that the weight coefficients «; x and By
are stochastic and coupled with estimates. However, this method
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can only reach the convergence rate of O (%) due to the loss
of matrix scaling to constant coefficients. In order to solve it, a
matrix type Lyapunov function (i.e., the covariance of estimation
errors) is constructed to prove the convergence rate can be O (%)
Third, it is noticing that the projection operator makes it unable to
directly iterate the covariance of estimation errors. Therefore, we
calculate the difference between the projection and no-projection
values by Markov inequality, and then, estimate the covariance of
estimation errors with the no-projection value.

5.7. Proof of Theorem 4.2

By Assumption 2.2 and (20),

(Zz o ) =0 (%)

G G
Denote A(x) = Yt W Then, pr = B(¢;0) and
By = ﬁ(¢[9k,1). By Assumption 2.2 and the continuity of f(x) and

F(x), there exists  that is between oF O and or 6y such that

= |B6L01) — B910)

= |#G0la | =0 (16c11)

= VEWRIP = o(%):
1 1

Not1c1ng gl < ¢ and Ay = O(l/k) we have A} Pk = o(1)

and A7 Y7, O (ENG11l) i) A,f = 0o(1). And then, by o = B
and (74), we have

‘Bk — Pk

(74)

From Theorem 4.1, we have E||6_|

X -1
EkP = Ek (AQ +) (Bi— B + ﬁo>

=1

1 1 K . . oo\
=EkAZ [T+ 42> 0(1611) gl AF + AZPoAR ) AF
I=1

k
— EkA; (1 A2 Y0 (Il ¢edl AF A7 Pos?
I=1

ad 1K - 1 1, 1 i 1
+) (=) (A,f > 0161 pigf A7 + A,fPoA,f) A

i=2 1=1

k

= kA +0 (kAk > O (EI6i11l) ¢isp] Ax + kAkﬁoAk)
=1

=kAg +0o(1) = kA,

where the fifth equality i 1s got by Taylor expansmn of the symmet-

ric matrix, ie, (I +A)"" =1+ 332, (~1)*A* for the symmetric

matrix A, and the 51xth equality is got by Lyapunov inequality.
Therefore, limy_, oo k(EP, — A¢) = 0. O

5.8. Proof of Theorem 4.3

Based on Theorem 4.1 and (70), we have
EO0y <Ef-10,_; — EOi_10;_1a By Pe—1
— EawPi 1By 010,y + EOk10;_1dedy

m
: (ﬂkakpk—l - Z (Gisrk — &i,k)fi,kakpk—l)

i=1

m
E </3/<01<Pk1 - Z (Gis1k — &i,k)fi,kakpkl)
i=1
m+1
-k pp O10f_ + E Z Hik <&,'2,kaipk—1¢k¢lzpk—1

i=1
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2 T
—ai,,<Pk—1¢k¢k Pk—l)
m+1 12

1
+ Z ”‘Pk 161 P 1+0<k2>

(75)

where Py, By, aik and ai are defined in the proof of Theorem 4.1.
Then, from (62), (71) and (72), we have

m+1

Zsz< kakPk 1¢k¢kpk 1=

m+1
(&)

,-z,kPk—1¢k¢;ZPk—1)

m+1

(7)2

Z|a1k_alk|—

=0 (1/k?) - ||9k||.

where & is between #16 and q),fék,]. From Theorem 4.1 and

E|l6l < VE|6l? =0 (ﬁ) we have

D ey il

m+1

E Z Hik <&fkaiﬁk—1¢k¢zﬁk—1 - ai%/<Pk—1¢l<¢/ZPk—1)

i=1

=0 (1/k*) - [0l = 0 (1/k?) . (76)
Next, we will show Py_; — P, = 0 (ki2> Noticing P, = Py_q —

akﬂ,cPk,1¢>k¢,f Py_1, where B, = ﬂ(d),f 0) is bounded and positive,
we have

IPe—1 = Pill < Bed®IPesll> = O (1/K%) . (77)
From Theorem 4.1, substituting (73), (76) and (77) into (75) gives
EékékT =Eék71ék[1 - ]Eékflék[]akﬂk‘ﬁkd)zpkf]

- ]EakPk—l,Bk¢k¢;f Ok—10_1

m+l 1
£p P, +o
Hie Dy Prc + (kz)

wy
m+1 1.2

i=1
T o R ]Pk-i-z L

1
Py Pi + 0 (l )

1k

k
=P,P; '"EGH Py 1P, + 0 (Z PP P P, 1Pk>
=1
k m+1

+ ZZ—Pk " Py PP P

=1 i=1 Hiy

k
1 _ 41
=0 <12> +PA P+ o (E PP, 17213, 1Pk)
=1

=0 (1/k) + PeA 'Pe = Ay +0(1/k),

which implies the conclusion. O
6. Numerical example

Example 1. Consider an in-orbit estimation problem of drag-free

satellite mass (Tan et al., 2021), in which the relation between the

residual acceleration ay, the thrust P, and the unknown satellite

mass M is described as
Pk CpS 2

aG=— — ——v2
KT M 2M k

where vy is the speed of the satellite along the tangent direction.
The unknown parameters C, p, S are the atmospheric drag coeffi-
cient, atmospheric density and windward area, respectively. The
measurement of the residual acceleration a; can be modeled as a

(78)
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Estimate
T

T T T T T T
{ — = — IBID algorithm
2 1 | R [N pr— WQNP algorithm
L RP algorithm
15§ 1 1
"l 100 200 300 400 500
1
05
-05 =7 D
0 ¥
{
-06

1000 1500 2000 2500 3000 3500 4000 4500
Time, k

0 500

Fig. 1. Convergence of the IBID algorithm, the WQNP algorithm and the RP
algorithm.

quantized observation s, = Z:-":O il{¢; <ay+d <Ciq}» Where dy and G
are the measurement noise and the thresholds, respectively.

Set the unknown parameters M = 1 x 103 kg and CpS =
1 x 1072 kg/m. The thrust P, and the speed v follow the
uniform distributions of the intervals [1 x 1073, 2 x 1073] and
[1 x 103, 3 x 10?], respectively. The measurement noise follows
N(0, 2% x 10~'2), and the thresholds are [C;, 3, C3] = [—3, 0, 3].
To avoid round-off error caused by the computer, we multiply
(78) by 10° and set

x 103

; & [1}‘1) |:Pk><103:|
= = _ , Pk = _ .
—% x 1012 0.5 v} x 1078

And the prior information is 6 € 2 = [0, 2] x [—2, 0].

In this example, we compare the efficiency of the IBID algo-
rithm with other algorithms (including the WQNP algorithm with
[o1 ks 02 ks O3k, @4 ks k] = [—5,0,5,10,0.5] and the recursive
projection (RP) algorithm in Tan et al. (2021) with 8; = B, =
B3 50). Here we repeat the simulation 500 times under the
same initial values 190 = [2,0]" and Po = Py = 3I, to establish
the empirical variance of estimation errors representing the mean
square errors.

From Figs. 1-3, it can be seen that the IBID algorithm performs
better than the RP algorithm in Tan et al. (2021) and the WQNP
algorithm, even if the convergence rate of the other two algo-
rithms can also reach O () under the appropriate weight design.
Moreover, the covariance of the IBID algorithm tends to the CR
lower bound, which shows its asymptotical efficiency.

7. Concluding remarks

This paper focuses on how to design an optimal identifica-
tion algorithm under quantized observations. First, a weighted
Quasi-Newton type projection algorithm is proposed to identify
dynamical systems with quantized observations under bounded
persistent excitations. Then, based on the adaptive design on the
weight coefficients of the WQNP algorithm via the structure of
CR lower bound, an IBID algorithm is constructed. And the mean
square convergence rate of the algorithm can reach the recip-
rocal of the number of observations. Moreover, the asymptotic
efficiency of the IBID algorithm is established, which means its
optimality.
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Logarithm
8 T T T T
= = = log(MSE) of IBID algorithm
6 - -+ log(MSE) of WQNP algorithm | |
—====log(MSE) of RP algorithm
4+ -log(k)+8 1
-log(k)-2
s J

log(MSE)

Time, log(k)

Fig. 2. Convergence rate of the IBID algorithm, the WQNP algorithm and the RP
algorithm.

250 :
CR lower bound
= = =—IBID algorithm
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200 B T RP algorithm N

150 \“% |
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2000 3000 4000

Time, k

5000

Fig. 3. Comparison between the empirical variance (kékT 6)) of the IBID algorithm,
the WQNP algorithm, the RP algorithm and the CR lower bound (ktr(Ayg)).

These optimality results lay a foundation for designing appro-
priate communication protocol (threshold choice) and communi-
cation times to achieve the best identification performance under
same communication resources. Correspondingly, future work is
directed at studying sensor threshold selection to achieve opti-
mal utility of communication bandwidth resources in enhancing
identification accuracy.
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