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IV. CONCLUSION Stability of Adaptively Stabilized Stochastic Systems

The sliding-mode control of nonlinear uncertain systems with un-
modeled first-order actuator dynamics has been considered. A 2-SMC
scheme with adaptive switching rule has been proposed, and its ef-
fectiveness has been shown for a class of systems encompassing n@bstract—Stochastic adaptive stabilization usually leads to the bounded-
zero-input-stable (ZIS) systems and non-BIBS stable plants. The press of the average of squared output of the stabilized system, but gives no
posed algorithm is easy to implement and therefore suited to being use lusion on stability of the resulting system. This note proves that adap-

. X o L . . .ty iliz hasti mini is trul le in th
in practice; it is also effective in counteracting the transient peaklrigﬁyeﬁtt?:naliiigc astic syste s steady state is truly stable in the
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phenomenon.
Index Terms—Adaptive stabilization, ARMA, stability.
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II. MAIN RESULT The proof of the theorem is given in Sections Il and IV. It is worth
noting that the converse conclusion is a well-known fact, i.e., for (4),

Let if A1) holds, then stability ofA(z) implies (6).

Ay = C(2)wg, yxr =wr=0fork <0 (4)
Ill. PROOF OFTHEOREM: DISTINCT EIGENVALUES CASE

be a one-dimensional (1-D) ARMA process, where By Lemma 1, we need only to prove thétz) # 0, Yz with |z| = 1.

A(z)=1+a1z+ -+ ap2t, ap # 0 Set
Cxy=1l4cz+- 4z, er £ 0. (5) - 1 0 - 0
—as 01 --- 0
Assume 42 : S :
‘ I = o —ap1 00 --- 1
limsup — k< oo, 6 P
msup Dk <o ©) S
Problem: Under which conditions ist(z) stable, i.e.A(z) # 0, H= [10---0], @ 2 [} af - ari]T. (7
z|z] <172 P

To this problem, a partial answer is given in [7]. For convenience inth ; ol ]
of reading we present this result here as a lemma, and prove it in H?ee“ we present (4) in the state-space form as follows:

Appendix. -4 Ty, _

) ) Tppr = Az + H C(2)wpyr, yr = Hayp. 8
Lemma 1: For ARMA process (4) assumev, F } is amartingale Th o (@Dwisr, -y o ®
difference sequence with Sincex;. = yu., by (6) we have

n

lim sup % Z (I;{)Q < oo.

n— oo 1

sup E (7liz+l|fk) < oo a.s.
k

and (6) holds. Theni(z) has no zeros inside the open unit disk, i.e.,

A(z) #£0, Va2 |z] < 1. From (7) and (8), we se€],_ | = —a,}, Thyy = —aag +ai,
The gap between the complete answer to our problem and Lemmi@di: 1 < i < p, and hence

is to show thatd(z) # 0, Vz: |z| = 1. For this we will use the law

n

of iterated logarithm given by Wittmann, which is formulated here as Jim sup 1 Z (IZY Coo, Vil<i<p
Lemma 2. For its proof we refer to [8]. n—oo N £
Lemma 2: Let a sequence of independent random variabtes
satisfy the following conditions: I.€.,
1 lim sup 1 Z lzx|? < oco. 9)
lim s2 = oc; n—ee M

Since eigenvalues ot are reciprocals of roots od(z) (see, for ex-
ample, [9, Lemma 2.5, p. 45]), by Lemma 1 we only need to prove that
) $241 no eigenvalue ofi is on the unit circle.
limsup ——= < oo Assume the theorem is not trud; has at least one eigenvalue on
e the unit circle. Without loss of generality, we may assume Mat=
3) A€o, 2m), § = /1.
- We first prove the theorem for the simple case, where aigen-
> (25t loglog si) TPE(l6]] < oo values ofA are distinct. In this casd can be diagonized: there exists
k=1 an invertible matrixP such thatP™' AP = diag(Ai, Ao, ..., Ap),
where), ..., A, are eigenvalues oft anddiag(\, ..., A,) de-
notes the diagonal matrix with diagonal elemekis. .., A,.
From (8), we obtain that

2)

forv: 2 < v < 3, where

sn=>_E(&)
k=1

P~y =diag(Ar, Aoy ..., APy
Then + P H C(2)wig. (10)
1 i Define
limsup —————— ka =1 as.
nno (252 loglog 52)1/2 , 1T -
( Sn loglog s ) 1 N1 = [')711'-&-1 77z+1 ,)72+1] é P 1'77k+1
Theorem 1: Assume (6) and the following conditions for ARMA d=[dy dy --- dp)* 2p'ha”. (11)

process (4): .
A1) {w;} is a sequence of independent random variables with zepy8%0 = Y1 = --- = y—p41 = 0, we haver, = 0, and hence
mean,sup, E(Jwi|’) < oo for somey: 2 < v < 3,and "0 = 0. From (10) and (11), it follows that:
lminf, ..o E(w?) = 262% > 0; y
A2) A(z) akndC(z§ al;g coprime e =Mk + G C (2w = -+
. . ' . . k41 )
;r;in,A(z) is stable, i.e., all roots ol () are outside the closed-unit _ Z AT O, (12)
. =1
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Noticingw, = 0 for & < 0 and setting:; = 1 we have where byo(1) we mean a quantity tending to zeroras— oc. There-
fore, we haves? — oo, asn — oo. Further, paying attention to the
i boundedness dfg; } and{ E(w})} from (16), (17) itis easy to see
k r k—s
= cll)\’f ZAIZC(Z)UH :dlz\’f |:Z Z )\llscsw,j:| lim n+1 -1
i=1 s=0 i=1 n—oo 57‘1

=d\F

k—r r r—1 k—s . N
Z )\fiwi (Z cfsMS) +Z Z Afi’scs wz} Since by A1) and the boundedness{gf. }
=1

s=0 s=0i=k—r+1 S11PE|.(}k“f’k|7 < 0o
kv

—r r—1 —
=i\ C (N Z)“ witdi AT Z Z Aresw; for somey € (2, 3], by (17) it follows that:
i=1 s=0 i=k—r+1
=i\ C ()‘1_1) Z (23,21 log log srfl)iﬂ'"/2 Ellgrwe]”] < oc.
k—r k—i k=1
) [Z Arwit Z A <Z AL "‘*) } Consequently, by Lemma 2 there exists a subsequngk, which
=t =k 13) may depend on sample path, such that
Loy
Let lim giw; =1 a.s. (18)
fk—oo (2.5;,k loglogaﬁk)u2 =
cos(iN), 1<i<k—r )
i w4 ie.,
gi = /\_‘
(} Zts)\lq} _I+1<l<k ng 0_2 1/2
Zgiwi > <o‘2nk loglog 5 'n/@) (14+0(1)) as. (29)
whereRe(z) denotes the real part of Then, we have that -
where and hereafter by 1) we mean a quantity which tends to zero as
i 2 k — oo. From (15) and (19), we obtain
[nkl® > 1da A ZM

] 210 ([ o <1oglog "7 )

=i (ZW“) : (15) ~(140(1)) as. (20)

incenry1 = P~ 'xp41, we immediately obtain thafayq||*

Timin ||76+1]]%, ¥ E, Wherepmin > 0 denotes the minimum elgenvalue
of the positive definite matrix* P.

From (20) it follows that

s2 2 ZE G Wr) ngE wi -
— Z”*ll” > — ”LnkH Ilmm |’Ink

By Al) {g;w:} is a sequence of independent random variables wit
zero mean, and

2

= Zroq (kN E (Ul ) + Z (]A “' (16)

- B 2
k=1 k=n—r+1 > |d1|2 |C ()\fl) |2 min0 <loglog % nk)
Since (14 o(1)). (1)
_ 2
lmifﬂfE( £)=20">0 We now proved; # 0. Writing P~" in the form of column vec-
. torsp;,,i = 1,...,p,i.e, Pt = [p1 p2 --- py], we haved =
there isko such thatE(w}) > o2, Yk > ko. P'HT = p,. !
Noticing that On the other hand, since
mn n —1 4 oy 1
2sin A Z cos(2kN) = Z[sin(?k + 1A —sin(2k — 1)A] P A= diag(Asy Az, ..oy Ap)P
k=1 k=1
, we have
=(sin(2n + 1)\ —sin A)
AP = (P diag (Wi, Xas ol ) (22)
we have ~
wherex denotes the conjugate transpose operation\artenotes the
n—r 2 n—r .
2 > g2 2 = 1 S(2%\ complex conjugate of,.
=0 Z cos™(kA) 2 Z (1 + cos(2kA)) Letgy = [by b2 --- b,]" be the first column of P~')*. Then from

k=k k=k ; £
! ! (22) we haved” ¢1 = Aiqi.

a? Notice thath,, serving as the left-upper corner element Bf *)*,
=2 (n=r—ko+ 1L +0(l)), A#0, (17) can be derived fromi = P~"H" by taking transpose and complex
o%(n—r —ko+1), A=0 conjugate. This yields that; = 0.
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Assume the conversé; = 0. Then fromAT ¢, = X1¢q1, we have is successfully designed. The closed-loop system in its steady state
by =0, ...,b, =0,i.e.,¢1 = 0. This contradicts the invertibility of form is an ARMA system. We have shown in this paper that for the
P. The obtained contradiction shows # 0. SinceA; ' is the root of 1-D ARMA system, the boundedness of average of the squared output
A(z), by A2),C(AT") # 0. Consequently, the right-hand side of (21mplies stability of the system indeed. So, the result of the paper may
tends to infinity a.s. aé — oo, or be used to judge if the steady state closed-loop system is stable or not.

Extension of the result to multidimensional systems is of interest.
lim sup 1 Z lzx]]> = oo as.
n—oo M T APPENDIX

. . L PROOF OFLEMMA 1
This contradicts (9) and proves the theorem for the case of distinct

eigenvalues oft. O Assume the converse, i.el{ =) has explosive root(s).
Let us factorize

IV. PROOF OFTHEOREM. GENERAL CASE

A(z)A(z) = A1(2)As (= 27
We now prove the Theorem for the general case wheieas at (2)A(2) 1 )(UZ( ) (1) o @)
least one eigenvalue with multiplicity greater than one. Without loss Ai(z) =140y 24 +aq z (28)
of generality, let\;, = ¢’* be the eigenvalue af with multiplicity As(z)=1+aPz4- -+ af?;"’ (29)
s1 > 1, and let the order of the first block in its Jordan formvhelLet
P be invertible such that wherea+3 = p, all roots of4, (=) are outside or on the unit circle and
. ) all roots of 4> (=) are inside the unit circle. By the converse assumption
P DP:dlag(Jl, N Jd) (23) |a532)| 7& 0 with /3 Z 1.
whereJy, Ja, ..., J4 are Jordan blocks. Define thep x p matrix M
Similar to (10) we have -1 a’(ll) U ¢ R TR
P lagyy = diag(Jy, ..., JOP ten + PUHTC(2)wig. (24) 0o 1 Y o WP
Using the notations as those introduced in (11), we then have
§ (1) (1)
7712;1 =X\ 7717@1 +dry C(2)Wpyr = -+ M A 0 . 0 ! (1/1‘ ¢ (30)
b1 1 a,(l“) ce a,Eq“) 0
= Zd,vl)\f'H_‘C(z)uu
= 0
k+1 v
=d. AT OANTC)w ' ‘ ‘
= Lo - 0 1 o W
Comparing (25) with (12), we are convinced of that (25) implies which is nonsingular becaust (=) and A, (=) are coprime.
1 & ‘ Define thep-dimensional vectotr,, by
limsup — Z lzk])” = oo (25)
n—oc N oy A T
T = [le* Tt yk7p+1]
if we can show thatl,, # 0. So, to complete the proof it suffices toand
showd,, # 0. My, = [Er, & . s Tk R
Corresponding to (22), we now have M = [ Chmt oo St s Mt s Mo} (31)
AP = (P diag(Jy, T3, .., T)). (26) ; ,
whereA:(2)é = C(z2)wi, A1(z2)ne = C(2)wy,.
Letg,, = [bi -+ b,y -+ b,]" be ther th column of(P~')*. From  From (6), it follows that:
(26), it follows that:A” ¢, = Xiq,,.
The elemenb; located at the first row and, th column of(P~')* ) 1 <= 5 ) 1 <& s
can also be derived from = P~' H”. Consequently, we have = hgljcip n D& <o hfllfo‘ip n doni<eoas. (3
Erl . i=1 i=1
Assume the conversd;, = 0. Thenb;, = 0, and we have that Setting
by =0, ...,b,=0,ie.,q, = 0. This contradicts the invertibility of
P. Therefored,, # 0. O '—a(f) 1 0 cee 07
V. CONCLUSION : 0
The purpose of stochastic adaptive control may be to optimize some
performance index, but the basic requirement which should always D2
be met, is to stabilize the system in the sense that the average of : : 0
squared output is bounded. An adaptively controlled ARMAX system
normally is nonlinear and time-varying, but the closed-loop adaptive 1
control system may tend to a steady-state system if adaptive control _—aﬁf) 0 --- 0]
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and
(10 0 7
0 —a ... @
G2 [0 —af? 0
0 = 0 .o 0 |

and recursively defining-dimensional

A T
Tp = (26,1 000 T, )

by

Tr+1 = Dy + HTC'(Z)UJ];_H (33)
whereH = [10 --- 0], we have

N—_——
3
. T

2k = G&k €1+ Eh—pt]

and hence

. L~y 2
limsup — E || < oo a.s.
n—oc I =

From (33), we have

k1
Df(kJrl)xH_] = x0 + ZDiiH’va(z)’w; (34)

=1

wherez, is a deterministic vector defined by initial valugs, y—1,

Adaptive Regulator for Discrete-Time Nonlinear
Nonparametric Systems

Han-Fu Chen and Qian Wang

Abstract—A direct adaptive regulator for nonlinear nonparametric sys-
tems with measurement corrupted by noise is proposed. Under reasonable
conditions the state of the closed-loop system is adaptively regulated so that
it converges to zero as time tends to infinity. An illustrative example, being
an affine nonlinear system, with all imposed conditions satisfied is given.
The method of proof is based on stochastic approximation techniques.

Index Terms—Adaptive regulator, nonlinear nonparametric systems,
stochastic approximation.

. INTRODUCTION

For most of practical systems the linear model is merely an approx-
imation to the true system dynamics. This probably is the reason why
much research attention has been paid to the nonlinear systems for re-
cent years. Various typical nonlinear models are considered in litera-
ture, for example, the nonlinear ARX model is considered in [12], bi-
linear model in [14] and the Hammerstein model in [17]. The common
feature for all these models is that the system is parameterized and the
parameters linearly enter the models. Therefore, when the parameters
are unknown in these models, they may recursively be estimated by
conventional methods, for example, the least-squares (LS) method, and
the parameter estimates may be used to form adaptive controls [7], [6],
[15], [13], [8], [9]. Although parameterization of system uncertainties
simplifies forming adaptive control laws, it is not an easy task to ana-
lyze the resulting nonlinear adaptive control systems (see [12]).

To design and to analyze adaptive control for nonparametric non-
linear systems in a random environment is the topic of the present note.
To the authors’ knowledge this is the first attempt to make a rigorous

--+» y-p- The right-hand side of (34) converges a.s. to & NONzegy,,\vsis for this difficult problem. As a first step, we have to restrict

random vector.

On the other side, howevdl]« ||/} is abounded sequence. Thi

means that

DU+, H <C>\k+lw E+1 — 0 a.s.
e = A=

whereX € (0, 1) ande is a constant.
The obtained contradiction shows that no root 4fz) can be
explosive.
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