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This paper introduces identification algorithms for finite impulse response systems under quantized
output observations and general quantized inputs. While asymptotically efficient algorithms for
quantized identification under periodic inputs are available, their counterpart under general inputs has
encountered technical difficulties and evaded satisfactory resolutions. Under quantized inputs, this paper
resolves this issue with constructive solutions. A two-step algorithm is developed, which demonstrates
desired convergence properties including strong convergence, mean-square convergence, convergence
rates, asymptotic normality, and asymptotical efficiency in terms of the Cramér-Rao lower bound.
Some essential conditions on input excitation are derived that ensure identifiability and convergence.
It is shown that by a suitable selection of the algorithm’s weighting matrix, the estimates become
asymptotically efficient. The strong and mean-square convergence rates are obtained. Optimal input
design is given. Also the joint identification of noise distribution functions and system parameters is

Input design investigated. Numerical examples are included to illustrate the main results of this paper.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

To reduce costs of sensors and accommodate communication
system limitations (Akyildiz, Su, Sankarasubramaniam, & Cayirci,
2002; Li, Zhang, Cui, Fan, & Athanasios, 2014), system identification
under quantized observation has drawn great research effort
and experienced substantial advancement during the past decade
(Agiiero, Goodwin, & Yuz, 2007; Casini, Garulli, & Vicino, 2011;
Wang, Yin, Zhang, & Zhao, 2010; Wang, Zhang, & Yin, 2003).
Compared with conventional system identification, quantized
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observations provide very limited information on system output
signals, and consequently introduce essential difficulties in
system identification. Fundamental progress has been achieved
in methodology development, identification algorithms, essential
convergence properties, and applications (Casini, Garulli, & Vicino,
2012; Cerone, Piga, & Regruto, 2013; Chen, Zhao, & Ljung, 2012;
Colinet & Juillard, 2010; Gustafsson & Karlsson, 2009; You, Xie, Sun,
& Xiao, 2011).

Under full rank periodic inputs, for both linear systems and
nonlinear Wiener and Hammerstein systems under stochastic
and bounded noises, quantized identification algorithms and their
key convergence properties have been obtained, including strong
and mean-square convergence, convergence rates, asymptotic
normality, asymptotic efficiency, and large deviation principles
(Agliero et al., 2007; Casini et al, 2011; He, Wang, & Yin,
2013; Mei, Yin, & Wang, 2014; Wang & Yin, 2007; Zhao, Wang,
Yin, & Zhang, 2007). Also, related time and space complexities,
identification accuracy with respect to the disturbances and
unmodeled dynamics, and optimal input design have been
investigated comprehensively. For example, Agiiero et al. (2007)
studied quantized identification of linear systems with colored
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noises based on multi-sine input signals and quantized data. Casini
et al. (2011) proposed a method for designing optimal input
sequences to minimize time complexity on parameter estimation
using binary sensors under bounded disturbances. Wang et al.
(2003) gave a strong consistent identification algorithm with
binary-valued observations. For general quantization thresholds
under full-rank periodic inputs, Wang and Yin (2007) introduced
the optimal quasi-convex combination estimator (QCCE) which
was shown to achieve the Cramér-Rao (CR) lower bound
asymptotically.

However, commonly encountered persistent excitation inputs
are not necessarily periodic. Input signals often cannot be
arbitrarily selected to be periodic (Ljung, 1987), and in adaptive
control the control input is adjusted in real time and is usually
non-periodic (Guo, 1993). Great effort has been made to resolve
this issue. While it is well understood that the maximum likelihood
(ML) estimates are efficient algorithms, they are not constructive.
One main direction of research is to approximate the ML functions,
such as expectation maximization (EM) methods, under quantized
observations and general inputs. Another approach is to construct
directly identification algorithms of stochastic approximation
type by using innovation of quantized observations. Based on
the ML criterion, Godoy, Goodwin, Agiiero, Marelli, and Wigren
(2011) introduced an iterative batch algorithm for identifying
finite impulse response (FIR) systems with quantized output
data and persistent excitations, and proved that the ML criterion
was achieved as the iterative step goes to infinity. Marelli, You,
and Fu (2013) extended the work in Godoy et al. (2011) to
ARMA models with intermittent quantized output observations,
where the joint effect of finite-level quantization and random
packet dropouts on identification accuracy was characterized.
Under a regularity assumption on the parametric model describing
the data, Chiuso (2008) showed that the ML estimator can be
found from quantized data. Guo and Zhao (2013) proposed a
recursive projection algorithm for FIR systems with binary-valued
observations, proved its strong and mean-square convergence,
and obtained convergence rates under sufficiently rich inputs. For
gain systems and time-varying thresholds, Guo and Zhao (2014)
discussed the quantized identification problem with general
persistent excitation inputs, and provided an optimal scheme of
selecting thresholds and quantization values.

Despite comprehensive progress on quantized system identi-
fication under both periodic and general inputs, asymptotically
efficient algorithms for quantized identification under general
inputs have encountered technical difficulties and evaded satisfac-
tory resolutions. Under quantized inputs, this paper resolves this
issue with constructive solutions. Focusing on FIR systems, we con-
sider quantized system identification under quantized inputs. By
classifying the regressor sequence into distinct pattern sets accord-
ing to the values of the regressor vector, we show that the informa-
tion on the system can be divided, without losing any information,
on the basis of both quantized output observations and input re-
gressor patterns. A modified optimal QCCE (Wang & Yin, 2007) is
employed together with a weighted least-squares optimization to
combine optimally the set of information to derive an estimate of
the unknown parameters. By adjusting the weighting matrix, dif-
ferent asymptotic behavior of the estimate can be obtained. It is
shown that the algorithms can achieve the CR lower bound asymp-
totically by a suitable design of the weighting matrix, and hence,
is asymptotically efficient. Construction of the optimal weight-
ing matrix is presented. Other related and desired convergence
properties of the algorithms are established, including strong
convergence, mean-square convergence, convergence rates, and
asymptotic normality. Some essential conditions on inputs for
ensuring identifiability and strong convergence are derived. The
scaled sequence of estimation errors is shown to be asymptotically
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Fig. 1. System configuration.

normal. Optimal input design problems are also studied, which
aim to increase convergence rates by selecting input patterns and
adjusting their frequencies of occurrence. Furthermore, we also
investigate the case where the noise distribution functions are un-
known. The identifiability, algorithm design and convergence anal-
ysis are discussed.

The rest of the paper is arranged as follows. Section 2 formulates
the problem with system structures, noise characterizations, and
other related conditions. Section 3 reviews some key techniques
on quantized system identification under periodic inputs that are
used in this paper for quick reference. Section 4 designs the identi-
fication algorithms based on the optimal QCCE and weighted least-
squares optimization. Input excitation conditions are introduced.
Section 5 analyzes convergence properties, including strong and
mean-square convergence, convergence rates, asymptotical nor-
mality, and asymptotic efficiency. Section 6 discusses optimal in-
put design problems. Section 7 investigates the joint identification
of noise distribution functions and system parameters. Numerical
examples are presented in Section 8 to demonstrate the main re-
sults of this paper. Finally, findings of the paper are summarized in
Section 9, together with some potential future directions.

2. Problem formulation

Consider a single-input-single-output linear time-invariant
stable discrete-time system G represented by y, = Guy+d;, k=
1,2, ..., where uy is the input and d is the system noise. For
simplicity, in this paper, G is an FIR (finite impulse response)
system. In this case,

Yk = @y + - - - + Gplig_npq + di :¢/,<9+dk» (1)

where ¢, = [ug, ..., Ug—n41]istheregressorand 6 = [ay, ..., a,]’
is the parameter vector to be identified and z' denotes the
transpose.

The system structure is shown in Fig. 1, in which the input is
finitely quantized with r possible values, u, € U = {uq, ..., Ur}.
The output y, is measured by a sensor of m thresholds —oc0 <
G < < Gu < oo. The output sensor can be represented
by a set of m indicator functions s, = [s,l(, ..., sl where s, =

. 1, ifygea,
I—oo<y,<cy fori = 1,...,m, and Iy, cpy = [0’ otherwise, A
alternative representation of Ijy,ca; is by defining 3t = Iic,_, y.<c;

and5, = Y5t Hence, 5, = i, fori = 1,...,m + 1,
implying that y, € (C_1,G] with (¢ = —oo and Cpy; = ©©
(with the interval (C,, 00)). This representation will be used in
deriving the Cramér-Rao lower bound. This paper aims to design
an asymptotically efficient algorithm to estimate the unknown

parameter vector 6 based on {u} and {s}.

Assumption 1. {d,} is a sequence of i.i.d. (independent and identi-
cally distributed) random variables. The accumulative distribution
function F(-) of d; is invertible and its inverse function, denoted by
F~1(-) = G(-), is twice continuously differentiable. The moment
generating function of d; exists.

For convenience, we denote Fj(x) = F(C; — x) and define the
matrix functions

—1 -1
U(x) = diag [(agso) ,...,(E’Fg)fx)) } )




J. Guo et al. / Automatica 57 (2015) 113-122 115

Fi(x) — F{ (%)
Fi(x) — Fi()F2(x)

Fi(x) — Fi(x)F2(x)
F>(x) — F5 (%)
P(x) =

Fi(x) — Fu®F(x) F(x) — Fr(x)F(x)

F1(x) — F1()Fn(x)
F (%) — F(x)Fn (%)

Fn(X) — F2.(x)

(3)

Box 1.

and P(x) (given by (3) in Box I) for any x € R, where diag|...]
represents a diagonal matrix.

3. Review on quantized system identification

This section summarizes a few related key results in quantized
system identification, including the QCCE and its convergence
properties. The main content comes from Wang et al. (2010), Wang
and Yin (2007), and Mei et al. (2014).

Consider the special case of a gain system: y, = ux6+d,. Choose
uy to be a constant. Without loss of generality, assume u, = 1.Then

Yie=10+d. (4)

Under Assumption 1, {yx} is an ii.d. sequence that has the
accumulative distribution function F (- — ). For the system (4), the
probability of {sj, = 1} is

pi = Pr{—o0 <y, < G} = F(G; — 0) = F(9). (5)

We begin with estimation of p; in (5). Take N measurements
on si. Then fori € {1,...,m}, & = &Y}, sk is the sample
relative frequency of y taking values in (—oo, (;] and an unbiased
estimator of p; for each N, i.e., Eé{, = pi.

An estimator 6}, of @ can be derived from &, = Fi(6}). Con-
sequently, 0, = F'(¢}) = Gi(&}) is an estimator for #; and
0,';,, i = 1,...,m, are m asymptotically unbiased estimators of
0 based on samples of size N. Denote the estimation errors by
ev = le),...,em] with el = 6} — 6, and use the notation
On = [0y, ...,001, 1 =[1,1,..., 1] of compatible dimension.
It is readily seen that ey = ®y — 61. Define Vy(0) = Eeye),. Since
Eey — 0as N — oo, Vy(0) is a covariance matrix of ey, and is
positive semi-definite.

Define y = [y1,..., Ym] such that y; + --- 4+ yn = 1. One
can construct an estimator of @ by ay = > ", yify, = ¥'On. Gy
is called a Quasi-Convex Combination Estimator (QCCE). The term
“quasi-convex” is used since y; may not be nonnegative. Since 0,’;,
is asymptotically unbiased,

Eay = y'EOy —> Y91 =6 asN — oo. (6)

Hence, dy is an asymptotically unbiased estimator of #. More-
over, the variance of the estimation error dy — 6 is given by
Gi: = E(y'Oy—0)*y'Eeyeyy = y'Vy(0)y. Thatis, the vari-
ance is a quadratic form with respect to the vector y. The optimal
QCCE minimizes &y which s obtained fromo = min, ,1—1 o5 =
min, 11— 'V (0)y.

Theorem 1 (Mei et al, 2014; Wang & Yin, 2007). If Assump-
tion 1 holds, then the QCCE dy converges strongly to 6, i.e, Gy — 6
w.p.1, and has the strong and mean-square convergence rates y —

6 =0 (N—% /loglog N) wp.1, N&2 — y'U@O)P@O)U®)y as
N — oo, where U(-) and P(-) are given by (2) and (3). Also the cen-
tered and scaled sequence of Gy is asymptotically normal in the sense

that /N @y — 6) > & (0, y’'UO)P(O)U(O)y), where % denotes
convergence in distribution.

Theorem 2 (Wang & Yin, 2007). Suppose that Assumption 1 holds
and Vy (0) is positive definite. Then the optimal QCCE can be obtained

-1
. viley .
by choosing y* = —No"—, ay = (y*) Oy, and the minimal
vy lon
variance is o7 = ——.
vy on

Theorem 3 (Wang & Yin, 2007). The Cramér-Rao Lower Bound for
estimating 0 based on observations {sy, 1 < k < N} is GCZR(N ,m) =

m+1 B2\ 71 ~ ~ ~
(N > 7'1) where p; = F(0) — Fi—1(0) and h; = dp;/90,
i=1,...,m+ 1.

Theorem 4 (Wang & Yin, 2007). The optimal QCCE is asymptotically
efficient in the sense that Nog — NoZ(N, m) — 0as N — oo.

4. Identification algorithms

Suppose that u = {ug, k = 1,2,...} is an arbitrary input
sequence taking quantized values in U = {u, ..., u}. The input
u generates a regressor sequence {¢;} that takes values in | = r"
possible (row vector) patterns denoted by # = {m,...,m}.
For examplev T = [l’Ll7 s A1, Ml]v T = [M]? cees M1, Mz]-
etc. Ffork = n+ 1,...,n + N, we partition the regressor set
Qv = {¢;4q .., #, .y} according to their patterns z;. Assume
that Qu contains N; of pattern 7, and note that N; may be zero and
Z}:] N; = N.The input pattern set is My = {7 : N; # 0}, i.e,, My
is the collection of all 7r;’s that have appeared in Qy.

Assumption 2. There exists §; > 0 such that limy_, o Nj/N = B;
forjelL={1,...,1}.

Definition 1. We use the following notion throughout the paper.

(1) The pattern 7j is said to be persistent if g; > 0. Without loss of
generality, suppose that 8; # Oforj € Lo = {1,..., o} and
pi=0forjely ={lb+1,...,1}.

(2) Py = {m, ..., m,} is called the persistent pattern set of u.

(3) The persistent pattern set P, of u is said to be full rank if the
matrix
¥ =(n,....m) € Rboxn (7)

is full column rank.
(4) The input u is said to be persistently exciting if P, is full rank.

Remark 1. Non-persistent patterns may exist or appear even
infinitely many times. But they do not have impact on asymptotic
behavior of the estimates.

We introduce the following two-step estimation algorithms
based on the QCCE and weighted least-squares optimization.

Identification algorithm:

(1) AtN, if m; € My, the observation equations under 7; are
Ve=w' +d,

where w' = 76, is unknown and must be estimated. Let

k=1,....N, (8)

Y =I[y,....yl] €R™ suchthatyl +---+y. =1, (9)
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and the corresponding QCCE estimate of w’ be denoted by 1’47’1‘\,}_
with estimation error en;, which gives

= w + ey, (10)

(2) The weighted vector-valued estimate WN is defined as
VNw! VN e,
We=| @ |+]
Nuw! VNey,
= ®n0 + Dy, (11)
where

RV 1\]](5'[\11
and Dy = :

N \/ﬁleN,
are the weighted regression matrix and the scaled estimation
error vector, respectively.

Suppose that @, A@y is full rank, where A = diag[A4, ...,
M] > 0 will be designed later for improving asymptotic
properties and convergence rates. Then, the estimate of  is

Dy =

~ 1 B PN
0N=<Nq>,’qu>N) ~ P AWy, (12)

Remark 2. To highlight the dependence of N; on I, we write
N; = N;(D), which depends on the actual input and frequency of
occurrence of a given pattern. Typically, a large | generates more

data to estimate 6 because the dimension of [wN FARREE: @;V*(T)]/ is
1

higher than that of [wN](l), R wNZ(l)] . From Theorems 6 and 7 it
canbe seen thatfy —0 = 0 (N~12/loglogN) and E@y—0) @y —
0)" = 0(1/N), which means that the order of the convergence rate
of the estimation error only depends on N, and has little to do with
L.

It is noted that the total number [ of “possible” patterns can
be very big. However, in practical usage, the actual complexity
depends on how many “active patterns” and “persistent patterns”
are actually contained in the given input. The algorithm creates
a new pattern only when it appears, and within these active
patterns, only the “persistent patterns” contribute to asymptotic
convergence properties. The number of “active patterns” can be
far less than I, depending on the input design. In other words, in
implementing the algorithms, the input should be designed with
both convergence and complexity in mind.

5. Convergence properties

This section establishes convergence properties of the identifi-
cation algorithms under certain persistent excitation conditions on
the input. We will consider strong and mean-square convergence,
strong and mean-square convergence rates, asymptotic normality,
and asymptotic efficiency.

X (N) denotes the covariance matrix of the estimation error,
ie, X(N) =E@y —0)(6y —0), and

Hy = diag[A1Bi, - - -, Mg Big (13)

where A, j € Lo, is the jth diagonal element of A and p; is given by
Assumption 2.

5.1. Convergence, convergence rate and asymptotic normality

Theorem 5. For system (1) with quantized observations Iy, ca),
if Assumption 1 holds and the input u is persistently exciting, then

§N from (12) converges strongly to the true value, 5,\, — O wp.las
N — oo.

Proof. For j € Ly, by Theorem 1 we have ’z;}’,;,j — w0 w.p.1 as
N — oco. From this and (11), when N — oo it can be verified that

I

1 N; 0
fq§Aq§ = Ai 7'[71—) AiBimlm = W H W 14
N 1271 EURY E:Jﬂ] i 1 (14)

and

1 N,
<P AWN_ZA, W),

NN
j=1

[
— > Mt = W'H w0 (15)

j=1
where ¥ and H; are given by (7) and (13). Since A > 0 and
Bj > 0Oforj € Ly, we know that H; > 0 and ¥'H{¥ > 0 due

to the persistent excitation condition. From (14)-(15) and (12), the
theorem follows. O

Corollary 1. Under the conditions of Theorem 5, 5,\, is an asymptoti-
cally unbiased estimator of 6, i.e.,, EOy — 6 asN — oo.

Proof. Since Eﬂ\;’&j — mi@ asN — oo by (6), in view of (14) and
(15) we obtain the desired result. O

Theorem 6. Under the conditions of Theorem 5, the algorithm (12)

log log N
N

has the convergence rate’G\N —6=0 < w.p.1asN — o.

Proof. In light of (11) and (12), by (14) and ¥'H,¥ > 0 we have

-~

1 -1
On—0 = (ﬁcp;vAcpN) N@,/VA(Q)NQ'FDN) -0

1, 1
= (yonA®n ) PuADN (16)
for suff1c1ently large N. Let LO ={jel:N — occasN — oo}
and L0 = L/Lo {j € L : N; is bounded}. According to Theorem 1,

it follows that ey, = O (Nj_l/z./log log N;) forj € Lo and Nj/N =
0 (1/N) forj € Ty, which implies

] /
ﬁ(pNADN
N; N;
J J
= EN )\jﬁf[j/ENj'i" g )‘jﬁﬂj/e"’j
jelo jely

N; , loglogN]
=ZAJ-NJ7TJ.0< [ == ZA] mfew,
Jj€Ly jGL
loglog N
=0 N w.p.1as N — oo. 7)

This and (16) prove the theorem. O

Remark 3. For the strong convergence and convergence rate,
Assumption 2 can be relaxed. If §; = liminfy_,o Nj/N and
Definition 1 remains the same, then under the conditions of
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Theorem 5 it can be seen that

lo

llmmf Py APy > ZA (llmmfN/N)n T

N

lo
= Z)\jﬂjﬂj/ﬂ'j = W’H]'I/ > 0.
j=1

From this and (16)-(17), we still have 51\1 LpL 6 and 5N -0 =

0 (N~'2/loglogN) as N — oo.

Theorem 7. Under the conditions of Theorem 5, the algorithm (12) has
the mean-square convergence rate
NE(N) —» (¢'HW) " WHw (W'H W)™

where Hy = [f12307, ..., BuApop] and of = (y)) U(m0)P(7;0)
U(mj0)y’ with U(-), P(-) and ¥’ being given by (2), (3) and (9).

as N — oo, (18)

Proof. With (16)and Ay := +®y A (EDyD)) APy, we have

1 ! 1 !
NX(N) = —oyAdy Ay | =Py APy . (19)
N N
For j € Loy, by virtue of Theorem 1 we have
NiEey, — of and /NEey, - 0 asN — oo.

2
As aresult, EDyD), — o %o} 2] . Since

1 1
— A = —(,/N,\ 7, ... Nl,\,n/>
\/N N W 14178 \/> 1

= (VB By, 0, 0).

we obtain

Ay = (qu A) (EDnDy) (qu A>/
\/ﬁ N N \/N N
’ / . 2 2
- [\//31}»1711, o ,/ﬂ,oxlon,o] diaglo?, ..., 02}
= UHW

[diag{af

(21)

which together with (14) and (19) completes the proof. O

Theorem 8. Under the conditions of Theorem 5, the centered and
scaled sequence of 6y is asymptotically normal, i.e.,

x/ﬁ(é —9)—)

asN — oc.

w (0, (@) i (vH) )

Proof. By (16), one can derive

1 1
VN 6y — 0) = (N‘D&A‘PN) WQEI(,ADN. (22)
N d .
Theorem 1 implies that VNien,  — N (0, sz) for j € L.
: 2 2
Consequently,asN — oo, Dy LN |:‘N (O’ diaglo, ..., “’o]) * | which
* *

together with (14), (21) and (22) indicates the theorem. O

Theorems 5-8 establish some convergence properties of the
algorithm (12). The key technical methods are to classify the
quantized observations according to the patterns and deal with
them respectively. For j € Lo, the results in Section 3 are fully
used. For j € Ly, we mainly employ the properties of the patterns’

frequency of occurrence. The following subsection will construct
the optimal weighting matrix such that the algorithm (12) can
achieve the CR lower bound asymptotically.

5.2. Asymptotic efficiency

Theorem 9. The Cramér-Rao Lower Bound for estimating 6 based on
observations {sy, 1 < k < N}is

-1
ECR(N) = (Z] 1NT[ T Zm+l n:j) where {,1(9) = F,‘(T[j@) -

FI‘,](]TJ'@) and T},‘J(G) = 8;,-,1/8(7119), i= ], Lo, mA+ ],j e L.
Proof. Augment sy to vy = [}, 1] € R™1 where the added
element represents 1 = Pr{—oco < y, < oo}. Let x; be
some possible sample value of v,. Noting that x, always takes
the form of [0,...,0,1,1,..., 1], we have Pr{vy, = x,;60} =
Pr{Cyi-1 < Yk < Gow} = Figto(P10) — Fiyy—1(¢0), where
ig(k) is the index of the first 1 in x;. Since {d,} is i.i.d, the likelihood
function of vy, ..., vy taking values xq, ..., Xy, conditioned on
9, is Z(X],...,XN;Q) = PI'{U] = X{,...,UN = XN;G} =
[Tizt [Fioto (@i0) — Figo—1(10) -

Replace the particular realizations x; by their corresponding
random variables vy, and denote the resulting quantity by £ =

Ci ..oy ). Set M = {k : ¢, = m.1 < k <
N} and yxi; = NljzkeM{Vg;f' It is apparent that M} has N; el-

ements and Ey;; =

[Figato (i6) —

ij. Then, we have £ =

I
l_[j_l l_[keMj
Fig - 1(7110)] = [l 1“:"? ;“UX” Consequently,

one can get - log ¢ = Y"_, Y101 Njxi 2 . and
m+1 077!1
802 logZ = ZN Z . 7T
m+1
ZNﬂr mZx”Z”l 23)
i

Noticing that Y""""" ¢;; = 1, we have

m+1 ni |
INDWE ST S
j=1

l,]

2 m+1

5] o

which together with (23) and Xr(N) =
the theorem. O

1
( 257 logé) implies

Theorem 10. Under the conditions of Theorem 5, if the optimal QCCE
is used in (8)-(10) and

m+1

2
. i n;
A:A*:dlag|:§ @, E ,IO )\.10+],...
4‘1,1 CIO

i=1 i=1

, )»1:| , (24)

then §N from (12) is asymptotically efficient in the sense that
NX(N) — NYx(N) = 0as N — oo.

Proof. Under hypothesis, by Theorems 3 and 4 we have sz =

2\ !
<Z:":+11 %) forj € Ly. Furthermore, by (24) it can be verified
that

m+1

77
H; = H, = diag |:,31 Z {H
i1
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From (18), we have

NE(N) — (W'HW) ™" as N — oc. (25)

On the other hand, according to Theorem 9
m+1

1
NEa(N) = (Z ,Z””)

]] ;l]

T - 1
(Zﬂjn oy ”) = (v'H'Y) . (26)
i=1 ']
Then, the theorem follows from (25) and (26). O

Since 6 is unknown, the optimal QCCE is not implementable and
A*isalso unknown. Hence, Theorem 10 is not a constructive result,
and the corresponding asymptotically efficient algorithm cannot
be implemented directly. Two implementable algorithms have
been developed to approximate the optimal QCCE in Wang and Yin
(2007). The next subsection will focus on the implementation of
A*.

5.3. Algorithm implementation
Assume that the optimal QCCE is used in (8)-(10). We use an
estimate of A* to substitute for its real value to yield an adaptive

approximate asymptotically efficient estimation algorithm. It can
be recursively expressed by

~ 1 11 -
Oy = (N%AWN) NCD,(,ANWN (27)
Ay = diag[o; 2(N), ..., 5, 2(N)] (28)

m+1 -1
o~ —~ 2 o~ -1
7 (N) = (Z (1 On-1))" (6 On-1)) ) : (29)
i=1
Similar to (16), by (11) it is known that 6y — 6 = (%cb,’vANcpN)‘1
1@y AyDy and

*‘p ANDN = ZA_Z(N) TT; eN} + Z)\] TT; E’N]

Jj€Lg ]EL

In addition, we have en; — Oforj € Lpand N;/N — Oforj € Ly,
asN — oo. Thus,@N — 6 w.p.1, and it follows that

m+1 m+1

2 2
Ay — diag |:Z Z'l,ZZ'li| w.p.las N — oo. (30)
=7 Sil il

i=1
Another possible construction is to use the sample covariance
in place of A*, which gives

N
Wy =Y W/N

i=1

. 1 ~ i~
Ay = D1ag (N—] ; (Wz - Wz) (W1 - Wi)/>

- 1 19 N
Oy = (ﬁcp;vAqu) Nq),/VANWN
where Diag(B) means a diagonal matrix whose elements come
from the diagonal elements of matrix B. By (20), one can get

mt1 .2 m+1

2
Ay — diag | YLy T
Gin Gil

i=1 i=1

Ky, *j| w.p.1 (31)

asN — oo.

In view of (24)-(26), we know that only the first I, diagonal
elements of A* contribute to the asymptotical efficiency of the
algorithms. Thus, (30) and (31) constitute a constructive imple-
mentation of A* with the desired asymptotic efficiency.

6. Optimal input design

This section discusses how to design the input optimally
for improving mean-square convergence rates. The input design
problem is formulated as a max-min optimization problem, which
can be solved explicitly in some cases. In particular, when the
numbers of output thresholds are large, limiting cases of optimal
input design are obtained. Some properties of the solutions are
given and an adaptive realization process of the optimal input
sequence is provided.

From (25) and (26), it can be seen that

lim NS(N) = lim NEq(N) = (¢'H*w) ™",
N—oo N—oo

which implies that the smaller the size || (W/H*W)_l || is, the faster
the convergence rate of the estimation algorithm (12) becomes.
Thus, we can increase the convergence rate by selecting suitable

input patterns 7;’s from %, the set of all patterns, and adjustmg

their frequencies of occurrences to minimize || (¥'H*¥ ) II. In
this sense, the optimal input design problem can be stated as a
constrained minimization problem

min I (¢'H )™
lo,ﬂ]....,mo.ﬁl ..... ﬂ[o
s.t. ¥ is full column rank (u is persistently exciting)

lo
Zﬂj =1,
=1

(32)
ﬁj>0, ﬂjEJ),jELo

where | - || is the spectral norm of a matrix and “s.t.” denotes
“subject to”.
Since Iy is the number of nonzero 8 (1 < j < I) and

| (@' H* @) | = omax (9'H* @) ™) = (omin (¥'H*W))~", the
optimization problem (32) can be reformulated as
jmax, QB1, ..., B)
s. t - 0,
QB1, ..., B) > (33)
Zﬂj—L Bi=0.jel
j=1
where Q(Bi, . .., B) = omin (¥'"H¥) with
B 4 mil g . mt1 1
o=, —dlag|:,312 - ﬂ:Z ':|
]T’ i=1 ;1 i=1 {l

and opax (1) and opin(-) represent the maximum and minimum
eigenvalues, respectively.

In the case of large numbers of output thresholds, this
problem is simplified. As we can see, ¥'H*W¥ is dependent on
the system input, output thresholds, system parameters, and the
distribution and density functions of the disturbance. When the
number of output thresholds goes to infinity, the following lemma
demonstrates that ¥’H*¥ will converge to a limit that depends
only on the input and variance of the disturbance.

Lemma 1. If dy is a sequence of i.i.d. Gaussian random variables
with zero mean and variance o2, and C; — —o00, G — 09,
maXi<j<m |G — G-1] —> Oasm — 00, then limy_ . ¥'HY =
v'diag[B, ..., BI¥ /o>
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Proof. By Theorem 13 in Wang and Yin (2007), we have

m+1 '71] 1
hmm—>oo Z = 52

l

.Thus, as m — o0,
1 m+1

2
LIEDI mjz';"]f

2 Z'Bﬂ T =

which gives the lemma. O

lI/ diag[g1, ..., BiIl¥,

Under the conditions of Lemma 1, the optimization problem
(33)is reduced to

max Q(,81,...,,8)
.t. 0
st Q... > (34)
Y B=1. B=0jel
j=1
with 6(/81’ cee ﬂl) = Omin (lI_//diag[:B]v cee IBI]lI_I)

To solve (33), one can diagonalize ¥'HY. Since (¥'H¥) =
@'HY, there exists an invertible matrix V such that V- 1'¢'H@V
is a diagonal matrix, denoted as diaglay, ..., a,], where q; is a
function of B, ..., B. Then, the problem becomes maxg, . g
min{ay, ..., a,}. ThlS is @ max-min optimization problem. We use
ﬂg* = [B],.... B]] to represent a solution of (33). To reflect

the relationship between [B* and 6, we also write [B*(O) =
[B7(0), ..., B ()] Its properties are given by the following

proposition.

Proposition 1. The following assertions hold.
(i) B * may be non-unique.

(ii) B * has at least n nonzero elements.

(iii) Q (87, .-

Proof. (i) This will be shown by Example 2.
(ii) This follows from the fact that ¥ is full column rank under

m+1 "1}
B < maxq<j< ) iy 51]7171

(iii) For any Bu, . .., B, by

m+1

7]1]

P'HP =) B (35)
Z DBt
and 0 < B; < 1 we have

Q(ﬁl’ "'7131)

j=1 i=1 °LJ j 15j=l ij
which together with Y";_, §; = 1 indicates that Q(B1. ..., B) <
max;<j<g Y it hn,n . Hence, (iii) is true. O

Consequently, a question arises naturally on the realiza-
tion of ﬂg*, i.e,, how to design an input sequence such that
limy_ o[N1, ..., NJ /N = g*.If B *is known, one can define a se-
quence {xy, k > 1} of i.i.d. discrete random variables with Pr(x; =
D= ,3]-* forj € L, which is also denoted as x; = x;(1 : [; B *).AtN,

let @,y = Mgy - s Py = Txy- Then, Nj = 30 Iy, and by
the laws of large numbers,

N;
Jim = = ;’{xl—;} = Elpy=) = Prxi =) = f;.
Thus, [Ny, ..., N]' /N — ﬂg*asN — 0.
However, ﬂg* is unknown since 6 is unknown. Suppose that
ﬂ}* = @*(9) = [B7 @), ..., /3,’8(9), 0, ..., 0] and there exists

a constant EJ > 0 such that ﬂj* > éj forj € Lyp. Forany Y =

W1, ..., y,] € RO, define y(Y) = [z1,...,2,]' € R", where

[z1, ...zl =1, -, Yl if Y > éj forj € Ly; otherwise,
B ify; <B;

zi=1{J ] ~i
B, +v0; =By, ity > B,

where v; > O satisfy } . y=8, vy —B)=1- Z}L B, 1t can be

verified that

lo
Yoa= 2 B+ 2 (B ru-8))=

j=1 JYi=B; Jyi>8;

Given 6 € R" let Yy = [ﬂf(@o),...,ﬁf;(@o)]’, X1 = x1(1
lo; ¥ (Yp)) and ¢1’1+1 = . By (12), 61 can be calculated. Then,
let Vi = [B{@). ... By @DV % = x(1 : los Y (YD), by =
Tx,. From ¢, and ¢, we can get 6,. In general, let Yy_; =
[B7 @)oo B Oy, xn = v (12 i Y (W), By =
Txy» and by (12) calculate Oy from ¢nyn,@nin—1s - - -, Pny1. GeEner-

ate a sequence {¢,+1, Pni2, - - -} by repeating the process. It can be
seen that lim infy_, o Nj/N > éj forj € Ly. According to Remark 3,

we have @N — 0 as N — oo. Furthermore, we have Pr(xy = j) =
B On-1) — B1(O) = B and Ny/N = § 3 Iy — B; for
j € Lo.Hence, [Ny, ..., Ny,0...,0]'/N — ﬂg*asN — 00.

7. Joint identification of noise distribution functions and
system parameters

The developments above rely on the knowledge of the
distribution function F(-) and its inverse. However, in most
applications, the noise distributions are not known, or only limited
information is available. On the other hand, input/output data
from the system contain information about the noise distribution.
By viewing unknown distributions and system parameters jointly
as uncertainties, this section investigates the joint identification
of them. To avoid undue complexity, we consider the case that
m = 1 (the output sensor has only one threshold C) and the
noise distribution function F(-) contains n unknown parameters
P, ..., P, e, F(z) = F(z; p) forany z € R by denoting p =
[101! e pﬁ]/ €R".

7.1. Identifiability

Since mjy41,..., 7 are sparse in the regressor sequence
{¢p. k > 1} (i.e, Bj = 0 forj € L;), for simplicity they will not be
used to design algorithms in this section. From {si}, F(C — w’; p)
can be estimated by the empirical-measure-based method forj €
Lo. If F(C — w/; p) are precisely known, then there exists a vector
o = [, ..., o] € RY such that

Fwp)=0a;, j=1,...,l. (36)

The equations above are usually unsolvable because there are Iy +n
unknowns (wy, ..., wy, and p) but only Iy equations. Thus, at least
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another n independent equations are needed, This is achieved by
special input design. Assume that the input can make w', ..., wb
satisfy the following T (>n) equations

F@w', ..., wyy =0 i=1,...,T, (37)
where F(-) is a function fromRo toR,i =1, ..., T.

If we can obtain w!, w'o and p from (36) and (37), then 6
will be given by w', ..., wl, ie.,
6= (w'w) wW°, withW®=(w',..., woy (38)

if ¥ is full column rank.

Remark 4. A simple way for realizing (37) is the scaling factor
method proposed in Wang et al. (2010).

Assumption 3. There exists a convex compact set & C R such
that € & and forany ¢ = [¢1,..., g,]' € & the equations

F(x;0) = 6uj = 1,.... 00, Fi (%1, ..., %) =0i=1..,T
have a unique solution [x1, ..., x;,, 0']' € R+ also denoted by
7(¢) thatis continuous in & with respect to some vector norm.

7.2. Identification algorithms
Under Assumption 3, by (36) and (38)

(o) = [w!

This, together with the continuity of z(-), implies that one can
derive an estimate of « from the estimates of W° and p. A detailed
process is given by the following algorithm.

L w, p') = (W, ). (39)

Identification algorithm:

(1) At N, for j € Lo, the system outputs under n; are y’k =
w + dﬂc and the corresponding binary-valued observations are

1 N

N Doilish Ni#£O
1

3 Nj =0,

s, = Ij _,- Define s = and let @y =
=

[§,1\,, e §£3]’ and @y = Iz (a@y) where [Tz (-) is a projection
operator given by [Tz (z) = argmin,,. ¢ ||z —w|| forany z € Rb,
and || - || is the vector norm in Assumption 3.

By Assumption 3, let Ty = 7 (@y). Using 7y ; to represent the
ith component of ty fori =1, lo + 7, the estimates of W°
and p are W = [ty 1, - . TN,IO] PN = [TNg+1s - - s TN Igtm] -
Suppose that (@N) ACDN is full rank, the estimate of 9 is

~ 1 = ! 1 I AA; W
Oy = (N(cpg) A(P,?,) N@ﬁ’,) Adiag[y/Ny, .. ., /Ny Wy
(40)

where ®3 = [/Ni71, ..., /Nym,] and A = diag[Ay, ...,
A1 > 0is a weighting matrix.

—
N
—

—~
w
~

7.3. Convergence

Theorem 11. For system (1) with binary observations, if {d,} is i.i.d
and Assumptions 2 and 3 hold, then ty converges strongly to the real
value, ty — t(a) w.p.1asN — oc.

Proof. By the law of large numbers and the definition of §','\,, we

have §]N — F(C—w/; p) forj € Ly. Thus, it follows that @y — «
w.p.1as N — oo. Since t(¢) is continuous in & by Assumption 3,
it is known that ty — t () by (39). This completes the proof. O

16

15.5

14.5

135 Estimates of 6 ]
— — — True parameter value

125 L L L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Data Index N

Fig. 2. Convergence of §N from (12).

Theorem 12._Under the conditions of Theorem 11, if u is persistently
exciting, then GN from (40) converges strongly to the true value, GN —
6 wplasN — oc.

Proof. By virtue of Theorem 11, we know that 7y j — w forj € L.
Similar to (14) and (15), one can obtain 1 (@5) Adiag[v/Ny, ...,
VNIWS — W'H, w6 and 1 (@) Ad) — W'HW, asN — oo.
This together with ¥'H;¥ > 0 proves the theorem. O

8. Numerical examples

Example 1. Consider a gain system y, = uyf + di, where the
true value 6 = 15 and {d;} is a sequence of i.i.d. normal random
variables with zero mean and standard deviation = 25. The
output is measured by a sensor that has three thresholds C; = 32,
C; = 53, C3 = 60. The input is quantized and takes values from
U = {mq, m, 3, 14} = {1,2,3.1,5}. Since & € R, we have
P = U.At N, assume that Ny = N — N, — N3 — Ny, N, =
[0.6(N —N3—N4)1,N3 = min{110, |[logN]|},Ns = {\FNl,where
[Zz] denotes the smallest integer greater than or equal to z € R.
Thus, 7y = 1 and 7, = 2 are persistent, P, = {1,2} and
v =11,2].

In (8)-(10), we use the algorithm (20) proposed in Wang and
Yin (2007) to simulate the optimal QCCE, and 6y is computed using
(12) with A = diag[4, 2, 1, 1]. The convergence is shown by Fig. 2.

From Theorem 9, one can get

0.7517 0.5319 0.2810 0.0427
2] _[0.1840 0.2893 0.3216 0.1467
Sijlaxa = 100284 0.0637 0.1028 0.0849

0.0359 0.1151 0.2946 0.7257
and

—0.0127 —-0.0159 -—-0.0135 —0.0036
(] _ 0.0077 0.0054 —0.0019 —0.0072
Mjlax4=1"00018 0.0027 0.0016 —0.0025 "

0.0032 0.0078 0.0138 0.0133

which together with the definition of N;, i = 1,...,4, leads
to the CR lower bound X (N). Fig. 3 gives the sample vari-
ances X (N) with A = diag[4,2,1,1] and A = A* =

diag[0.0009, 0.0012, 1, 1], and the theoretical CR bound. It can be
seen that the curve with A = diag[4, 2, 1, 1] is higher than the
one with A = A*, which illustrates the impact of A on the con-
vergence rate. Especially, the curve with A = A* converges to the
CR lower bound, which indicates the asymptotic efficiency.
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Fig. 3. Asymptotic efficiency of Oy from (12).
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Fig. 4. Convergence of algorithm (27)-(29).
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Fig. 5. Convergence rate of algorithm (27)-(29).

Using Oy to substitute for 6 in A*, we simulate the adaptive
asymptotically efficient algorithm (27)-(29), whose convergence
and convergence rate are shown by Figs. 4 and 5.

Example 2. If 6 € R, then /m; € R.By (35), Q(B1,...,f) =
2 2
! m+1 Tij m+1 i _
> i1 Bi i ﬁj”j/”f' Assume that Y ;" {:js T T, = MaXi<j<i

2
m+1 7 _ 1, Jj=ijo .: .
2zt g, 77 Then, f; = {07 i1 gives a solution of (33). In

addition, the uniqueness of the solution of (33) is determined by
the uniqueness of jg.

Example 3. Consider problem (34). The input is quantized and
takes values from U = {—1, 1}, which implies that » =
{1, M2, w3, 14} = {[—1, —1],[-1, 1], [1, 1], [1, —1]}. Observe
that

4
Zﬁj

4
PGV
i) :31]‘1_/ = jjl jjl

SIS Y B
j=1 j=1

From this expression, one can derive 6(;31, Ba2, B3, Bs) =
2min(fy + B3, By + Ba) = Ly By — [ S (-1 Since
Z;; Bi 1, B, B3, B3, B; is a solution of (34) if and only if
Bi+ B3 = B5+B; =1/2with0 < BF < 1forj =1,....4,
and maxQ(B1, B2, B3, fa) = 1.Thus, Bi = B = 1/2 and
B3 = B; = Oisasolution, which indicates that a 2-periodic signal
with its one-period ¢, 1 = [—1, —1] and ¢ = [—1, 1] is an
optimal input sequence.

'diag[By, ..

9. Concluding remarks

This paper resolves a critical standing issue in quantized
system identification: When the input is periodic and full rank,
algorithms and their key convergence properties are available,
including strong and mean-square convergence, strong and mean-
square convergence rates, asymptotic normality, and asymptotic
efficiency. However, at present it is unclear what constructive
algorithms will retain all these properties when the input is
not periodic. Under quantized output observations and general
quantized inputs, this paper introduces identification algorithms
and input excitation conditions under which parameter estimates
attain all these properties. The results and methods developed in
this paper can be potentially extended to different systems, noise
characterizations, and uncertainties.
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