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Mendel and Washburn results [5]. When ¢5 # [ and wy(j) # 0 an
algorithm similar to, but computationally simpler than Tanaka’s results
[17].

CONCLUSIONS

A new multistage approach to linear estimation has been developed.
The optimal estimation problem is decomposed into two or more stages.
The first stage is a Kalman filter with nominal values of process noise
variance and initial state variance. The second stage Kalman filter, which
contains any remaining process noise and initial state uncertainty, has a
new system matrix and uses the innovations from the first stage Kalman
filter as measurements. The two filters are combined to provide the
overall optimal estimate.
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finite set {1, --- N} according to a stochastic differential equation is
considered. The optimal control law is sought with respect to quadratic
loss functions on y, and the control u,. The anxiliary P.D.E. technique of
Hijab [6] is used together with a nonlinear filter to obtain the solution
whose existence depends upon that of a smooth solution to the auxiliary
P.D.E. and strong solutions to the system S.D.E. under the given control
inputs.

I. INTRODUCTION AND PROBLEM STATEMENT

Consider the situation where one wishes to design a regulator for a
system but one has only inexact knowledge of the system parameters. This
is commonly referred to as a parameter adaptive control problem. The
solutions to date to this problem may be broadly classified as 1) stabilizing
adaptive regulators for deterministic systems, 2) asymptotically stabiliz-
ing and optimizing adaptive regulators for stochastic systems, and 3}
optimal adaptive regulators for stochastic systems.

As a result of the recent intense research activity, there is now a vast
literature on these topics. (See, e.g., the proceedings of the IFAC
workshop [7] for a representative set of current papers in this area.) Most
of the work on adaptive control concerns systems with constant unknown
parameters; this is with the exception of the results of Xie and Evans [5],
Caines [1], Caines and Chen [2], and Chen and Caines [3], [4]. The first
reference falls in category 1) and the other three in categories 2) and 3).

There is strong practical motivation to obtain adaptive control results
for systems whose parameters vary in some deterministic or stochastic
manner since one of the primary reasons for using adaptive controllers is
the fact that control system parameters often drift from their initial values.

This paper is concerned with adaptive control problems in category 3)
in the case where the system parameters evolve randomly. Chen and
Caines [4] is the only other work we know of in this area.

For the case of constant unknown parameters, the optimal adaptive
control problems of category 3) have often been called dual control
problems.

A solution of the optimal adaptive control problem for linear systems
with quadratic loss function was presented by Hijab [6]. He uses a
dynamic programming formulation and assumes the existence of a smooth
solution to an auxiliary partial differential equation. He also implicity
requires that all of the candidate controls and the resulting optimal control
generate a strong solution to the system equations.

Now the adaptive regulators in classes 1) and 2) typically generate
parameter estimates via some recursive estimation scheme which can at
best be asymptotically consistent (see, e.g., [3]). However, the optimal
adaptive regulators of Hijab [6], Chen and Caines {4], and that presented
in this paper require the exact solution of a set of filtering equations for the
joint vector of the process y, and the parameter vector §,. (We distinguish
between the ‘‘state’” process y, and the parameter process #, by the
property that the controls only influence the former process. Of course, a
true state process for the system must be equivalent to the joint quantity
On 6).)

The contribution of this paper is as follows: we consider the situation
where a totally observed process y, is generated by a stochastic differential
equation into which the control u, enters linearly and for which the
parameters evolve on a finite set {1, ---, N} according to a stochastic
differential equation. We take quadratic loss functions of y, and u, and
then we seek the optimal control law minimizing the expected loss over a
time interval [0, 7). We use the technique of Hijab [6] which employs the
solution to an auxiliary partial differential equation to complete the square
in an expression for the total cost-to-go. In this paper this is used in
combination with the appropriate nonlinear filter for 6, (see [8] and [9]) in
order to obtain the desired optimal adaptive LQG control. The main result
of this paper may be viewed as a verification theorem, and an interesting
problem is to find nontrivial examples for which a function § satisfying
(1)-(3) in Section III exists.

In the formulation of an adaptive control law it is important to note what
a priori information is required for its implementation. The optimal
control law derived in this paper is a function of the parameters A,, D,, F;
and the functions A(-, +, 1), «--, (-, *, N), B.(1), ---, B.(N)
appearing in the stochastic differential equations (1), (3) below. If one
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wishes to relax this required priori information, one is forced to use some
further level of adaptation, and so on.

An open problem is the asymptotic behavior of the optimal control law
as the terminal time tends to infinity.

We now come to the precise formulation of the problem.

Let (2, F, P) be a probability space with an associated nondecreasing
sequence of g-algebras &, C F. The stochastic system is observed as an
m-dimensional vector y; subject to a stochastic differential equation

dyi=h(y, 1,9)dt+ BBJudt+ Fdw,  Elygf?<o (1)

where (w;, &) is an /-dimensional Wiener process, #, is an r-dimensional
control process, and the parameter ¢, is a random process taking values in
the abstract set § = {1, -+-, N}.

(Note that in (1) 4 and B are assumed to be known Borel measurable
functions such that

h:R"XRx6-R™
and
B:RX6-R™)

Set

@) =Ug,-15 " fo,=m]”- 2)

The process 8, is assumed to evolve in such a way that ®(6,) satisfies the
stochastic differential equation

t

20) =800+ | 430)ds+m, )

where (m,, F,) is a square integrable martingale with quadratic variation
matrix {(m, w),. It is always the case that {m, w), has a derivative process
D, & d/dt (m, w), (see [8, Theorem 5.3]) but we shall assume in addition that
D, is a deterministic process. Observe that if D, % 0, then §, and m, are, in
general, dependent processes.

We remark that if #, is a finite state Markov process with stationary
transition probabilities, i.e., (dp,/dt) = Ap,, where p, = E®(8,), then (3) is
satisfied with D; = O and A, a constant matrix.

Introducing the notation

Hyyi, =180 1, 1) -+ * B 1, N) @
Hyu, n=[B{1)x, -+ B{N)ul] &)

we can rewrite (1) as
ay,={H\(,, )+ Hy(u,, 196,)d? + Fdw,. 6}

Concerning the matrix coefficients we assume that A, F; are
deterministic, :

4l €Ly

o IFll2E L%

2 WFFT281,6>0
and that there are constants k|, k2, k3 such that
DAl <1, v2E€(0, T
1 DN <AL+ ) )]
1B <ks, VIED, T,  1SISN. ®)

The set U of admissible closed-loop controls consists of {#,} under
which (6) has a strong solution and for which

1) u,is F (& o{y,, § < t})-measurable; and

2) suppcigtEflyd > < oo.

The problem is to find the control {u;} e U for which

EJur)= i 8 — Y Qolyr—y¥
J() {ul;?g‘ll EJ(u) {u’,'}‘gm {E(}’r YD QUr-rd

T T
+E 50 (.}’:—Y,’:‘)’Ql()’,—yj")dt+Ego u;Qzu,dr} ©)
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whenever this exists, where y; is a deterministic reference signal and

20, Q, 20, 0,>0.

II. THE INFINITESIMAL GENERATOR ASSOCIATED WITH THE
SYSTEM

Set

P by 0
E(@(6,)/ Ef) éi)z = . ,Pp= *..N | 10
0 Py

By using the nonlinear filtering equation for (3), (6) (see [8], [9]),

H I

Be=Po+ 5 Apds+ 5 {D,+ E($(0)37(0.)/F)H; + H)
[ [}
— PP H + HYHFF) ~ *dw,
t ?

=bo+ | Abds+ | Do+ P pBYEH I+ HINEF) a9, (1)

where (W,, ) is the Wiener process given by

dw,=(FF) " *ldy,— (Hi(y,, )+ Halu, DDA, 12)
The process ¥, has the innovation representation
dy.=[H\(:, O+ Hou,, 1041+ (FF;)~"dw, 3

and (12), (13) are seen to form a system of (state plus observation)
diffusion equations with completely observed state p;. The joint process
(Ds ¥,) has the infinitesimal generator L defined by

AT A7 a A7l L/ 7, i
L£=piA; % +B1H Yy, H+HYu,, 1] .
a? a2
1 ; az"1 aﬁlayr G
+5 tr G} 52 a—z ’ 14
apay, 9%,

where for £(f) the partial differential operations act only on f, and where
(0/0p,) and (8/dy,) denote the N and 71 component columns of partial
differential operators with entries (8/3p;) and (3/3y7), respectively, and
(82/3p*) and (3%/9p; dy,) are the corresponding and matrices of second-
order partial differential operators

G =G(5)+G}P, ¥,

G(By )= [ (Fg;;)% ] » GiPn )= [(P,—ﬁ,ﬁf)gZ(FlF{)-w ]
Gl'=1D, - ppDH|F.FD~%.
Set
g;=[6]]

and denote by g, I<i<N and by, 1 <iKN, 1j<N, respectively, the
column vectors and the elements of the two matrices indicated below

Fay P — pH7 iz..G”(F‘_F"—Vz_*_ o’ T
@ - al& | (P—pL) 275, & B B, )

(15)
byp v by
. . 32
. . . A s =T A~ AT
: o = Cr = b)) —— Pr—bsd7).  (16)
byt *** BN %P
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We note that ¢; and b; do not depend explicitly on the control u.
Noting that
TpT
u,B,(1) N
ST T T . o
er2(uts [):pt . :u;EB;(z')p'z
WTBTV) =

we then have

2

]
tr G7 —— g, G,

1l

62
tr (G}+G§)f32q (G} +GYH
1

a2
tr G:’aT- Gl+2 tr (FF

62
' < %, G”+6pr8y, " )

: a0 PR
+ tr (FF) ™ *HAP,— D)) 3%, (P—BPDHYFF) ™%

0" RHAP, - pbY)

—trG;fa—aZ— G'+2u HY | (P-

82 w97 v
<a—,; GU(EF) +ara )]

+ tr [(FF)~%B D, -+ (FF)-"

b))

om0 5 o
B{N)ul(P,—p.D7) 75 (P— b0}
!

) [(F:F:)_ “B(Du, - (F,F;') T B (N}

= tr (;‘T_é__

" T G‘+2u'2B’(1)a,

i=i
N
+ ul Y bBINFF) Bl
i,Jj=1

Thus, we can write the infinitesimal generator £ as a quadratic form in
u

N
E=L+u (2 B (:)p,a +2 Br(:)m)
i=1

i=1

1 il .
+5 47 2 bBIOFEF) B, an
iLj=1
where
L=p"A7 — 9 +pIHY t) 1t Gl7" —— o G!
—p, 1aﬁ p (44 2 T : azq I

III. OpTIMAL CONTROL

The optimal stochastic control problem is solved by the dynamic
programming approach. The main assumption for this is the existence of a
function S(¢, y, p) defined on [0, T] X R™ x R¥ and taking values in R
such that:

1) S(z, y, p) is continuously differentiable in # and twice continuously
differentiable in y and p,

2) there are constants k4, ks, and &y such that

825(t, v, p)

|8 <k
= N5y apay ay =

a8
[SCt, ¥, D) <kal+[|y}D), 37,

with O, 2 Q, — 2Nk¥s6- > 0,

L+ 71D
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3) S(¢, y, p) is the unique strong solution of the following differential
equation

as ... 98 - 1 - s
6t+PA '3p +p H(», t) +2 tr G) (p,y)azq G, »
1
=7 [2 B’(D(p,— +a(S)>]
i=1

[2 B'(z)(p 08 +a,(S)>] — G-y

i=1

N -
) [Qz+% > bASIBINFF ! Bz(j)]

(18)
with

St ¥, Pi=r= =D Oy - y% (19)

where the indicated matrix inverse is assumed to exist on [0, 7] X R™ X
R? and where G'(p, ») is obtained from G}(®,, y,) with P, g,, y, replaced
by p, g, y, respectively.

Using this auxiliary function § we are now in a position to solve the
problem stated in Section I.

By Ito’s formula we find that up to some stopping time s, 0 < s < T

S, s, B5)

a8, yi, B)
at

; 08, v )
( _By,_ a.(S)>

N
43 17D by (OBLOER) -’B,U)u,] dt+ M)

i j=1

=50, 0+ | [ +L(SC, 20 5)

+ u’E B3

i=1
(20)

where M(s) is a zero-mean local martingale.
By (18), (20) it follows that
S(s, ¥s, Bs)

=50, 50 A0+ |, { [EBO< 1= +a
=) bi,<S)B;(z)(F.F:)-'B,U)] ) [E (p— +a.(S)>]
=1

hi=1

- =0~ *)+H’E B’(l)(p,a— +a(S)>

i=1

N
2wy b.,{S)B:(:xF,F:)-‘B,mu,} dt+M(s)

2 e
i j=1

where s = spAT, where sp, is the first exit time of y; from some compact
set D C R™. Since M(s) has zero mean

EJ(u)

=EQr-y3Qoyr—y 1) — ES(s, ¥y, )+ ESQ, Yo.bo)
-1
E bASIBNFF}) - ‘B,m>

f {urt (e 3
Tgmloz )]}
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h)lh-

N
[Qz E ,,{S)B;(:)(F,F;)“B,(D:I

1 N -
. {uz+§ <Qz+% D b.-,(S)B:(t)(FrFT)"Br(i)> '

i, j=1

ad 88
. [2 B;’(z)(ﬁ',;; +a,(5)>] }dt
i=1 ‘

T

E{ {0 rr0w-yn+u0uat. ey

Since under any admissible control
2
oSup Elly|* <o
it follows by condition 2) on § that we have
|8, pi B K1+ ||yl

Hence, by the dominated convergence theorem and (19), we obtain

ES(t, yi, ﬁl):r ES|;.r=E@r—yH Qr-y¥
since

Byl Elyd®

by the continuity of y,.
Finally, letting D exhaust R™ we have s = T in (21) and we conclude
that

EJ(v)

’ 1
=ES(0, yo,ﬁo)+ SO {u [ Q2+

: (F,F:)-'Bm] -

[$m(n2as )]}

[Qz + 3 bS)BINFFT) -'Bm]

ij=1

2 bAS)B()

ij=1

: {u.+— [Qz+ 2 bUSBUFF) - 'B,m] B

[Bonlsg o) o

Notice that ES (0, ys, po) is independent of the control, and so the
control

22

w=url - [Q,+ 3 bASBIOER)- 'B,o)] B

i j=1

E B’(i)(ﬁ' .HSL::”_‘D’). +a'(S)>

@y

makes EJ reach its minimum.

Theorem: If there exists a function S(¢, y, p) satisfying conditions 1)-
3) given above and if the system (11), (13), with u, defined by (23), has a
strong solution, then u; given by (23) is the optimal control and
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EJ(u*)=ES(Q, yo, Po)-

Proof. The only part of the proof that remains to be given is to show
that {«7} is admissible. It is clear that #; is $7-measurable, hence the only
thing to verify is that under #; we have

sup E||y|*< .
0T
Now by (23)

1 -
lupll <3 05

${

+ 3%8(4, yi, By
0P8y,

a5(t, v, B)

ay

1
S [k6<1+||y,||)

328, i B2

S22 || DA+ 1

l
6

k
+5 Gt kol + ny,u»] ko1 + |7 (24)
where
_l -1 koks %
)
Further, from (6)-(8), ||».|? may be estimated by
! 2
d<a( Dol + | | Fam,
t A
+8Tk2 SO (L+ |iwil| Hds + 4Tk? j (|22 2es. 5)
o

Combining (24), (25) we see that there are constants ks, k¢ such that

2 L
+h | s,

and hence by the Bellman-Gromwall lemma
2 >

+ky g e"q(r—n4<ks+||yollz+
0

\J Fdw;

Yo

ydi*< 4< kg + ol 2+

t

||yf||2<4< R

s

gu Fdw,

2
ds.

From this we have

sup Ejy|*< o since E|y,|><o and since
oI T

t

2 ! : .
E g Fdwg| =tr ES Fﬁws<5 Fﬁw,)
) 0 )
t T
= {r 5 FFds< tr SF,F;ds<oo. O
0 0
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The Strong Consistency of the Stochastic Gradient
Algorithm of Adaptive Control

H. F. CHEN aND P. E. CAINES

Abstract—By use of the technique of Chen [5] sufficient conditions are
established for the strong consistency of the stochastic gradient (SG)
algorithm for MIMO ARMAX stochastic systems without monitoring.
This result is then nsed in conjunction with the method of disturbed
adaptive controls introduced in [1], [2]. Hence it is shown that the SG
algorithm generates strongly consistent parameter estimates while it is
operating as 2 part of the SG algorithm of adaptive control of Goodwin,
Ramadge, and Caines [6].

I. INTRODUCTION

The stochastic gradient (SG) algorithm is probably the simplest method
of parameter estimation for linear stochastic systems. It was used in [6]
for the adaptive tracking control problem and later on in [2] for the
adaptive tracking problem where disturbed controls were used for
purposes of identification as explained below. In these papers the strong
consistency of the SG algorithm was not established. In [4] the strong
consistency of the estimates generated by the quasi-least-squares (QLS)
method was proved for the case of a system subject to feedback control
without monitoring.

In this note, by use of the technique given in [5], we first establish
sufficient conditions for the strong consistency of the SG algorithm for
MIMO stochastic systems without monitoring and then apply the method
involving continually disturbed controls which was introduced in [1] and
developed in [7] and {2]). Continually disturbing a system’s control input
provides a technique for ensuring that certain processes of regression
vectors have the persistency of excitation property which is frequently
required in recursive identification schemes (see, e.g., [9]).

The ordinary differential equation method and the associated hypothe-
ses used in this paper should be compared to those (involving monitoring)
used to obtain the related results of [8, Theorem 1]. Concerning proof
technigues, we also remark that the stochastic Lyapunov—or super
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martingale—method used in the basic first lemma below is fundamental to
the consistency proofs of [10] and [3], [4] and to all of the references of
this note concerned with stochastic adaptive control.

It will be shown that the SG algorithm used in [7] and [2] does in fact
generate strongly consistent estimates. Hence, it is not necessary to
introduce a second algorithm in order to generate consistent estimates, as
in {2], where the approximate maximum likelihood (AML) algorithm of
[10] was used in addition to the SG algorithm.

We consider the MIMO system

Put Apn i+ A AYe =Bty +

+CW,_, (1)

+ Bt
+ Wyt CiWpayt+ 0t

where y,,, U4y, and w, are m-, I-, and m-dimensional, respectively, and y;
=0,u;=0,w, =0foralli <0,/ <0,k <0.

Let §, be a family of nondecreasing o-algebras; assume that w, and u,
are F,-measurable and that

En/Fo)=0, E(Iwa|¥/Fo_)<horios,  0<e<l ()

where k, is a positive constant and 7, is defined below in (10).
Ai’ Bj’ Ck’ i = 1’ Tt pv.’ = 19 vy q, k= 1: cee, T are the
unknown matrix coefficients to be estimated.

Let us write
AR=I+Az+ - +AZ° 3)
B()=B;+Byz+ -+ +Bz?! (C))
C@R=1+Cz+ - +Cz’ &}]

where 2z denotes the unit backward shift operator.
We shall adopt the following notation:

07=[-A,y, ---, —A,, By, -+, By, C, C] mx(mp+Ilg+mr)  (6)

Dr=[V5 Viots s Yaepa1s Uhs 0y Uioga
y:l_d);l—]en—l! crty y;z—m-l_d):l—ran—r] (7)
ST =[Wrs Yoot Vicpets Uat UG ye1, Wi W] 8)

where 8, is the estimate for # given by the SG algorithm

B =0+ 22 (V31— 30,), ©

Tn

=1+ el% =1 (10)
i=1

with ¢_, and 6, deterministic and arbitrarily chosen.

The difference between the SG algorithm and the QLS algorithm lies in
the fact that the residual term y? — &7 _ 6, ; in the SG algorithm is
replaced by the term y, — ¢ _, 8, in the QLS algorithm; in other words,
the a priori prediction error is replaced by the a posteriori prediction
€ITOT.

Set
8,=6- 6, an
and
§n=Ya—Wa—0i_10,.1. (12)
Then we have
C@n—Wa—07-18n-1) ={(¥n— C(2}W»)
HC@R =) Yn= 07 160-1} — 051001
=070, 1= 0516, 1 =07 1601,
hence
C@En=8,_ 160, (13)
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