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This article considers the output synchronisation of a class of networked agents. Each agent is a passive system.
Local information, used by each agent to adjust its movement, forms a network with switching adjacent
topology. First, we consider the asymptotic stability of switched non-linear time-varying systems with delayed
measurement feedback by using multiple Lyapunov function. A Barbalat-like lemma is obtained. Then the result
is applied to the output synchronisation of a class of networked passive systems with switching topology.

A verifiable sufficient condition is presented.
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1. Introduction

Recently, the problem of synchronisation of networked
dynamic agents has attracted increasing attentions
from control community (Olfati-Staber 2004; Ren and
Beard 2005; Hong, Hu, and Gao 2006). This is partly
due to the broad synchronisation phenomena in
biological, chemical, physical and social systems
(Li and Chen 2005; Chopra and Spong 2005; Yuch
and Cheng 2006; Sun, Tian, Fu, and Qian 2007). Local
and global adaptive synchronisation criteria for
uncertain complex dynamical networks are proposed
in Zhou, Lu, and Li (2006). Li, Zhang, and Zhang
(2006) investigate the global synchronisation of a class
of complex networks with time-varying delays. It was
shown that the synchronisation of delayed complex
networks can be determined by their topologies.
Consensus problems are discussed for networks of
dynamic agents with fixed and switching topologies
in Olfati-Staber (2004). Olfati-Staber (2007) provides
a theoretical framework for analysis of consensus
algorithms for multi-agent networked systems with an
emphasis on the role of directed information flow,
robustness to changes in network topology due to link
failures, time-delay and performance guarantees.
Passivity is an important concept of system theory
and has been widely used as a fundamental tool in the
development of linear and non-linear feedback designs
by Byrnes, Isidori, and Willems (1991). Recently,
Chopra and Spong (2005) give a result for output
synchronisation of dynamic agents, which are assumed
to be non-linear passive systems and be affine in the
control, with fixed regular graph structure. It is

a motivation for this work. This article is a follow-up
of Chopra and Spong (2005). We consider the case
when the agents are moving and extend the main result
in Chopra and Spong (2005) to the dynamic agents
with switching topology.
Consider a non-linear affine system:
Xi = filxi) + gi(xiu, W
yi:hi(xi)a izla’“aNa

where x; € R" represent agents, fi(.) e R", gi(.) e R,
u; € R™, hy(.) e R™ and smooth mappings, and f;(0) =0,
hi0)=0. We assume that a unique solution of (1) exists
for all time. In the following, we cite some basic
definitions from Chopra and Spong (2005) for the
problem description.

Definition 1.1: System (1) is said to be output
synchronised if

lyvi—=yill = 0ast— o0, Vij=1,...,N. 2)

Definition 1.2: System (1) is said to be passive
with (u;, ;) as the input—output pair if there exists a
C' storage function Si(x;)>0, S0)=0, such that for
all >0,

Siu(1) — Si(x(0) < /0 eyds. ()

In this article we consider the output synchronisa-
tion of system (1) under the assumption that the system
is passive with respect to each sub-system (u;, ;).
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The synchronisation is based on the decentralised
control constructed on the local information received
by each agent, which forms a time-varying adjacent
topology.

It is well known that such a time-varying
topology leads to a switched system Jadbabaie, Lin,
and Morse (2003). Meanwhile, when the switches
and delay exist, the key technique used in Jadbabaie
et al. (2003) fails to be applicable. To overcome this
difficulty, we developed a new tool called the
Barbalat-like lemma. It is applicable for switched
non-linear time-varying systems with certain time
delay.

The article is organised as follows. Section 2
develops a generalised Barbalat lemma for switched
non-linear time-varying systems with delayed mea-
surement feedback by using multiple Lyapunov
function. The result obtained is applied to the
problem of synchronisation of the system (1) in §3.
Synchronisation is achieved under certain additional
conditions. An illustrative example is included.
Section 4 is the conclusion.

2. Barbalat-like lemma

Consider a switched non-linear time-varying system
with delayed measurement feedback:

X = fo(n(x(0), h(x(t — 1)), 1),

where the switching law o(7):[0,00)—> A is a
right-continuous  piecewise  constant  mapping,
A={l,...,N} for some integer N>2, time delay
>0 is a constant parameter, and f;,i=1,..., N, and
h are smooth mappings.

It is obvious that the system (4) is the closed-loop
of a switched non-linear time-varying system

{ R :fa(l‘)(x([)a u, t)
y = h(x(t — 1)),

with delayed measurement feedback

x e R", 4)

u = h(x(t — 1)).

To make the problem well posed, we assume that
u(t)=0, r<t. That is,

Assumption 1
hx(t—1) =0, t<r. (%)

Under assumption Al,we denote the solution of
system (4) with initial condition x(0) = x, and switch-
ing o by x(1) = @x(xo, 7).

For switched system (4), a switching sequence is to
specify when and to which mode the system should
switch. A switching sequence is a countable ordered
pair of active modes and ending dwell as

{(i()ato)’ (ilall)a"'a(iSatS)a }9 (6)

where 0 =1y<t;<---<t;<---<00, lim,_, o, t,=00 and
ije A. The undergoing switching sequence can be
uniquely determined by switching function o(?),
satisfying
O’(l):ik, forte[tk_l,lk), ireAN, k=12,....
In this article, we assume that admissible switches
have a positive dwell-time 77> 0. That is,

Assumption 2
min{(g — ) [j=0.1,..}=T>0. (7

The purpose of this section is to develop a Barbalat-
like lemma for system (4). First, we state the original
lemma.

Lemma 2.1: (Barbalat) (Slotine and Li 2006) Let V(t)
be a differentiable function, and lim, .., V(1)<+oo.
If V(t) is uniformly continuous, then

Jim V(1) = 0.

Definition 2.2: A scalar time-varying function
V(x,t) is positive definite if 1(0,7)=0 and there
exists a time-invariant positive definite function Vy(x)
such that

Vix,t) > Vo(x), V>0, xeR". ®)

Similarly, we can define negative definiteness,
positive (or negative) semi-definiteness as follows.
A function V(x,?) is negative definite if —V(x,1)
is positive definite; V(x, ) is positive semi-definite if
V(x,1)>0, Vx e R" and Vi > 0; V(x, 1) is negative semi-
definite if —V/(x, ) is positive semi-definite.

Recall the non-linear time-varying switched system
(4) with delayed measurement feedback, we would like
to provide a Barbalat-like lemma to it.

Theorem 2.3: For the system (4), suppose the switch-
ing law satisfies (6), (7) and there exist V;(x,t), i€ A,
which are differentiable, lower bounded and radially
unbounded, such that

(1) I:/,-(gog(,)(t), 1) is negative semi-definite, Vi € A,
(i) Vi@o (1), 1) is uniformly continuous in time,
Vie A,V xeR",
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(iii) For every pair of switching times t;<t; such that
o(t)=o(t)=p, for each xyeR" and every

solution @qp (1) = Qo (X0, 1),
Vo @on (1)), 1)) < Vi@ (i) 1), )
then we have

Va(r)((pa(t)(l): H—0, t— o0

Proof: Assume that I'/i(gol,(t)(t), t) does not approach
zero as t — oo. Then there exists go>0, and an infinite
sequence {£ }3° (1§ — 00, as k— oo, and o(}) = ji),
such that

(0@ )|z a0

Since |A|<oo, there exists at least one special j,
denoted by j*, which appears an infinite number of
times. We, therefore, can find a sub-sequence {tk |l
(1f — oo, as k — 00), o(th) =J* and
|V (o, )(15), 1)) = &o.

Because Ly Vi(x, 1) is uniformly continuous in time,
Vie A, there exists a 0<n< T such that for any ¢ and
¢ satisfying |t — ¢"| <n, we have

Vie A.
(11)

y N4 y N &0
[ Vil@oy (1), 1) = Viloun(1"), )] < 5

Suppose
o) =", fort € [t . 4;), and 7. €[5, ;). (12)

Because of (10) and (11), if | — 5| < nand 1€ [t , 1),
then

. &
|V ot 1) 1) > 5 (13)

Note that n<T'<|t; —1t;

[ j# > / +2] [[j/\'fl’ tjk)’

_ |, so either

or

n
[6’1 5 lf] C [tis 1)

Without loss of generality, we assume that [tf‘ , tf‘ +7]
C [, ,-t,)- Then

o+ 3
ﬁ Vi (oo ). sms‘

*

k3
- /A 2| Vi(oe) (&), §)|d& = ‘92_0 %

t/*

n
5 (19

Using the fact that Vp(x,) is lower bounded,
the condition (iii), combined with the condition (i),

ensures that the function V'« is non-increasing on the
union of the intervals where subsystem j* is active, V;«
then approaches to a finite limiting value V;«(c0), then
we have

2

/ V(e ©), s)ds'

oo t;;-ﬁ-ﬁ .
=Y [ @8 < 10 - V(oo
k=1 t,*
(15)

Taking (14) into consideration, (15) is a

contradiction. So

VU([)((pa(t)(t)a 1) — 0. O

Now we are ready to study the synchronisation
problem.

3. Synchronisation of agents with balanced graph
structure

To begin with, we describe the information flow
among agents by using concepts from graph theory.

Consider a system of N agents V={1,...,N}
described by (1). Let G=(V, &, A) be a directed graph
of order N with the set of agents V={I1,..., N}, a set
of edges £CV x V and an adjacency matrix A4 =[a;]
with 0 and 1 adjacency elements a;. An edge of G is
denoted by e;=(i,j), it means that the agent j is
transmitting its output to the agent i. The adjacent
elements associated with the edges of the graph are of
the value 1, ie. ¢;€€% a;=1, otherwise a;=0.
Moreover, we assume «;=0. The set of neighbours
of agent i is denoted by N;={j€ V|(i,)) € £}.

The in-degree and out-degree of agent i are,
respectively, defined as follows:

degi,() = Y aj, degou() =Y az.  (16)
j=1 Jj=1

Here, degou(i) =[N

Definition 3.1 (Balanced Graphs (Olfati-Staber
2004)): An agent i of a direct graph G=(V, &, A) is
said to be balanced if its in-degree and out-degree are

equal. A graph G=(V, ¢, A) is said to be balanced if all
of its agents are balanced, i.e.

i:(lﬁ = i:aij-, Vi. (]7)
J=1 J=1
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Note that any undirected graph is balanced. An
example of directed balanced graph is shown in
Figure 1.

Definition 3.2 (Godsil and Royle 2001): For
a directed graph G=(V,&,4), a weak path is
a sequence ko, ...,k, of distinct agents such that for
i=1,...,reither (k;,_y, k;) or (k; k;,_1) in E. A directed
graph is weakly connected if and only if two agents can
be joined by a weak path.

In the following, we develop control strategies for
synchronisation of the passive agents which are
networked with switched weak connected topology.
First, we introduce a key result.

Theorem 3.3 (Lozano, Brogliato, Egeland, and
Maschke 2000): Consider the non-linear system (1).
The following statements are equivalent.

(1) There exists a C' storage function S;(x;)>0,
S:(0)=0 and a function Q(x;) >0 such that for
all t>0:

Si(xi(2)) — Si(x;(0)) :/0 ul-Tyi(S)ds —/0 Qi(xi(s))ds.
(18)

(2) There exists a C' scalar function S;(x;)>0,
S{0)=0, such that

Ly Si(xi) = —0il(xy); (19)

Ly Si(x;) = hl (x;), (20)
T
where  LySi(x)=Fofi(x) and LySi(x) =
o 8ilxi).
(3) The system is passive.

The system is strictly passive if Qix;)>0,
passive if Q{x;) >0 and lossless if Q(x;)=0.

The agent dynamics of system (1) is assumed to be
passive with positive definite storage functions
S1(x1), Sx(x2), ..., Sm(xy), respectively. As there are

N

1 3

Figure 1. Networked four agents in Example 3.4.

time delays in the network, the agents receive a delayed
information of the outputs of other agents. Let the
agents be coupled together by a control constructed by
using local information

" = { Yien Kyt =) —yi0)), =7 o

0, t<t, i=1,...,N,

where K is a positive constant, N,(t) is the set of m ()
agents which are transmitting their outputs to the ith
agent at time ¢ (thus the cardinality of each set N(f),
i=1,...,Nis m(t)), and t is the constant time-delay in
the network.

Since we are interested in long-term behaviour of
the system, we do not need to worry about the period
t<t. We will ignore this time period in later discussion.

Example 3.4: A system of networked four agents at
time ¢ is illustrated as in Figure 1.

Assume they have dynamics of (1), we construct the
control as in (21). It is easy to calculate that m(r)=1,
mo(1) =2, my(t) =2, my(t) = 1. Hence the controls are

ui(t) = K(ya(t = ©) = 1),

ur(t) = K(ya(t — v) — y2) + K(p3(t — 1) — »2), )
u3(1) = K(y2(t — 1) — y3) + K(y1(t — 1) — »3),

us() = K(y3(t — 1) —ya), t>1.

Now consider system (1). Note that the relationship
between neighbours (in other words, the interconnec-
tion topology) can change over time. We assume all
possible topologies of balanced weakly connected
graphs are G',G° ...,GM, where G’=(", &, AP),
p=1,.... M, the adjacency matrix 4” = [a}] with 0
and 1 adjacency elements aj, we denote m; = Y, aj,
i=1,...,n.

Assume that (1) is passive. According to
Theorem 3.3 there are Si(x;) >0, Q«x;) >0 such that
(18) holds. Using them we define a switching signal
o(t):[0,00) > W={1,...,M},o(t) is a piecewise
constant function satisfying condition (7),0(t)=p
means that the topology is G” at time ¢, then
my(tf) = m? and Ny(r) = N. Define

N t
Vo0, xn(0.0 = YK [ ylids
i=1 -t

N N !
+2 Z Si(x;) +2 Z /0 0i(xi(8))dg,
s s

peWw ={1,..., M) (23)
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Note that here V), is trajectory-depending. Then
221 1 Si(x;) is a time-invariant positive semi-definite
function. Since

N
Vo1 (0), ..., xn(0),1) = 2 Z Si(xi), (24)
s

Vo (x1(), ..., xn(1), 1) is a positive semi-definite candi-
date of Lyapunov function.
The following lemma comes from continuity:

Lemma 3.5: Assume f(x):R"—R® is a continuous
mapping, Q € R" is a bounded set, then f(Q2) is bounded.

The following is our main result, which provides
some sufficient condition to assure the output synchro-
nisation of passive dynamic systems with time delay.

Theorem 3.6: Assume the switching modes of the
system (1) are passive with radially unbounded storage
functions S{(x;)>0,i=1,...,N,all possible topologies
of balanced weakly connected graph are G',G*,...,GY,
the solution of system i under switching law o and
from initial state X9 is denoted as xi(t) = ¢l (x,1),
i=1,...,N, and the controls are chosen as in (21), the
Lyapunov functions are defined as in (23), then if for
every pair of switching times t,<t; with o(t;) = o(t;) =p,

V,,((p},, . Vp(go(',, .. ,(pf,v, ti), (25)

then the non-linear systems described by (1) can be
output synchronised by controls (21).

Proof: The derivative of (23) along trajectories of the
system is given as

N
Voot (0o xn(0,0)= Yl K(y]yi=y] (1 =)yt 1))

i=1

N
+2) (LySi+ Ly, Si)

i=1

N
+2ZQi(xi(t))s = 1a"'9M
i=1
(26)

Using Theorem 3.3, the derivative can be reduced to
xn (1), 1)

N
= Z ;K ( yiT Yi—

Vy(x1(0), ...,

yl (= Dyilt — 1)
N N

+2 Z(y,f w) Y miK(ylyi— vyl —1yit = 1)
i i=1

+ZZZ)/Z

1 jeN?

(yi(t — 1) = »i). (27)

The term YN lmpK(yl Vi —

be written as Ky » | iene (Vi vi—
Plugging this into (27) yields

It = Oyt — 1) can
It = it - 0).

Vo (x1(2), ..., xn(2), 1)
N
= K3 5Ty = yT = oyt — )
=1 jeN!
N
+ 2ZZyiTK(J’/(Z -7 =)
=1 jeN!
N N
=K D ylyi—KY ) (vt =0yt —1)
=1 jeN! i=1 jeN
+2KZZy yi(t—1)— ZKZZyzy'
1 jeN? 1 jeN’

(28)

Since the graph is a balanced one, we have

KZ > (=it =)
i=1 /EN"
N
=k Y (Wu-ope-0). @9
=1 jeN!
Hence
. N
Vplea (D), oxen(@), 1) = =Ky (yi(t =) = )"
i=1 jeNf’
X (yi(t — 1) = yo). (30)
It can be rewritten as
Vo (x1(0), -, xn(0), 1)

N
= K> S g — 1) = yile(on]”

i=1 _/‘eNf
X [yi(xit — 1) — yi(xi(0)],
hence V,(x1(0), ..., xn(t), 1) < 0.

Then V,, p={1,...,M} are bounded, because
Si(x;), i=1,...,N are radially unbounded. It follows
that x;, i=1,...,N are bounded. Then using
Lemma 3.5, y,=h(x),vi.figs i=1,...,N are all
bounded. Suppose

Il <, i=1,...,N (31)
and

lyill <2, i=1,...,N, (32)
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then for any #,>0, ,>0,

yi(t1) —yi)l < M1 2lty — 1|, i=1,...,N. (33)

Hence, y;, i=1,...,N are uniformly continuous in
time.

Using Theorem 2.3, Vg(t)(xl(t),...,xN(t), )—0
as t— o0.

Consider the set

E,={xieR"i=1,...,N|V,=0}. (34)

E, is characterised by all trajectories such that

[t =0 = 3i0) (300 = ) = 9(0)
—0, Yje N, VieA}. (35)

Since I'/(,(xl(,)MXN(,)’,)(Z)—> 0 as t— oo, it implies
that the output of every ith agent asymptotically
converges to that of its neighbours. Balanced weakly
connectivity of the network then implies output
synchronisation of system (1). O

Remark: If the topology of adjacent graph is fixed,
Chopra and Spong (2005) defined a Lyapunov
function

V(xi(1),...,xn(1), 1)

N t
- KZ Z /{_Tyf(s)y/(AV)ds +2(S) + -+ Sy),

i=1 jeNi(1)

and
Vxi(0), ..., xn(0), 1)

N
= _KZ Z (it = 1) = y) (it =) — )

i=1 jeN(1)
=2 0ilxi(1). (36)
i=1

Then using Barbalat’s lemma, the same result of
Theorem 3.6 can be obtained. Now for varying
topology of adjacent graph, it is obvious that V is
not a continuous function, so it cannot be chosen as
a Lyapunov function. Moreover, ¥, which exists a.e.,
cannot satisfy the requirement of Barbalat’s lemma
(Lemma 2.1) that V is uniformly continuous. That is
why we need Theorem 2.3.

Example 3.7: Consider a multi-agent system with the
dynamics of the agents being given as
i=1,2,3,4. (37)

Xi = Ui, Vi= Xi,

—
[~

3

b

Figure 2. Networked four agents in Example 3.7.

The agents are passive with positive and radially

unbounded storage functions
Six)) =3xIxi, i=1,2,3,4. (38)

Suppose the topologies are switched between
G' (illustrated as in Figure 1) and G? (illustrated as
in Figure 2). Using control (21), the closed-loop
dynamics are described as follows: under topology
G', the modes” dynamics are given as

X1 = Kot — 1) — x1),

Xy = K(x4(t — 1) — x2) + K(x3(1 — 7) — x2),

X3 = K(xo(f — 1) — x3) + K(x1(1 — 7) — x3),

X4 = K(x3(t — ©) — x4).

(39)

The Lyapunov function is given as

|4} (xl(t), ey X4(Z), l)

t t
= K/ X1 x ds+2K/ X3 Xy ds
t—t t—t

‘ ‘ 4
+ 2K/ xIxyds + K/ X1 xqds + inTx,», (40)
-t -t i=1
Vi (o), ..., xa(1), 1) =
— K[(x2(1 — 1) — x1 (D] [x2(t — ©) — x1(0)
— K[(x4(1 — 1) — x2(D] " [xa (2 — 7) — x2(0)
— K[(x3(t — 1) — x2(0)] [ox3(r — 1) — xa(1)
— K[(x2(1 — 1) — x3(D] " [x2(t — 7) — x3(0)
— K[(x1(1 — 1) — x3(D] [x1 (1 — ©) — x3(0)
— K[(x3(1 — 1) — xa(D] " [x3(2 — 7) — x4(0)].

b}

|
|
|
|
]
|

(41)

Under topology G2, the modes’ dynamics are

given as
X1 = K(xs3(t — 1) — x1),
Xy = K(x1(t — 1) — x2),
X3 = K(x4(1 — 1) — x3),
X4 = K(xo(t — 1) — x4).

(42)



1332 Y. Zhu et al.
1001 18
90F 16
80 14
700
12
60
_ = 10
750}
8
40t
30F 6
20} 4
10F 2
T A
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t t
0.35 x107°
9 0.18 - 5
8 0.16 03 45
7 0.14 4
6 0.12 0.25
~ _ : 35
= 5 = 0.1 = g
4 0.08 0.2 3
3 0.06 25
2 0.04 015 2
1 0.02 04 i
0 0 -05101520253035404550 ’ 0 5 10 15 20 25 30 35 40 45 50
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50 t t
t § t 4 ,7
%107 sst 15X10 14210
1.4 13
1.8 7 1.3 12
18 6 1.2 11
1.4
- 5 1.1
>T12 = «~10
1 > 4 0.9 9
0.8 3 0.8 8
0.6 5 07 7
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Figure 3. Lyapunov function V.

The Lyapunov function is given as

Vz(xl(l), ey X4(l), l)

t t !
:K/ xlTxlds+K/ xzrxzds+K/ x1x3ds
-7 -t -7

¢ 4
+ K/ x4Tx4 ds + le-Tx,-,
[l i=1
Va(x1(0), . .., xn(0), 1) =
— K[(x3(1 — 1) — x1(0] [x3(t — 1) — x1(1)]
— K[(x1(1 — ©) — x2(0)] " [x1(t = 1) — x2(0)]
— K[(xa(t — 1) — x3(0)] [xa(t — 1) — x3(0)]

— K[(x2(t — 1) = x40 [x2( — 1) — x4(0)].

We choose the switching law as
Gl
G2

t€ [k =2)T, 2k — 1)T),
te [k — DT, 2k)T),
k=1,2,...,

o(t) =

0 5 10 15 20 25 30 35 40 45 50

t

Figure 4. Lyapunov function 7.

0 5 10 15 20 25 30 35 40 45 50
t

—)(1
— X,
- X

4

Figure 5. The synchronisation of the system.

where 7 is a sampling time. Choosing 7'=15, the time-
delay T=2s, and the initial conditions are

CORE=
(44)
(45)

0 0 0 0
X1 =4, x=2, x3=-2, x, =4
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The corresponding V7 is depicted in Figure 3 and
V, is depicted in Figure 4, which shows the conditions
of Theorem 3.6 are satisfied, so the system is
synchronised.

Finally, Figure 5 gives the simulation for
the system, which shows the synchronisation of the
system.

4. Conclusion

Following the pioneer work in Chopra and Spong
(2005), in this article we considered the problem of
output synchronisation of a class of networked agents.
The dynamics of each agent is a passive system and
each agent can use its neighbourhood information to
adjust its movement. The local information then forms
a varying adjacent topology. We first investigated the
stability of time-varying non-linear system by using
multiple Lyapunov function. Some stability results
were obtained. Particularly, an extended Lyapunov-
like lemma was proved. Using this tool, certain
sufficient conditions for the output synchronisation
of the networked agents were obtained.
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