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Time-Inconsistent Mean-Field Stochastic LQ
Problem: Open-Loop Time-Consistent Control

Yuan-Hua Ni ™, Ji-Feng Zhang

Abstract—This paper is concerned with the open-loop
time-consistent solution of time-inconsistent mean-field
stochastic linear-quadratic (LQ) optimal control. Different
from standard stochastic linear-quadratic problems, both
the system matrices and the weighting matrices are de-
pending on the initial times, and the conditional expecta-
tions of the control and state enter quadratically into the
cost functional. Such features will ruin Bellman’s principle
of optimality and result in the time inconsistency of op-
timal control. Based on the dynamical nature of the sys-
tems involved, a kind of open-loop time-consistent equi-
librium control is investigated in this paper. It is shown
that the existence of open-loop equilibrium control for a
fixed initial pair is equivalent to the solvability of a set of
forward-backward stochastic difference equations with sta-
tionary condition and convexity condition. By decoupling
the forward—-backward stochastic difference equations, nec-
essary and sufficient conditions in terms of linear difference
equations and generalized difference Riccati equations are
given for the existence of open-loop equilibrium control for
a fixed initial pair. Moreover, the existence of open-loop
time-consistent equilibrium controls for all the initial pairs
is shown to be equivalent to the solvability of a set of cou-
pled constrained generalized difference Riccati equations
and two sets of constrained linear difference equations.

Index Terms—Forward-backward stochastic difference
equation, mean-field theory, stochastic linear-quadratic op-
timal control, time inconsistency.

[. INTRODUCTION
A. Time Consistency versus Time Inconsistency

HOUGH not mentioned frequently, time consistency is in-
deed an essential notion in optimal control theory, which
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relates to Bellman’s principle of optimality. To see this, re-
call a standard discrete-time stochastic optimal control problem,
whose system dynamics and cost functional are given, respec-
tively, by

Xi+1 = f(k, Xk, ug, wy) 0
Xy =zeR" keTy, teT
and
N-1 _
J(t,z;u) = Z ]E[e*‘”k*t)L(k,Xk,uk)}
=t
+E[e "V Ih(Xy)]. )

Here, T, = {¢,...,N —1},T ={0,1,...,N — 1}, and N is
a positive integer; { X,k € T;} and {uy,k € T;} with T, =
{t,..., N} are the state process and the control process, re-
spectively; {wy., k € T} is a stochastic disturbance process; E
is the operator of mathematical expectation. Without loss of
generality, the functions f, L, and h are assumed bounded. Let
U[t, N — 1] be a set of admissible controls. Then, we have the
following optimal control problem.

Problem (C): Letting (t,2) € T x R",findaw € U[t, N — 1]
such that

J(t,x;u) = inf
uel[t,N—1]

Above Problem will be called Problem (C) for the ini-
tial pair (¢,«), and Problem (C) for other initial pairs can
be similarly formulated. Any u € U[t, N — 1] satisfying (3)
is called an optimal control for the initial pair (¢, ), and
X ={X; = X(k;t,z,u),k € T} is the corresponding opti-
mal trajectory. Furthermore, (X, @) is referred to as an optimal
pair for the initial pair (¢, z).

Let (X, u) be an optimal pair for the initial pair (¢,x); as
the dynamics evolves, we indeed face a family of optimal
control problems, namely, Problem (C) for the initial pairs
{(k,X),k € T, }. Bellman’s principle of optimality tells us
that the optimal controls of this family of problems are interre-
lated, namely, forany 7 € Ty = {t +1,...,N — 1}, a|r. =
{tr,...,un_1} (therestrictionof won T, = {7,...,N —1})
is an optimal control of Problem (C) for the initial pair (7, X ).
This property is the cornerstone of Bellman’s dynamic pro-
gramming and is referred to as the time consistency of optimal
control, which is essential to handle optimal control problems
like Problem (C) and its continuous-time counterpart. In such
situation, we call that Problem (C) is time consistent.

However, the time-consistency fails quite often in many situ-
ations. For instance, when the exponential discounting function
e~9=1) in (2) is replaced by other discounting functions, the

J(t, z;u). (3)
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corresponding problem is not time consistent, i.e., time incon-
sistent; see examples in [S] and [19] about the hyperbolic dis-
counting and quasi-geometric discounting. In addition, when the
conditional expectations of the state and/or control enters non-
linearly into the cost functional, the considered optimal control
problems are time inconsistent too; a notable example is the
mean—variance utility [2], [5], [9], [11], [22], [24]. In such case,
the smoothing property of conditional expectation will not be
sufficient to ensure the time consistency of optimal control.

B. Literature Review

Problems with nonlinear terms of conditional expectation (in
the cost functional) are classified into the mean-field stochastic
optimal control [37]. In [22], recognizing the time inconsistency
(called nonseparability there), Li and Ng derived the optimal
policy of multiperiod mean—variance portfolio selection by us-
ing an embedding scheme. Note that the optimal policy of [22]
is with respect to the initial pair, i.e., it makes sense to be optimal
only when viewed at the initial time. This derivation is called
the precommitment optimal solution now.

Precommitment optimal solution is a static notion, which
maps the considered initial pair into an admissible control set.
By applying a precommitment optimal control (for an initial
pair), its restriction to the tail time horizon is not an optimal
control for the intertemporal initial pair. This static trait conflicts
with the dynamic nature of (time-inconsistent) optimal control,
as the time is involved in the problem setting. Though the static
solution is of some practical and theoretical values, it neglects
and has not really addressed the time inconsistency. Differently,
another approach handles the time inconsistency in a dynamic
manner; instead of seeking a precommitment optimal control,
some kinds of equilibrium solutions are dealt with. This is mai-
nly motivated by practical applications in economics and fina-
nce, and has recently attracted considerable interest and efforts.

The explicit formulation of time inconsistency was initiated
by Strotz [29] in 1955, whereas its qualitative analysis can be
traced back to the work of Smith [28]. Strotz studied the general
discounting problem, and in the discrete-time case, his idea is
to tackle the time inconsistency by a lead-follower game with
hierarchical structure. Specifically, controls at different time
points were viewed as different selves (players), and every self-
integrated the policies of his successor into his own decision.
By a backward procedure, the equilibrium policy (if it exists)
was obtained. Inspired by Strotz and intending to tackling prac-
tical problems in economics and finance, hundreds of works
were concerned with time inconsistency of dynamic systems
described by ordinary difference or differential equations; see,
for example, [12], [13], [15], [19], [20], [26] and references
therein. Unfortunately, as pointed out by Ekeland [12], [13],
it is hard to prove the existence of Strotz’s equilibrium policy.
Therefore, it is necessary and of great importance to develop
a general theory on time inconsistent optimal control. This, on
the one hand, can enrich the optimal control theory, and on
the other hand, can provide instructive methodology to push
the solvability of practical problems. Recently, this topic has
attracted considerable attention from the theoretic control com-
munity; see, for example, [5], [17], [18], [30], [32], [34], [37]
and references therein.

For the time-inconsistent LQ problems, two kinds of time-
consistent equilibrium solutions are studied, which are the open-
loop equilibrium control and the closed-loop equilibrium strat-
egy [17], [18], [32], [34], [37]. The separate investigations of

such two formulations are due to the fact that in the dynamic
game theory, open-loop control distinguishes significantly from
closed-loop strategy [3], [36]. To compare, open-loop formu-
lation is to find an open-loop equilibrium “control,” whereas
the “strategy” is the object of closed-loop formulation. By a
strategy, we mean a decision rule that a controller uses to select
a control action based on the available information set. Mathe-
matically, a strategy is a mapping or operator on the information
set. When substituting the available information into a strategy,
the open-loop value or open-loop realization of this strategy
is obtained. Strotz’s equilibrium solution [29] is essentially a
closed-loop equilibrium strategy, which is further elaborately
developed by Yong to the LQ optimal control [32], [37] as well
as the nonlinear optimal control [33], [34]. In contrast, open-
loop equilibrium control is extensively studied in [17], [18], and
[37]. In particular, the closed-loop formulation can be viewed
as the extension of Bellman’s dynamic programming, and the
corresponding equilibrium strategy (if it exists) is derived by a
backward procedure [32]-[34], [37]. Differently, the open-loop
equilibrium control is characterized via the maximum-principle-
like methodology [17], [18].

Portfolio selection is to seek a best allocation of wealth among
a basket of securities. The (single-period) mean—variance for-
mulation is pioneered by Markowitz [24] in 1952, which is the
cornerstone of modern portfolio theory and is widely used in
both academia and industry. The multiperiod mean—variance
portfolio selection is the natural extension of [24], which has
been extensively studied. Until 2000 and for the first time, Li
and Ng [22] and Zhou and Li [38] reported the analytical pre-
commitment optimal policies for the discrete-time case and the
continuous-time case, respectively. Noted above, multiperiod
mean—variance portfolio selection is a particular example of
time-inconsistent optimal control; the recent developments in
time-inconsistent optimal control and the revisits of multiperiod
mean—variance portfolio selection [2], [6], [9], [10], [17], [18]
are mutually stimulated.

It is noted that some nondegenerate assumptions are posed in
[2], [6], [9], [10], [17], and [18]. Specifically, the volatilities of
the stocks in [2], [6], [17], and [18] and the return rates of the
risky securities in [9] and [10] are assumed to be nondegenerate.
To make the formulation more practical, it is natural to consider,
at least in theory, how to generalize these results to the case
where degeneracy is allowed. In fact, mean—variance portfolio
selection problems with degenerate covariance matrices may
date back to 1970s. In [7] or the “corrected” version [27], Buser
et al. propose the single-period version with possibly singular
covariance matrix. Clearly, such class of problems are more
general than the classical ones [24], and more consistent with
the reality.

To address the case with possible degenerate return rates, it
is better to put multiperiod mean—variance portfolio selection
within the framework of time-inconsistent mean-field stochastic
LQ optimal control (with indefinite weighting matrices), which
has not been established yet. Note that the running weighting
matrices in [17], [18], [32], [34], and [37] are assumed to be
nonnegative definite and positive definite. For standard time-
consistent indefinite stochastic LQ optimal control, readers are
referred to, for example, [1], [8], [31] and reference therein.

C. Contents of This Paper

In this paper, we shall investigate a time-inconsistent indef-
inite mean-field stochastic LQ optimal control problem. The
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matrices in system dynamics and cost functional are also de-
pendent on the initial times; this is an extension of the general
discounting functions that are in cost functionals. The contents
of this paper are as follows.

The notion of open-loop equilibrium control is introduced in
Section II, which is a discrete-time counterpart of that for the
continuous-time problem [17], [18]. Different from the precom-
mitment optimal control, the equilibrium control is only locally
optimal in an infinitesimal sense. Furthermore, the open-loop
equilibrium control is defined for a fixed initial time-state pair;
its existence is shown to be equivalent to some stationary con-
dition and convexity condition, which are involved with a set of
forward-backward stochastic difference equations (FBSAEs).
Furthermore, necessary and sufficient conditions are obtained,
respectively, for the stationary condition and the convexity con-
dition; and by combining them, the existence of open-loop equi-
librium control is further characterized.

The convexity condition is equivalent to the nonnegative def-
initeness of some matrices relating to a set of linear difference
equations (LDESs), which is called the solvability of those con-
strained LDEs. The stationary condition is characterized via a
property about the ranges of some matrices that are involved
with another set of LDEs and a set of generalized difference
Riccati equations (GDREs). If we further let the initial pair
vary, some neater result about the existence of open-loop equi-
librium control will be obtained. Specifically, for any initial pair
problem (LQ) admitting an open-loop equilibrium control is
shown to be equivalent to that two sets of constrained LDEs
(39), (41), and a set of constrained GDREs (40) are solvable. It
is worth pointing out that (if it is solvable) the set of GDREs
(40) does not have symmetric structure, i.e., its solution is not
symmetric. Furthermore, all the open-loop equilibrium controls
are obtained.

As application of the derived theory, Section V investigates
the multiperiod mean—variance portfolio selection. Necessary
and sufficient condition is given on the existence of open-loop
equilibrium portfolio control, which is completely characterized
by the returns of the risky and riskless assets. If the return rates of
the risky securities are nondegenerate, the equilibrium portfolio
control will exist.

From our derived results, we have the following remarks.

1) Most existing results about time-inconsistent LQ prob-
lems are for the continuous-time case [17], [18], [32],
[34], [37], and the study of discrete-time case is lag-
ging behind. Noted above, the discrete-time multiperiod
mean—variance portfolio selection is a notable example
of discrete-time time-inconsistent LQ problems, and its
full investigation motivates and needs to develop general
theory about discrete-time time-inconsistent LQ optimal
control. This is the aim of this paper.

2) The novelties of this paper are as follows.

First, no definiteness constraint is posed on the weight-
ing matrices of cost functional, namely, the considered
problem is an indefinite LQ optimal control. On the one
hand, the indefinite setting provides a maximal capac-
ity to model and deal with LQ-type problems, whose
study will generalize existing results to some extent. On
the other hand and most importantly, general explicit an-
swers have not been reported about whether or not the
definite weighting matrices could ensure the existence of

open-loop equilibrium control for a time-inconsistent LQ
problem. Therefore, the essential and weakest conditions
are much desired for ensuring the existence of open-loop
equilibrium control; and it is not necessary to pose the
definiteness constraint on the weighting matrices.
Second, necessary and sufficient conditions are obtained
on the existence of open-loop equilibrium control of prob-
Iem (LQ) for both the case with a fixed initial pair and the
case with all the initial pairs. The conditions are in terms
of discrete-time LDEs and GDREs, which are easy to be
verified by iteratively solving the LDEs and GDRE:s.
Third, necessary and sufficient condition is derived on
the existence of open-loop equilibrium portfolio control
of multiperiod mean—variance portfolio selection [prob-
lem (MV)]. The obtained condition is completely char-
acterized by the returns of the risky and riskless assets.
If the return rates of the risky securities are nondegener-
ate (this is the common assumption in the literature), the
equilibrium portfolio control will exist.

If the system dynamics and cost functional are both indepen-
dent of the initial time, the corresponding LQ problem will be
a dynamic version of that considered in [25], where the con-
ditional expectation operators are replaced by the expectation
operators. For more details on mean-field stochastic optimal
control and related mean-field games, we refer to [4], [11], [14],
[16], [21], [25], [35] and the references therein.

The rest of this paper is organized as follows. Section II intro-
duces the notion of open-loop equilibrium control of problem
(LQ). In Sections IIT and IV, necessary and sufficient conditions
on the existence of open-loop equilibrium control are presented
for both the case with a fixed initial pair and the case with all the
initial pairs. Section V studies the multiperiod mean—variance
portfolio selection, and some concluding remarks are given in
Section VI.

Il. OPEN-LOOP EQuiLIBRIUM CONTROL

Consider the following controlled stochastic difference equa-
tion (SAE)

Xi iy = (AerX] 4+ A kB X
+ By pue + By pEou + fi1)
+ 2701 (G X) + O E X, 4)
+ D;kuk + Di_’kIEtuk + d;k)w};

X/ =z, keT, teT

where At,k7 At.ky Cfak’ C'Z’k € Rnxn’ Bt,ky Bt,k7 Dzl\ s Di,k S
R™™™ and f; j,di , € R" are deterministic matrices. In (4),
the noise process {iuk = (w},...,w})T k € T}is assumed to
be a vector-valued martingale difference sequence defined on a
probability space (2, F, P) with

Ei[wy] =0, Egfwpwl] =T}, k> 0. 3)

E; in (4) is the conditional mathematical expectation E[ - |F;],
where F; = o{w;,l =0,1,...,t— 1}, and Fy is understood
as {0, Q}. Furthermore, 'y = (,” ), x, is assumed to be deter-
ministic.



2774

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 63, NO. 9, SEPTEMBER 2018

The cost functional associated with the system (4) is

N-1

)= D E[(XDT Qi Xt + (B X{)T QuiE X
k=t

J(t, xu

+ Uth,kUk: + (]Ef,uk)TRt‘kEtuk + 2(]f,T,lei
+ 207 | + Ed[(X3)T G XK

Xy) (©6)

where Q; k, Q¢ ks Ri g, Rk, k € Ty, Gy, Gy are deterministic
symmetric matrices of appropriate dimensions, and g; 1, ps k
k € Ty, g; are deterministic vectors.

In (4), the initial state z is in [%(¢; R"™), which is defined as

+ (B, X5)TGE XY + 2B, (g

Z(LR") = {g € R" | C is F;-measurable, E|¢|” < oo}.

Similarly, we can define /% (k; R") and (% (k; R™), k € T. Fur-
thermore, let

V. 18 Fj.-measurable
l;:(Tt;Rm):{I/:{l/k,keTt}‘, § F }

E|v]? < 00,k € Ty
Then, we pose the following optimal control problem.

Problem (LQ): For the initial pair (¢,z), find a u* € %
(T;; R™) such that

J(t, xu*) = inf

J(t,x; 7
st Itz 0

holds.

Due to the time inconsistency, we in this paper intend finding
an equilibrium control of the following type.

Definition IL.1: Given t € T and z € I%(t;R"), u'** €
15(Ty; R™) is called an open- loop equlllbrlum control of prob-
lem (LQ) for the initial pair (¢, ), if

J(k,X]tCA,;L*,* tx*‘T <J(k‘ th* (Uk> tav,*lTkH)) (8)

holds for any k € T; and any uj, € L%(k; R™). Here, u’"""*|,
and Ut’x"*|']rk+] (with Ty, = {k, e, N — 1},Tk+1 = {k + 1,
..., N — 1}) are the restrictions of u®** on Ty and Ty, 1, re-
spectively; and X% is given by

Xt = (A + Ap) X"
+ (Bii + Brp)uy™ + fir)
+ 30 (G + G X ©
+ (D + Dk,k) w™ 4 d, k}wk

X" =g, keT,

which is called the equilibrium state corresponding to u'**
Noting that u®**|g, = (u™*,u"**|r, ), the control (uy,
u"**|p, ) on the right-hand side of (8) differs from u'**|,
only at time instant k. Intuitively, the cost functional will in-
crease if one deviates from u'***. Hence, {u;"", ..., u" } can
be viewed as an equilibrium of a multiperson game Wlth hierar-
chical structure. By its definition, u'**'* is time consistent in the
sense that for any k& € Ty, u"-"*|, is an open-loop equilibrium

control for the initial pair (k, X;"").

Throughout this paper, we adopt the following notations:

Apo= A0+ Apy, Biyo= B+ Biy
Civ= C}i,z + éi:,zv D/i,e =Dj, + Df«,z

£ ! (10)
Qe =Qre+ Qre, Rie=Ri¢+ Riyg
Gr=Gr+Gp, i= 1,..,p, keTy, £eTy.

Then, (9) is simply rewritten as
X;;’le* = [.Ak kX +Bk kuk +fk k]

+ 30 [CL X+ Dy + dJwy (D)

X" =g, ke,

ll. PROBLEM (LQ) FOR A FIXED INITIAL PAIR

A. First Characterization on the Existence of Open-Loop
Equilibrium Control

Throughout Section III, we will study Problem (LQ) for the
fixed initial pair (¢, «), which will be simply denoted as Problem
(LQ),, . First, a difference formula of cost functionals is given.

LemmaIIL1: Let ¢ € %(k;R™), u={u,keTp}e€l%
(Ty; R™), 1y, € 1%(k;R™) andk € R. Then, we have

J(ka Ca (uk’ + )‘-ﬂka u|Tk+| )) - J(ka C? ’LL)

(k, 0: @) + 24 [Rk,kuk + Bl By ZE,

. i ) T
+> Dy )" Er( 2 wh) + prk | T (12)

-

i=1

where u|, ., = {ugs1,...,un—1} and

T(k,0; )
N-—-1 . .
=Ej [ang,kﬂk] + Z E; [(Yf"“" )TQk,gY[k'uk
(=k

+ (Er Y ) Qo Er Y, } +E (V") Gy ™ ]

=+ (Ekyjs"ﬂk )TGk]EkY]@‘ﬂk (13)
with
Y;/k+1k Ay, éYk’ak + Ay iEkYk’ﬂk
+ 27 L (07 Yk U + C]; []E Yk ltk) (14)
Y}gk+u1 = By 1ty + Y1 D Wrwy,

YEm =0, £ Ty,
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Furthermore, Z,f 41 in (12) is computed via the following
FBSAE

Xio1 = (AreXP + A Ex X7
+ Byoug + By (Erug + fie)
+30 (Oli,zxzk + C}i,zEka
+ D/i?ZUf + D,iﬁg]Ekw + dﬁgg)w}
ZF = QuoXF + QuiEr X} + i

(15)
+ Ak £E€Z£+1 + AL ZIEAZEH
+>0 [(Ck,f)T]Ef(ZHwe)
+ (Cliﬁl)TEk(Z[k-Hw[)]
XF=¢, Zk = Gp X} + GLEL XE + i
leTy.
Proof: See Appendix A. |

From Lemma III.1, we have the following result.
Theorem II1.1: The following statements are equivalent.
i) Problem (LQ);, admits an open-loop equilibrium control.
ii) The following assertions hold.
a) The convexity condition

inf  J(k,0;@,) >0, k€T, (16)

. €2 (k;R™)

is satisfied, where f(k, 0; ay,) is given in (13).
b) There exists a u"** € [3(T;; R™) such that the
stationary condition

_ Ly, x T kt,x
07Rk7wkuk', +Bkk]Eka+1

P
ZDM

Ex(Z5 wh) + peg, k€ Ty

a7
is satisfied. Here, Z,If Y1 s computed via the
FBSAE
Xé:‘,tim _ (Ak,[X;c,t.:n + AkﬁZ]EkXékﬂt’m
+ By o™ + By Epuy ™" + fie)
+31 (Cé /X]/C”t’w +C; /]Eszk’t’w
+D;, Zu?m’* + D2 []Ekué o
+dj )

280 = Qu  XFT 4 Qp (Ep XE
k.0 + AkT/EéZk N+ AL B2y
+20 [(Cf« ¢ T]Ef(wattll wy)
+(Ci )T]Ek(Zécff wy)]

Xliﬁ‘f,,x _ X}iT*

ZyT = G X + GRE XY + g

leTy

(18)

and the initial state X ,Zz* of the forward SAE of
(18) is computed via

X]ijfl* _ [-Ak-?kXt’m’* +Bk kut,.z',* + fk k]
+30_, [CkatI*"_Dkk i
+dk k) Wi

X;’L* =, ke Tt-
(19)
Under any of the above conditions, u"%** given in ii) is an
open-loop equilibrium control for the initial pair (¢, z).
Proof: See Appendix B.
Remark I11.1: As the stationary condition (17) holds for k£ €
T,, we have a set of FBSAEs, which are coupled with (19) via

the initial states X,f’t’“’ = X" ke T,

B. Convexity Condition

This subsection studies the convexity condition (16). First,
we give a compact form of J(k, 0; @y, ).

Lemma I11.2: J(k,0; @) can be expressed as

T(k, 051y ) = 11} Wi (20)
where
Wi = R p + B/{kpk,kJrlBk,k
+ Z v Dy )" Pei1 Dy, 1)
i,j=1
with P, ;.41 and Py, ;.1 computed via
Poo=Qro+ Al Pery1Ar
+300 - 1% ’( liZ)TPk/‘HCI]c.Z
Pro = Qe+ Al Proos1Ar (22)

+Z 1’75 ( ke)TPknf%—lci,f
Pk,N = Gy, Pk.,]\‘ =Gk, L € Ty.

Proof: From (14), it follows that

Ekyﬁilk Ak,(’Ekng’ﬂk, L€ Tri
Ey }//:Jr“lk Bk,kEk:ak
EkYkk’u‘ =0.

Let PH = Pi ¢ — Py ¢, ¢ € T). By adding to and subtracting

Z By | ( [ /+1 Pk /’+1Y¢ (Yf‘ak )Tpk.é}/[k,ﬂk

(EkY/H )P, é+1EkY}H - (Ekﬂk’ﬂ")TPk,gEk}Qk’ﬂk}
from (13), we have

N-—

,_.

]Ek|: k Uk Q Yk LUy + (E Yk Ilk) Qk [E Yk Uy
=k
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+ (V)T P YT = () Peoy™

+ (Br Y1) Prr B YT

— B Y™ )T P Y™ |

+ ﬂg Rk‘kﬁk

N-1
= Z E; {(Eka’uk)T (Qk,z-l-AZ,ﬂ’k,éﬂAk.z

(=k+1

p
+ Z ’7;] (CIZ,Z)TP]g’[JrlCi’e — Pk,Z)Eknk’uk

i,5=1

+ (V™ BT (Que + AL a1 Are

+ZV ()T PH+1CH PM)( ko Eyk7lk):|

i,j=1

+ Uy [R/mk + BkT-,kPk,kHBM

+ Z Y Dkk Pk,kﬂpi;,k o

i,7=1

=aj, [Rk,k + B{ 1 Pr i1 Br

+ Z VW Dy )" Prp1 DL, |k (23)
i,j=1
[ ]
By Lemma III.2 and Theorem III.1, the following result is
straightforward.
Theorem I11.2: The following statements are equivalent.
1) The convexity condition (16) is satisfied.
2) The following inequalities

W, =0, keT, (24)

hold, i.e., W;,, k € T, are nonnegative definite, where Wj,
is given in (21).

C. Stationary Condition

We now switch to the stationary condition (17). The following
lemma gives an expression of the backward state Z"*'* of the
FBSAE (18), provided that u'*** is a linear function of X%,

tx*

Lemma II1.3: Letting k € T, 7 € Ty, suppose that {u,""",
(e T,}in (18) has the form u; =W X" oy, €€ T,
with T, = {r,.... N — 1} and ¥, ay, ¢ € TT being determin-
istic matrices. Then, the backward state {Z,]C hT 0 e T, } has
the following expression:

—i—Tngfr*
LeT;.

Y+ T, (25)

Here, ]5;4‘/,7 = Pr¢ — B¢ with Py ¢,P;, , computed via (22);
and T}, ¢, T}, ¢, ¢ are given by

T = AL Thov1Acs
+30 i Vi (Cli,z)TTk,HlCZ,z
+ {Ak,gpk,éHBk,é + AL Thoi1Bre
+270 [(C,Q‘[)TPMMDM
+ (Cli,z)TTk,mDZj,z} }‘I’
Ty.o = AL /T, /+1A1' o+ Al T o1 Ave
+ 30217 (CL) T €,
+ {Ak,gpk,eHBk,z + AL Preov1Br (26)
+ AL (Thoi1Bre + AL Prov 1B
+ AL Ti 1By
+ 320,09 (LT Peen D,
+(C )" Peusr Dy,
+ (C—')i,é)TTMHDzj‘[} }‘I’e
Th.n=0,T,yn=0
leT,

and

Tho = AL (Proos1 (Broow + fi)
+ AL Troi1 (Broaw + fo) + AL i
+ >0 i o [(Cli,[)TPksk+1 (Di,zaf + di/)
+ (Ch) Tt (D o + ] )] + i

Tk, N = Gk
leT,

27

with 7}_]( =T+ Tk_(7£ eT-.

Proof: See Appendix C. |

To prove above lemma, we have used a backward deduc-
tion method, namely, starting from k = N and k = N — 1, the
expression (25) can be deductively obtained.

For a given matrix M € R"*™, its Moore—Penrose inverse
is denoted as M, which is in R™*", The following lemma is
from [1].

Lemma I11.4: Let matrices L, M, and N be given with ap-
propriate size. Then, LX M = N has a solution X if and only if
LLTNMMT' = N. Moreover, the solution of LXM = N can
be expressed as X = LINMY+Y — LTLY M M1, where Y is
a matrix with appropriate size.

Based on above results, we have the following theorem.

Theorem I11.3: The following statements are equivalent.

i) The stationary condition (17) is satisfied.
ii) The condition

Hy Xp™" + B, € Ran(Wy), k € T, (28)
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holds. Here, Hj., W), B, k € T; are given by

Wi = Rk 4+ BL i (Proks1 + Tres1) Brok
+E” 1'Vk ( kk,)T
X (P g1 +Tk,k+1)Di7k
Hie = Bl (Pros1 + Trpr1) Ark
+ 200 = R/ (D;ck)
X (P g1 JFTk,kH—l)Ck..’k
B = B [(Prasr + Tokrr) frk + Tri ]
+20 1% (Dm)
X (Ppps1 + Tk,k+1)dk7k + Pk k
ke,

(29)

with

and

T = Ap Trop1Ave
30 (CL ) T €,
- {A;{,ng,HlBk,e + AL Tho41Beg
+3 e [(Ci,z)TPkﬁulDi,z
+(CL)" Tk.£+1D‘£e} }W/THZ
T = AL Tr o1 Avy
+ 200 17 (G e)TTk.,HlCZ,é (30)
- {Ak,gpk,éﬂlgk,ﬂ + AL Ti1Bry
+ 301 (CL)T Prena DY,

+CkT,zT1c,e+1De,z)WgHg
TkyN = 07 77{,]\7 =0
14 € Tk
ke,

Tt = AL Proer (fre — BeoWiBe)
+ AL Tvr (foo — BeoWiBe)
+ 30 [(Ch) P
x (dk.é Dy, waﬁf) 31
+(Cp.. o) Thria (dé,z - Dfé,eWJﬁf)]
+ AL o1+ Qe

Tg,N = Gk
keT,.

Furthermore, in (28) Ran()V;) is the range of Wj,, and
X" is computed via

X = [(Aes = BraWlHi) X
— Bzc,kaﬂk; + k]
+ 00 [(C = Dl M) X
D} W+ di

XI5 = ke T,

(32)
Under any of the above conditions, u!*** in (17) is
selected as

Ul = —WIHL X - WIB, ke T, (33)
with X*%* given in (32). Furthermore, we have

Zéc,t,:v — P/c,l (X(kf‘L _ ]EkX;/fL) + Pk,l]Eng.7t’w

Ly (Xém* — EA:X;’I’*)

+ T By X" e, €€ Ty (34)

Proof: See Appendix D. |

Remark I11.2: Noting that P , and Py, ¢ are symmetric, T} ¢

and 7}, ¢ are generally nonsymmetric as Ay ¢, By ¢, C¢ ¢, and Dy

appear in the expressions of 7}, , and Tk ¢. Let the stationary

condition (17) hold. From Lemma 1.4 and “1)=-ii)” of the proof

of Theorem III1.3, we indeed have that control of the following
form

U™t = CWIH X WG + Yy, ke T, (35)

satisfies (17). Here, Y, = (I — W,iWk)Yk with Y, € R™, and
{Bk,k € T,} is given by

B = BL L [(Prkt + Troksr) frk + Thoksn]
+ 30 W (D) (Prgsr + Tepin)dy,
+ Pk.k

ke T,

with

Tho = Ab Proos1 [fra — BM(W}@ _ f/k)]
+ AL o1 [fouo — BooW B — Ya)]
+ 200 [(CL) Prn
XWM—%AM@—ﬁ»
+ () T (= Dg,z(wgﬁz - Y))]
+ Af,ﬁmu + Qv

TN = Gk
keT;.
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Furthermore, X% * in (35) is given by
Xpty = [(Akk — B WiH) X"
— B W) Bk — Vi) + fur]
+ 20 (G — D} WiH) X
- Dy, k(W B = Yi) + dj i Jwj,
X" =g, ke T,

D. Second Characterization on the Existence of
Open-Loop Equilibrium Control

By Theorem III.1, Theorem III.2, Theorem III.3, and Re-
mark I11.2, we have the following result, which gives conditions
on the existence of open-loop equilibrium control.

Theorem II1.4: The following statements are equivalent.
i) Problem (LQ);, admits an open-loop equilibrium control.
ii) The conditions (24) and (28) hold.

Under any of the above conditions, control of the following

form:

U™ = CWIH XD —WIB 4+ Y, k€T, (36)

is an open-loop equilibrium control.

Above-mentioned theorem is concerned with the existence of
open-loop equilibrium control. Another important issue is the
uniqueness of open-loop equilibrium control, which is studied
in the following theorem.

Theorem II1.5: The following statements are eqivalent.

i) Problem (LQ);, admits a unique open-loop equilibrium
control.
ii) The following assertions hold.
a) The condition (24) is satisfied.
b) Wy, k € Ty, are invertible, where W, is given
in (29).

Under any of the above conditions, the unique open-loop

equilibrium control is given by

Wt = W HL X - W B, ke Ty
with X%** given by

Xliil*: [(Akk*Bkka Hk) X0

— B oWy ' B + fix]
+20 [(C ik~ DWW YHE) X, X
- DZ,ka Br + dj  Jwj,

X" =w, keT,.

Proof: 1)=-ii). The condition (24) naturally holds. We further
have b). Otherwise, controls of form (35) are also open-loop
equilibrium control.

ii)=1). According to Theorem III.1 and Theorem III.4,
Problem (LQ);, admits an open-loop equilibrium control. Due
to the nonsingularity of Wy, k€T, and the proof of Theorem
II1.3, the open-loop equilibrium control is unique, which is given
by (37). [ |

(37

IV. CASE WITH ALL THE INITIAL PAIRS

In this section, we will let the initial time ¢ and initial state =
range over T and [%(¢; R"), respectively; this is referred to as

the case with all the initial pairs. Problem (LQ) for the initial
pair (¢, 2) will be simply denoted as Problem (LQ); ., and similar
meanings hold for other initial pairs.

First, we give an interesting result on the unique existence
of open-loop equilibrium control, which follows from Theo-
rem IIL.5.

Proposition IV.1: Let t € T and z € [%(t;R"). Then, the
following statements are equivalent.

i) Problem (LQ);, admits a unique open-loop equilibrium
control.

ii) For any k€T, and any &€ l%(k;R"), Prob-
lem (LQ)r¢ admits a unique open-loop equilibrium
control.

Unfortunately, result similar to Proposition IV.1 does not hold
if we just consider the existence of open-loop equilibrium con-
trol. Alternatively, the following assertion holds.

Theorem IV.1: The following statements are equivalent.

i) For any t € T and any z € [%(t;R"), Problem (LQ);,
admits an open-loop equilibrium control.

ii) The set of constrained LDEs

Pro= Qi+ A%[Pk 1A% ¢
+>00 = 175 (Ck e Pk,HlC;ie
Pri= Qi+ AL Proi1 A

+30 - L (Co )T P C,

P,y =Gy, Py =G, LTy
W, =0

keT

(38)

and the set of constrained GDREs

Tho = AL Thos1Ars
+> =1 ’Y/ (c k f)TTk,éJrlC/jj
- {Ak,(‘Pk,éJrlBk,é + Aﬁgﬂjﬂ@j
+X0 {(C/i,e)TPk‘ulDi,z
+ (CL) Ther DL | P,
T = Al T 1 Acs
+> =1 'Yz (C/i,z)TTk-,Hng,é
- {Ak /P, Z+18k,€ + AL Troi1 By
+30 (€L ) Peya DL,
+Ck’ng,é+1De,e}WgHz
Tin=0, T, n=0

leTy
WiW| Hy — Hy, =0
keT

(39)
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and the set of constrained LDEs

Tt = Af Pris1 (fre — Bk,éwjﬁé)
+ AL T o1 (foo — Bz,zwzﬂz)
+200 = X/ [( o) Pres

x (dk,é - Dé,zwzjﬁf) + (Cli,z)T
X Tk e41 (dg,z - DZ,ZWM)] “0)
+ AL T + Gr
T, N = Gk
WiW, B = B =0
keT
are solvable in the sense that
W, =0
WiWIH), —Hy, =0
41)

WIW, B — B =0
keT
holds, i.e., the solutions of (38)—(40) satisfy (41). Here
Wi = Rk + Bl Prii 1Bk
+37 = 1’7k (Dk e Pk.,kHDiﬁ
=Ry + Bl * (Pri+1 + Ti k1) Brok
+ 20 1% (Dk B (Prgsr + Tk,kH)Di,k
Hi =Bl (Prisr + 1) Arok
+zl, 1 D) (Prrr + Tt )i

Wi

Br = BL L [(Prisr + Trksr) frk + Trirn ]
+200 = L (DL T (P +Tk7k+1)d‘}i,k
+ Pk,k

keT.

Under any of the above conditions, control of the form (36)
is an open-loop equilibrium control of Problem (LQ);, .

Proof: 1)=>ii). From Theorem II1.4, the constrained LDEs
(38) are solvable, and for any ¢t € T,z € [%(t;R"), the condi-
tion (28) holds, i.e.,

He X, " + By € Ran(W,), k € Ty.
Especially, we have

Htl'—f‘ﬁtewt, teT

equivalently
WW] (Hyx + B1) = Hiw + B, t€ T, (42)
Let z = 0 in (42), we have
WWiB =6, teT
which further implies
WWHyx = Hyx, t € T. (43)

Noting that (43) holds for any = € I%(¢; R™), we obtain
WiWIH), —H, =0, teT.

Hence, (39) and (40) are solvable.
ii)=1). As (38)—(40) are solvable and by Theorem II1.4, for
any t € T and any z € [%(t;R") Problem (LQ);, admits an
open-loop equilibrium control. |
Corollary IV.1: Let
QresQre =0, Ry, R =0, keT, LeT,. (44
Then, the following statements are equivalent.
1) For any t € T and any x € I%(;R"), Problem (LQ);,
admits an open-loop equilibrium control.
2) Equations (39) and (40) are solvable.
Proof: In this situation, Wy, k € T are positive definite, i.e.,
W, = 0,k € T. Hence, the conclusion follows. [ |
Let us make some rough observations under the condi-
tion (44). Assuming (44), consider Problem (LQ);, for ¢t € T
and x € [%(t;R™). Let us begin with ¢ = N — 1. Noting that

Wn-1 = Wy_1 >0, Problem (LQ)x_1,, admits a unique

N— lr*

open-loop equilibrium control and u,, _;”" " is easily obtained

N-l,z,% __ -1 -1
Un _q = —WNleN_lx — WN716N—1-

Now move to the case t = N — 2. If we have selected u]J\V[ f R

from Lemmas III.1 and III.2 we have

J(N_ 271‘ (’LLN 27u%7? o *))
= ujy_o Wy _suy o
+2[pn-2n 2 + B oy 222N ;"

T

P
N-2,0
E DN 2,N— 2) ENfl(ZN—l Wy _9)| UN-2

+ J(N — 2,2 (O,u%j’m’*))

£ (Wy_oun_2,un—2) + 2<MN72(Z]]\\;:1270)aUN72>

+ J(N = 2,25 (0,uy _2"™). (45)

2,0 .

In the above, Z2 N_1 is computed via

N-2,0 _ 1T N-2,0 AT N-2,0
Z = Ay B Z) 7T+ Ay o BN 22
P
+20

[(C% 5 ) TE(Z) > w))
+ (C';\’—z.e)TENfQ (Zk+712 Owé)]

+ QNfz,kX/];VfQ’O + QN72,£EN72X;V7270
+aqn-2.

Zy P =Gy XN P 4 Gy 9By o Xy 2
+gn-—2

te{N-2,N-1}
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where XV =20 is given by
N-2,0 N-2,0
Xy 7= (AN*2~,N*1XN71
~1,0

+ AN72,N—1]EN72X]]\\;,2

N -2,z %

+ By_o N-1Uy_]

+ BN—Q,N—IEN—QU%:%'L*
+ fy-a.n-1)

+>00 [C}v72,N71X1®Y:1270
+ C'}iva.NqENf?Xz]\\/T:QLO

N -2,z %

+ Dy vty i (46)

=i N —=2,x,%
+ Dy sy Evoouy g

+ d§V—2,J\’—1]w§v-1

XN 20 = (AN—Q,N—QX]]\;V:QQ"O + fy-2,n—2)
+ 30 [Ch N2 XN
+ d?V—Q,N72]w§V—2

N-2,0 _
Xyg =2

te{N—-2,N—-1}

and (-, -) is the inner product on R™, and

My 2(Zy3°) = py-on—2 + B£72,N72EN*QZ]]\\/[:12’0

P
+ Z(D}V—Q,N—Z)T]EN—l (Zy 3wy s)-

i=1
If we “select”
uy " = =W, My o (Zy 1) @7)
then the following inequality
J(N —2,x; (ux:gl*,u%jl*))
< J(N = 2,23 (uy -9, uy 7))

seems to hold.
However, it should be mentioned that it is questionable about
(47). If u™ ~2%* exists, we should have

N-=2,x,% __ —1 N =2,z ,% -1
Uy 4 = _WN—IHNleN—l — WN—lﬁNfl
and
N —2,x,% N =2, x,%
Xy 1" =Ay_onv_2x+ By_a n_oun_,

P
i i N—=2,2,%\ i
+§ (CN—Q,N—2x+DN—27A’72uN—2 Jwiy -
i=1

N—=2,x,%

—2,x %
Hence, uy_;

N . N—-2,0
depends on uy 5", and it is so for Z _;".

Therefore, the right-hand side of (47) is a functional of u%:g”,

and it cannot be concluded that (47) makes sense under the
assumption Wy _5 > 0. Recall that {{T}, ;,¢ € T}, k € T}is
also needed to characterize the open-loop equilibrium control,
and that for k € T
P
Wi = Wi + B Tk i1 Bik + Y (D) Tepia DYy

ij=1

Note that elements in {{7; ,¢ € Tj}, k € T} are generally
nonsymmetric. So far, it is not known now whether or not W, >
0 could ensure the nonsingularity of V.. Therefore, we have to
check case by case the solvability of (39), (40) [by validating
4D].

V. MULTIPERIOD MEAN—VARIANCE PORTFOLIO SELECTION

Consider a capital market consisting of one riskless asset
and n risky assets within a time horizon N. Let s;(> 1) be
a given deterministic return of the riskless asset at time pe-
riod k and e, = (e}, ..., el)! the vector of random returns of
the n risky assets at period k. We assume that vectors ey, k =
0,1,...,N — 1, are statistically independent and the only in-
formation known about the random return vector e;, is its first
two moments: its mean E(e;) = (Eei,Ee?,...,Ee?)’ and
its covariance Cov(e; ) = E[(e;, — Eey.)(ex — Eeg)?]. Clearly,
Cov(ey,) is nonnegative definite, i.e., Cov(ey) > 0.

Let X}, be the wealth of the investor at the beginning of the
kth period, and let u};, 1 =1,2,...,n, be the amount invested
in the 4th risky asset at period k. Then, X;, — >""" | u} is the
amount invested in the riskless asset at period k, and the wealth
at the beginning of the (k + 1)th period [22] is given by

X1 = Ze’kuz + (Xk — Zui) S = S X + O,{uk

i=1 i=1

(48)
where Oj, is the excess return vector of risky assets [22]
defined as

O =(04,07,...,017T

1 2 / T
= (e — Sky €} — Sky---s€p — Sk) . (49)

Clearly, X} € R, k € T. In this section, we consider the case
where short selling of stocks is allowed, i.e., ui,z =1,..,k,
could take values in R, which leads to an unconstrained mean—
variance portfolio selection formulation.

Let

Fr=olep,0=0,1,... .k —1)

which contains 7|, = 0(X,, ¢ =0,1,...,k). Then, the time-
inconsistent version of multiperiod mean—variance problem [22]
can be formulated as follows.

Problem (MV): Letting t € T and = € I%(¢;R"), find u* €
1%(Ty; R™) such that

I (t, 250") = inf

I (t, x5 u).
. m (@3 0)

Here
T (t,z;u) = AE(Xy — B Xn)? —EXn

which is subject to

X1 = s Xg + OF uy,
Xk =T

with A > 0 the tradeoff parameter between the mean and the
variance of the terminal wealth.

It is noted that some nondegenerate assumptions are posed
in [2], [6], [9], [10], [17], and [18]. Specifically, the volatilities
of the stocks in [2], [6], [17], and [18] and the return rates
of the risky securities in [9], [10], and [22] are assumed to be
nondegenerate. In this section, we do not pose the nondegenerate
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constraint on Cov(ey, ), Cov(Oy ), k € T, and want to see whatis  and
the weakest condition on the existence of open-loop equilibrium o — e
portfolio control of Problem (MV) k= Sk Tkt
To solve Problem (MV), we shall transform (48) into a linear ™ = —%
controlled.systen} of form (4),. by which the general theory in W WTﬂ _B=0 (55)
above sections will work. Precisely, define ke VVERE k=
i i i keT
wy, =€), — s, —E(e}, — s)
D = (0,...,0,1,0,...,0) where
1= 1) N, k= 07 1a e 7N -1 Wk7 = ZZ]:I ’Y]Z](D;;)T(Pk+1 +Tk;+1)D£
where the ith entry of Di is 1. Then, {w; = (w}, ..., w})T k€ = (Pry1 + Tii1)Cov(Op)
T} is a martingale difference sequence as e, k = 1,.., N — 1, Hy. =0 (56)
are statistically independent. Furthermore
. . y B = T+ 1 EOy,
Ei[wpw]] = E[wiw] ] = Cov(er) = (% )nxn- ke,
This leads to )
’ " ; ; Noting that P,y > 0,H; =0,k € T, (53) and (54) are solv-
Xiy1 = (51 X + (EOR) up) + >0 Djupwy, (50) able, and T, = 0,k € T. As 41 # 0,k € T, the solvability
X, = 2. of (55) is then equivalent to the fact EO;. € Ran(Cov(Oy)), k €
|

Due to Theorem IV.1, we have the following result.
Theorem V.1: The following statements are equivalent.
1) Forany t € T and any = € (%(¢;R), Problem (MV) ad-
mits an open-loop equilibrium portfolio control.
2) EO; € Ran(Cov(Oy)),k € T.
Under any of the above conditions

ub™t = —WiB, ke, (51)

is an open-loop equilibrium portfolio control for the initial pair
(t,z), where

Wk = P](_»,_lCOV(Ok)

Br = Tk 1EOk (52)
keT
with
P, = s2 Py
Tk = SETEk+1
Py =X 7y =—%
keT
Proof: In this case, (38)—(40) become to
Py = s} Ppia
P = S%Pkﬂ =0
Py =x, Py =0
o . (53)
Wi, =337 21 % (D) Pesa Dy,
= P,11Cov(0O) = 0
keT
Ty = 52 Tpe1 — s (Peyr + Thp 1) (EOR) T WIH,
T = Trs1[s7 — s (BO)TWIH,] =0
Ty =0, Ty =0 (54)

WiWIH), — Hy =0
keT

T. By Theorem IV.1, we achieve the conclusion.
Concerned with the uniqueness of open-loop equilibrium con-
trol, we have the following result.
Theorem V.2: The following statements are equivalent.
1) For any ¢t € T and any z € %(¢;R), Problem (MV) ad-
mits a unique open-loop equilibrium portfolio control.
2) Cov(O;) = 0,k € T.
Under any of the above conditions, the unique open-loop
equilibrium portfolio control for the initial pair (¢,z) is given
by

uy "t = W B, ke Ty (57)
with Wy, Ok, k € T given in (52).
Proof: The proof follows from Theorem IILS,

Proposition IV.1 and Theorem V.1. |

Note that Cov(Oy) > 0,k € T is a common assumption in
multiperiod mean—variance portfolio selection [9], [11], [22].
In this situation, the open-loop equilibrium portfolio control for
the initial pair (¢, z) is

t.r,x 1

= (Cov(O})) 'EOy, k€T,
g 2)»Sk-+1"'SN—1( ov(O)) * !

This section just studied the simplest dynamic mean—variance
model [22]. In the future, dynamic mean—variance portfolio
optimizations are much desirable for the more general models.

VI. CONCLUSION

In this paper, the open-loop time-consistent equilibrium con-
trol is investigated for a kind of mean-field stochastic LQ prob-
lem, where both the system matrices and the weighting matrices
are depending on the initial time, and the conditional expecta-
tions of the control and state enter quadratically into the cost
functional. Necessary and sufficient conditions are presented
for both the case with a fixed initial pair and the case with
all the initial pairs. Furthermore, a set of constrained GDREs
and two sets of constrained LDEs are introduced to character-
ize the open-loop equilibrium control. Note that this paper is
concerned with the time consistency of open-loop control. For
future research, the time consistency of the strategy should be
studied.
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APPENDIX

A. Proof of Lemma Ill.1

Let us replace uy, with uy, + Ay, in the forward SAE of (15),

and denote its solution by X k. Then, we have

XFh Xk Xkr_xk = E.X*‘kE Xk
[+1}L “rl:(Ak(‘k}\ [+A kAy ki)

-X”X" ]EXAIEX" i
+50, (6 S + O B B Yy

XFr xk X“ X} - E xME, X}
L\l)\‘ 1\+1_<Akk +Ak1k‘ k}h k

X) txk

+By. iy, + By kuk) +>0 (Ck i

E X E X _ _ i
+Ck kM + D Uk + le’kEkuk)wz
xXkr_xk
% =0, le Tk+1.

Denoting ; by Y™, we get (14). Note that X,
XF+ )»Y[k L V@ € T}.. Then, we have

J(k, G (ur + Aty ulry, ) — J(k, G u)
N-1 ) B
= DB [(XF + AV Qua(XE +AY)
l=k

+ [Er(XF +2Y )T Qr o Bi (XF +AY/™)
+2g] J(XF +2Y5") — (X)) Qro Xf
— [Ex X[ Qr EeX] — 2qf X7
+ (ug + Atg) " (Ry g + Ry g ) (ug + Ay
+ 2p£7é(uk + Aug) — u{ (th + Rk,k)uk — Qp%i(uk
+ [Ep (X5 + AV )" GLER (X + AY 5™
HE (X5 + 2V Gr(XE + vy ™)
+ 2B [g] (X5 + AV ™))
—E, [(XE)TGrXE] — (ErXE) GLEL XY
— 2K, gf X%
N-1 B
B 2)\{ > Ey [(Xf)TQk,zsz’u" +qf V)
=k
+ [EkX,ff]TQk,éEkYik’ﬂk} +ul (Ryx + Ry.1 ),

pF i+ B (X5 )T Gy ™ | + Exlgf Vi

+ [Ex X5 GLEL Y o™ }

Qk ]ﬁ LU

g

+ (Ek}/ék.ﬂk )Tij]Ek)/;’ak :|

+ E [af (Ryx + R )]

+E (Y ) Gy ]

+ (B Yo" )T GRE Y o™ } (58)

From (15), it holds that B Z}, = GyE, X} + g and Z§, —
E.Z = Gr(X% — E, X% ). Noting ;"™ = 0, then, we have

=

E; [(Xf)TQk,ngk’ﬂk + q;?m’“”“

o~
Il
e

+[]EkXék]TQkﬁ(]Ek}/gkﬂk} + up, (Ry i + Ry i)tk
+ okt + Ep [(XN") T GrY ™ ]
+ B X5 GREL Y™ 4 Erlgf Y™

Nz: [(QkEX B X

=k
+ Ag,/(EéZé{H —E 2}, )
p

+ Z(Cli,e)T (Ek(ZékHwé) — Eg (Z;Hwé))

i=1

T 7 i
—(2F —Ex2h)) (" —EY™)

+ (Qk,z]Eka’“k + Qe + Ag({EkZZ_l

Lo , T i
+ D (CL B (ZEwh) B ZE) BV ]

i=1

+ {thuk + Bg,kEkZ]?.H
P T
Z Dj. 1) & TEi(Z 4 wi) + pre, k} Ug
= {Rk.kuk +BkT,kEkZ1]§+1

. . T
+ Y (D) E(ZE ) + prs |
i=1

This together with (58) implies the conclusion. |

B. Proof of Theorem IlI. 1

i)=-i). Let u>** be an open-loop equilibrium control. As

(18) is a decoupled FBSAE, (18) is solvable. From (12), we
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have

T X275 ™ 4 R ) = Tk, XE s

t,:t,*)

p
— [Rk,kugx-w BL B, 250 + Z (D} ) i (210 wi)
T 9 =
k] 22T (0,0 m)
> 0. (59

Noting that (59) holds for any A € R and @, € L%(k;R™), we
have (16) and (17). In fact, if (16) was not satisfied, then there
would be a 4, such that limkaj(k,X]i"“’"’* b 4 Miy) —
J(k, X" uy™*) = —oo. This is impossible. Furthermore, if
for some ko S Tt

t,x,x T ko, t,x
Vko Rko ko Uy, + Bkg.kUEk’o Z}cg+l

P
) k
Z Dkn ko) Eko Zk0+1 wko) + Pko ko

#0
we let Uy, = 74, . Then, (59) implies that
22|, 2 + 22 T (Ko, 0%, ) > 0

holds for any A € R. However, for negative number A with
sufficient small magnitude, it holds that

2)"|7k0|2 +)‘2 (k070 ’Yko) <0

and contradiction arises. Therefore, ;, must be 0, and (17)
holds.

ii)=-i). In this case, for any A € R and ), € L%(k;R™) we
have

Ik, X775 (™ A Mg, ub |, ) — J (R, X075 0l
> 0.

Hence, u''*** is an open-loop equilibrium control. |

C. Proof of Lemma I11.3

It is assumed that uﬁz t = \I/gXé’Z’* + oy, € T,. Then, we
have

XN = Ap v XN 4 A v B XY

+ B n aUN X By 1 Uy L XS
+Ben1an-1 + frn-1

+Z [CkN XN +Ciy LERXN

+ blicl,Nfl\I’NleJt\}{,l* + Dy U Ep X3
+ DZ,AulaN—l + d;c,N—l:| Wy

To calculate Z]]‘Vf | » we need some preparations. Noting that

2yt = G XN+ GREL XN + g1

we get

AfN_lEN—le’t“”
= AL vy Ex_1 [GR XN + GRER X" + g1
= Ak:,N—leAk,N—lX]kvf T+ [AkT,,N_leAk,N_l
+ Aszlék-Ak Nfr]EkXﬁff’_’f
+ AL N 1 G By 1V 1 X7
+ Al N 1 [GiBenv -1 + GiBr v 1| Uy 1 B X35

+ Ay 1 Gk [Brv-1an—1 + fon—1] + ALy 10k
and
1 k.t,x
AgN—rEkZN'f
= AL n_19k + Al y 1 G Ay - B XN

+AkN WGkBry 1 Uy By XY

+ Ak,N_lgk (Br.v—1an-1 + fe.n-1).

Furthermore, it holds that
(Ci,Nfl ) En-1 (Zzli/’t’ww}:vfr )

P
= (C]ZC,Nfl)TGk' Z VN1 [Ci,N—erlifif

Jj=1

+Ck N I]Ekali,tf + Dk v N X

+DkN e 1]EkXNI1+DAN 1ON — 1+d}< N— 1}
and
i kitax g
(Ck Nfr)T]Ek(ZN't “wiy_y)

(CkN 1) GkZ’V 1{ k.N-— 1]EkX]’i,tf

j=1

+DkN 1\IIN I]EkXtVL1+D 104N71+d£_’N71 .

Therefore
k.t,x
ZN"

= {vaq + Al Ny 1GrAR N1

P
ij ; ' kot
+ Z 'Yz\jrfr(ck.,N—r)TGkCi,N—r}XNir

ij=1

+ {Qk,]\771 + Ag,l\/'fleAk,Nfl

+ Af v GeAgn—1 + AL v 1 Gr Ak v
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we have

p k.t,x
ij i =i AN
+ Z TN 1 [(Ck,N—l)TGkCIg,N—l N=2

o = {Qk‘.]\TfQ + A%,N*QPk,NflAk,,N—Z
+(Chn )" GrC ] }EkX]’i,’ﬂf . |
+ 2. %\Jf—l(Clz,N72)TPk,N—1O;i1N72}X]]Vt_‘;’
+ {Af.NquBk,Nﬂ =1
+ {Q’f»Nﬂ + Az,N72Pk,N71Ak,N72

. CIZN?IGka.N?l}\I}N*lX;\ﬂT T D AT
+ Ap v o Pen 1Ak v 2+ Ap vy o PrN 1Ak N2

+ {Az,Nq [GrBi.n-1 + GiBrn—1] . ny Gy -
won—2) Pen-1C) o

+ AL N1 Gk Brov 1+ Z Y [(Cin )" GDL

e ’ ‘ +(Chy )" PenaaCl o] }EkXﬁ;ﬁ;”
+(Cly )" GyDLy ] }\IJN,lEkX]t\}{’;‘ + {Af,N,QPk,N,lB,‘,,N,QqJN,Z
+ AL x 1 G [Bev-1on -1 + fon-1] + Af y_oTin—1 (Av—2v—2 + BN72,N—2\I]N—2}
P P
ij i . . .
+ Z 71\?—1ClzN71Gk‘ [Drv-1an-1 + dipn-1] + Z i -2 [(Ch.n—2) Pen-1Dy y 5¥N-1
ig=1 ii=1
, . , ,
+ AL N1k + @k N +(Cin2) Ten1(Ch_gn o+ DfV727N72\IIN,2)}}
= Pk,N—lXﬁ}’t_’f + PkﬁN—lEk’leifﬁf + v X3 x X" + {Ak N_aPen-1Brn-2¥N s
+ Th N1 B X307 + w1 + Ay o Pen1Brn2Un s

+ AL v o Tenv 1 (Av-an -2+ By oy 2¥y 2)

We now calculate Z"%. Note that N
+ Z VW2 (Cv )" Pen-1Dy v 5 ¥n -2

i,j=1
AT Ev_ Zk.t,x - B
R + Al o PenaBrn-2¥Un_2+ ALy 5Tk N1
kit
= Ag NooPe N1 Ap N2 XV X (Ax_a,v—2 +By_an_2Un_5)

(AT PN AN o+ AT P v 1A v 2 i oA :
( k,N—21k,N-14k N -2 k,N—24k,N—-1% N 2) + Z71\],72[(Ck1N72)TPk7N71Di7N_2\I}N71

X EkXﬁ,E; + [Ag‘Nizpk;’]\[lekafglyN,Q ihj=1

+ (C’fiN—?)TTkaN—l (Cg\/—2,N—2 + ng—z,N—Q‘I'N—Zﬂ }
X Eka\’er; + A{,Nfgpk,Nfl (Bk‘N72aN—2 + fk_,Nfz)
+ Az,NJEC,Nfl (Bv-2,n-2an-2+ fn-2,N-2)

P

+ Ag,N—QTIk,N—l (AN72‘N72 + BN*2,N72\IIN72)]X§V’{T7’;
+ [Af v o Pen1Br v 2 ¥y

+ Ag,N—QPk.Nfllgk,N72‘I/N—2

_ ij i T J J
+ Af,N,QTkaq (AN72,N72 + BNfz_N,Q\I/N,Q)] + "21 VN —2 [(Ck,N—Z) P N1 (Dk’N,QOlN—Z + dk,AuQ)
i,j=
t,x,* . . .
x Ex X375 + AL N2Pen-1(Ben—son_s+ frn—2) + (C,g’NfQ)TTk_,N,l(valefzaNﬂ + d§v72’N72)]
+ Al N o Tin—1 (By-2,v—20n—2 + fy_2.n—2) + AL N _oTe N2+ Qe N2
+ Al ok N1 = Pen o X604 Py B XEDT 4 Ty v o X5

+ T v 2B X5 4+ me N o

,,,,,,

and similar expressions for C QEN 2(Zy" " wy 2), AT ., By deduction, we achieve the conclusion. (]
EkZJIift 1> and Ck N_2Er (Z Slwn - 2) Then, from (18)
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D. Proof of Theorem I11.3

i)=>ii). Let u’*** be the one that satisfies the condition (17).
Noting that X" = X1-** of (19), we have

k *
Xphr =X, ke Ty (60)
as
ZN 1,t,x _ GNleJ]\\/vfil"t’z +GN71EN71Xx7Lt7x +gN71
we have

N-—-1,t,x
Ex_1ZY

fr*
=0Gn_1 A1 v XD

t,x,*

+0Onv_1 By vaiuy
+Onvafvoin-1 gy (61)
Similarly, it holds that

Ey1(Zy " wy_y)

p
~ Y i

Jj=1

tz*
GN 1CN 1,N— 1X

»

ij j b

+ E Y 1GN1Dy g v Uy
i=1

P
+ D WG ady (62)
=1

From (17), (61), and (62), we have

0=Wn_ 1uN 1—|—HN 1X 1-‘rﬂN1 (63)
where
Wr-1=Rn-1n-1+ B]TV,LN,IQN—1BN—1,N—1

+300 = Y 1(D§v—17N—1)TGN—1D5v—1,N—1

Hy-1 =B | v Gy 1 AN 181

+>0 -1 VN 1(D/Jinl.ATfl)TGNflcfj‘\ffl,Nfl
By =By 1 n (Gn 1 fvan-1+gn-1]

+200 =1 ’YN 1(Dé\u1,wf1)TGNfldgvfl,Nfl

+pPN-1,N-1-

Note that X %" 1 is not influenced by u;\,“_*{ From Lemma I11.4,

¢
uy"] can be selected as

t,x,*

N-1 :_WN 1 Hn- 1th* WJ]L\T—lﬂNfl

20N X+ an (64)
and

(I- WN—IW]-[-V,J (Hy 1 X"+ By-1) =0
holds, which is equivalent to

Hy— lX}LVll + By 16R31‘1(WN 1)

Moving to the case £k = N — 2 and by deduction, we then
have (28) and (33).
ii)=>i). Let X*** and u!**+* be given in (32) and (33). From
(28), we have
0= Wpul™* + H, X" + B, ke Ty (65)

Furthermore, from (33) and Lemma II1.3, then, (25), equiva-
lently (34), holds. Similarly to (61) and (62), we have

]Ekzlljfix = (Prgs1 + T App X0
+ (Prisr + Togs1)Brpuy™
+ P+t + Tegs1) fek + k1 (66)
and
Vi ; -
Ex(Z,17 wh) Z (Prs1 + Tk k+1)Ck WX
p 5 A .
+ Z’Y;cj (Prk+1 + Terr1) Dy R
i=1
p .. .
+ Z%ﬁ'] (Pk,k+1 + Tk,kJrl)d';]C’k- (67)
=1

Combining (65)—(67), we have the stationary condition (17).
[ |
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