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Controllability is Not Necessary for
Adaptive Pole Placement Control

Han-Fu ChenFellow, IEEE and Xi-Ren CaoFellow, |IEEE

Abstract—The key issue for adaptive pole-placement control derive the certainty equivalency control and thus solves the
of linear time-invariant systems is the possible singularity of adaptive stabilization problem. The first theoretically complete

the Sylvester matrix corresponding to the coefficient estimate. . . . . o
However, to overcome the difficulty, the estimate is modified by solution to the problem without invoking external excitation,

several methods which are either nonrecursive and with high to the authors’ knowledge, belongs to Lozano and Zhao [2],
computational load or recursive but with random search involved. who introduce a coefficient estimation algorithm which is self-
All of the previous works are done under the assumption that convergent regardless of what control is taken. They choose a

the system is controllable. This paper gives the necessary and e L . . -
sufficient condition, which is weaker than controllability, for modification parametef, to modify the coefficient estimate

the system to be adaptively stabilizable. First, a nonrecursive at €ach time so that the corresponding Sylvester matrix is
algorithm is proposed to modify the estimates, and the algorithm uniformly nondegenerate. However, the modification is non-

of stochastic approximation, a recursive algorithm is proposed : e L .
for obtaining the modification parameters; it is proved that these example, for a third-order system each modification requires

modification parameters turn out to be a constant vector in a calculating 46656 determinants of six-dimensional square
finite number of steps. This leads to the convergence of the matrices, and the number of modifications is infinite. Later
modified coefficient estimates. For both algorithms the Sylvester j, [3], the computational load was significantly reduced, and

matrices corresponding to the modified coefficient estimates are . . . e
asymptotically uniformly nonsingular; thus, the adaptive pole- a stopping technique is proposed so that the modification

placement control probiem can be solved, i.e., the system can betérminates after a finite number of steps. In [4] it is shown

adaptively stabilized. that the weighted least squares (WLS) estimate introduced
Index Terms—Adaptive pole-placement control, controllability, N [5] is self-convergent and has the same convergent rate
parameter modification, stochastic approximation. as the least squares estimate without any modification. Using

this estimate, [4] introduces a random search-type algorithm to
produce the modification parametgr, which guarantees the
o N ) uniform nondegeneracy of the corresponding Sylvester matri-
T HE NECESSARY and sufficient condition of arbitraryces However, by the nature of random search the modification
pole placgment for a linear detg_rmlnlstlc system W'tBrocedure must be very slow. All these works were done under
constant coefficients is the controllability of the system. T'r@e controllability assumption.
t

problem of hov_v _to ad_a ptively plgce _poles of a system wi The contribution of the present paper consists of the follow-
unknown coefficients is of practical importance and attracts - "
1) The necessary and sufficient condition for the system

the attention of many researchers. It seems natural to deal V\Ilﬂli datively stabilizable is ai Th dition i K
the adaptive pole-placement problem under the controllabili € adaplively stabilizable 1S given. The condition 1S weaker

condition. In fact, this is the assumption used in many works Han controllability, which is well known as the necessary and

this direction until now. The challenging difficulty is that the>Ufficient condition for nonadaptive exact pole placement. 2)
Sylvester matrix corresponding to the system with coefficierld the proof of the sufficient part a coordinate method for
replaced by their estimates may be degenerate. This prevdRgdification is proposed. The method is nonrecursive but
one from obtaining the certainty equivalency control which e modification terminates in a finite time. 3) Under the
normally used in adaptive control. same condition a recursive method for modifying estimates
In [1], by using external excitation signals it is proved thas proposed. The modification parametgy equals either
the coefficient estimates tend to the true values, and thus @0 or/3,, which is generated by a stochastic approximation
Sylvester matrices corresponding to the coefficient estima@gorithm. Both the modified coefficient estimate gt} } are
become uniformly nonsingular. This makes it possible toroved to be convergent. Since stochastic approximation is a
directed search algorithm, its convergence rate is hopefully
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disturbance, respectively, and It is known [2], [4] that there is a bounded sequed@d }
A(Z):1+CL12+"'+CLPZP such that
B(z) =biz+-+ byt 0=0,+F.3. (9)

where z is the backward shift operatoty,, = v, 1.

: Let us call the following matrix:
It is known that the poles of the closed-loop system can

arbitrarily be placed ifA(z) and B(z) are coprime and if the 1 0 0 0
coefficient a; - b
_ T 1 : 0
¢ [alv y Op,y b17 ’ bp] M(9) = a ay bp bl
is known. ) .
Here we discuss the case whetds unknown. Without o -
0 ap 0 by |

introducing external excitation signals, an on-line coefficient -
estimate is hard to keep consistent. Hence, we cannot exget Sylvester matrix corresponding o

the adaptive pole-placement control to assign desired poledt is also known [2], [4] that if a bounded sequengé, }
even in asymptotic sense, unless a certain kind of excitatiorakes the Sylvester matrix corresponding to the modified
is used [4]. The purpose of adaptive pole-placement contesiefficient estimate

is to achieve 0, = 0p + Fofn (10)

lim Sup% Z(?ﬁ + 7). (2) asymptotically uniformly nondegenerate, i.e.,
=t lim inf | £(8,)] > 0 (11)

System (1) can be written as
where f(6) = det M(6), and if {4,,} is convergent, then the

Yn =0 ¢n_1 +wn (3) control switching between the certainty equivalency control
where (with ¢,, used as the coefficient estimate), whg(#,,) # 0,
and zero, wherf(6,,) = 0, solves the adaptive pole-placement
1 = [=Yn—1>=Yn—2," " sYn—p>Un—1 " Un—p].  (4) control problem. The formulation of adaptive control and the
. . roofs of the desired properties of the closed system are given
Two cases forw,, will be considered. lpn [2]-[4] prop Y 9

Case 1: w, represents the unmodeled dynamics and satis-

. . - Therefore, the central issue in the adaptive pole-placement
fies the following condition: P pole-p

control problem is to find a bounded sequence of maodification
[wn| < 1+ || nil| (5) parameters{s,} such that{f,} is convergent and (11) is
satisfied. This gives rise to the following definition.
wheren and: are constants anfd - || denotes the Euclidean Definition: System (1) is called adaptively stabilizable by

norm. _ _ _ _the use of the parameter estim#tg if there is a bounded
Case 2:_ {wy, F, } is a martingale difference sequence witlsequence{3,} such that (11) is satisfied arid,,} given by
the following property: (10) is convergent.

©6) Remark 1: From (9) it is seen that if (1) is controllable,
then it is adaptively stabilizable by use éf, given by the

. DZ algorithm [2] in Case 1 and by the WLS algorithm [4]
In what follows, by the estimat#,, for # we mean the in Case 2.

one produced by the dead-zone (DZ) algorithm given in [2]
for Case 1 and the one generated by the WLS algorithm
considered in [4] for Case 2. Due to space limitations, here
we only give the WLS algorithm and refer to [2] for the Dz [N [2] and [4] it is proved that

sup E(w2 1 |F,) <00 aus.
n>0

I1l. NECESSARY AND SUFFICIENT CONDITION

algorithm. The WLS algorithm is defined as follows: 6, — @, F, — F (12)
Pn n T . ..
Ony1 =0 + W%(ynﬂ —0.¢n) (7) where¢, in general, does not equal the true coefficiérind
I,; ’;P" " may depend on the initial value of (7). L&tbel (= 2p)-
P =-p, — Tt imensional 3 = (B Bpy)”, and consider the polynomia
=P, n</>n</>T n di ional 3 = (B1) -+ - By d consider the pol ial
Jra) + @7 Padn F + Fp) in B
ro = P+ D il ®) 1 +Fp)
1=0 {
S 1) @3 5. 4.,
where f(z) >0 and [y (dz/z f(z)) < oo for someM > 0. =f0)+ Z o o+ Z ¢ Pl +
It is shown in [2] and [4] that for both DZ and WLS =t z i
the estimated,, and the associated matr, are convergent, + Z cE}...ilﬁﬁ) By (13)

where |, = P/? for the WLS algorithm. it =l
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Theorem 1: System (1) is adaptively stabilizable by use of producewy,, which leads tofy41; setviyr = .
8, if and only if Go back to Step 1).
FO +FB)Z0. (14) b) If such aky does not exist, i.e., (17) holds for all
) . ) t=1,---,L, then setu;, = 0 and calculatéfy.;1;
Proof (Necessity):.Let (11) be held. Since{s,} is setvpp1 = vy + 1. Go back to Step 1).
bounded, we may select a convergent subsequénce- 3. We have
By (11) and (12) we havéf (¢’ + F'3)| > 0, which verifies
(14). kot
(Sufficiency): Let (14) hold. We now construct a bounded Vie = ZI[(l/é;(i>)|f(0j+Fj6jei)|§epj Vi=1,,L]"
J=1

and convergent sequend@, } that satisfies (11). The con-

vergence of{6,} will be guaranteed by the convergence of we now show that under (14), the algorithm defined by 1)

{Bn}. and 2) stops at a finite time arftl becomes a constant vector
Let {e§1>} be [-dimensional with only one nonzero elemeniyith (11) satisfied.

equal eithertot-1 orto—1,¢7 = 1,---,2l. Similarly, Iet{egj)} In the casef(#’) # 0, no matter whethe#' = 0 or not, the

be (-dimensional with only; nonzero elements, each of whichnumber of transitions from 2a) to 2b) can only be finite, i.e.,

equals eitherlor1,i=1,2,---,(I(I=1)--- (I—j+1)/51)27. there existsk; such thatvy, = vy, and 8, = By, ,Vk > k1.
The total number of such vectors Is This is becausé#;, converges t&#’ ande,, — 0,6,, — 0, if

L zl: W=1)-(I—j+ 1)2j s) 1, — oo. It is clear that one of the following inequalities:
J=1 J' |f(9k)| > 6Vk17 |f(9k + Fkéukl 6k1)| > 6”k1
Denote these vectors by, ¢, -, er in the nondecreas- \ij| hold for all k > k,. Thus (11) is true.
ing order of the number of nonzero elementscjn Before In the casef(e’_) = 0, by (14) not all coefficients of

constructingd,, we first make the following observations. F(6' + F) are zero. Therefore, for Sornéj) where j is

and one may take, = 0.

2) If F'# 0 but £(#") # 0, then one may takg,, = 0. lim if(g/ + Fsy>0
3) We need to construgt,, only for the case wheré’ # 5;0 67

0, /(#) = 0. max |lim m|f(9’ + F(Segs))| =0, 1<s<y.
It is clear that if f(¢') = 0, then i [5=08

(1) 1 (1) (19)
max |¢;”’| = max [lim —f(0' + Fée;™’)]. (16) i i
(16 =1 " o0 b Since f(6, + Fkéegf))k—ﬁ F(& + Fsc), there are
(16) is zero, then ¢>0,A>0, and a sufficiently largé’ such that

max |c§f)| = max |lim if(@’ + F66§2)) .
¥ T

Ly %|f(9k+Fk6(z§j))|>e, VE> K,  V6el0,Al (20)

Continuing this procedure, we can finally reach the firsllghiS means thaty, will not go to infinity, because for
nonzero coefficient which is the largest in the sense of absol iciently large vy, Say 1,0, <A, e ’<6 and (20)
. 9 629 YlVky ) Sy )

value in comparison with other coefficients of the same ord%]

it is achi ) B with suffici plies
for example, it is achieved @é . Thenée;”’, with sufficient
small § >0, may serve as the modification parameter for the 1 (6 + Fib,, @Ej))| >,
remaining time. 5 2 2

vk

We now precisely describe the algorithm. 2/

Take two sequences of real numbets,>0,¢, | 0, [oF all k> max (k' ks). o o
1>6,>0,6, 1 0. Setk = 1,14 = 0. Again, as shown above, oneg is finite, 3, results in being
constant and (11) holds. |

Remark 2: In the existing adaptive pole-placement control
systems [2]-[4], although the system is stabilized, the poles
of the homogeneous (i.e., with noise, unmodified dynamics,
and reference signal equal to zero) closed-loop system may be

1) If |f(6x)| > €., then no modification is applied, i.e.,
gk = 0.

2) If |f(6y)] £ e, then from e, eq,---¢r find the
smallest integek such that

1 . asymptotically different from the desired ones if no external
= f(Oy + Fybroe)| <€, 1<i<ko—1 (17 ymptotically ditier =Sl .
55}51 17O kel S, =t=r (7 excitation signal is introduced. This is because the adaptive
and pole-placement control is given based on the modified param-
1 eter estimated,,, which, in general, is inconsistent. This is
5@ (O + Fiby, )| > o, (18) the price one has to pay for using the inconsistent estimate
Vi

to form adaptive control. Since in such an approach one is

wherez (i) is the number of nonzero elementsdn interested in controllability of (the system corresponding to)
a) If such ako < L exists, then taked, = §,, e, and 6, [see (11)] and almost afl in the #-space are controllable,
modify 6, to 8, = ) + Fr,, cr,, and used, to intuitively, 6,, can be modified to a controllabi,, regardless
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of whether the open-loop system is controllable or not. This isIn addition, we take the sequence of stepsites},t =
the reason why controllability is not necessary when forming 2, - - - .
the adaptive pole-placement control to stabilize the system. Let us normalize vectors, - - -, e, and denote the resulting

Remark 3:1f F = 0, thend,, — 6, and the polynomial vectors byc?,---

,¢%. Defineef = 2,1 =

79

1,---,L, and

in (14) degenerates to a constant and (14) coincides with = e?—[i/L}L for ¢> L.

controllability of 8. However, 8, in general, is inconsistent

and I is not equal to zero. Therefore, the polynomial in (14)
may not degenerate to a constant no matter whether the open-
loop system (1) is controllable or not. This explains why (1%

is weaker than controllability.

Remark 4:In the proof of Theorem 1 under (14), a coor- /_ij :Bk + arYr+1
dinate method is used to design the algorithm for modifying
coefficient estimates. The modification terminates in a finite
number of steps. This greatly saves the computation and makes

the algorithm practically implementable.

IV. RECURSIVE METHOD FOR CONSTRUCTING {3, }

In this section, using a stochastic approximation algorithm

we recursively produce the modification parametgrin (10)
which is convergent and satisfies (11).

We first introduce a stochastic approximation algorithm

seeking nonzero roots of the function

) 2 - (2LEEED _ gis)
(O +FB) -~ I8 =b),  b>0.  (21)
As a matter of fact, if we set
v(B) = (F(¢' + FB) - |BII" = b)? (22)
then
h(B) = —% ag(/f ). (23)

Let us denote the root set of (21) by= {3: h(8) =0} =
J1 U Ja, where

[ QSO+ FR) e,
A_@. 2 HM|ﬁ—@

Jo ={B: f(60' +FB) - |IBI' — b =0}.

However,h(3) cannot be directly observed; the real observa-

tion is
Of (61 + Frfr A
Yl =— <W — U1/’ 2/3k>
(f(O + FrBr) = |3l = b) (24)
which can be written as
Y1 = h(Br) + &t (25)

Introduce

w(B) = [f(0r + F18) — 18]I = B>, (26)
efine the recursive algorithm fd3;} as follows:
(27)
Prtt =B 5, <M, 100B, 126
5, M) T 0 B, e
Po > e, sayfp =10 (28)
n—1 n—1
On = Z I[||Ek+1||>1\40k1’ Tn = Z I[llrEk+1||<€r'k1
k=1 k=1
n—1
Yo = Z Ty (8 e, )20%) (29)
k=1
n—1
Hn = Z I[‘Fk—‘rk—L="/k—"/k—L1 (30)
k=L+1

and 3* is a fixed vector|3*[| > 1.

Here we explain the meaning of the algorithm (27)—(30).
The algorithm basically is the Robbins—Monro (RM) algorithm
truncated at randomly varying bounds. From the upper side,
at time k it is truncated atM,,, and after each truncation
the algorithm is pulled back tg* and the truncation bound
enlarged fromM,,, to M,, +1. At the lower side we do not
allow gy to tend to zero. Each time it reaches the lower bound
er, we pull it back toe?, , which will change to the next;,
whenevervry1(6,, €%, ) > b?] is satisfied. If forL successive
resettings ok, we have to change’, to the next one, then
we reduced,, t0 O, 41.

Theorem 2: Assume the stepsize satisfies the following
conditions:

a,>0,  ax—0, > ap=oc. (31)
k=1

If (14) holds andf(¢') = 0, then:
1) after a finite number of steps the algorithm (27)—(30)

becomes the RM algorithm

Brtt = Br + s (32)

2) v(f3,) converges;
3) limp—oo d(Br, J\{0}) = 0. O
We now describe the algorithm recursively constructing the

where&y 11 = yrg1 — h(By), and By is recursively generated Modification parameterg/s,, }.

by (28).

For defining the algorithm fo;@k, let us take a few real

sequences defined as follows:

M. >0, My, T oo,
0> 0, o | 0,

ex >0,
(51<%.

61<%7 leo

Let nx > 0,7 | O.
1) If |£(6x)| > n»,, then setsy, = 0, i.e., 8 = 6. Using
#;, we producew; and go back to 1) fok + 1.
2) If |f(6x)] < ma,, then define
a) J = Pr_1 for the case where|f(6) +
FyfBr—1)] > 0,5
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b) gy = Bk defined by (27)—(30) for the case where
|F(Or + Fufro)l S mayy OUL|F(Or + FifBi)| > a5
C) fr=(1+ \/n—,\k)/§k for the case, where
|f(Or + FrfBre—1)] < 1y |f(0r + Frf)| <,
but

|F (01 + Fr(1 4 /i) Bi) | > g -
Define

O = Ok + Fif (33)

and uséy, to produceuy, and go back to 1) fok+1.

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 42, NO. 9, SEPTEMBER 1997

Proof: Let ¢>1 be a constant such that

IBnll<e,  Vk>1. (35)

Since#; and F;, are convergent, there is< oo such that

max 0, + F.8) = 18]I = b
ngl]EQcU(k x0) = 18]l |

_ Haf(9k + I3f)

-2
N L

‘:a<oo.

Let T’ < (¢/2a). We show that we can take

M=
2

3) If |f(6k)| < mr, and none of a)—c) of 2) is the case, By (35), (34) is true fom,. Let (34) hold fori = ny, nx +

then setd;, = 0 andu;, = 0, go back to 1) fork + 1,
and at the same time changg, to 7, +1, i.€.,

k—1

M =D T I<m AfGAFB-DI<m,:
=1 | f(0:+F: )| <o s f (8 +H(1+/Tn ) Fi Be) 1<, ]

where 6y, is defined by (33).

Let us call 1)-3){/3,,} for defining the modification algo-

rithm.
Theorem 3: Suppose (31) and (14) hold. Then therekjs

such that3, = B, Yk > ko, {6} defined by (33) converges

and

li’zn inf | f(6x)] > 0.

V. PROOF OF THEOREMS 2 AND 3
We start with the lemmas. Define

m(n,T) = max {m: Zai < T}, 7>0.

Lemma 1: Let {Bnk} be a convergent subsequence of

{3}, B — /. Starting from anyn;, define the RM
algorithm
/3;71-1-1 :/3;71 + a"ly;n-l—lv
By =Pn, O B, =6,¢;  for somej
y;n-l—l = _(f(em - Fmﬁ;n) - ||/3;n||l - b)

af(em + Fmﬁ;n) ! 1=2
: <a—/3 - l||ﬁrn|| /3771)'

If (31) holds, then there aréf > 0,7 > 0 such that

VEk > ko
(34)

||/3;n|| SM? Vme{nk,---,m(nk,T)},

1,---,m<m(ng,T). Then we have

m

1Brrall B+ sl £8: + FiBl) = 18111 = b

i=ny

ap

m 3
<c+ Z aga<lc+Ta< 56

i=ny

Thus, (34) has been inductively proved. O
Lemma 2: Let (31) hold and let{/3,,} be a convergent

subsequence. There aké¢ > 0,7 > 0 such that

VEk > ko
(36)

||/§rn|| SM? Vme{nkv"'vm(nva)}v

if ko is sufficiently large.
Proof: If ¢, defined by (29) is bounded, then (36)
directly follows.
Again take ¢>1 such that||3,,||<c,VE > 1 and set
M = 3¢/2.
Assumeo,, — oo. Then there is &g such that

M, >M.
o

By Lemma 1, starting fronﬁnk,k > ko, the algorithm for
Bi cannot directly hit the sphere with radidg,, —without a
truncation fori € {ny,ns +1,---,m(n,T)}. So it may first
hit some lower truncation bound and switch to sofpec?, ,
from which again by Lemma ;BZ cannot directly reac/,,
without a truncation. The only possibility is to be truncated
again at a lower bound. Inductively using this argument proves
(36). O
Note thatf(¢' + F'3) is a polynomial in3g;y,i = 1,---,1,
and its highest possible degreelis- 1. Both polynomials
£+ Fp) = 18] = b and (DF(¢' + FB)/0p) - U|5]|8

if ko is large enough. (In what follows;, always denotes a diverge to infinity as||3|| — oc. Therefore,.J is a bounded

sufficiently large integer; it may vary from time to time.)

set. Clearly, it is also closed.
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Lemma 3:v(.J) is a finite set, where Proof: From (19) it is seen that for somaé’") and a small
e>0

v(J) = {v(B): BeJ}. (37) £+ Fee)>0

- . D which tends to zero as — 0.
This is a fact from algebraic geometry. For the proof we Noticing that the highest degree ¢f¢’ + F3) is less than

refe_r to [6]. ) or equal tol — 1, for sufficiently smalle >0, we have
Sincev(3) — oo as||f|| — oo, there is¢g such that

v(eegj)) <b? = v(0).

IFl <o, o)< imf v (38) | |
18ll=co From this and convergence 6f and F}, it follows that
and by Lemma 3 ey <1?
(v(J))° N (v(B*), inf v(3)) #£ 0. (39) for all sufficiently largek. Therefore,{~,} and hence{;: }
l18l1=co must be bounded, i.e., there iskg such that
By using Lemma 2 and the convergencefpfand Fy., it is S = Oy » e, = (z;ko, Yk > ko.

clear that for any convergent subsequel{légk} we have
We now show thafr,} is bounded. Assume the converse

m(ng,T) is true. We have
lim lim = i&ir1 = 0. 40 -
T0 k0o T gn:k @ibi+1 (40) Ui (6, 5, ) <B?, for all sufficiently largek

In the sequel, we will say that the sequencgnd hence
U(Bnk)"'v(/}mk) crosses an intervals,, é-] if () < (6, €
61,9(Bmy) = 62 and & < v(f;) < Sa, Vi nyg < i <my. ’

Bnk always denotes the starting point of a crossihgs The algorithm, starting fror,,, e;ko , infinitely many times
1,2,---. enters the sphere with radius {3: ||8|| <¢}, wheree is

Lemma 4:Let (31) hold. Assume that starting fromsmall enough such that

Bnk,k = 1,2,-.., algorithm (28) is calculated as RM and

* é 2
) = a<b.

N 3 _ 2
{llBn, |,k = 1,2,--} is bounded. Then for an; , 6] with ||%ﬂgev(ﬁ) =atésbs,  6>0.
d([61, 62],v(J)) > 0,v(53,) cannot cros$sy , 2] i.0., if b2 > 6 , )
OE[UE B:)] :afnr)ls)t tenz(}i({oﬁz i 5, = 6,. #1.02] 2 Dl The existence of such anis guaranteed because
For the proof we refer to [7] and [8], where (39) and (40) v(B) = »2 as f— 0.

are the required conditions. The lower bound truncation used
in (28) is not a problem because we have assumed that th&henwv(/3,,) would cross infinitely often an interv@d; , 65] €

algorithm develops as an RM starting frafy, . R (a,a+6). By Lemma 3, we may assumi[61, 2], v(J)) > 0.
Lemma 5: Assume (31) holds. Then the sequenge,} Itis clear that during the crossing the algorithm behaves like
defined by (28) is bounded. an RM. By Lemma 4, this is impossible. O
Proof: If {Bn} is unbounded, thew,, =2 00 There- Proof of Theorem 2:By Lemma 6, there is &, such that
fore, {v(/},)} is unbounded and comes back to the fixed Brst = B + ariorrs VE > ko (42)
point v(3*) infinitely many times. Sincev(é,,cy,) <

max||s||<(1/2) v(5) 2 (< 0, by Lemma 3 there is an interval and g cannot tend to zero.
[61,62] with 6, > ¢ and d([6y, &],v(.J)) > 0 such thatw(3,) ~ ASSUMe

K

crosseqéy, 62], i.0., and starting fromg,,, the algorithm (28) vy = lim infv(B,) < limsupv(B,) = ve.
behaves like an RM while(53,,) crosseséy, 8;]. It is clear o n—oo

that {3, } is bounded becausg/}) — oo as||f|| — o0. By  |f 4, >4, then by Lemma 3 there is an interidl, 8;] C
Lemma 4 this is impossible. Thus, we conclude that} is [y, v2] such thafé;, 5]Nv(J) = B andw(3,,) crosseds, , 6]

bounded. U i.0. By Lemma 4 this is impossible. Therefore = v», and

Remark 5: Lemmas 1-5 are proved without using (14) ang( 3, ) converges. Again by Lemma 4, in this case= v, €
f(6") = 0. After a finite number of steps, (28) becomes v(J).

. — . Let 3% be a limit point of{3,}, i.e., there is a subsequence
Prin = Prerdyip, izer ) T 0 Sdyp ii<e, - @1 {B,,) such that,, — 9. Assume the conversg” € J.

Then T
Lemma 6: If (31) and (14) hold andf(¢') = 0, then there . o
exists ako such that the recursive equation (41) 08} <a“(ﬁ )> h(B°) = _1‘ QA a —a<0.
becomes an RM algorithm (32) fdr > k. ap 2] 9B
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Forn; > ko with &y given by (42), by the Taylor expansion
we have

Ao\ T m(ng,T)
3 3 I (p)
V(Bmni,my+1) — v(Bny) = < a5 ) Z @iYit1
=Ny

where /9’3 components are in between the corresponding

components 03, (n, )41 andv(3,, ). From here it follows
that

U(Brn(nk,T)-l—l) - U(Bnk)
m(nyg,T) 0
o <3v(/3 )

= 2 ap
whereo(T) — 0 asT — 0 uniformly in k. Tendingk — oo,

) W)+ o) (43)

i=ny
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By Theorem 2,3° € J\{0}.
1) If 8° € J,, then

F(Oni + FuB) — f(0 + FB%) =

for all sufficiently largek. Thus, (44) may take place at
most a finite number of times. The contradiction shows
that limp 00 Ax < 00.

2) If 8% € J;\{0}, then as§ — 0 we have

O+ 1+ VEFB)
! 0 T
= f(0/ + F3°) + <af(987;m)> V6% + 0(6)
= f(6' + F°) + VU812 1811 + O(8).

Sincef, — 6, F, — F,p3n, — /3, for sufficiently
large & from (45) it follows that

18°11 + 6> na

N

(45)

the left-hand side of (43) tends to zero, while the right-hand

side converges te-aT" + o(T). The contradiction means that
3° € J. By Lemma 6/3° cannot be zero.

Since #° is an arbitrary limit point, we conclude
limy, — oo d(Bn, J\{0}) = 0. O

Proof of Theorem 3:We first show that for the proof it
suffices to showimy, ..o Ax < oo.

If limg_ . Ax < o0, then there is &, such that fork >
ko Ak Ak, the modification algorithm will run over the
following cases: 1) and 2a)-2c). Sinég and F}, are conver-
gent, the inequalityF (6, + F1,/)| > Mg, IMPlies | F(Ox4i +
Fryilh)| >, Vi 2 1 for sufficiently largek. This means

that the modification algorithm can be at 2b) only for finitely
it cannot be at 2c) for
infinitely many times. Therefore, the algorithm will stick on

many times. By the same reason,

1) if [£(€')] > nx,, and on 2b) if[f(¢)| < nx,,, and in both
cases there is &y such that3, = f,,vk > ko and

lim inf | f(8x)| > ma,,, >0

The convergence of;, follows from the convergence df,
and Fy,.

We now show thalim;j_,.c A\x < 0.

Assume the converse;, — oc.

k—
Case a[f(¢')| #0): The assumpnonxk e implies
that 7, = 0 and |f(6x)] < ma, occurs infinitely many

times. However this is impossible, singg. — ¢’ and
|£(6)] # 0. The contradiction showKrmy ., A < 0.
Case b [f(¢')| = 0): The assumption\, T implies

that there is a sequence of integérs, } such thatn, %

and X, +1 = A\, +1,i0.e, forallk=1,2,---, the following
indicator equals one:

or (44)

[|f<ew>|<mnk,|f<enk !

LB+ P B )<,

|F (O + (1 [l ) oy B )<, 1=1

71k—1)|§77)\nk H

Take a convergent subsequence ., }. For notational
S|mpI|C|ty denote by{ﬁn } itself its convergent subsequence:
Thus /Jn /30

f+ 1+ /) Fofn,)

- f(enk +Fnk/3nk + \/77)\71kl||/§nk||l + O(Um,\,)

which is greater than /mx I||5°° if f(6n,

Fp fBny) < M., andk is large enough. Notice that
: \/77,\—nkl||/30||l >, If kis large enough. This means
that

f(enk + Fnkﬁnk) < Mo,

and

enk + 1 + \/77)\71k Fn, ﬁnk < M,

cannot simultaneously happen infinitely many times.
This contradicts (43). Thudimy_... Ax <oo and the
proof of the theorem is completed. |

VI.

This paper gives the necessary and sufficient condition for
(1) to be adaptively stabilizable and presents two methods
of parameter modification for the adaptive pole-placement
control. One of them is nonrecursive and the other one is re-
cursive, based on stochastic approximation. Both modifications
terminate in a finite number of steps and solve the problem.

We note for the casg(¢’) = 0, the origin3 = 0 is not a
stable equilibrium for the equation

B

Consequently, the truncation at lower the bound in (28) should
be very rare. The computation will be simpler if there is no
lower bound truncation.

It is quite remarkable that the adaptive stabilization can be
solved without the controllability condition which is necessary
for the nonadaptive exact pole-placement problem.

CONCLUDING REMARKS
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