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1 Úó

“�Ï±5, �5�ê�Ý
nØ��´NõêÆ©|�Ä�óä, Ó�, §�g��äk´L

�ïÄ�K.” (Linear algebra and matrix theory have long been fundamental tools in mathematical

disciplines as well as fertile fields for research in their own right.) [6] �&z��l¯êÆ$�Ù¦g

,�Æ�ÆöÑØ¬~¦Ý
��5. §Ú�È©�±�´êÆ�ü¬Ä�, ���±`, ��C�

êÆ��f´ïá3ùü�Ä��þ�. �,Ý
�*g�©�*, §�'�È©@Ñy, ~X·IÑ

yuú�c�V�5ÊÙ�â6, Ò®²r�5�§|�Xêü¤�
 (Ý
), ?^��{ (=p

d��{) ¦) [7]. ���È©ØÓ, Ý
nØ�3ØäuÐ, �X [6] �Ñ�: Ý
g�äk´L�ï

Ä�K. �8�kNõ'uÝ
/�5�ê�ISÏr, zcÑk¤zþZ�#(J.

�Qã�BO, k5½�
PÒ:

(i) Mm×n: m× n ¢Ý
8Ü.

(ii)

Dk =

{
0,

1

k − 1
,

2

k − 1
, · · · , 1

}
, D2 = D = {0, 1}.

(iii) δkn: ü 
 In �1 k �.

(iv) ∆n := {δ1n, · · · , δnn}, ∆ := ∆2.

(v) Coli(A) (Rowi(A)): Ý
 A �1 i 1 (�). Ý
 A �1 (�) 8ÜP� Col(A) (Row(A)).

(vi) Ý
 L ∈ Mn×m XJ§��÷v Col(M) ⊂ ∆n, K¡Ù�Ü6Ý
. n×m �Ü6Ý
8ÜP�
Ln×m.

∗I[g,�ÆÄ7 (61074114, 60821091, 61104065) ]Ï�K.
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(vii) � L ∈ Ln×m. K

L = [δi1n , δ
i2
n , · · · , δimn ],

{P�

L = δn[i1, i2, · · · , im].

(viii) P 1n �����þ, Ù��þ� 1.

(ix) W[n,m] ∈Mmn×mn ¡�� Ý
, XJ

W[m,n](X ⊗ Y ) = Y ⊗X, X ∈ Rm, Y ∈ Rn. (1)

w,, Ý
$��ØU`®²¦õ¦{, vk":. XJÚê�¦{�', ÊÏÝ
¦{�����

":´: �kc
�ê��
1ê��, Ý
¦{âk�. Ïd, =¦lêÆ��Ñu, ��ég,�¯

K´: UØUrÝ
ÊÏ¦{í2�?¿ü�Ý
? Ý
�ÜþÈ�´ù���í2. §�±��/½

ÂXe [3]: � A ∈ Mm×n, B ∈ Mp×q. P t = lcm{n, p}, = t � n Ú p ���ú�ê, @o A Ú B �

�ÜþÈ, P� AnB, ½Â�

AnB :=
(
A⊗ It/n

) (
B ⊗ It/p

)
. (2)

·�ò (2) ¡�Ý
��ÜþÈ, Ï~`Ý
�ÜþÈþ���ÜþÈ. N´wÑ, (2) ´ÊÏÝ


¦{�í2, Ï�� n = p �, §Ò´ÊÏÝ
¦{. Ù¢, ù«í2�±kéõ. ~X, m�ÜþÈ [3]:

AnB :=
(
It/n ⊗A

) (
It/p ⊗B

)
. (3)

�,, ��±½Â·Ü�ÜþÈ

A ./ B :=
(
It/n ⊗A

) (
B ⊗ It/p

)
; (4)

½

A ./ B :=
(
A⊗ It/n

) (
It/p ⊗B

)
. (5)

�k��kAÛ¿Â�í2:

A�B :=
(
1t/n ⊗A

) (
1t/p ⊗B

)
. (6)

d	, [10] �ò��ÜþÈí2��ÜþÈ, ��. f� P�¬`: “uÛ�k)QJÑL�«í2, =

XJ n < p, � A Öþ p− n �"����, XJ n > p, � B Öþ n− p �"���1.” ù�V´�{

ü�í2
. Ù¢, ÆL�5�ê��Æ), ��k,�, ÑØJEÑgC�í2. ù �¬�`: “uk

)`L, rÝ
¦{í2�?¿ü�Ý
vk¿Â.” ·�n), uk)��´þã½¦%¥����


í2. l�¡n)uk)�¿g, A�´: Ø��B��vk¿Â�í2. Q,uk)J�
í2, ¦�

V�&?L�U�Ün½k¿Â�í2.

�o´Ün�k¿Â�í2, ·�±���kü^:

(i) §7L½Â{²!O��B, Ó�, ØU»�Ý
¦{�k�Ä�5�;

(ii) §7Lk²(�Ôn¿Â, l§U
¤�)û�A¢S¯K�rkåóä.

ÄK, í2ò�U´��{ü�êÆiZ. �©�1��8�, Ò´�`², Ý
��ÜþÈ (±e

�½Â (2)) ÷vþãü^.
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2 Ý
�ÜþÈ�Ä��n

� A ∈ Mm×n, B ∈ Mp×q. XJ n = p, ·�¡ A Ú B ÷v��ê^�; XJ n = ps (P�

A �s B) ½ ns = p (P� A ≺s B), ·�¡ A Ú B ÷v��ê^�; XJ��ê^��Ø÷v, K¡§

��ü�?¿Ý
. ¢Sþ, y3�k��A^þá��ê�/. 3ù«�¹e, ·�kXe�d½Â:

½Â 1 (i) �X ∈ Rmn ��1�þ, Y ∈ Rm ����þ. òX �©¤mã,=X = (X1 X2 · · · Xm),

ùp Xi ∈ Rn, i = 1, · · · ,m. @o, X Ú Y ��ÜþÈ, P� X n Y , ½Â�

X n Y :=
m∑
i=1

Xiyi ∈ Rn. (7)

(ii) � X ∈ Rm ��1�þ, Y ∈ Rmn ����þ. @o, X Ú Y ��ÜþÈ½Â�

X n Y :=
(
Y T nXT

)T ∈ Rn. (8)

(iii) �Ý
 A ∈Mm×n, B ∈Mp×q ÷v��ê^�, @o, |^ (7) 9 (8), ½Â

AnB =


Row1(A) n Col1(B) Row1(A) n Col2(B) · · · Row1(A) n Colq(B)

Row2(A) n Col1(B) Row2(A) n Col2(B) · · · Row2(A) n Colq(B)
...

Rowm(A) n Col1(B) Rowm(A) n Col2(B) · · · Rowm(A) n Colq(B)

 . (9)

ù�½Â�Ñ�ÔnVg´é�Ù�.

¢Sþ, ²;Ý
nØU�B?n�5½�g¼ê. �épg¼ê§%éJAG. y3w§´XÛ

?n�g¼ê,½ö`V�5/ª. �X ∈ U �X ∈ V , U ´��m���m,ÙÄ.� {u1, · · · , um},
V ´�� n ���m, ÙÄ.� {v1, · · · , vn}. f : U × V → R ´��V�5¼ê. XJ

f(ui, vj) = ai,j , i = 1, · · · ,m; j = 1, · · · , n,

K·��ò {ai,j} ü¤��Ý

A = (ai,j) ∈Mm×n.

P X =
m∑
i=1

xiui ∼ (x1, · · · , xm)T , Y =
n∑
i=1

yivi ∼ (y1, · · · , yn)T . K3�þ/ªe, ·�kÝ
L«ª

f(X,Y ) = XTAY. (10)

Ù¢, ·���±��«�{L«ù�V�5N�. ò {ai,j} ü¤��1, P�

Mf = (a11, a12, · · · , a1n, · · · , am1, am2, · · · , amn).

@o, |^½Â 1 ØJ�y

f(X,Y ) = Mf nX n Y. (11)

¢Sþ, (10) � (11) �8�Ñ´���, §�ÏL$�5K4Cþ {xi, yj} é�§�éA�Xê aij .
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y3�Än�5N�. � U , V Xc, W ´�� s ���m, ÙÄ.� {w1, · · · , ws}. g :

U × V ×W → R ´��n�5¼ê. XJ

g(ui, vj , wk) = bi,j,k, i = 1, · · · ,m; j = 1, · · · , n; k = 1, · · · , s,

@o {ai,j,k} ´�� 3 �ê|. éun�ê|, UÄ�V�5¼ê f @�, ^Ý
��{O� g Q? ¢S

þ, 3Nõ�ÆO�¥, AO´ÚO¯K¥, ²~I�?n 3 �ê|, u´, k<JÑá�È�Vg. =

r 3 �ê|ü¤��á�N (Xã 1), ,�½Â�A��@$� [1, 9]. �,á�È(¢��
�
A^,

�§I��@E,�$�5K. ¹�, §Ø�Uí2��p��ê|.

d111 d112 · · · d11n
d121 d122 · · · d12n
··· ··· ···

d1m1 d1m2 · · · d1mn

dk11 dk12 · · · dk1n
dk21 dk22 · · · dk2n
··· ··· ···

dkm1 dkm2 · · · dkmn

k
th

la
y
e
r

dp11 dp12 · · · dp1n
dp21 dp22 · · · dp2n
··· ··· ···

dpm1 dpm2 · · · dpmn

ã 1: áN


@o, �ÜþÈ��{´Ä�1Q? ò {bi,j,k} ü¤��1, P�

Mg = (b111, b112, · · · , b11s, · · · , bmn1, bmn2, · · · , bmns).

ØJu�

g(X,Y, Z) = Mg nX n Y n Z. (12)

¢Sþ, ù«�{�±��í2�õ�5N���¹, ùÒ´�ÜþÈ���¤3. 3 (12) ¥, �

±ÄkO�Mg nX, ù�, ��ÜþÈ�½Â, Mg ¥� bi∗∗¬gÄ� xi�¦; 2�ÄMg nX n Y , ù

�, Mg ¥� bij∗¬gÄ� xi 9 yj �¦. ��Mg nX n Y n Z ¬4 bijk gÄ� xi, yj 9 zk �¦. �

�/`, �ÜþÈ�gÄÏéõ�5N�¥z�Cþ¤éA�Xê8, Ïd, §�±�B/^uõ�5

N�.

Ý
�ÜþÈ�±
Ý
ÊÏ¦{�¤k�5�, Ïd, 3A^þÃI«©ÊÏÈÚ�ÜþÈ,

�é?¿üÝ
UÊÏÈ��ö�. Ø=Xd, Ý
�ÜþÈkNõ���5, §3�½§Ýþ�Ñ


Ý
¦{�Ø���5. ù¦�ÜþÈ3A^þ'ÊÏ¦{��B. ù
, ¦�ÜþÈk
�2�A^

��U.

�´, Ý
�ÜþÈ�ý��å´3u§c¡�Ñ�@«gÄÏéCþ| {xi, yj , zk, · · · } �Xê
µijk··· �éA'Xþ. �ÜþÈ�¤kA^ÑÄu§�ù«gÄÏ�Uåþ.

e¡?Ø�ÜþÈ�U�A^+�.
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3 k�8m�N�

�kn�k�8 U = {u1, · · · , um}, V = {v1, · · · , vn}, W = {w1, · · · , ws}. ¼ê f : U × V → W ,

÷v

f(ui, vj) = wk(i,j), i = 1, · · · ,m; j = 1, · · · , n. (13)

�
^Ý
L« f , ·�^±e�þL«���:

ui ∼ δim, i = 1, · · · ,m
vi ∼ δin, i = 1, · · · , n
wi ∼ δis, i = 1, · · · , s.

K f �L«�

f(u, v) = Mfuv, (14)

ùp

Mf = δs[k(1, 1) k(1, 2) · · · k(1, n) · · · k(m, 1) k(m, 2) · · · k(m,n)] ∈ Ls×mn,

¡� f �(�Ý
. L�ª (14) �`³�3u§U
gÄÏ�. ~X, �½ u = u0, K

f0 := f |u=u0
: V →W.

§�(�Ý
�Mf0 = Mfu0. XJ�½ v = v0, K

f0 := f |v=v0 : U →W.

Ï�

f(u, v) = Mfuv = MfW[n,m]vu.

K f0 �(�Ý
�Mf0 = MfW[n,m]v0.

í2����¹,� Vi = {vi1, vi2, · · · , vini
}, i = 1, · · · , k, W = {w1, w2, · · · , wn0

}. π :
∏k
i=1 Vi →W .

π(v1t1 , · · · , v
k
tk

) = ws(t1,··· ,tk), ti = 1, · · · , ni, i = 1, · · · , k. (15)

@o

π(v1, · · · , vk) = Mfv1v2 · · · vk, (16)

ùp

Mπ = δn0
[s(1, · · · , 1), s(1, · · · , 2), · · · , s(1, · · · , nk), · · · , s(n1, n2 · · · , 1), · · · , s(n1, n2 · · · , nk)] . (17)

y3XJ vs = v0s , ½Â

π0 = π|vs=v0s .

K π0 �(�Ý
�

Mπ0
= MπW[ns,ns]v

0
s , (18)
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ù� ns = n1n2 · · ·ns−1.
��ÄÙ��ä�, ·�k 

x1(t+ 1) = f1(x1(t), · · · , xn(t))
...

xn(t+ 1) = fn(x1(t), · · · , xn(t)),

(19)

ùp xi ∈ D, i = 1, · · · , n. P x = nn
i=1xi, K�3��� L ∈ L2n×2n , ¦� (19) �L«����ê�©

�§/ª:

x(t+ 1) = Lx(t). (20)

��ÄÙ����ä�, aq/, ·�k
x1(t+ 1) = f1(x1(t), · · · , xn(t), u1(t), · · · , um(t))
...

xn(t+ 1) = fn(x1(t), · · · , xn(t), u1(t), · · · , um(t)),

yk(t) = hk(x1(t), · · · , xn(t)), k = 1, · · · , p.

(21)

ùp xi, uj , yk ∈ D, i = 1, · · · , n; j = 1, · · · ,m; k = 1, · · · , p. P x = nn
i=1xi, u = nm

j=1uj , y = np
k=1yk,

K�3��� L ∈ L2n×2n+m , H ∈ L2p×2n , ¦� (21) �L«����ê/ª:x(t+ 1) = Lu(t)x(t)

y(t) = Hx(t).
(22)

ù«�ê/ª¤
��Äu�ÜþÈ�Ù��ä��nØÄ: [4].

4 ��ê��ÜþÈ�{

kl��k���ê`å. � V � R þ��� n ��m, {v1, · · · , vn} �§��|Ä. �éù|Ä,

X ∈ V �L«�

X =

n∑
i=1

xivi ∼ (x1, · · · , xn)T .

XJ3 V þk��¦{� : V ×V → V , §´��V�5N�, @o V := (V,�)Ò�¤���ê. XJ

vi � vj =

n∑
k=1

µkijvk, i, j = 1, · · · , n.

@o, Ý


MV =


µ1
11 · · · µ1

1n · · · µ1
n1 · · · µ1

nn

µ2
11 · · · µ2

1n · · · µ2
n1 · · · µ2

nn

...

µn11 · · · µn1n · · · µnn1 · · · µnnn


¡��ê V �(�Ý
.

���ê�5���d§�(�Ý
¤û½. ~X, ���ê´o�ê, ��=�, §÷v

6



(i) �é¡5

X � Y = −Y �X, X, Y ∈ V; (23)

(ii) Jacobi �ª

(X � Y )� Z + (Y � Z)�X + (Z �X)� Y = 0, X, Y, Z ∈ V. (24)

(23) 9 (24) ©O�du(�Ý
÷v±e� (25) 9 (26) [3].

(i) �é¡5

MV
[
In2 +W[n,n]

]
= 0; (25)

(ii) Jacobi �ª

M2
V
[
In3 +W[n,n2] +W[n2,n]

]
= 0. (26)

{ü/`, �þ�mþ��«$� (Xþã� �) ¡��«�ê(�, ¤¢��êÒ´���þ�m

þ�±kõ«$� [2]. @o, z�«$�^��(�Ý
�x, u´�|(�Ý
Ò�L
��A½�

��ê. ?�Ú�?Ø�� [5].

5 lõ�õ�ª���5N�

� x = (x1, · · · , xn)T ∈ Rn. @o, Rn þ��� (àg) �5¼ê f(x) �L«¤ f(x) = cx, ùp,

c = (c1, · · · , cn) �Xê. ad, Rn þ� k gàgõ�ª Pk(x) �L«¤

Pk(x) = Fkx
k,

ùp Fk ∈ Rnk

�¡Xê�þ, �´ù�, Fk Ø��. ~X, � n = 3, k = 2. @o

x2 = (x21 x1x2 x1x3 x2x1 x
2
2 x2x3 x3x1 x3x2 x

2
3)
T .

� P2(x) = 2x21 + 3x1x3 − x23, @o F2 = (2 0 3 0 0 0 0 0 − 1), ½ F2 = (2 0 1 0 0 0 2 0 − 1), �.

ù�L«�{éN´í2� f : Rn → Rk. ~X, �� Rn þ� k gàg��þ| ξ(x), §�±L«

¤

ξ(x) = Fξx
k, ùp Fξ ∈Mn×nk . (27)

½Â 2 1. � f(x) : Rn → R ����¼ê. §��©½Â�

Df(x) =

(
∂f(x)

∂x1
, · · · , ∂f(x)

∂xn

)
. (28)

2. �M(x) ∈ Mp×q ����¼êÝ
, x ∈ Rn. @o, M(x) ��©, PX DM(x) ∈ Mp×nq, �d

òM(x) �z���mi,j ^§��©

(
∂dmi,j

∂x1
, · · · , ∂mi,j

∂xn

)
5�O)¤. =

DM(x) =


∂m11(x)

∂x1
· · · ∂m11(x)

∂xn
· · · ∂m1q(x)

∂x1
· · · ∂m1q(x)

∂xn
...

...
...

...
∂mp1(x)

∂x1
· · · ∂mp1(x)

∂xn
· · · ∂mpq(x)

∂x1
· · · ∂mpq(x)

∂xn

 . (29)
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e¡�������©úª:

½n 3 � x = (x1, · · · , xn)T ∈ Rn. xm ��©÷v±eúª:

D(xk+1) = Φn
kx

k, k ≥ 0, (30)

ùp

Φn
k =

k∑
s=0

Ins ⊗W[nk−s,n]. (31)

ù
VgÚúªéN´A^�����5N�¥�. � f : Rn → Rm ��1wN�. ·��±ò

Ù Taylor Ðm, �

f(x) = c0 + c1x+ c2x
2 + · · · , (32)

ùp,

ci ∈Mm×ni , i = 0, 1, · · · .

XJ�¦ f(x) ��©, K|^ (30) ��

Df(x) =

∞∑
i=0

ci+1Φ
n
i x

i. (33)

ù«�{�±é�B/^5?n��5¯K. ~X, §3>åXÚ��¥�A^Ò´��éÐ�~

f [8].

6 �(

�©©Û
Ý
�ÜþÈ�Ä��n: §�±gÄéëê (½Xê) �Cþé�éA'X. ù«g

ÄÏ��Uå, \þ§$�þ�B$, ¦§¤��«?nõ�59��5�kåóä. du²;Ý
�

{�U?n�5½V�5¯K, �ÜþÈ��*�
Ý
�·^��. ��, �©�Ñna;.¯K9

Ù^�ÜþÈ?n�;.�{. �): (i) k�8N�Úk�8þ�Ä�L§; (ii) k���ê (��ê)

�(�Ý
�{; (iii) lõ�5N����5N���ÜþÈL«9�©$�, �. §���ÜþÈ�

$^Jø
����5�0�. �ö�&, �ÜþÈ¬¤�O�Å������#�Q�^unØ©

Û, q�^uO��kå�êÆóä.
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Principle and Range of Possible Applications of Sime-tensor
Product of Matrices

Abstract: As a new matrix product, semi-tensor product of matrices has attracted more and

more attention and participation from domestic and international academic society, and it has been

applied to more and more research topics. The purpose of this paper is to analyze the fundamental

principle of semi-tensor product, and to explain the reason for the emergence and existence of the semi-

tensor product. Unlike the existing surveys, this paper does not intend to introduce what applications

the semi-tensor product has been used to. Instead, we want to explore what kind of problems the

semi-tensor product might be used according to the essence of semi-tensor product. Such observation

could help us to dig out unknown possible further applications of semi-tensor product.

Keywords: Semi-tensor product of matrices, Boolean network, university algebra, multi-variable

polynomials, matrix method of nonlinear problems.
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