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The Strong Consistency of the Stochastic Gradient
Algorithm of Adaptive Control

H. F. CHEN aND P. E. CAINES

Abstract—By use of the technique of Chen [5] sufficient conditions are
established for the strong consistency of the stochastic gradient (SG)
algorithm for MIMO ARMAX stochastic systems without monitoring.
This result is then nsed in conjunction with the method of disturbed
adaptive controls introduced in [1], [2]. Hence it is shown that the SG
algorithm generates strongly consistent parameter estimates while it is
operating as 2 part of the SG algorithm of adaptive control of Goodwin,
Ramadge, and Caines [6].

I. INTRODUCTION

The stochastic gradient (SG) algorithm is probably the simplest method
of parameter estimation for linear stochastic systems. It was used in [6]
for the adaptive tracking control problem and later on in [2] for the
adaptive tracking problem where disturbed controls were used for
purposes of identification as explained below. In these papers the strong
consistency of the SG algorithm was not established. In [4] the strong
consistency of the estimates generated by the quasi-least-squares (QLS)
method was proved for the case of a system subject to feedback control
without monitoring.

In this note, by use of the technique given in [5], we first establish
sufficient conditions for the strong consistency of the SG algorithm for
MIMO stochastic systems without monitoring and then apply the method
involving continually disturbed controls which was introduced in [1] and
developed in [7] and {2]). Continually disturbing a system’s control input
provides a technique for ensuring that certain processes of regression
vectors have the persistency of excitation property which is frequently
required in recursive identification schemes (see, e.g., [9]).

The ordinary differential equation method and the associated hypothe-
ses used in this paper should be compared to those (involving monitoring)
used to obtain the related results of [8, Theorem 1]. Concerning proof
technigues, we also remark that the stochastic Lyapunov—or super
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martingale—method used in the basic first lemma below is fundamental to
the consistency proofs of [10] and [3], [4] and to all of the references of
this note concerned with stochastic adaptive control.

It will be shown that the SG algorithm used in [7] and [2] does in fact
generate strongly consistent estimates. Hence, it is not necessary to
introduce a second algorithm in order to generate consistent estimates, as
in {2], where the approximate maximum likelihood (AML) algorithm of
[10] was used in addition to the SG algorithm.

We consider the MIMO system

Put Apn i+ A AYe =Bty +

+CW,_, (1)

+ Bt
+ Wyt CiWpayt+ 0t

where y,,, U4y, and w, are m-, I-, and m-dimensional, respectively, and y;
=0,u;=0,w, =0foralli <0,/ <0,k <0.

Let §, be a family of nondecreasing o-algebras; assume that w, and u,
are F,-measurable and that

En/Fo)=0, E(Iwa|¥/Fo_)<horios,  0<e<l ()

where k, is a positive constant and 7, is defined below in (10).
Ai’ Bj’ Ck’ i = 1’ Tt pv.’ = 19 vy q, k= 1: cee, T are the
unknown matrix coefficients to be estimated.

Let us write
AR=I+Az+ - +AZ° 3)
B()=B;+Byz+ -+ +Bz?! (C))
C@R=1+Cz+ - +Cz’ &}]

where 2z denotes the unit backward shift operator.
We shall adopt the following notation:

07=[-A,y, ---, —A,, By, -+, By, C, C] mx(mp+Ilg+mr)  (6)

Dr=[V5 Viots s Yaepa1s Uhs 0y Uioga
y:l_d);l—]en—l! crty y;z—m-l_d):l—ran—r] (7)
ST =[Wrs Yoot Vicpets Uat UG ye1, Wi W] 8)

where 8, is the estimate for # given by the SG algorithm

B =0+ 22 (V31— 30,), ©

Tn

=1+ el% =1 (10)
i=1

with ¢_, and 6, deterministic and arbitrarily chosen.

The difference between the SG algorithm and the QLS algorithm lies in
the fact that the residual term y? — &7 _ 6, ; in the SG algorithm is
replaced by the term y, — ¢ _, 8, in the QLS algorithm; in other words,
the a priori prediction error is replaced by the a posteriori prediction
€ITOT.

Set
8,=6- 6, an
and
§n=Ya—Wa—0i_10,.1. (12)
Then we have
C@n—Wa—07-18n-1) ={(¥n— C(2}W»)
HC@R =) Yn= 07 160-1} — 051001
=070, 1= 0516, 1 =07 1601,
hence
C@En=8,_ 160, (13)
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and

6n-1=§n—% Eratwha).

n

(14)

Using the now standard martingale convergence techniques (see, €.g., [5]
or {6]) we may establish the following basic lemma.

Lemma I: For the system and algorithm (1)-(10), if C(z) — 17 is
strictly positive real, then

Ll 2 2
2 “£I+]" <o, as., 2 “01¢1“ <, a.s. (15)
and
tr 878, —» v<o on [w:r, — oo]. (16)
Set O
*Cl I . 0 0
0.’
F= :
0 s r>0
. !
-G 0 0 an
=[0}m, F°=1 r=0
m
{7 0 -- 0] r>0
G= mr 18)
7 r=0.

It is easy to see that there exists a random mr-dimensional vector 7,
depending on the initial values of {£;} such that
Enanna nn-l=an+GT§L¢n- (19)
In other words, {n,} is the state process of a realization of the {£,}
process. Clearly

Eni1=G Y, F'GBi+ GF™* 1,

(20)
i=0
From this and (14) we see that
Brer=0— E % [2 ¢8,GFTU-G
T
i=0 i=0
+q5FTUT NG+ Wiy 1

Now we list some conditions that we shall refer to later on.

D)Either r = 0, or r > 0 with C(z) — LI strictly positive real and
with the zeros of det C(2) lying outside the closed unit disk.

2) There exist random variables « > 0, 8 > 0, and 7 > 0 such that

mit + a)
. l¢

DI

i=mi)

=8I, vtz T, Yoelw : r,— ], (22)

i

where

n-1
m)= max [n:4,<1) 120, t,= ) B, 1,=0,
i=0

(23)
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Bi= . 4

(This condition first appeared in [3].)

3) There exists a random variable v, 0 < y < oo such that »27 /v2" <
v, for all n > O where »57; and »3f, are maximum and minimum
eigenvalues of N, & Z7., % + 1/dl,d = mp + Ig + mr.

4) There exists a random variable v, 0 < v < oo such that »?_ /v2.

v, for all # > 0 where ¥, and v, are maximum and minimum
eigenvalues of Z7_,¢,67 + l/dI d=mp + lg + mr.

5) B, is of full rank and the zeros of B{ B(z) (B{ denotes the
pseudoinverse of B)) are outside the closed unit disk.

6) B A(z) and B B(z) are left coprime and B A, and B B, are of
full rank.

The next two items specify alternative adaptive control laws.

7) The F,-measurable control u, is selected such that

0rb.=yi1 25).
where y# is a bounded deterministic sequence.
8) The §,-measurable control u, is selected such that
n(bn yn+ 1 + v, (26)

with v, an &,-measurable disturbance sequence. (This is the so-called
continually disturbed control law which was introduced in [1].)

Lemma 2: For the SG algorithm, under the conditions of Lemma 1,
Conditions 3) and 4) are equivalent on [w:r, — o] and each of them
implies Condition 2).

Proof: This fact is proved in [S] as Theorem 2, but £; and ¢; in that
paper should be understood to be defined by (7) and (12) above. a

Theorem 1: For the system and algorithm in (1)-(10), if Conditions 1)

and 2) are satisfied, then for almost all w € [w:r, = o]

0, — 0.

a— o

Proof: Since the zeros of det C(2) lie outside the closed unit disk for
r > 0, there exist constants p € (0, 1) and k3 > 0 such that for both the r
= 0 and the r > O cases ||Ff| < k3o’

Comparing (30) to (48) of [5] we find that the quantities 1/r,I and §7 ®is
respectively, of the present note correspond to o;R; and 0 @i of that
paper; in that paper |lo;R;|| is estimated by &/r; and instead of (15) above
we have

< 1165, 0,2
}: ”91+I¢1" <
4 T

i=0

With such a correspondence the analysis from {5] completely fits the
present case for @ € [w:r, = ]. To be precise, we first introduce some
notation by setting

Gn+l.i =- E ¢] ¢,0 GFr¢- DG, nn =0

ﬁ'j i ]

and we also denote the last two terms in (21) by J,.; and H,.y,
respectively. This yields

Brei=00+ 3, BiGu_ i+ Jusr+ Hyo. @n

i=0

We now introduce two interpolating functions X(¢) and X() for any
given matrix sequence {X;}. These are given by the following:
1) the linear interpolation

X(t)=X,

X(t)= n+l—tX +t_tn

e —B—XH., t € [tn, Lnsi]
n n
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2) the constant interpolation
X(t)sz t € [t Ing1).

Let G?, denote the linear interpolation of {G,;} with the mterpolaung
length {B,,} for t > t;whenever i is fixed. Whent = #;, then G,k = Gy,
Now for fixed 7 denote by G'7 the constant interpolation for the sequence
{G¢} on [0, 1] with 1nte1polatmg length {8:}.

By the use of these two interpolations, the sum in (38) for 8,1 turns into
an integral of the function G" when it appears in the formula for the
interpolating function 8@). To be specific, we have

ol

U =8,+ 3 Ge, ds+J(0)+H(1) 28)

where J(f) and H(?) are the linear interpolating function for the sequences

{Jn}> {Ha}.

Notice that since w€ jw:r,— 0], G(t) is defined for all 720 and we
notice that
é(tn)=~

Define the family of matrix functions {#,(r)} by shifting the argument
of §(7) 1o the left as shown by

29

B.()=08(t+n) t=0, (30)

We now invoke a major technical result of [5]; the proof of this lemma
is valid in the present case subject only to the exchange of the symbols
mentioned above.

Lemma 3: Under the conditions of Theorem 1, for any fixed w € [w:r,
— oo], {8,(0)} is uniformly bounded and equicontinuous. 0
Hence, accordlng to the Arzela-Ascoli theorem, there exists a subse-
quence {8,,(0)} of {6,,(()} and a continuous matrix function 6(f) which is
the uniform limit of {f,,(£)} over any finite interval.

It follows from the proof of the lemma that

18+ &) -8 = lim 18, (e +4)—8,, ) = Jim [1B¢+a+n)
—B(t+ny|=0
and hence 8(¢) is a constant matrix §°.
Now we show that §° = 0; for a fixed ¢ € [0, o) we have, by the

Schwartz inequality, the definition of « and 8 in Condition 2) above and
the fact that 3; < 1,

m(t+ng~a) '5% 2\ 12
<V2+ahm< E Loe® "'"> =0.

-~ - 7
b i=m{f+ng) ke i=m(i~ng) !
31
Notice that forall i € [0, 1, -+, m{t + iy + o) — m{t + n)] & S
mt+ng)+i
E<lpgtampy st — e S bmgrangy -3 =i~ =L ampy + Bi—ny
J=mit+ng}
m(t+nk+ o)
gtm(nnk)’)’ Bj—nk<t+a+2,
J=m(r+ng)

in other words, Zmg 4 nyy+i<1— M € [£, 7 + o + 2], forall { € S. Hence,

—n)—8° as k—oo and by (29), (30)

ank(tm(nnk) +i+1

—»90

k— oo

(32)

0m(l+nk)+i+l

uniformly in / € S. Consequently, we assert
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m(+n;+a)

lim 3 BlEi-87=0.

i=m{f % ng)

From (31), (32) it is easy to conclude that

mit+ ng + o) T
= . 9 |5
6°7 | lim E - ] °=(,
[k"°= f=m(t+ ng) 7
[Tt is worth remarking that until this point all results have been obtained

without invoking Condition 2)].
Now by using 2) it follows immediately from (33) that

(33)

#°=0 on [w: r,—x],
and 8(t + n,) — O uniformly in z € [a, b], where [a, b] is any finite
interval. Since 8(z,) = 8, it is easy to see that for any fixed w € [wir, —

oo] there exists a subsequence 0,,,k —0ask — oo, From here by Lemma 1
we conclude that lim,, ., tr 0 79, = limg.o, tr 0,,,k e = 0, i.e.,

8, = 0 Yoe[w : r,—>oo], O
n—w
Let {¥#} be a bounded deterministic reference sequence.

Theorem 2: Assume that for (1)-(10) Conditions 1, 5, and 7) are
satisfied, and w satisfies

—_ i
— 1 2
0<lim ~ 2. [wil2< o as. 34
Then r,, —+ oo and
fm 1 3 fuli<os, B0 L3 pyece 39)
—x N gt ! n—eo R o1 !
lim n— E U=y~ y.*)f—- E wwi|=0. (36)
i=1
Proof: Suppose lim,., 1y < o, theng, = 0, y, > 0, u, — 0, and

hence w; — 0. But, since C(z) is asymptotically stable and (34) holds, this
is seen to be an event of probability zero and so r, = = a.s.
By 35) there exists constants (which may depend upon w) such that

Ig ek N 2
3 & Il 3 b
Then using (12), (34), and 7), it can be shown (as in, e.g., [6]) that

- E Ipinil2< 82 £ ll2+ &g

i=1

Consequently,
= Iy
lim <o, 37
n—eo 11
and hence via the Kronecker lemma we have
1 I
- 2 Igmdl? =2 0 as. (38)

=

But by (12) and Condition 7)

Vi YO Y= yE) — wiwi=EET + Ewi+ wiE]

and from this and (34) we obtain (36), while (35) follows from (37). [J
Now we introduce the continually disturbed controls of Condition 8).
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Theorem 3: Let {w,}, {v;} be two mutually independent i.i.d. sequences
with Ev; = Ew; = 0, Eww? = R; > 0, Evp? = R; > 0, and let {y}#}
be a bounded deterministic reference sequence. For the system and
algorithm (1)-(10), with &, & o{w;, v;, { < n}; if Conditions 1), 5), 6),
and 8) are satisfied, then r, = oo,

1 &
I U S
fim 2 30 P <o, lim o 3 Iy<ce
i= =

N )
lim — 3 =y )= =Ri+R (39

i=1
and

8, — @ a.s.

n—co

Proof: (Sketch) From (12) and Condition 8) we have
yn+l=£n+l+yr>;<+l+(wn+l+vn)- (40)

By the strong law of large numbers we know that 1/n 27, ww] 2w
R, and hence 1, ,nw o a.s. Recall that (37) and (38) still hold.

Consequently, (39) follows immediately.

To complete the proof it is sufficient to show that Condition 3) holds for
the regression vector ¢2 in (8), since then, by Lemma 2, Condition 2) is
true and consequently Theorem 1 may be applied.

But this follows using the method of analysis contained in [7] and [2].00

Concerning the sequence {y#}, we observe that only the boundedness
property is used and not the existence of the limits lim,.. 1/n
I7_,YE, ¥, for all k, ] as assumed in the two papers cited above.

We also note that the i.i.d. hypotheses on w and v in this theorem were
only adopted for simplicity and that Theorem 3 holds, with random R > 0
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and v < oo, if w and v are taken to be mutually uncorrelated ergodic
martingale difference sequences as in [7] and [2].
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