
IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 10, OCTOBER 2004 1641

Pathwise Convergence of Recursive Identification
Algorithms for Hammerstein Systems
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Abstract—This paper gives estimates for: 1) coefficients con-
tained in the linear part of the Hammerstein system; 2) the value
of the nonlinear function ( ) in the Hammerstein system at
any ; 3) ( ) and ( ) with denoting the system
input. No assumption is made on structure of ( ). The estimates
given by the stochastic approximation algorithms with expanding
truncations are recursive and convergent to the true values with
probability one. Two numerical examples are given.

Index Terms—Hammerstein system, nonparametric nonlin-
earity, recursive estimate, stochastic approximation, strong
consistency.

I. INTRODUCTION

THE single-input–single-output (SISO) Hammerstein
system considered in the paper consists of two parts: A

nonlinear memoryless element and a moving average type
linear subsystem with disturbance as presented in Fig. 1.

By and we denote the system input and output, respec-
tively, and by the observation

(1)

where is the observation noise. and are related by
the linear system as follows:

(2)

Because of its importance in engineering applications (see,
e.g., [9], [10], and [21] among others), the Hammerstein system,
in particular, its identification issue has been an active research
topic for many years. When identifying the system presented in
Fig. 1, the only available information is the sequence ,
where is designed by users for identification purpose.
Based on we want to identify both the nonlinear
function and the linear system with and as its
input and output, respectively. This problem differs from those
considered in [6], [16] for ARMAX systems. First of all, here
a nonlinearity is involved. Even for the linear part, the
identification problem is distinguished from that discussed in
[6] and [16], because here the input for the linear system
is unavailable.
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Fig. 1. Hammerstein system.

For characterizing the nonlinearity, both parametric [2]–[4],
[8], [15], [18]–[20] and nonparametric [1], [12]–[14], [17] ap-
proaches are used, but almost all existing identification methods
are nonrecursive and almost no result is on convergence with
probability one with only a few possible exceptions to be ad-
dressed later on.

In the parametric approach, the nonlinearity is often consid-
ered as a polynomial with unknown coefficients [2], [18], [19]
and, hence, the system can be written in a linear regression form
with respect to coefficients of the linear subsystem and products
of coefficients in both the polynomial and the linear subsystem.
Therefore, identification methods developed for ARMAX sys-
tems are possible to be applied to this case. Besides the polyno-
mial type of nonlinearity, other types of parametric nonlinearity
are also discussed, e.g., linear functions with dead zone in [20],
the multilayer feedforward neural network in [3], etc.

In [14], a nonparametric nonlinear function is consid-
ered. An approximating polynomial is constructed and shown to
converge to in probability and in the mean square sense in a
finite interval as the sample size increases. However, for each

the whole input sequence has to be rede-
fined with distribution different from that for , and hence
the approximating polynomial has to be reconstructed at each
step without recursion. In [17], the nonlinear function mul-
tiplied by the input density is expanded to the series of Legendre
polynomials and the identification problem is reduced to esti-
mating coefficients of the first terms in the series. Since
the number of parameters to be estimated increases with

, the identification method is nonrecursive too. In the most re-
cent paper [1] dealing with frequency domain identification, in-
stead of white noise, the sinusoidal inputs are applied to a con-
tinuous-time Hammerstein system, and the nonlinear function is
expanded to a Fourier series. As in [17], the nonlinearity iden-
tification reduces to estimating coefficients in the Fourier ex-
pansion. The estimates are nonrecursive, and the convergence
in probability is proved.

As previously mentioned, up until now there have been only
a few papers on recursive and pathwise convergent algorithms
for identifying the Hammerstein system; [2] and [12] are pos-
sibly among them. In [2], the nonlinearity is parameterized by
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a polynomial with unknown coefficients and the extended least
squares (ELS) algorithm is used to estimate: 1) coefficients of
the polynomial; 2) coefficients of the auto-regression part of the
linear subsystem; and 3) products of coefficients contained in
both the polynomial and the moving average part of the linear
subsystem. In order to finally obtain estimates for coefficients of
the moving average part the authors apply the LS method again.
The algorithm presented there is recursive, but it seems that the
authors aim at showing unbiasedness (see [2, eq. (21)]) rather
than strong consistency of the estimate. For strong consistency
of ELS we refer to [6], which shows that conditions listed in [2,
Th. 2] are not sufficient even ignoring the second application of
LS in [2].

In [12], the author based on stochastic approximation has
nicely presented identification algorithms for both nonlinear and
linear parts in a recursive way and has proved their convergence
in the mean squares sense. However, there are some problems
that remain unsolved. To be specific, instead of estimating the
impulse response , and the value of the
unknown function (i.e., in the notation of this paper) at
an arbitrary point , the author of [12] actually estimates
and , respectively, where ,

, and with , , , and given by the
state representation of the linear system

We see that depends on the correlation between the input and
output of the nonlinearity, and and depend on the unknown
state representation of the linear system. Consequently, coeffi-
cients , , and are unknown, and based on the algorithms
given by [12] one can still not completely identify the Hammer-
stein system unless to assume some of them to be known.

Concerning the system discussed in the paper it is noticed
that considering the finite order is a restriction, which is not
imposed in [12], [13], and [17], but any stable linear system
with constant coefficients can be expressed as a moving average
process of infinite order, and, hence, (2) with sufficiently large
gives a good approximation. It is also noticed that the observa-
tion noise may not be zero mean. In contrast to as
required in the previous works, we allow but require

.

The purpose of this paper is to identify the Hammerstein
system in a recursive way and to provide almost surely conver-
gent estimates. More precisely, for any , , ,
as well as and are to be strongly consistently es-
timated. We share the idea proposed in [12] of using stochastic
approximation with kernels for identifying Hammerstein sys-
tems, but the algorithms and the analysis method used here
differ from those given in [12]. The algorithms are now trun-
cated at expanding bounds and a sample-path based TS (trajec-
tory-subsequence) method is applied for analyzing convergence
of estimates with probability one.

The rest of the paper is arranged as follows. In Section II, the
algorithms are described and conditions to be used are listed. In
Section III, strong consistency of estimates for coefficients in
the linear system is proved, while strong consistency of the esti-
mate for is shown in Section IV. Two numerical examples

are presented in Section V. Some concluding remarks are given
in Section VI.

II. ESTIMATION ALGORITHMS

Let the SISO Hammerstein system under consideration be
presented by Fig. 1 with observation and linear part given by
(1) and (2), respectively. For any fixed , it is required
to estimate , , , and the coefficients ,

of the linear system (2).
We now define system input and the kernel function to

be used in the identification algorithms. Let be a sequence
of bounded independent and identically distributed (iid) random
variables , , with and with
density , where is a constant and and
is continuous at with . Let be also independent
of the observation noise .

The kernel function to be used for estimating is de-
fined as follows:

(3)

where with .
It is clear that

(4)

and

(5)

Remark 1: In lieu of we may take any other measurable
function satisfying the following conditions:

and

to serve as the kernel function.
We impose the following conditions.

A1) The nonlinear function is measurable, locally
bounded, and continuous at .

A2) The observation noise is a sequence of mutu-
ally independent random variables with and

.
In what follows, denote
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To consistently estimate , conditions A1) and
A2) are sufficient. It is worth noting that no assumption
is made on the structure of .

In order to uniquely define and , we need
a condition to guarantee that the response of the linear
subsystem to a nonzero constant input is nonzero.

A3) .
In what follows, always denotes the indicator of a set A:

if
otherwise

for example, if and are two random variables, then
equals 1 for those for which , and zero,
otherwise.

For estimating , and we define the sto-
chastic approximation algorithms with expanding truncations,
shown in (6)–(7) at the bottom of the page, with an initial value

, , where and is a sequence
of increasing real numbers diverging to infinity

It is worth noting that is used to estimate ,
while , are used to estimate , ,
respectively.

We explain the algorithm (6)–(7). The truncations at ex-
panding bounds applied in (6) are used to prevent the estimates
from diverging to infinity. is the number of truncations
occurred up-to time . When calculating the truncation
bound is . If a truncation has actually happened, then
together with pulling back the algorithm to zero the truncation
bound is extended from to for the next step.
As to be pointed out in Remark 4, the truncation of the algo-
rithm ceases in a finite time and, hence, only a finite number
of is used in the algorithm. Therefore, the asymptotic
convergence rate of should not depend on the selection
of .

We now define algorithms for estimating and

if
otherwise

(8)

(9)

with an initial value , and (10)–(11), as shown at the bottom
of the page, with an initial value , where is the kernel
given by (3), , with , and

may be any sequence of positive and increasing real num-
bers diverging to infinity, not necessarily to be the same as that
used in (6)–(7).

Both (8)–(9) and (10)–(11) are also stochastic approxima-
tion algorithms with expanding truncations. The estimate
defined by (8)(9) is used to estimate , while

defined by (10)(11) is for estimating

It is worth pointing out that we cannot expect a fast rate of con-
vergence from all algorithms (6)–(7), (8)–(9), and (10)–(11),
since the asymptotic rate of stochastic approximation algo-
rithms is not faster than . To be more precise, if the
stochastic approximation algorithm converges to the root of
a regression function with step-size equal to , then the
rate of convergence is as for any
such that remains stable, where is the Hessian of

at . For details, we refer to [5, Secs. 3.1 and 3.2].
Remark 2: The sequences and may be more gen-

eral. As a matter of fact, any sequences of positive real numbers
satisfying the following conditions (12)–(13) work well:

(12)

and (13)

III. STRONGLY CONSISTENT ESTIMATES

FOR , , AND

In this section, we prove that estimates given by (6), (7), and
(8), (9) are strongly consistent, i.e., we recursively derive con-
sistent estimates for coefficients of the linear system, the cor-

if
otherwise

(6)

(7)

if
otherwise

(10)

(11)
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relation between input and output of the nonlinearity, and the
expectation of the output of nonlinearity.

To be precise, we have the following theorems.
Theorem 1: Assume A1) and A2) hold. Then ,

, defined by (6)–(7) are strongly consistent

(14)

and

(15)

Remark 3: In order to obtain consistent estimates for
, the sequence should be selected such that .

This can be done, since is not identically zero. Then,
a.s. Therefore, should be monitored:

If approaches to zero, then the distribution of
should be modified accordingly.

Theorem 2: Assume A1)–A3) hold and . Then

(16)

where and are defined by (6)–(7) and (8)–(9),
respectively.

The proof of these theorems is based on a general conver-
gence theorem (GCT) for stochastic approximation algorithms
with expanding truncations. For its proof, we refer to [5, Th.
2.2.1] or to [11, App.]. For convenience in reading this paper,
let us formulate GCT for the special case where the root of

is single: .
We need the following conditions.

C1) , , and .

C2) There is a continuously differentiable function
such that

for any , where denotes the gradient
of . Further, used in (18) is such that

C3) For the sample path under consideration

(17)

for any such that converges, where

C4) is measurable and locally bounded.

We explain these conditions. C1) is an ordinary selection
of the step-size. The first part of C2) means that the product

should be negative in-between two spheres cen-
tered at with any positive radiuses. For C3) to hold, either of
the following conditions or is sufficient.

In this case, (17) is satisfied along the whole sequence ,
but in many applications before establishing the convergence of

, (17) may be verified along any convergent subsequences
of rather than along the whole sequence. This can be seen
from the proof of Theorem 3 to be given later on. C4) is very
general without any growth rate restriction.

General Convergence Theorem (GCT for the Special Case
of Single Root): Assume C1), C2), and C4) hold. Let be
given by the following algorithm:

if
otherwise

(18)

(19)

(20)

Then for those where C3 holds.

Remark 4: In the proof of GCT [5] it is shown that the
number of truncations for each sample path where C3) holds
is finite and, hence, only a finite number ( which may depend
on ) of is used in the algorithm. Therefore, the selection
of asymptotically should not effect the convergence rate
of .

Proof of Theorem 1: We rewrite (6) as shown in (21) at the
bottom of the page, where

(22)

The linear function in (21) corresponds to
the regression function in GCT. The root of is
unique , . It is clear that
may serve as the Lyapunov function required in C2). The fixed
point in (18) is now equal to zero in (21). Thus, condi-
tions C1), C2), and C4) are satisfied. Therefore, the assertion
of Theorem 1 follows from GCT if we can show that

(23)

For (23), it suffices to show that

(24)

if
otherwise

(21)



CHEN: PATHWISE CONVERGENCE OF RECURSIVE IDENTIFICATION ALGORITHMS 1645

and

(25)
Notice that ,

, and are sequences of mutually indepen-
dent random variables with zero mean and bounded second
moments. Therefore, [7]

and for (24) and (25), it suffices to show

(26)
Rewriting as the sum of two

terms

(27)
and noticing that is a martingale difference
sequence whatever or and both and are
bounded, we see that [7]

By this and by noticing a.s., the sum given
in (26) tends to zero as . Thus, we have shown that
both (24) and (25) are true, which in turn implies (23), and the
theorem follows from GCT.

Proof of Theorem 2: We first show that

(28)

We write (18) as (29), as shown at the bottom of the page,
where

(30)

Since in (29) the regression function is linear, similar to
Theorem 1, for (28) we need only to prove

(31)

Since a.s. and
a.s., (31) follows from by A2).

Thus, by GCT we have shown (28).
Since by A3), we have

(32)

By Theorem 1, we have

a.s., which incorporating with (32) yields the assertion of the
theorem.

IV. STRONGLY CONSISTENT ESTIMATE FOR

We now proceed to estimate the value of the nonlinear func-
tion at any fixed point . We have the following theorem.

Theorem 3: Assume A1) and A2) hold. Then

(33)

Further, if in addition, A3) holds, then

(34)

where , , and are defined by (6)–(7), (8)–(9), and
(10)–(11), respectively.

To prove the theorem, we start with a lemma.
Lemma 1: Assume A1) and A2) hold. Then, there is with

such that for any fixed sample path if
is a convergent subsequence of : , then

for all large enough and sufficiently small

(35)

and

(36)
where is a constant independent of but may depend on
sample path .

Proof: Define

(37)

if

otherwise

(29)
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By (4), (5), and the fact that , we have

(38)

since is a sequence of mutually independent random
variables with bounded second moments. Consequently

(39)

as and . This implies that

and

(40)

as and .
Denoting , we have

(41)

and

(42)

as and .
Since is positive, from (39) and the boundedness of ,

it follows that

(43)

Combining (40), (42), and (43), we arrive at

(44)

This means that with varying in is
iterated according to

and the left-hand side of (44) is nothing else but .
Let denote the exceptional set where at least one of (38)

and (41) does not hold. Then, we may take . It is
clear . The lemma is proved.

Proof of Theorem 3: We first prove (33). For this, we
rewrite (10) as (45), as shown at the bottom of the page, where

(46)

The linear function

(47)

corresponds to the regression function in GCT. The root of
the linear function (47) is . Therefore,
the conclusion (33) follows from GCT if we can show that there
is with such that for any sample path we
have

(48)

for any such that converges: .

Let us first define the exceptional set. By the convergence
theorem for martingale difference sequences [7] all series listed
here are convergent, a.s.

(49)

(50)

(51)

(52)

if

otherwise
(45)
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and

(53)
Noticing that is bounded and deterministic and, hence,

. Thus, we have

(54)

Denote by the set where (41) and (49)–(54) are conver-
gent. Then, and where is defined in
Lemma 1.

Let be fixed, and let be a convergent sub-
sequence: .

We write given by (46) as a sum

(55)

where

(56)

(57)

(58)

(59)

We now show

(60)

where . If this is done, then the desired (48)
follows immediately.

For , we have

(61)

On the right-hand side of (61), the second term tends to zero as
by (49), the last term tends to zero as by (4)

and (36), while the first term can be estimated as follows.

By (36) and , we have

and by (50) and (4), it follows that

(62)

Thus, we have shown (60) for . We now show (60) for
.

We have

(63)

Similar to (4), it is shown that

Consequently, the last term in (63) tends to zero as ,
while the first term on the right-hand side of (63) also tends to
zero by (52). This proves (60) for .

We now show (60) for . By (4), it suffices to show

(64)

but which is a consequence of (53).
Finally, for (60) for by (51), we need only to show

(65)

By (54), we have
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Fig. 2. Example 1.

which tends to zero by (4) and by A2.

Thus, we have shown (48), and at same time completed the
proof of (33).

Putting consistent estimates obtained in Theorems 1 and 2
into (33) leads to (34).

V. EXAMPLES

We now give two numerical examples demonstrating how the
nonparameterized unknown nonlinear function is approx-
imated by the estimate given by the left-hand side of (34). In
both examples, we take

to be a sequence of iid random variables uniformly dis-
tributed over [ ], and assume .

Example 1:
Example 2:
In both Figs. 2 and 3, the solid line is the true function

and the dashed line represents the estimate of . The estimate
is derived in the following way: the interval [ ] where
the function is defined on is equally divided into 100 subinter-
vals, and at each endpoint of subintervals is estimated
by the left-hand side of (34). The dashed line corresponds to the
estimate for at .

For the linear part, there is only one parameter to
be estimated. At , the estimates for are
and for examples 1 and 2, respectively.

The numerical simulation justifies the strong consistency the-
oretically proved in Sections III and IV.

VI. CONCLUDING REMARKS

In this paper, new algorithms are proposed for identifying
Hammerstein systems. We note the following properties of the
obtained results, which are justified by numerical simulation.

i) The estimates are recursive and, thus, they are updated
after receiving new data and for each .

Fig. 3. Example 2.

ii) The estimates are convergent to the true values with prob-
ability one.
iii) No structure assumption is made on the nonlinearity

.
iv) Not only and coefficients of the linear system but
also and the correlation between the
input and output of the nonlinear part are strongly consis-
tently estimated.
For further research it is natural to consider more general

linear subsystems, e.g., general ARMAX systems. The multi-
dimensional systems and correlated observation noises are also
of interest to consider.
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