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1 ( )
��������*���+,�-������./0���� [1,2]. ���

�����1������ � Hausdorff ����!����� �"�Æ#� �$
���!%�2�

3 1 (�&) �� C1 = [0, 1]. �"�*�� 1
3 , "�'

C2 =
[
0,

1
3

]⋃[2
3
, 1

]
;

()��*�#�*� 1
3 �"$"�'

C3 =
[
0,

1
9

]⋃[2
9
,

1
3

]⋃ [2
3
,
7
9

] ⋃[8
9
, 1

]
.

,�4���$"�' Ci, i = 2, 3, · · · . �

C :=
∞⋂

i=1

Ci,

C �%+�& (�, 1). ���56 &�.-.'�
* �Æ7!��"# (60221301, 60334040) 89$/(
0)%&*2007-12-13, 0+1,)%&*2009-05-14.
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6 1 )7�

:8;<$�&���� 0. 9-$..*/"�0���� :! 1.
3 2 (Koch +;) �<;#$*� 1

3 �12,-���2�=$34�� 4 <2�=
;�*56 4 <2-()�=�$�34�� 16 <2�=;�,�4���$"�653
4�=;�� Koch +; (�, 2).

6 2 Koch .>

3 3 (?7 [3]) , 3 89/�50:?7�;<� (a) � 5 �:&@=14��/�
��A,�$*5� 5 �A,�B=1$4),�4���$�34��?7,>� (b) �
��;2 9 1�$�?@2*�� 4 2�*56�*� 5 :2-()�A-$�>*�C�
D34?7�
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6 3 FE

�&F Koch +;G?7�.-.,�*�5�@6�2�7"�8<$HI .-
.,�J8'9K�� $L�:'; ,��D<=/>G9� $�?@A�5��

2$4$�2M���'NB@O�H��.*/"��I4)�IJP'CK� �.-
.�LDQ?R'$���ME)2Q�N�F���+/�S4�IJ�6!CK8T�
r > 0, "�J�DUO9��.-. F , G dim(F ) = r.

2 Hausdorff AB
�H� N! Hausdorff � ��$��VI�WIJK�X� [4].
L F ⊂ Rn, 0 ≤ s ≤ n. 6! 0 < δ < 1, �

Hs
δ (F ) = inf

{ ∞∑
i=1

|Ui|s
∣∣∣

∞⋃
i=1

Ui ⊃ F, |Ui| ≤ δ
}
, (1)

CK4M |U | YP' U �>N$OTQ+
|U | = sup{‖x − y‖ | x, y ∈ U}. (2)

?RZT s, R�! δ S:$KT�'S;$!�*PUSH�[7&\�$�TQ

Hs(F ) = lim
δ→0

Hs
δ (F ).

DE 4 V (2) *TQ� Hs(F ) %+ F � Hausdorff � �
?R {Fi | i = 1, 2, · · · } � Rn *��/� �]-Q� Borel $RE'

Hs
( ∞⋃

i=1

Fi

)
=

∞∑
i=1

Hs(Fi). (3)

4WS Hs �����$^GX Lebesgue ���)$ Borel �O���
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FG 5 (_��H) L F ⊂ Rn, λ > 0, ^T

λF := {λx |x ∈ F}.
R

Hs(λF ) = λsHs(F ). (4)

?R F � Rk *���$RE F � k � Hausdorff �� Hk(F ) X�� Lebesgue ��
�I (Y`/W$a��X F ZN�J� [5]) . 9-$Hausdorff ���DU-� Lebesgue
�����[b�

VW Hausdorff ���K�F����X�����L�� ��

t > s, F ⊂
∞⋃

i=1

Ui, |Ui| < δ,

R
∞∑

i=1

|Ui|t =
∞∑

i=1

|Ui|s|Ui|t−s ≤ δt−s
∞∑

i=1

|Ui|s.

9-$� Hausdorff �������L F \$OL?, 4 8P�� s :!Y�Z[L
\$��L+ ∞; � s H!4�Z[L\$��L+ 0; � s 1!4�Z[L\$��L�\
'](]^�4�Z[L�%+ F � Hausdorff � �

H s F

H F

∞

n s

6 4 Hausdorff 
�

_� Hausdorff ���TQ>`aT� �_9bc���c�IJ*�]�>Gd_
� L;<e��

6!.-.�L$fJ 5 89/��.;d�>G;<�+�^��$"��, 5. �
�;# ab, ����e�1f\$R�� 2 �-(�;#�6!J;� ABCD, ���2e
_1�f\$g�� 4 �-(�J;��BUg;L ABCDEFGH, ���2e1f\$��
� 8 �-(�g;L�T K +;�hH�f $ N +�L�Æ9.h�i $RE*A�
jV�� (4) ���>`iR

dim(F ) =
ln(N)
ln(K)

. (5)
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6 5 	`klal5
�

�V (5) b�!.-.,�$.KcG9O� �
3 6
1) ���& C. ?R"��;�hH 3 f$�34�idX��&�9-$�&

�� �

dim(C) =
ln(2)
ln(3)

≈ 0.63093.

2) �� Koch +; K. ?R"��;�hH 3 f$�34 4 idX� Koch +;�9
-$ Koch +;�� �

dim(K) =
ln(4)
ln(3)

≈ 1.26186.

3) ��?7 S. ?R�;�hH 3 f$�34 5 idX�?7,>�9-$?7��
 �

dim(S) =
ln(5)
ln(3)

≈ 1.46497.

3 MNBABOPQR
6!CK��8T�'j r = m

n > 0 "�J�DUO9��.-. F , G dim(F ) =
r.

Æ#$"��� r = ln(m)
ln(n) , O* m, n ∈ N �.* �]e�m�$"�kL r 	∈ N, nR

��Hlfg�S �]��
]� 1 r < 1. �45]�*$"��Dhi;# [0, 1]. ��m�� n i$�" n − m

ion m i$6on� m i,�4���$�>T*�$65"�34��� + ln(m)
ln(n)

�.-.�
3 7 UO��� r = 0.5 ��� F0.5. �! r = ln(2)

ln(4) , "��D� [0, 1] m�� 4 i

^�"O*� 2 i$*56!�*� 2 i,�4���$]j/T*�$65"��34/
F0.5 (�, 6).
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6 6 
�k 0.5 ��	���

U 1 1) KcU9@AUO� F0.5 �DYP�

F0.5 =
{ x1

4
+

x2

42
+

x3

43
+ · · ·

∣∣∣ xi ∈ {0, 3}
}

. (6)

l* F0.5 ]�m����V (6) *?R"��' {0, 3} =p+ {0, 1}, {0, 2}, {1, 2}, {1, 3}
qV {2, 3}, RE�'on 5 � F0.5 /�

2) ?Rhi

x6k+1 ∈ {0, 1}, x6k+2 ∈ {0, 2}, x6k+3 ∈ {0, 3}
x6k+4 ∈ {1, 2}, x6k+5 ∈ {1, 3}, x6k+6 ∈ {2, 3}, k = 0, 1, · · · ,

"��DUO9W���.-.�
3) W'p��$?R"�hi�']�;q��$�DUO9].-.���

F0.5. �?$ x1 ∈ {0, 3}, x2 ∈ {1, 2}; x3 ∈ {0, 3}, x4 ∈ {0, 3}, x5 ∈ {1, 2} x6 ∈ {1, 2}, *5,�
{0, 3} ,r$`+ {1, 2} ,r11�

]� 2 r = m
n > 1. �45]�*$"��DW�� k ∈ N, o3

nk−1 < m < nk.

CK4�]1Vpq]\r1s$9+ r ]�S �
`+"�hi��g;L [0, 1]k ⊂ Rk, ���2m�� n i$4)"��34/ nk �

:g;L$t*hiCK� m �:g;L$Or��"$64 m �:g;L,�4)��
�$�>ss*�$"��34��� + ln(m)

ln(n) �.-.�
3 8 UO��� r = 2.5 ����"��D� r YP+

r =
ln(25)
ln(22)

,

t m = 32, n = 4. tu k = 3. *5"��Dv?*;VUO F2.5: Æ#$]��u<2m�
� 4 i���g;m�� 64 �:g;$^�"O*� 32 �:g;$?, 7 8P�*56�
*� 32 �:g;,�vA���$!�34 322 �::g;��>T*�$65"��3
4� + 2.5 ����



5 3 4BECD?��
�	���	
 701

6 7 
�k 2.5 ��	���

[7@A��2�Dwt6!CK�J'j r ∈ Q+, _�@u��J�DUO9�
 + r ����vw@$?RV (7) �g$Rwtl*�g�

Q+ ⊂
{ ln(m)

ln(n)

∣∣∣∣ m, n ∈ N

}
. (7)

ww@$�

p

q
=

ln(np)
ln(nq)

, n ∈ N

�< (7) �g�
+/ &��$"��Dhr n = 2.

4 XBAOPQR
]� 1 r < 1. "��DW4 m, n ∈ N o3

ln(m − 1)
ln(n)

< r <
ln(m)
ln(n)

≤ 1.

hi;# [0, 1],"��D��m�� ni�x�?R"�yx r = ln(s)
ln(n) ,RE s = er ln(n) =

nr, G m − 1 < s < m. 9-"��D#hr m i�*56!Y�i$�?65�i$��
z:4 nr − (m − 1).

B6u�i,�@A���$�>]j/T*�$"�65�34� + r �.-.
�

]� 2 r > 1. "��DW4
ln(m − 1)

ln(n)
< r <

ln(m)
ln(n)

, G nk−1 < m ≤ nk.

hi��g;L [0, 1]K ⊂ Rk, "����u<2Jm�� n i$4)�34 nk �:g

;L�X]� 1 y.$"��D]��O2z:+ k
√

nr − (m − 1) Xz:65��g;L�
*56u��:g;L,�4���$�>T*�"��34� + r �.-.�

3 9 UO��� +
√

2 �����! r = ln(2
√

2)
ln 2 , s = 2

√
2 ≈ 2.6651. !� m = 3, G

µ :=
√

2
√

2 − (m − 1) ≈ 0.8116.
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+/UO F√
2, "����J;�m�� 4 �:J;��Æ#r m−1 = 2 �:J;�$

B�x 3 �:J;��2eJz:+d#e�� µ f (�, 8). *56��J��:J;�
G��z:�:J;�,�vA���$�>T*�"�65�34 F√

2.

6 8 
�k
√

2 ��	���

5 Y Z
�N��/��G�� Hausdorff � �"�{y/UOCKJw ����;<�

_�45;<$�DUO9CK��A���$4HHzz/"�6���{|�
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CONSTRUCTING FRACTAL SETS OF POSITIVE

REAL DIMENSIONS

QI Hongsheng YUAN Yanyan CHENG Daizhan

(Institute of Systems Science, Academy of Mathematics and Systems Scicence, Chinese Academy of

Sciences, Beijing 100190)

Abstract This paper gives a simple way to measure the dimensions of a class of fractal
sets. Based on this measurement, it is shown that there exist bunch of fractal sets which are of
the dimension of any given positive real number, and these sets may be not self-similar.

Key words Fractal set, self-similar set, Hausdorff dimension.


