Automatica 91 (2018) 197-207

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

Automatica

automatica

Stability of stochastic functional differential systems using degenerate

Lyapunov functionals and applications”

Check for
updates

Xiaofeng Zong *?, George Yin “*, Le Yi Wang9, Tao Li¢, Ji-Feng Zhang 8

2 School of Automation, China University of Geosciences, Wuhan 430074, China

b Hubei Key Laboratory of Advanced Control and Intelligent Automation for Complex Systems, Wuhan 430074, China

¢ Department of Mathematics, Wayne State University, Detroit, MI 48202, USA

4 Department of Electrical and Computer Engineering, Wayne State University, Detroit, MI 48202, USA
€ Shanghai Key Laboratory of Pure Mathematics and Mathematical Practice, Department of Mathematics, East China Normal University, Shanghai 200241,

China

f Key Laboratory of Systems and Control, Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China
& School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

ARTICLE INFO ABSTRACT

Article history:

Received 23 September 2016

Received in revised form 5 September 2017
Accepted 10 December 2017

Motivated by the seminal work of Dupire (2009) on functional It6 formulas, this work investigates
asymptotic properties of systems represented by stochastic functional differential equations (SFDEs).
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1. Introduction

In his seminal work (Dupire, 2009), Dupire extended the It
formula to a functional setting by using a pathwise functional
derivative. This work has substantially eased the difficulties in
finding solutions for non-Markovian processes due to time delays,
that have defied bona fide operators and functional Itd6 formulas
in the past. The current paper aims to use the newly developed
functional It6 formula to examine stability and related issues of
stochastic functional differential systems.

Many real systems, including population biology, epidemiology,
economics, neural networks, and control of mechanical and electri-
cal systems, inevitably involve delays, leading to delay differential
equations (DDEs) and more general functional differential equa-
tions (FDEs) (Hale & Lunel, 1993; Kolmanovskii & Myshkis, 1999;
Luo, Gong, & Jia, 2017). Some of their important properties have
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been established (Bejarano & Zheng, 2014; Bresch-Pietri & Krstic,
2014).

Although small delays may occasionally enhance stability in
some systems (Yu, Chen, Cao, & Ren, 2013), delays are typically a
source of instability, poor performance, and difficulty for analysis
and control design. For linear time invariant systems, eigenval-
ues of system matrices may be used to deduce stability (Hale &
Lunel, 1993). More complex functional equations are often treated
by using Lyapunov functional and Razumikhin methods (Hale
& Lunel, 1993; Kolmanovskii & Nosov, 1986). Combined with
stochastic disturbances, delay systems become stochastic delay
differential equations (SDDEs) and stochastic functional differen-
tial equations (SFDEs) (Mao, 1997; Mohammed, 1986), resulting
in the consideration of moment stability, almost sure stability,
and stability in probability. It is extremely difficult to establish
necessary and sufficient conditions of mean square and almost
sure stabilities for SFDEs. At present, Razumikhin methods and
Lyapunov functionals are two main tools for establishing suffi-
cient stability conditions. The stochastic versions of Razumikhin
methods were developed in Jankovi¢, Randjelovi¢, and Jovanovié¢
(2009), Mao (1996), Wu and Hu (2012) and Wu, Yin, and Wang
(2015) for studying moment asymptotic stability. However, unlike
its deterministic counterpart, the stochastic Razumikhin methods
have limited success (Hale & Lunel, 1993; Teel, 1998).
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While sufficient conditions on delay-independent stability of
SFDEs are often obtained by using Lyapunov functions, studies
on delay-dependent stability mainly employ Lyapunov functionals
and linear matrix inequalities (LMIs). Mao (1997) established the
delay-independent pth-moment stability by using Lyapunov func-
tions and obtained the almost sure stability from the moment ex-
ponential stability and a linear growth condition. Huang and Mao
(2009a) studied the mean square exponential stability of neutral
SDDEs by using a Lyapunov functional, and certain stability condi-
tions were given in terms of LMIs. Caraballo, Real, and Taniguchi
(2007) studied the almost sure exponential stability and ultimate
boundedness of solutions for a class of neutral stochastic semi-
linear partial delay differential equations. Rakkiyappan, Balasub-
ramaniam, and Lakshmanan (2008) used Lyapunov functionals to
derive LMI-type stability conditions for uncertain stochastic neural
networks. Gershon, Shaked, and Berman (2007) investigated Hy,
state-feedback control of stochastic delay systems by Lyapunov
functions and LMIs. Shaikhet (2013) introduced different Lyapunov
functionals to examine stochastic stabilities of different SFDEs.
These results were given under specific Lyapunov functionals. A
fundamental stability theory related to Lyapunov functionals has
not been developed.

Regarding delayed feedback stabilization problems of stochas-
tic systems, Verriest and Florchinger (1995) gave delay-
independent conditions on delayed feedback stabilization of linear
SDDEs by Riccati-type equations in which multi-matrices must
be determined. Huang and Mao (2009b) and Mao (2002) ob-
tained delay-dependent exponential stability conditions for linear
SDDEs in terms of LMIs. Karimi (2011) investigated robust mode-
dependent delayed state feedback control for a class of uncertain
delay systems in terms of LMIs.

All of the above references are based on positive definitive
Lyapunov functionals. In this paper, using degenerate Lyapunov
functionals, we develop several fundamental stability theorems,
including moment asymptotic stability, exponential stability, and
almost sure exponential stability. Degenerate Lyapunov function-
als being positive semi-definite were well investigated in Kol-
manovskii and Myshkis (1999) for deterministic neutral FDEs.
Some specific degenerate Lyapunov functionals were also applied
to examine the moment stability of stochastic functional differ-
ential equations with global Lipschitz conditions (Kolmanovskii &
Myshkis, 1999; Kolmanovskii & Shaikhet, 1997; Shaikhet, 2013).
Due to lack of bona fide operators and It6 formulas, whether
degenerate Lyapunov functionals can be used to examine stability
of SFDEs with nonlinear dynamics, nonlinear growth, and non-
Lipschitz coefficients remains an open issue.

This paper fills in the gap. Our results reveal that appropriate
degenerate Lyapunov functionals can be used to simplify stability
analysis and control design. The results are then applied to multi-
agent consentability and consensus problems, which are moti-
vated by highway autonomous vehicles, unmanned aerial vehicles,
team robots, among other applications (Cheng, Hou, & Tan, 2014;
Li, Fu, Xie, & Zhang, 2011; Zong, Li, Yin, Wang, & Zhang, 2017; Zong,
Li, & Zhang, 2017). While nonlinear multi-agent systems have
attracted much attention (Strogatz, 2001; Zhu, Xie, Han, Meng, &
Teo, 2017), stochastic multi-agent consentability and consensus
with nonlinear dynamics, even for the delay-free case, are still
not resolved. The existing LMI-type conditions are not explicit for
consentability. The results of this paper resolve the issue. Assuming
that the nonlinear terms satisfy a Lipschitz condition with un-
certainty, we give sufficient stochastic consentability conditions,
and demonstrate explicitly that the multi-agent consentability de-
pends on the delay in feedback, noise intensities, balanced graphs,
and the Lipschitz constant of the nonlinear dynamics.

The rest of the paper is structured as follows. Section 2 in-
troduces the notation and develops the functional Itd formula

for SFDEs. Section 3 establishes the fundamental degenerate Lya-
punov functional theorem to produce the regularity and moment
boundedness of SFDEs. Section 4 presents asymptotic moment
estimates, moment stability, and almost sure stability based on the
semi-martingale convergence theorem. In particular, mean square
stability and almost sure stability are established for stochastic
systems represented by semi-linear SFDEs. Section 5 applies the
theoretical results to examine stochastic consentability of multi-
agent systems with nonlinear dynamics. Section 6 concludes the
paper with some remarks.

2. Functional It6 formula

We work with the n-dimensional Euclidean space R" equipped
with the Euclidean norm |-|. For a vector or a matrix 4, its transpose
is denoted by AT. For a matrix A, denote its trace norm by |A| =
J/trace(ATA). For a symmetric matrix A with real entries, denote by
Amax(A) and Anmin(A) the largest and smallest eigenvalues, respec-
tively. For two matrices A and B, A ® B denotes their Kronecker
product. Use a v b to denote max{a, b} and a A b to denote
min{a, b}. For t > 0, denote by C([—t, 0]; R") the family of all
R"-valued continuous functions on the interval [—t, 0] with the
norm [l¢llc = supe_q.ol@(t)]. Let D([—7, 0]; R") be the space
of R"-valued functions on [—t, 0] that are right continuous and
have left-hand limits endowed with the Skorokhod topology. The
metricin D([—z, 0]; R")is given by dp(x, y) = inf{e, sup;¢[_, gt —
Mt)l < & and supyc(_ o)|X(t) — Y(A(t))| < & for some A(t) € A},
where A is the space of the continuous increasing functions from
[—1, 0] onto [—1, 0]. Under this metric, D becomes a complete and
separable metric space (Kushner, 1984). We work with (£2, §, P),
a complete probability space with a filtration {§;};>o satisfying
the usual conditions. Let w(t) = (w1(t), wa(t), ..., wa(t))' be a
d-dimensional standard Brownian motion. Consider the following
system given by a stochastic functional differential equation (SFDE)

dy(t) = f(ye, t)dt + g(ye, t)dw(t), (1)

wherey, = {y(t +0):6 € [-7,0]},f : C([—7,0],R") x Ry —
R"and g : C([-7,0],R") x Ry — R™ satisfy the following
condition throughout the paper.

Assumption 2.1 (Local Lipschitz Condition). For eachj > 0, there
exists a constant C; > 0 such that |[f(y, t) — f(@, t)| V [g(¥, t) —
g, ) = Glly —¢dllcforallt > 0and ¢, ¢ € C([—7, 0]; R") with
1¥llc v ligllc <.

We now develop the functional Ité formulation to the semi-
martingale y; determined by (1). For each ¢ € D([—7, 0]; R"),
oi(0) = @(t +60),6 € [—1, 0]. Motivated (Cont & Fournié, 2013;
Dupire, 2009), we define the horizontal extension §¢ of ¢: §¢(0) =
o0 + 68),0 € [—t,—46), and S¢(0) = ¢(0),0 € [-§,0]; and
the vertical perturbation ¢’ of ¢: ¢"(0) = ¢(0),60 € [—7,0),
and ¢¥(0) = ¢(0) + v,v € R", Let {e;,i = 1,...,n} denote the
canonical basis in R". Then for ¢ € D[—t, 0], we define

DV(p,t) = lim 5 s

§—071

ViV(p, t) ={oiV(p,t),i=1,...,n},

V(ghi.0)-V(p.t)
h

0;iV(p, t) == limy_o and

VuV(p, t) ={0i;V(p, t),i,j=1,...,n},

. V(e 1) —3;V(p, .
0ijV(ip, t) = hthOM, where the limits are as-
sumed to exist. We use ¢>!(D([—t, 0]; R") xR, ; R) to denote the
class of functions that have continuous derivatives up to the second
order w.r.t. x and continuous derivative w.r.t. t.
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Remark 2.1. If V(g, t) = U(¢(0), t), where U € C>(R" x R; R),
then DV(p,t) = 2U(¢(0),t), ViV(p,t) = ZU(p(0),t), and
VaV(p.t) = 25U(p(0). ). 1 V(g 0) = [°,1p(6)” db, then
DV(p, t) = |p(0)]*> — |p(—1)|? and V,V(g, t) = 0. Then we obtain
the following functional Itd formula, whose proofis outlined in the
Appendix.

Theorem 2.1. Let y(t) be a continuous semi-martingale with finite
quadratic variation [y](t). Then the functional Ito formula holds for
V e c>1(D([—7,0]; R") x Ry; R),

t

Ve, £) = V(yo, 0)+ f DV(ys. s)ds + / VAV (s, S)dy(s)
0 0

+ / S race(ViuV (35, VIS @)
0

Assume that SFDE (1) has a unique solution. Then based on the
functional Itd formula, we have

t
V(ye, t) = V(YS,S)+f £V (yu, u)du
S

+ / YV (s 0. (), 3)

where the operator £ is defined by £V(¢,t) = DV(gp,t)
+ViV(p, t)f (@, t) + 3trace[g’ (¢, t)ViV(p, t)g(p, t)]. We as-
sumed the existence and uniqueness above, which will be guar-
anteed by Theorems in Sections 3 and 4.

Remark 2.2. The functional It6 formula of Cont and Fournié (2013)
and Dupire (2009) for the path-dependent stochastic systems en-
larges the domains applicable for the Itd formula. In this paper, the
new functional It6 formula (3) allows a constructive asymptotic
analysis of SFDEs, provides a procedure to compute £V for general
functional V(¢), and forms the foundation of the fundamental
stability criteria (Theorems 4.1-4.3 below) which also weakens the
stability conditions in Kolmanovskii and Myshkis (1999, Theorem
2.1, p. 389) (see Remark 4.2). It is well known that for stochastic
systems without delay, Lyapunov function play an important role
in stability analysis, where conditions on £V for the function
V(x) under the classical It6 formula are required (see Mao, 1997).
However, for the general functional V(¢), the classical Itd formula
cannot be used to compute £V and the fundamental Lyapunov
functional method based on £V cannot be established under the
classical It6 formula.

3. Regularity and moment boundedness

Theorem 3.1. Assume that there exist a functional V e c¢>(D
([—7,0]; R") x Ry; Ry), three functions Uy, Uy, Us : R" — Ry,
n(t) > 0 with fot n(s)ds < oo forany t € R, and some constants
o >¢c1>0,p>0a>p8>0 A€ Rsuch that

(1) ol —c1 [2, lp(s)Pduals) < V(g, 0);
)
() eV(p,t) < nt) — Us(e(0)) + [, Us(g(s))dua(s) —aUs
0
(9(0) + B /., Us(g(s))dps(s);
() Uy(x) — Uqy(x) < —Alx|P, forall x € R",
where {pL,-}?z1 are probability measures defined on [—t, 0]. Then
SFDE (1) admits a unique global solution for any initial data yo €
C([—z, 0]; R™). Especially, if fooo n(s)ds < oo and A > O, then the
solution to SFDE (1) is bounded in the sense of pth moment, that is,
supg-oEly(s)I” < oo.

Remark 3.1. The conditions in Theorem 3.1 extend the classical
Lyapunov theory for stochastic systems without delay. In fact, if

T =0, {ui}?zl become the Dirac measure §y and the functional
V(p, t) is a certain function V(x, t), then condition (I) reduces to
(co—c1)|x|P < V(x, t), which is frequently used in moment stability
analysis, and which justifies the requirement ¢y > c;. In the non-
delay case, conditions (II) and (III) become £V (x, t) < n(t) — A|x|?,
which is a classical condition in the Lyapunov asymptotic analysis
of stochastic systems (Mao, 1997). Intuitively, conditions (II)-(III)
imply that the functional can grow since A can be negative. But
condition (I) is added to avoid exploding in finite time. In fact, if
n(t) = 0, the growth rate is no more than the exponential rate, see
(9) below. However, if A > 0, then conditions (II)-(IIl) imply that
the functional cannot grow forever. In fact, if 5(t) = 0, the overall
solution tends to be bounded. Such conditions are often required
for Lyapunov function stability of SFDEs (see Luo, Mao, & Shen,
2006; Song & Shen, 2013). Hence, the lower bound condition (I) is
not required if A > 0 and f0°° n(t)dt < oo. More details will be
given in Theorem 3.2.

Also, we require V(-, t) > 0, but not cg|p(0)|” — c; ffr lp(s)P
duq(s) > 0. For the case du(s) = ds, 7 = 1, ¢(s) = (2 + s)7 /2,
o = 0.11and ¢; = 0.1, colg(O)P — ¢1 f°. |¢(s)[Pdpe1(s) < O. This
differs from the classical Lyapunov functionals where cy|¢(0)[” <
V(e, t) is required (Huang & Mao, 2009b). Hence, the functional
in this paper is a degenerate Lyapunov functional. Sections 4.2 and
4.3 give some specific examples of Lyapunov functionals for the
stability analysis.

Proof. For any given initial data yo € C([—7,0],R"), by
Assumption 2.1, there exists a unique maximal local strong so-
lution y(t) to (1) on t € [—t, pe), Where p, is the explosion
time (Mao, 1997). To prove that this solution is global, we need
only show that p. = oo a.s. Define the stopping time p, = inf{t €
[0, pe) : |y(t)] = k}. Clearly, py is increasing as k — oo and
Pk = Poo < Te as.If we can show p,, = oo as,, then 7, = oo,
which implies that the solution y(t) is actually global. Let V¥(t) :=
EV(Yeap> £ A o). By the generalized It6 formula (3) and condition
(I1), we obtain that for any k > 0and t > 0,

tApk
7H(t) = EV(yo, 0) + E / Vs, s)ds
0

IA

tA Pk 0
EV(y0.0) + E / / Us(y(s + 6))dua(8)ds
AP ’ - tApK
_E / Us(y(s))ds — o / Us(y(s))ds
0 0

tApPK 0 t
+ ﬂIE/ / Us(y(s + 6))dus(0)ds + / n(s)ds. (4)
0 -7 0

By the Fubini theorem, we get that fori = 2, 3,

tAp 0
E / f Uiy(s + 0)dus(0)ds
° 07.[ tAPK
_E f Uy(s + 0))dsdpui(0)
-1 J0
0

EApE
< / EUL(y(s))ds + E / Ui(y(s))ds. (5)
—T 0

Note that « > B and U,(x) — U;(x) < —A|x|". Hence, substituting
the inequalities above into (4) yields

0 0

Us(y(8))d6 + BE / Us(y(0))d6

-7 -7

7K(t) < EV(y, 0) + E /
t t

(= v OE f ¥(s A plPds + / n(s)ds
0 0

<+ / NS)S)Cr + (=1 v O)E / s A pPds,  (6)
0 0
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where C; = 1 + EV(yo, r(0)) + Ef U, (¥(0))do —|—,8Ef Us
(y(6))d6. By condition (I), we have that for anys > 0,

sup  Ely(u A pr)lP

uels—r,s]

Vi) + ¢ sup Ely(u A p)lP. 7)

ue[—1,s]

COEIY(s A )P < VES) + ¢

IA

Note that p, > 0. Then we get

sup Ely(s A p)lP < C(yo) + sup Ely(s A pi)l?

se[—r,t] se[0,t]

_ 1 _
< Clyo) + — sup V)
Co se[o,t]

C1
+— sup Ely(s A pi)l, (8)
Co se[—1,t]

which together with c; < co gives sups_, qEIY(s A p)IP <
vk —
©_C(yp) + 2L where C(yp) = Supse;—r o ELY(S)". Sub-

01 c0—¢1

stltutmg the 1nequallty above into (6) yields E|y(t A pk)|p <1+
fo $)ds)C, + C3 fo Ely(s A px)Pds, where C, = e COC(yo) +
(1), C3 = =2Y% Applying the Gronwall inequality produces

Co—C1

Bt A ool < (14 / N(S)s)Cy
0

t N
e / eS=9(1 + / n(u)du)ds
0 0

<(1+ f H(S)s)C2e%st = Ca(t). )
0

Note that E[y(t A p)” > EIlY(t A p)P1ip=0] = KP{pe < t}.
Hence, kPP{p, < t} < C4(t). Then, for any t > 0, limy_, .o.P{ox <
t} = 0, which together with the arbitrariness of t implies
Poo = 00 a.s. Therefore, the solution y(t) is global. Especially, if
[O s)ds < oo and A > 0, then we can see that (9) is still true
w1th C3 = 0. Hence, we get from (9) that for any t > 0, E|y(t)”
- ]E[limk—>oo|y(tApk)|p] = liminfkeooEW(t/\pkNp = (1 +

fo s)ds)C,, where we used Fatou’s lemma and py, = co. O

Theorem 3.2. Assume that there exist a functional V. e ¢>!
(D([—7,0]; R") x Ry ; Ry), three functions Uy, U, U : R" — Ry,
and two nonnegative constants « > B > 0 such that conditions (1I)-
(1) hold with fo t)dt < oo and A > 0. Then SFDE (1) admits
a unique global solutlon for any initial data y, € C([—t, 0]; R").
Moreover, the solution to SFDE (1) is bounded in the sense of pth
moment.

Proof. Note that @ > 8 and U,(x) —
substituting (5) in (4) yields

Uq(x) < —Alx|P, A > 0.Then,

0

t
VH(E) < EV(yo, 0) + / EUs(y(0))d6 + / n(s)ds
0

-7

0 t
18 [ EU(O)d6 — 2 f Ely(s A pi)Pds. (10)
-7 0

Hence, for any t > 0, Afo IE|yS/\pk)|pdS < G5 + [y n(s)ds,
where s = EV(yp,0) + E f Us(y(0))d0 + BE f Us(y ))d9
This also implies E|y(s A p¢)|P < Cg for certain Cg > 0. Then, we
use similar methods as above to prove that p,, = oo a.s. Therefore,
the solution y(t) is global. Similarly to the proof of Theorem 3.1, we
obtain the moment boundedness of the solution by using Fatou’s
lemma. O

4. Asymptotic analysis and stability
4.1. Asymptotic analysis of nonlinear SFDEs

Theorem 4.1. Assume that there exist a functional V. e c*!
(D([—7, 0]; R™) x Ry; Ry), three functions Uy, Uy, Us : R" — R,
n(t) > 0 and some nonnegative constants cy > ¢1, C2¢3 # 0, @ > B,
such that
0
(1) cole(0)P — c1 [7, lp(s)Pdua(s) < Vip.t) < cle(0) +
0

c3 [, lp(s)Pdpea(s);
() £v(e, t) =n(t)-U

,Bf Us(e(s))dus(s )
(1) Uz(x) - U1( ) < 0 and there exists a yy > 0 such that

Yo(Ca + c3€707)|x|P — Uy(x) +e"°"Uy(x) < 0 forallx € R",
where {m};‘z1 are probability measures defined on [—t, 0]. Then the
unique global solution to SFDE (1) satisfies

(@) lim oo ElY(t)]P < s if n(t) < no foranyt > 0;

y(co—cqe??) N
im;_ o Ely =07y Im, fge 7" nls)ds =0;
(b) li )P =0if li o e 7 y(s)ds = 0
c) E|y(t)]” < Ce 7 forsomeC > 01 e’tn(t)dt < oo,
(c) Ely(6)lP < Ce™" fi C>0if [y~ e n(t)d

=YAVIAY2, V1 = %log(%), Yy = %log(%‘:),

0N+ /2. Un(g(s))dpa(s) —aUs(¢(0))+

wherey € (0, y*), y*
Proof. Note that U,(x) — U;(x) < 0 implies Uy(x) — Uy(x) < |A] |x/P.
Then, condition (II) holds. Based on Theorem 3.1, the solution is

regular. Letting Z¥(t) = e”“"*IV(y;,,, t A px) and applying Itd’s
formula (2), we obtain that

tApK
Z4t) = V(yo, 0) + / € AV (s, $)g (s, S)du(s)
0

tAPK
+ f eV [y V(ys, s) + £V(ys, s)lds
0

IA

APk
V{30, 0) + f e AV (s, $)a (s, S)du(s)
EAPE ’ EAPK
+ f e”*n(s)ds + c2y / e”*|y(s)IPds
0 0
tAPK 0
oy / e / Yt + )P dpau)ds
0 _
AP ! AP
—w / &7 Us(y(s))ds — / &7 Uy(y(s))ds
0 0

tApPK 0
L8 / e f Us(y(u + s))dps(u)ds
0 -7

tAp, 0
+ f ‘ e’’ / U (y(u + s))duo(u)ds. (11)
0 —T

Note that fori = 2,3,4,and h : R" — R, by interchanging the
order of integration,

t 0
f e / hy(u + $))di(u)ds
0 —T

0 t
<ert f e’ h(y(s))ds + e’* f e’ h(y(s))ds. (12)
—T 0

Substituting (12) into (11), we get

EApK
EZX(t) < C7(y)—HE/ e’ n(s)ds
’ tApK
+(c2 + c3e’7)yE / e”*y(s)|Pds
f/\oﬁk
(B — a)E / e Us(y(s))ds
0

EAPE
—Ef e (Ur(y(s)) — e Up(¥(s)))ds, (13)
0
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where G;(y) = E[V(yo,0)] + c3ye’"E fi er*|y(s)[Pds + Be’"E
ffr e?sUs(y(s))ds + e?E ffr e”* Uy(y(s))ds. From o > 8, we know
that Be?” —a < Oforany y < y; = %log(%), Then we get from
(13) thatfory < y1,

t tA
EZ4(t) < Gr(y) + / e n(s)s + E / M ershy.ysnds, (14)
0 0

where h(y, x) = y(c; + c3e?7)|x|P — Uy(x) + ¥ " Uy(x). Hence, from
condition (IlI"), h(y, x) < Oforany y € (0, yo A y1). Lettingk — oo
in (14), we have

t
e EIV(ye, 0] < Gi(v) + / e n(s)ds. (15)
0

Let Y(s) = sup,¢;_, qe”"Ely(u)|P. By condition (I'), we have that for
any s > 0,

coe”’Ely(s)IP < e”°EV(ys,s) +cie”" sup e”"E|y(u)l

uels—r,s]

s)+ c1e?TY(s).

IA

e EV (ys,
Then for any y > 0,

C()Y(f) C()Y(O) + C()Y(t)

coY(0)+ sup e EV(ys, s) + cie?7Y(t). (16)
sel0,t]

.
=

From ¢; < ¢, we know that ¢ — c1e¥™ > Oforany y < y3 =
%log(%’). This together with (15) and (16) implies that for any
y €0, y1 Ay2 Ays)

Y(t) = coY(0) SUPse(0,¢] e”*EV(ys, s)
- et Co — c1ev7
1 t
el O (a7)
Co — Cc1er?
where Cg(y) = W(COY(O) + C;(y)). Therefore, for any t > 0,

e"'Ely(t)P < G(y) + Wfo er*n(s)ds. That is, Ely(t)|P <

L o=y (t=8) ().
Caly Yo 4 I

T Then the desired assertions can be easily
obtained. O

Remark 4.1. Note that lim;_, o fot e~ 7=y (s)ds = 0 is guaranteed
by n € L'([0, 00); Ry ) or 5 is continuous and satisfies lim;_, o 7(t)
= 0. In fact, if n is continuous and satisfies lim;_,,n(t) = 0,
we use L'Hépital’s rule to deduce lim;_, fg e 7=p(s)ds =

YSn(s)d .
foernots _ = Llim_ oo1(t) = 0.

lim;_, o
Theorem 4.2. Assume that there exist a functional V e c¢>'(D
([—7,0]; R") x Ry; Ry), three functions Uy, Uy, Us : R" — Ry,
n(t) > 0 and some nonnegative constants c,c3 # 0, ¢4, ¢ > B,
A > 0, such that condition (II), and the following conditions hold,

(1) V(g,t) < clpO)° +cs [°, g(s)Pduas);

(") 0 < Uy(x) < cy|x|P, Up(x) — Uqy(x) < —Alx|P, forall x € R",
where {,u,} -, are probability measures defined on [—, 0]. Then the
unique global solution to SFDE (1) satisfies E|y(t)|P < Ce™"! for
certain C > 01if [~ e’'n(t)dt < oo, wherey € (0, y*), y* = yo A
YLy = llog( ), Yo is the root of y(cy4-c3e’™)—A+cy(e?*—1) = 0.

Proof. Note thatf e’tn(t)dt < oo 1mp11esf n(t)dt < oo, and
condition (III”) implies condltlon (II). Then Theorem 3.2 enables
us to conclude that the solution is regular.

By o > B, we have e’ —a < Oforany y < y; := %log(%).
Note also that condition (III") implies U;(y(s)) — e’"U,(¥(s)) >
AP — cq(e¥™ — 1)|x|P. Then we get from (13) that for y < y4,

EZ4(t) < Go(y) + / e n(s)ds + h(y )E / " erysrds, (18)
0 0

where

h(y)=y(c; +c3e’") —

Note that h(0) = —X and h(y) > O for y satisfying y(c; +
c3e?’") — A > 0. In addition, h'(y) > 0 for any y > 0.
Then, there exists a unique root y, such that h(y,) = 0. Hence,
h(y) < Oforany y € (0,y1 A y2). Therefore we have from
(18) that —h(y)E [, " e"*|y(s)Pds < Ci(y) + [, eVS s)ds. By
Fatou's lemma, letting k — oo, for any t > 0, f evs
Ely(s)|Pds < C5(y +f0 e’sn(s)ds < oo, which 1mp11es the desired
assertion. O

A+ cq(e?" —1). (19)

Remark 4.2. Theorem 2.1 in Kolmanovskii and Myshkis (1999,
p. 389) asserts that if the coefficients f, g satisfy the global Lipschitz
condition and there exist C;, C;, C3 > 0 such that

(i) GEI(D)* < EV(y:, t) < Gsup_,oEly(t + )2,
(i) E(V(y:, t) = V(ys,$) < —C3 [0 Ely(u)*du forany t > s > 0,

then the solution is mean square asymptotically stable. Our sta-
bility results in Theorems 4.1 and 4.2 improve Theorem 2.1
in Kolmanovskii and Myshkis (1999) in the following four points:
(1) Theorems 4.1 and 4.2 do not require the coefficients to be
globally Lipschitz. (2) There is no requirement on the positive def-
initeness of V(y;, t). (3) Our results can produce the mean square
exponential stability. (4) Condition (II) is broader than condition
(ii) above since condition (II) can deal with the case with additive
noises.

Theorems 4.1 and 4.2(c) present a pth moment exponential
stability criterion. It is known in Mao (1997) that pth moment
exponential stability implies almost sure exponential stability of
SFDEs with multiplicative noises under the assumption that f, g
satisfy a linear growth condition, that is, there exists a constant
¢s > 0 such that for any ¢ € C([—t, 0]; R"),

0
0. O g OF = cs [ 1p(s)Pdus(s), (20)
-7
where t5(s) is a probability measure on [—t, 0]. Without the linear
growth assumption, we can use the semi-martingale convergence
theorem (Mao, 1997, p. 14) to examine the almost sure exponen-
tial stability of SFDEs with additive noise. To proceed, we give the
almost sure stability analysis.

Theorem 4.3. Assume that there exist a functional V. e c>!
(D([—7, 0]; R") x Ry; R™), three functions Uy, U, U3 : R" — R,
and some nonnegative constants c;¢c3 # 0, ¢4, ¢ > 8, 1 > 0such that
conditions (1"), (I), and (Il"” ) hold. If f e’tn(t)dt < oo, then SFDE
(1) admits a unique global solution and the solutlon satisfies that for
any initial data yo € C([—t, 0]; R"), lim sup % log|y(t)] < %, as.,
where y € (0, y*) is defined in Theorem 4.2.

Proof. For y > 0, let Z(t) = e”'V(y;, t). Applying the functional
1t6 formula to e”*V(y,, t) and using (II) yield

2(t) < V(yo, 0+ /0 e s)ds — a /0 U s)ds
+oy / e lysPds - / U + M(0)
+63y/ e”fﬂ (u + s)|Pdug(u)ds
+p /0 e f_ Uity +))ds ()

t 0
+/ e”/ Up(y(u + s))dpo(u)ds, (21)
0 -7
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where M(t) = fot e VS ALV (ys, 5)g(ys, s)dw(s). Substituting (12)
into (21), we get that

Z(t) < Go(y)+ (Be'* —a)/ e’ Us(y(s))ds + M(t)
0

t t
+hiy) / ely(s)Pds + / e n(s)ds, (22)
0

where Co(y) = V(¥0,0) + c3ye’”® f,, ly(s)IPds + e’* fi Uz
(y(s))ds + Be'* fi Us(y(s))ds, and h(-) is defined by (19). Let y €
(0, y*), then h(y) < 0. Moreover, we have from (22) that

t
— 1) [ eopds < Vo), (23)
0
where Y(t) = G(y) + (Be’™ — oz)fot e Us(y(s))ds + M(t)
+f0t e”*n(s)ds > 0. Note that Be?™ —a < 0, A(t) := fot e’sn(s)ds
and Ay(t) = (¢ — ﬁe”)fot e”*Us(y(s))ds are increasing. Then,
fooo e”*n(s)ds < oo and the semi-martingale convergence theo-
rem (Mao, 1997, p. 14) yield lim,_, Y (t) < o0, a.s. This together

with (23) implies f0°° e”*|y(s)|Pds < oo, a.s. Therefore, the desired
assertion follows. 0O

Note that the conditions of almost sure exponential stability
in Theorem 4.3 are the same as that of pth moment exponential
stability in Theorem 4.1. A natural question is: Can we obtain the
almost sure asymptotic stability under the conditions for the pth
moment asymptotic stability in Theorem 4.1? The following simple
equation without delay shows that this may be impossible.

dy(t) = —y(t)dt + o(t)dw(t). (24)

It is easy to see that lim;_, . E|y(t)|? = 0 if and only if
t

lim [ e o(s)*ds = 0. (25)
t—o00 0

From (Appleby, Cheng, & Rodkina, 2011), we know that
limy— o0 |Y(t)| = 0 a.s. if lim;_, oo (t)? logt = 0, and only if

liminfo(t)?logt = 0. (26)
t—o00

Hence, if we choose o(t) = «/W for t > 1, then (25) holds

(L'Hépital’s rule), and lim,_, o E[y(t)|*> = 0. But (26) is defied, and
then P{lim;_, . |y(t)| = 0} < 1.

Remark 4.3. In the above, we developed degenerate Lyapunov
functionals to investigate the asymptotic behaviors of SFDEs. The
conditions (I”) and (II) is required to hold forall ¢ € ¢>!(D([—, 0];
R") x Ry; Ry). Actually, in many complex networked systems,
we only require these conditions to be true on the solution path.
Moreover, based on the solution paths, the structure properties of
the complex systems might be helpful for the asymptotic analysis
(see the multi-agent application in the subsequent section).

4.2. Stochastic stability of semi-linear SFDEs

Consider the following semi-linear SFDE,

d d
=[)_ Ayt — 1)+ fe, Oldt + Y gi(ye, dwi(t),  (27)
i=0 i=1
where y, = {y(t +0) : 0 € [-7,0]}, A € R™ t > 0,
0=1 <71 <--- < 14aredelays, f and g; satisfy the following
linear growth condition.

Assumption 4.1. For each positive definite matrix P there exist
matrices Dijp > 0 and Dyp > 0 such that for all t > 0 and

Aip(s)ds+qri [° o(s)"

¢ € C([—r7, 0], R"),
0

. OPF(p, ) = ¢ / o7 (5)D1p(s)FI(S),

T

Zgl 0, OPg (g, 1) = / o (SID2pg(SAA(s),

where q > 0, i1(s) is a probability measure on [—7, 0].

The delay-independent and delay-dependent stability has been
discussed in the important works (Kolmanovskii & Myshkis, 1999;
Kolmanovskii & Shaikhet, 1997, 1998; Kovalev, Kolmanovskii, &
Shaikhet, 1998) for linear systems. In this section, we consider the
delay-dependent stability for semi- lmear systems, where without
loss of generality, we assume that 3"\_(A; is Hurwitz if and only if
I = d, which is consistent with Theorem 5.3 in Kolmanovskii and
Myshkis (1999) with myg = m.

Theorem 4.4. Suppose that Assumption 4.1 holds. Let A = Z?:oAi'
Then stochastic system (27) is mean square and almost surely expo-
nentially stable if there exists a matrix P > 0 such that

d d
S:=AP+PA+ > wA'PA+(1+4q)) AlPAT
i=1 i=1
d

+aP +q(1+ ) w)Dip + Dzp <0, (28)

i=1
Proof. Let P be fixed. Define
V(p, t) = Vi(g) + Va(@), ¢ € C([—14, 0; R”) (29)

with Vi(g) = (9(0) + Y1, /7, Aip(s)ds) P(p(0) + L, [°, A

(s)ds) and Vz( ) =(14+g¢ Zz:] f—rifs o7 ( AITPA,ga( )d9ds. It
is easy to see that condition (I”) holds. It can be deduced that
£Vi(gp, t) has the following form

LVi(g, t) = ¢"(0)[ATP + PAlp(0)

d

+2¢"(0Pf (g, )+ Y_ &/ (¢, t)Peilp, )
i=1

Pf(qo t).

By the elementary inequality Xy + y'x < xTox + y'07ly,
for any positive definite matrix 0 € R"™", e > 0, and
x,y € R™ we get 2¢T(0)AT PA; fi)r,- @(s)ds < 10T (0)ATPAp(0) +

0
o, @1 (S)ATPAip(s)ds, 2¢7(0) Pf(p.t) < q¢'(0)Pe(0) + q [,

T
o (D1rg(s)df(s) and 2(f°, Ag(s)ds) Pilp. t) < q [, ¢ (TP

D1pe(s)dia(s). Assume q > 0.Otherwise, the
last two inequalities above vanish and the following estimations
hold still. Then we get

0
V(9. ©) < ¢7(0)510(0) + / o (5)Dap(s)i(s)

-7

1430 / TS)Dip()s)
i=1

+(1+9))

i=1 Y7

aQ

0
¢ (s)AT PAig(s)ds
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where S; = ATP 4+ PA + Y0 r,ATPA + gP. By the definition of
Va(g), we have £V(p, t) = (1+ )Y 1 7i¢" (0)AT PAip(0) — (1 +
q)Zf:] / ET_ @"(0)AT PAip(0)d6. This together with the estimations
of £V1(p, t) gives

0

LV(g. t) < ¢'(0)S29(0) +/ @' ()Hpg(s)dfu(s), (30)
-7

where S, = ATP & PA+ YL TATPA + (1 + )Y ATPAT; + gP,
Hp = q(1 + Z 17)D1p + Dop. Note that condition (28) implies
S=S,+Hp < 0. Then conditions (II) and (I11") hold with ¢4, = |Hp]|,
p = 2and A = —Xinax(S). By Theorems 4.2 and 4.3, we know
that the trivial solution to (27) is mean square and almost surely
exponentially stable. O

If the nonlinear drift term f(¢,t) = 0 (g = 0), we have the
following simple stability criterion.

Corollary 4.5. Suppose that Assumption 4.1 hold with q = 0. Then
stochastic system (27) is mean square and almost surely exponentially
stable if there exists a positive definite matrix P such that

d d

ATP + PA + Z TA'PA + ZA{PA,-T,- + Dyp < 0. (31)
i=1 i=1

Remark 4.4. If the delays vanish (r; = 0,i = 1,...,d), then

Corollary 4.5 is consistent with stability criterion of the delay-free
linear SDE; see (Rami & Zhou, 2000). Note that conditions (28) (or
(31)) implies that matrix A is Hurwitz. When AT +A is still Hurwitz,
we can choose P = I, in condition (28) (or (31)) to obtaln the
exponentlal stablllty criterion, That is, if A" + A + Y0 1;ATA +
(_1 + @Z,:]ATA iTi ‘_i‘ ql, + q(1 + Zz 1Ti D1In + Dy, < O, (or
AT + A+ ZLQATA + Z;i:lA;rA 7 + Dy, < 0), then the trivial
solution to (27) is mean square and almost surely exponentially
stable.

Theorem 4.4 and Corollary 4.5 improve the linear mean
square asymptotic stability in the previous works (Kolmanovskii
& Myshkis, 1999; Kolmanovskii & Shaikhet, 1997, 1998; Kovalev et
al., 1998) not only in considering the nonlinear terms, but also in
that condition like Z?zl |lAillti < 1in Kolmanovskii and Myshkis
(1999), Kolmanovskii and Shaikhet (1997, 1998) and Kovalev et
al. (1998) is not required and the mean square and almost sure
exponential stabilities are obtained. Here, we take the linear case

dy(t) = [Aoy(t) + Ary(t — 71)]dt + Cy(t)dw(t) (32)

for example and show that the condition ||A{]jt; < 1 required
in Kolmanovskii and Myshkis (1999) and Kolmanovskii and
Shaikhet (1997) is unnecessary. Consider 7; = 0.01,

A0201’A1:0 0’:00.
0 0 —-110 -3.3 0 0.1

It is easy to see that ||A{]|zy > 1 for any norm || - ||. But for P =

1220'312 >2) . one obtains A”P+PA-+(ATPA+ATPA; )1 +CTPC < 0.

Hence, Corollary 4.5 yields that the linear system (32) is still mean
square and a.s. exponentially stable even if ||A;||t; > 1.

4.3. Non-global Lipschitz case

We consider the following scalar SDDE with non-global Lips-
chitz coefficients,

dy(t) = [—ay(t — 7) — By*(t)ldt
+ 012t — T)dwi(t) + o2y(t — T)dws(t), (33)

where 7,7 > 0,2& > o2 > 0,28 > o > 0. The following
theorem can be considered as delay-dominated stability criterion.

Theorem 4.6. For any given T > 0, the trivial solution to (33) is mean
square and almost surely exponentially stable if

26°t < 2@ — o3, afr? < 2B — o} (34)
Proof. Choose the degenerate Lyapunov functional
0

Vig) = 19(0) — & f o(s)dsP. (35)

T

We obtain £V (g, t) = —25{|g0(0)|2—2;§|(p(0)|4+2&2(p(0)fff o(s)ds
+ 02lo(—T)2 + 2ape(0) [°_ ¢(s)ds + o I(p( )|, By the ele-
mentary inequality a™b" < m’_’; m+” + - bm+” a,b > 0, and
the Hoélder inequality, we have 2a%¢(0 f_z @(s)ds < @%t|p(0)]> +

zf l¢(s)|*ds and

0
o(0)? /

Hence, we get

0

pl5)is = P lp(O)* + 47 / o(s)]ds.
Ve, 1) < (28 — &0)0(0) + oZlg(—7)

0 _ 3 _
+a / (p(s)ds — (2B > aBlip(O)*

T

1_ (° _
+5apt / le(s)I*ds + o7 lp(=T)I*. (36)
-7
o2ds_z(0)+&Ztdin(f) -
Let dua(9) = “ETEETHD di0) = Hic(0)d6, and
2
dus(0) = ofdd e (O)+aB T2 dp(0)/2 , Where §_z(0) is Dirac measure

o] +aﬂt2/2
on [—(T V t),0]. Then, u,, u3 are the probability measures on
[—(7 Vv 1), 0]. Therefore, we get
0

Vg, t) < —r1l@(0)2 + 1 / PO

—(Tvr)
0

g0 + 1 / 1o() *dass), (37)

—(tvrT)

wherer; = 2a —a%t,r, = o7 +a*t,r3 =2B—31%aB, s =0} +
1@ B7?. Note that condition (34) implies ry > r5, 13 > r4. Then, by
Theorems 4.1 and 4.3, we obtain the desired assertions. O

Remark 4.5. The degenerate Lyapunov functionals (29) and (35)
also satisfy condltlon (I). We take (35) as example. In fact, by the
inequality |x — y|> < (1 +&)(|x|*> + 1 |y|2), & > 0, we have

0 0
(100 -a [ gt + 1@ |
s (38)
T

14+¢_ 0 ds
701212/ le(s)I?
& —T

Let g = i, 1 = 2&’t% and dus(s) = % is a probability
measure on [—t, 0]. Note that @*t?> < 1 (condition (34)), then
there must exist a ¢ > 0 such that ¢ > c;. That is, condition (I)

holds. Similarly, we can prove (29) to satisfy condition (I).

() < (1+ o(s)dsl?)

= (1+e)V(p)+

Remark 4.6. Basin and Rodkina (2008) applied a degenerate Lya-
punov functional to study the almost sure asymptotic stability of
a scalar SDDEs with linear growth coefficients. Using our methods,
we can show that not only the scalar SDDEs in Basin and Rodkina
(2008) is almost surely asymptotically stable, but also mean square
asymptotically stable.

We have investigated the asymptotic stability and exponential
stability of SFDEs. This is different the L?-stability of the random
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differential equations in Diblk, Dzhalladova, and RuZickova (2012).
In fact, [?-stability cannot yield the asymptotic stability and expo-
nential stability. But our exponential stability can yield L? stability.

5. Applications to multi-agent systems with nonlinear dynam-
ics and noises

In this section, we apply our main findings to multi-agent
systems with distributed random delays and establish conver-
gence and consentability of such systems that are difficult to treat
when multiple or distributed delays are encountered. Wireless
communication systems are essential part of networked systems
and introduce significant impact on control design and system
performance. In Xu, Wang, Yin, and Zhang (2014), coordinated con-
trol and communication design was studied in which TCP-based
(Transmission Control Protocol) communication protocols were
employed. The main consequence of the TCP channel uncertainties
is random signal transmission delays.

Inter-vehicle communications use wireless networks and
are subject to signal fading, delays in each hub’s queues,
re-transmission, scheduling policies in interference avoidance
strategies, resulting in combined latency which is random, time
varying, unpredictable, and distributed (Neely & Modiano, 2005).
In our recent paper (Wang, Syed, Yin, Pandya, & Zhang, 2014), a
weighted and constrained consensus control method was intro-
duced to achieve platoon formation and robustness against com-
munication channel uncertainties. However, distributed random
delays could not be treated. Applying the new results of this paper,
convergence to a desired platoon formation can now be achieved
under more realistic communication latency conditions.

To proceed, we study consentability of nonlinear multi-agent
systems consisting of N agents. Each agent is modeled by a dynamic
system

yilt) = fyi(t), yi(t — 7)., ) +u(t), i=1,....N (39)

where y;(t) € R" is the state of the ith agent, t is a delay, u =
[ug, ..., un]T is the control to be designed, f : R" x R" x R, > R"
is a nonlinear function satisfying the following assumption.

Assumption 5.1. f(0,0,t) = 0 and there exists a positive con-
stant g (Lipschitz constant) such that for all x, y, X, y, |f(x,y,t) —
fy, 0Ol < q(lx — X + |y — y).

The information flow structures among different agents
are modeled as a directed graph ¢ = {V, €&, A}, where
v = {1,2,..., N} is the set of nodes with i representing the ith
agent, £ denotes the set of directed edges and A = [a;]eRVN
is the adjacency matrix of G with element a; = 1 or 0 indicating
whether or not there is an information flow from agent j to agent
i directly. Also, N; denotes the set of the node i's neighbors, that is,
forj € N;, a; = 1, and deg; = ZJ 1a;; is called the degree of i.
The Laplacian matrix of G is defined as £ = D — A, where D =
diag(deg;, ..., degy). Itis obvious that £ admits a zero elgenvalue
denoted by A,. If the digraph ¢ is balanced, then £ = £ £EE s
the Laplacian matrix of the mirror digraph G of ¢ (Olfati-Saber &
Murray, 2004).

Consider the control

u(t) =K ) zi(t), (40)
JeN;

where the control gain K € R™" is symmetric, z;(t) = y;j(t — 1) —

Yi(t — 1)+ g;i(yj(t — 72) — yi(t — 12))&;i(t) denotes the measurement

of the agentifromits neighbor agentj, r; and t, are delays, &;i(t)isa

scalar independent Gaussian white noise, and gj; : R" — R" is the

noise intensity function. Here, we make the following assumptions.

Assumption 5.2. The noise processes {£i(t) e R,i,j=1,2,...,N}
satisfy fot gi(s)ds = wy(t) for t > 0, where {wj(t),i,j =
1,2, ..., N} are independent Brownian motions.

Assumption 5.3. For each (j, i), gi(0) = 0 and there exists a
positive constant o such that |gj(x) — gi(y)| < olx — y|, for all
X,y € R

For the motivation of the measurement z;(t) above, one can
refer to (Zong, Li, Yin et al. 2017, Zong, Li, & Zhang 2017). We
denote the collection of all admissible distributed protocols by
U = {u(t)|ui(t) given by (40) for all symmetric K,t > 0, and
i=1,...,N

Definition 5.1. The multi-agent systems (39) are said to be mean
square (or almost surely) consentable with respect to (w.r.t.) ¢, if
there exists a protocol u € ¢/ solving the mean square (or almost
sure) consensus, that is, for any initial data ¢ € C([—(t V 11 V
72), 0]; RV and all distinct i,j € V, lim,_, o Elyi(t) — y;(t)|* =
(or lim;, o0 yi(t) — yi(t)] = 0, as.).

Lemma 5.1. For the Laplacian matrix L related to a balanced graph
G, there exists a matrix Q € RN*N=1 guch that the matrix Q =
(fh” Q) € RN*N s orthogonal and
g
_ = 00
Q=[N "], a e = (41)
aT 0L
The proof of lemma can be found in Zong, Li, and Zhang (2018).
We proceed to obtain the following result.

Theorem 5.2. Suppose that Assumptions 5.1, 5.2, and 5.3 hold and
the graph G is balanced. If

N —
4q[1»(L)

then multi-agent systems are mean square and almost sure con-
sentable w.r.t. U. Moreover, the mean square and almost sure con-
sensus can be solved by the protocol (40) with K = kI, satisfying

(£)—/x (g) 4qa(241;) - Ao (L)++/22(L)—4ga(2+11)
ke (kk)k =" T k=2 ot

- - ,
where a = J(£) Y o2 +( +Q)|£|2f1

Lo? 4 (14 QIePrI2 + 1) < 222, (42)

Proof. It is enough to prove that the protocol with k satisfying
k e (k k) can solve the mean square and almost sure con-
sensus. Note that k and k are well-defined since condition (42)
holds. Let y(t) = [yi(t), ..., yp(O)", F(&) = [fT(yi(t), ya(t —
), 0), TN, yn(t — 1), 017, 8(t) = [Uv — Jv) ® LIy(t),
and 8(t) = [81(t), ..., 85(0)]", where Jy = iNlNIITV. Substituting
the protocol (40) into the system (39) and using Assumption 5.2
ylelds dy(t) = —[k(£ ® I,)y(t — 1) + F(t)]dt + dM;(t), where

= kZ” 1G5 fo[ﬂNz (8i(8i(s — 2) — &i(s — w2)))ldwji(s).
ThlS together with the definition of §(t) gives d&(t) = —k(£ ®
1 )8(t — 7y)dt + F(t)dt + dMa(t), where F(t) = [(n — Jv) ®

F(t) = [f{ (1), .. fN(t) S0 = fie) yilt — 7). 0) — ,N1
f(yj(t),yj(t —7).t), Ma(t) = kY11 a5 Sty ]N an] ® gji(s —
7)}dwji(s), gi(s) = gﬁ(é( s) — 8i(s)). Let y(t) = e iLyi(t), then
&i(t) = yi(t) — y(¢t). Note that fi(t) = f(yi(t ) yi(t — 1), t) —

SO, 7 =10, 0) + F(0, 3¢ = 1), 0) = FO0), 3¢ — ©).0) +
Py 1((‘<t) Ft— 1), )= (35(8), (e — 7). )) Write the above as
f;L = le(v + pia(t) + pos(t). Def1H63 = Q' ® L)) =

[81(E), ..., ou(", 8(t) = [85(¢t), . 5T(t)]T () € R". Then,
by the deﬁmtlon of Q! given in Lemma 5.1, we have §(t) =
(1] ® 1)8(0) = - (15(Iy — Jx) ® L)y(t) = 0 and

db(t) = (Q" ® IF(t)dt — K(Z ® L,)5(t — 7)dt + dMs(t),  (43)
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where Ms(t) = kY a0 o (Q (v —Jn)nw.i @ gi(s fz))dwlji(s)-
Note that QQT = Iy —Jy and (Iy — Jn)? (IN — Ny (I —
I = S Itis deduced that Y, a51gi(0))> < 22y
aij|6;(t) — cSi(t)l2 = N-152¢(t), where we used the definitions of
3(e) and 8T(O(T + £) ® I3() = 137 S aglaie) — SO,
®(t) =38 (OI(ZT + 2) ® I,15(¢). Firstly, we choose the degenerate
Lyapunov functional V() = |¢(0) — k(£ ® In)fi1 (p(s)ds|2. We
can compute £V;(-, t) on the solution path §(t) and obtain

V(8. t) < —ka(t) +I<ZN;02(D(t - 1)
t _ T _
~2%((Eoh) / 5s)ds) @ @ F(D)
1225 (T ® 1) f 3(s)ds
t—1q
125 (6)QT ® I)E(t).

By the inequality 2x"y < 1|x|? + ¢|y|?, we have

2ST(t)(ZTZ®1n)/ 3(s)ds

~2 - 2 t — 2
<1ZP(aor + [ Fos). (44
t—11
By Assumption 5.1, we obtain 2817(t)p,-1(t) < qUs)1* +
18i(t — 7)I%), 287 (t)pi(t) < 2q|8i(t)|*. From the definitions of 5(t )
and §(t) and the orthogonality of Q, we know that |5(t)|* = |8(t)|
and Y1 8T (t)pos(t) = 0. Hence,
25 (6)Q ® L)E(t)
=28"(6)QQ" ® I)[(Iy — Jn) ® I]F(t)
< 3qI3(0)" + ql3(t — )" (45)
Note that £ = Q7£Q, QQ" = Iy — v Iy — I = v = In)
(v —JN)E = £ = LIy — Jv), 8(t) = (Q" ® I,)5(t) and £ 1y = 0.
Then,
- t_ T _
2k((£®1n)/ a(s)ds) Q" ® I)F(t)
t—1q

<2k q|z|/ ()Pds + qr(SOE + 8¢ — ). (46)
Combining (44)-(46) yields
eVi(5,, ) < —k@(t) + (K1 Z1°11 + 39 + qr)I3(e))

+ (14 2q)K?| 2] /

s — ) + ey

) ds + q|3(t — 7))

-1,
o D(t — 13). (47)

Define a new degenerate Lyapunov functional

V(5 t) = V(3 )+k22q+1|£|/ /|3 |d9

+q/ |()|d5+qr1/ i5(s)2ds

N -1 t
+K—02 / &(s)ds. (48)
N t—1)

We obtain that

eV(S,, t) < —(k — kzN;az)qm)

+20(1 4 QK| 71 + 2q + qr118()]°. (49)

Moreover, due to the balanced graph, we have &(t) = §T(t)[(£T +
L) ® LIS(t) > 2x(D)3(6)°. From (49), we get £V(3.,t) <
2h(k)5(6)°, where h(k) = ak® — A0k + q2 + 1) a =
N1 62)5(2) + (1+ )| 21 1. Moreover, it is easy to see that h(k) <
0 for k € (k, k). Therefore, Theorem 4.2 and the linear growth
condition of f(-, -, t) and gj(-) imply the mean square and almost
sure exponential stability of the solution to (43), thatis, E[5(t )|2 <
Coe ™70t limsuptﬁoo%loglg(tﬂ < =1 as. for certain Gy, y > 0.
Note that 8(t) = y; — ﬁzj’.v:]yj(t),l = 1,...,N.Then fori # j,
lyi(t) — yi(6)] < 18;(t)] + 18;(¢)]. The desired assertion follows. O

Theorem 5.3. Suppose that Assumptions 5.1-5.3 hold, that the graph
G is balanced, that T; = 0, and that

N-1
8q 02 < Ay(L). (50)

Then multi-agent systems are mean square and almost surely con-
sentable w.r.t. . Moreover, the mean square and a.s. consensus can
be solved by protocol (40) with K = ki, satisfying k € (k, k),
)»2(2)*\/)»%(2)7*81]0 - 12(2)+\/m N—1
,a= Az(aTU 2

k: 2a = 2a

Remark 5.1. Theorems 5.2 and 5.3 show that if condition (42)
or condition (50) holds, then for any delay 7 in the nonlinear
dynamics and delay 7, in noise terms, the mean square and almost
sure consensus can be achieved.

6. Concluding remarks

This work established the stochastic stability of SFDEs by us-
ing degenerate Lyapunov functionals under local Lipschitz condi-
tions. The analysis of delay-dependent stability shows that pure
delay terms in SFDEs may dominate the asymptotic behavior of
SFDEs. Most importantly, these stability criteria enable us to design
delayed state-feedback controllers for networked systems. Note
that the degenerate Lyapunov functionals may also be used to
examine the ergodicity of SFDEs whose coefficients may not sat-
isfy the classical one-sided Lipschitz condition in Bao, Yin, and
Yuan (2014), and pure delay terms may dominate the existence
of stationary distributions. For another extension, the degenerate
Lyapunov functionals can also be applied to examine SFDEs with
Poisson jumps, neutral SFDEs, and their stabilization problems. In
addition, this paper established the consentability for first-order
multi-agent systems. We hope that the stability theorems can
be applied to the heterogeneous multi-agent systems, and their
leader-following versions.
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Appendix. Proof of Theorem 2.1

With the motivation of Cont and Fournié (2013), an outline of
the proof is given below. Let the interval [—t, t] be fixed. With-
out loss of generality, we use the uniform partition of [—z, 0]:
{t_m, ..., t_1}withty = kA, k= —m,...,—1, A > 0. We assume
that there exists an N such thatt = NA. Then we have the uniform
partition of [0, t]: {to, .. ., ty}. For any continuous semi-martingale
y(t), y(t) is uniformly continuous on [—7, t]. Then h, — O as A
tends to zero, where hy = sup{|y(u) — y(t)|, u € [tk, tkr1), k =

—m,...,N}. Define y, (6) = Z,;l,mY(fk+j)1[j,j+1)(9) + y(ti)110)(0),
k=0, ..., N, whichis an approximation for function y, . Consider
the decomposition

V(¥ t)
V(ytkjr]: tr+1 )
V(.ytk7 tk)
Let hy = y(ter1) — y(te) and P(h) = V(}'/’;k_ ” tr+1)- Then, P(hy) —

+
PO)= VL |, tisn) =V, tis).Since V € ¢ 1(D([—7, 0F; R")
+
R), P is a ¢* function with P'(h) = VXV(J_/?_ ,
k+1

P"(h) = VxxV(y , ty+1). Note that y yt
plying the It formula yields that for § < A

V(j’tk+1 ) tk+1) -
= V(}_/tk_'_] ) tk+1) -
+ V(ytk_-H ’

ber1) — (A1)

X Ry; tk+1) and

is ¥y, measurable. Ap-

P(y(te + &) — y(tx))
ty+6
=P+ [ VI, iy
te k+1

tg+4 1 e
[ STV, b ) (A2)
tr k+1

Then ytk_+ = Ayy,, which is a horizontal extension. So the second

term on the right side of (A.1) has the form Q(8) — Q(0) =
V(8¥r» te+3)=V (¥, tk), 0 < 8§ < A, where Q(8) = V(8¥y,, ty+38).

Note that V e ¢>!(D([—7, 0]; R”)XR+,Rd) Then, V(yt N

V(i t) ftt"“ DV(¥y,, s)ds. Hence, taking sum forml = 0to
i=N-1 m(A 1) yields

V(J_)tv t) - V(y()v 0)
= f DV(js, s)ds + / VOO $)dy(s)
0 0

[ v
+ f STHVV ™, 8)1y1()), (A3)
0

where § = ti 1, tk+1)(s) § =t 1 1y, )(s)and s = tier 1 g t41)(S),
k=1,...,N—1.lItis easy to see that for any givent > 0,y; — y;
umformly on[—t, 0] as A — 0. This together with the continuity
of y; yields dp(y;, y:) — 0as A — 0 (Kushner, 1984 p. 31). The
approach in Cont and Fournié (2013) leads to the desired assertion
asé — 0.
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