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Tr+1 = Dy + HTC'(Z)UJ];_H (33)
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From (33), we have

k1
Df(kJrl)xH_] = x0 + ZDiiH’va(z)’w; (34)

=1

wherez, is a deterministic vector defined by initial valugs, y—1,

Adaptive Regulator for Discrete-Time Nonlinear
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Abstract—A direct adaptive regulator for nonlinear nonparametric sys-
tems with measurement corrupted by noise is proposed. Under reasonable
conditions the state of the closed-loop system is adaptively regulated so that
it converges to zero as time tends to infinity. An illustrative example, being
an affine nonlinear system, with all imposed conditions satisfied is given.
The method of proof is based on stochastic approximation techniques.

Index Terms—Adaptive regulator, nonlinear nonparametric systems,
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. INTRODUCTION

For most of practical systems the linear model is merely an approx-
imation to the true system dynamics. This probably is the reason why
much research attention has been paid to the nonlinear systems for re-
cent years. Various typical nonlinear models are considered in litera-
ture, for example, the nonlinear ARX model is considered in [12], bi-
linear model in [14] and the Hammerstein model in [17]. The common
feature for all these models is that the system is parameterized and the
parameters linearly enter the models. Therefore, when the parameters
are unknown in these models, they may recursively be estimated by
conventional methods, for example, the least-squares (LS) method, and
the parameter estimates may be used to form adaptive controls [7], [6],
[15], [13], [8], [9]. Although parameterization of system uncertainties
simplifies forming adaptive control laws, it is not an easy task to ana-
lyze the resulting nonlinear adaptive control systems (see [12]).

To design and to analyze adaptive control for nonparametric non-
linear systems in a random environment is the topic of the present note.
To the authors’ knowledge this is the first attempt to make a rigorous

--+» y-p- The right-hand side of (34) converges a.s. to & NONzegy,,\vsis for this difficult problem. As a first step, we have to restrict

random vector.

On the other side, howevdl]« ||/} is abounded sequence. Thi

means that

DU+, H <C>\k+lw E+1 — 0 a.s.
e = A=

whereX € (0, 1) ande is a constant.
The obtained contradiction shows that no root 4fz) can be
explosive.
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This note is presented as follows. The adaptive regulator is definedRemark 1: If the noise{e; } is independent of«; }, then A5) is
and the conditions to be used are listed in Section Il, and the maquivalent to
results are given in Section Il where an example of nonlinear systems

. . . . A ) WL(n, t)
satisfying all conditions imposed in Theorem 1 is presented too. Some

concluding remarks are given in the last section.

Il. ADAPTIVE REGULATOR

Consider the following nonlinear nonparametric system:

@)

wherex;, € R" is the system state;, € R" is the control input,
f(-, ):R” xR™ — R™ is an unknown nonlinear function witl, «°)
being the unknown equilibrium pair for System (1).

The system state, can be observed with noise

Tpp1 = flok, ur)

)

wherez;4+1 € R" is the measurement noise and may depend;on

Yhtl = Th41 + k41

lim limsup T E aiei1 || =0,

—

vteo, T]. (8)

i=n

In the case where ; depends on the past contfal;, j > i}, A5)
is easier to be verified in comparison with (8). Furthep Jf~ | a.€i41
< oo, then (6) is clearly satisfied. This is the casddf, F;) is a
martingale difference sequence withp, (E||e;11]|*|F;) < oo and
if 3%, a7 < co.

IIl. M AIN RESULTS

In this section, we intend to show that the adaptive control given
by (3) reaches the goal of regulation, i.e., it regulates the system state
tending to the desired state, zero. As a matter of fact, we have the fol-
lowing result.

Theorem 1: Suppose A1)-A5) hold. Then the adaptive regulator

The purpose of adaptive regulation is to define adaptive contr@l)—(4) has the desired properties:

based on measurements in order the system state to reach the desired
one. Without loss of generality, we may assume the specified state the

system is regulated to is zero.

The adaptive control is given according to the following recursive

algorithm:

W1 = (U = @Yt 1) [fluy —apyii|1<28] 3
whereb is specified in A1) given below and the step s{ze} is non-
increasing with

=]

a; >0, a;, —0, Za,;:oo.

=1

(4)

The system composed of (1)—(4) is the adaptive regulator to be con-

sidered in this note.
We need the following conditions.

A1) The upper bound for «° is known, i.e.||u°|| < b, andu® is a
robust stabilizing control in the sense that for ahy—— 0

k—
the stater,, tends to zero for the following system:

Tet1 = [k, uo) + dg.

A2)System (1) is BIBS stable, i.e., for any bounded input, the syste

state is also bounded.
A3) f(x, -) is continuous for bounded, i.e., for anya > 0

sup £z, u+ Au) = f(a, u)]| — 0.
2l|<a [ Aul—o

A4)System (1) is strictly input passivé >, i.e., there arej and
¢ > 0 such that for any inpufu; }

n

n
> wlwiv > e > il + 8,

V. (5)
=1 =1
AB) The noise sequende; } satisfies
m(ng,t)
%iino lim sup — Z a;si+1|| =0, vte[0,T] (6)

k—oc =
1=ny

along any convergent subsequeres,, }, where{a;} is the

step size used in (3) and(n, T') is the integer-valued function

defined by

m(k, T) 2 max {m: (7)

0
up —uw, x—0, k—oo

9)

at sample paths where A5) is satisfied.
Proof: Before proceeding to the proof, we first note that the al-
gorithm (3) definingu;. is nothing else but a projected stochastic ap-
proximation algorithm [10], [11], [1], [4].

Assume A1)-A5) hold. We complete the proof by four steps.

Step 1: Let u,, be a convergent subsequence{of.} defined by
(3) such that.,,, —— @, and||z|| < 2b. We show that

Um+1 = Um — AmYm+1 (10)
fwmgr — wn, || <ct, VYm:n; <m < m(ng, t),
vt e |0, T] (12)

for sufficiently largei and small enougff’, wherec is a constant to be
specified later on.

Since system (1) is BIBS, frorux|| < 2b it follows that there is
a > 0 such that|z|| < a,VEk.

By A5) for large: and smalll” > 0,

m
E AjE5+1

J=n;

< at, VYm:n; <m < m(ng, t), Vi €0, T.

m
a; + Z aje;r1 < 2at,

j=n;

This implies that

m

Z a5Yj+1

j=n;

m

> ailwji +5541)

j=n;

m

<a Z

j=n;

Vm:n; <m < m(n;, t).
Let¢ be large enough such that
llun, — ) < 220 — |jal])
and letT’ be small enough such that

aT < +(2b— ||ul]).

Then we have

lan, = anym el < lan, =@+ 170+ an gl < 26

and hence there is no truncation in (3) fo= n;, i.e., (10) holds for
m = n;. Therefore

tn i1 = tn; || = llan g 1]l < 20t = ct.
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Thus, we have shown that (10) and (11) holdsfor= ;.

Assume (10) and (11) are true for all: m < k, n; < k <
m(n;, t). We now show that they are true for = k + 1 too.

Since

s+t — ant1yrto||

k+1
= || Wns — Z a5Yj+1
J=ng
k+1
<Ny =l + 1T+ | D || < 26
J=ng

from the algorithm (3) it follows thatix12 = %i1 — @kt1Ykt2, OF
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Set

i
Supei = » (uj—u’) wjp,

J=ny

Snk,nk—l =0.

Using a partial summation, by (14) we have

m(ny,T)
ONT
E ai(u; —u ) wip1
i=ny
m(nyg,T)
= E @i (Sny. i — Sny,iz1)
i=ny
m(ng,1)—1

(10) holds form = & + 1. = Gn(ng, T)On g, m(ny, T) T Z (@i = ait1)Sn,, i
Hence i=ng
o > m(n,, T)O(M (g, T) —np + 1) (15)
A ng+ig—1
[[ukste — wn,|| = Z ajyj+i1|| < 2at =ct
‘ - i = Qig1)Sn,, i
j=n; + Z ((l a +l) k>
r=ny
and (11) is true forn = k 4+ 1 indeed. m(ng, T)—1
By mathematical induction, the assertions (10) and (11) have been + (@i — aigi)6(i — np + 1). (16)
proved. i=n 4ig
Step Z:YVe n%w show that for any convergent subsequengcg, }, Sincel|u:|| < 26, |l:|| < a, itis seen that
U, — U # u thereis & > 0 such that
np+ig—1
m(nyg,T) Z (aL _ari-&-l)snk,i
limgrg T Z ai(u; — U,O)T:L‘H_l > 6 (12) F— |
1=np ng+ig—1
o — . 7 p 0
for all small enoughl’ > 0. By A4), (5) is satisfied for any:;, so it < _Z (@i = aig1)io(2b + [[u7l)a
holds withu; replaced by:; — u” T
| = i0(2b+ |u°Na(an, = anytig) = 0.
Z (u; —u’) g Then, (15) implies that
J=ng ' m(”i“
¢ ONT
> ¢ s — 2_1_3 ai(u; —u ) rip1
2 e 3l oI+ Z
i > m(n,, Ty (O(m(ng, T) — ni + 1) = 6(m(np, T) — n))
e 3 fJa—u + (wi W+ ming, 7)1
=y Fangtindlio + D48 > aito(1)
i i 1=np+ig+]
=€ Z |z - u0||2 + 2¢ Z (w — uo)f('ui - ) m(ny, 1)—1
Fa— i=ny, = 0m(n,, T) F nytigd(io + 1)+ 6 Z a; +o(1)
i ) 1=ng+ig+1
U; — U k 3. 13 X
“.Z lJui — al|* + ¢ (13) = oT
7.—77,k

Let us restrict in (13) to{nw, nx + 1, ..., m(ng, T)}.
Then for smalll” and largek:, from (11) and (13) it follows that:

1 i .
Tt 2 ()
J

=ny
3

Z €||ﬁ— 'U/O”2 - 4E||ﬁ— 'LLOHCT - E4T2 + m

fori € [nk, ..., m(ng, T)].

Thisimplies that there exista> 0 and a sufficiently largé,, which
may depend om but is independent of, such that

1

m Z (lL]' — ’LLU)TJ'iJrl > b

Jj=ny

Vi € [ng +io, nk +i0+ 1, ..., m(ng, T)} (14)

for all sufficiently largek and small enougi” > 0.

This proves (12).

Step 3: DefineV(u) = |Ju — «°||*. We show thal/(u;) cannot
cross a nonempty interval infinitely many times.

Notice that

V(0) = [|u’|* < b* < inf V(u).

inf |lu—d"|* =
2b [|ul[=2b

[lull=2
Assume the contrary, i.e., there are two subsequefnces} and{u, }
and anonempty intervgly, 62] suchthats > 6 > 0,V (um,) < 61,
& < Viug) < & forkim,; < k <l;,andV(uz,) > éa.
Without loss of generality we may assumg, —— w. From Step

1—00

1, for sufficiently largel and small enougif’, we have
||u7"i+1 - U'"’i” <ct
which tends to zero as— oc andI’ — 0,and hence.,,; 11 —— .
1— 20

From the continuity of/(-), it follows that:

Vium,) = V(@) <6, and V(um,11) — V(@) > &
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which imply V(@) = 6;. SinceV («°) = 0, we conclude thak # u°.
By the Taylor’s expansion and by (10) we have

Vv (Um(mi,T)+1) -V (U/mz)
m(m;, 1)
=-Vi(@) D ai(f(rs, ug) +50)
J=m;
m(m;, T) m(m;,T)
—Vi@) Y agmie— > Vi (ug)wi
j=my
m(m;,T)
+ 3 a(Valuy) = Val@) s

J=m;

where||@ — u,..|| < ¢T'. By noting (11), (5), the continuity o¥.(-)

1=m;

(€¥))
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Theorem 1 remains valid if Condition A4) is replaced by the weaker
condition either (12) or (14), because in the proof we only use (12)
which in turn is implied by (14). We formulate this as Theorem 2.

Theorem 2: Suppose that System (1) satisfies A1), A2), A3), and
A5), and for any convergent subsequefieg, }, u,, — @ # u” one
of the following conditions is fulfilled:

i) thereis & > 0 such that (12) holds for all small enou@h> 0;

i) there exista > 0 and a sufficiently largé,, which may depend
onw but is independent of, such that (14) holds for all €
[k + 0, ..., m(ng, T)] if k is sufficiently large and” > 0 is
small enough.

Then (9) holds at sample paths where A5) is satisfied.

Remark 3: The quadraticV’(-) can be replaced by a continu-
ously differentiable functiod’(-): R* — R such thatV' (v°) = 0,

and the boundedness.of, we see that the last term in (16) is the ordegng 1/(0) < inf|u =26 V'(u). Then, Theorem 2 remains valid if

of o(T") asT — 0, and by A5) the first term on the right-hand side of(,u‘j —4°)7 in (12) and (14) is replaced By (), whereV, denotes
(17) is also the order af(T). From (12), it follows that there exists anpe gradient o

e > ( such that

m(m;, 1)
- > Vi (uy)e; < —eT (18)
J=my
for sufficiently smallT".
Hence fori large enough and@ small enough we have
V (tnim;, 1y41) = V () < =5 T (19)
and hence
limsup V (“’777,(7717-, T)-H) < by — %T. (20)

It follows from (11) that:

max

(TN T, —
m;<m<m(m;, T)+1 T—0

which implies that” (1,,,(,.,, 7y41) € [61, 62] for smallT". However,

this contradicts (20). The contradiction proves ffigt:;, ) cannot cross
a nonempty interval infinitely often (i.0.). As a consequence, the alg
rithm (3) will cease to truncate after a finite number of times, becaus

V(O) = ||'1L0||2 << inf”u”:y) ||1L — 'uOHl‘7 = ianuH:Qb "(u)
Step 4: Denotev; 2 liminf,— e Viun) < limsup, .. V(un)

= v9.

If v1 < vo, thenV (u, ) will cross some intervgb,, 6.] with§; > 0

infinitely many times. From Step 3, this is impossible. 80= v2, or

V(u, ) converges.

If u, does not converge td’, then there is a convergent subsequence 2]

{un,} such thatu,,, —— @ # u°. Replacingm; in Step 3 byny,

k—oo
we again have (17)—(19). Sin&&u,, ) converges, taking limit in both
sides of (19) we arrive & < —(=/2)T, which is impossible. Hence,

Uy — 'uo.

Write (1) aszi+1 = f(xs, u®) + f(zn, ur) — f(xr, u’). By
A3) and the boundedness dfr;} we havedy 2 flre, ug) —
f(zr, u®) —— 0, and by A1), we conclude;, — 0. O

k—oo
Remark 2: It is easy to see that A5) is also necessary if A1-A4
and (9) hold. This is because for larjehe observation noise can be

expressed as

U1 — Uk
hpr = —+ + f(2p, ur)
ay
and hence
m(ny, 1) m(ny, 1) m(ny, 1)
S aiepi= Y (win—uw)+ Y aif(w ui)
i=ny i=ny 1=ny

which tends to zero by (9).

Example: Let the nonlinear system be affine
i = glan) (ur = u°)

where the scalar nonlinear functign-) is bounded from above and
from below by positive constant8: < « < g(x) < 3 < oo,V €
R".

Note that(u; —u®) ;41 = g(a;)|Ju;—u®||* > ofju;—u®||*, and
hence (14) holds, ifi,,, — @ # u°. Assume is known:||u°|| < b.
Then Al), A2), and A3) are satisfied. Therefore{if } satisfies A5),
then{u;} given by (3) leads ta; — «° anday, — 0.

IV. CONCLUSION

This note concerns the adaptive control for general nonlinear non-
parametric systems. Based on stochastic approximation methods we
presented a solution to the adaptive regulation problem under reason-
able conditions on the nonlinear dynamics as well as on the measure-
ment noise. In the further study, it may be of importance to consider
e stochastic dynamic system where the noise may appear not only in
3Bservations but also in the state equation. To weaken the conditions
required in theorems may also be of interest. Our results may serve as
an initial step toward solving the general adaptive control problem.
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Comments on “Parameterization of Stabilizing
Compensators by Using Reduced-Order Observers” <Dr _Xl)
N, Y,
Zhiwei Gao and Daniel W. C. Ho G ‘ MAB ML
=1 —-J sI, — NAB ~NL )
Abstract—in this note, a counterexample of the above mentioned papér CS — DJ CB+ D(sl,, — NAB) I,- DNL
is given. It is shown that the parameterization of all proper compensators e e P
internally stabilizing the plant is incomplete. Modified parameterization of  satisfy the Bezout identity
all proper stabilizing compensators is also presented.
Index Terms—Coprime factorization, parameterization, proper stabi- { Y. X'} {D" _X’} = {I’” 0 } . (6)
lizing compensators. -Ni D N, Y: 0 I,

Theorem 2: When using transfer function matrices given in (2) and
|. INTRODUCTION (3) or (4) and (5), the set of afiropercompensator€’(s) internally

. L . _stabilizingG(s) is parameterized by
A doubly coprime factorization (DCF) plays an important role in

investigating multivariable control problems by the factorization ap- C(s) = (Y, — QN,)_‘ (X, 4+ QD)
proach. Recently, Fujimori presented a parameterization of all proper —(X - r -1

. L =(Xi+D.Q)(Y: — N, 7
stabilizing compensators using the DCF related to the minimal-order (Xe @ @ )
observer. However, the proper controller parameterization in the ab@yRereQ € RH)"™".

G(s)=C(sI —A)'B+D:= 1)

papet is incomplete as shown. Remark 1: Since some elements in the DCF given by Theorem 1 are
In this note, the transfer function matrix of the plant is denoted bystable but nonproper, the free parameégehas to be restricted within
the set of strictly proper and stable rational function matrices for ob-
A B taining resultant stabilizing compensators. It is noted that, the proof of
C D Theorem 2 in the above mentioned pdpemly proved that the compen-
satorsC'(s) in (7) are all compensators for stabilizigg s), however,
G(s)o := C andG(s); := B represent the output matrix and the?he.properness of these compensators was notdis.cussed. Unfortunately,
input matrix of G(s) respectively. Let”,. denote the closed, complex it will be shown that some of these compxensators in (7) cannot be guar-
anteed to be proper even whéne RH." ™",
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