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Abstract. Boolean function can be expressed as matrix form using semi-tensor product of matrices.
Using this approach, we give a neat proof of the conversion between the truth table and polynomial form
of a Boolean function. The linear structure of Boolean functions is also investigated.
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1 Introduction

Boolean function (or logical function) is a basic concept in Boolean algebra, which plays a fundamental
role in computer sciences, circuit design, cryptography, etc.[1L 2L [BL4]. In investigation of cellular networks,
Kauffman proposed the Boolean network, which is a dynamic system consisting of Boolean functions|5].
It has then become a very useful tool in modeling of cell regulation[6], [7]. Boolean function can also be
used in game theory[8] [0l [10], it is called a simple game or voting game, by which the social choice (e.g.
the election) can be analyzed.

Denoting D = {0,1}, an n-ary Boolean function is a function f : D — D. There are many ways
to express a Boolean function, among them the truth table is the most natural one. The polynomial
expression and Walsh spectral expression are two of the most useful tools in the analysis of Boolean
function. There are also some graphic expressions which are more efficient in computing, such as binary
decision diagrams[IT] and propositional directed acyclic graphs[12]. The conversion among different
expressions is a fundamental and challenging topic.

Different applications invoke different properties of Boolean functions. Linearity is a basic property.
In the design of circuits, linear Boolean functions are widely used, since they are easily realizable. But the
linearity is a critical weakness in cryptography for the functions with linear structure are easily breakable
[13], the ones with high nonlinearity are preferred. Thus, it is important to check whether a Boolean
function has a linear structure.

Recently, using the semi-tensor product of matrices, a Boolean function can be expressed in a matrix
form[T4],T5]. In this paper, using the matrix form of Boolean function, we give a formula for the conversion
between the truth table and the polynomial expression of Boolean functions and propose a way to find
out the linear structure of a Boolean function.

The rest of the paper is organized as follows: Section 2 reviews the polynomial expression and the

matrix form of Boolean function. Using the matrix form, a formula converting the truth table to the
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polynomial expression is obtained in Section 3, which is essentially the same as the known result [3],
but neat proof is provided by using semi-tensor product. Section 4 investigates the linear structure of

Boolean networks. Section 5 is a brief conclusion.

2 Expressions of Boolean Functions

To introduce the matrix expression of Boolean functions, we first briefly review the semi-tensor product
(STP) of matrices.

Definition 2.1 [T} Let A € Myyxn, B € My, and ¢ = lem(n,p) (the least common multiple of n
and p). Then the semi-tensor product (STP) of matriz A and B, denoted by A x B, is defined as

Al><B=(A<§§>I7%)(B®I§)7 (1)
where “®” is Kronecher product.

When n = p, it is easy to see that A x B = AB, and hence “x” will be omitted hereafter. For
statement ease, we introduce some notations.

Notations:

(i) Let 8! be the i-th column of the identity matrix I,,, and A, := {§},02,--- ,67}. When n = 2 we
simply use A := A,.

(ii) Denote by Col(A) (Row(A)) the set of columns (rows) of A, and Col;(A) (Row;(A)) the i-th column
(row) of A.

(ili) Assume a matrix L = [6% 62 -+ §%] € My, x5 , i.e., its columns, Col(L) C A,,. We call L a logical
matrix, and simply denote it as
L=96,[i1 ia - ig].

The set of n x s logical matrices is denoted by L, «.

(iv) Wi is a swap matrix which can swap two vectors in their “product”. We refer to [14] for its
definition and properties, and for its basic functions.

One advantage of the STP is pseudo-commutativity. This property is important for obtaining the
matrix form of Boolean functions. The following proposition about pseudo-commutativity and reducing

matrix will be frequently used in this paper.
Proposition 2.2 [15]
1. Letx € R™ and y € R™ be two column vectors. Then
Wity = y. (2)
2. Let x € R® and A is a given matriz. Then

2A = (I, ® A)x. (3)



3. Letx € A,. Then x? = Mz, where
M .= diag[sL 62 --- &7
is call the base-n order reducing matrix.

Then, we consider the expression of elements in D". We propose the following three ways to express

it.
(i) Component-wise (C-W) Form:
X = (21,22, -+ ,xp), €D, i=1---,n. (4)
(ii) Scalar Form: Consider x1 2 - @, as a binary number. Then in decimal form we have a number
as
X =212V b 222 oy, (5)

where 0 < y < 2™ — 1.
(iii) Vector form: Identify 1 ~ d5 and 0 ~ 63, then z; € Ay and we set

xXr = D(;L:ll'i S AQH. (6)

The component-wise form can be considered as the binary representation of the scalar form, thus
they are equivalent. The vector form is obtained from the component-wise form. Then, the following
conversion between scalar form and vector form ensures that the three expressions of elements in D* are

equivalent. Thus, in the sequel we will not distinct them if there is no possible confusion.
Proposition 2.3 Let x be a scalar form of x € Agn. Then

x=062"X (7)
Equivalently, let x = 6%.. Then

X=2"—t (8)

Using the definitions and Proposition [2.3] it is easy to convert an element in D™ from one form to

another. We give an example for this.

Example 2.4 Let n =8. Then

y =51 & X =(0,0,1,1,0,0,1,1) &z =820,
X =(1,1,0,0,1,0,1,0) & x=27+4+26423421=202 & =05
x = §120 & oy =28-120=136 & X =(1,0,0,0,1,0,0,0).

A natural way to express a Boolean function f is to range the values of all the elements in D" in a

vector:

[£ (630, f(830), -+, F(05)]T 9)

That is the truth table of f.



The addition ¢ and the multiplication ® over D is defined as

a®b:=a+0b(mod2)

a®b:=ab (mod 2). (10)

Then GF(2) := {D,®,®} forms a field, call the Galois Field. In fact, ® and © are logical operators V
and A respectively. For the sake of compactness, we simply denote a &b =a + b, and a © b = ab.
For € D, denote 2! := 2, 2" = —z. Then, it is obvious that for ¢ € D,

1, z=c

0, z=#c

For X = (x1,29, - ,2,) € D™ and C = (¢1,¢2, -+ ,¢,) € D", define

n 1, X=¢C
iy 0, X #C.
Hence, it is obvious that
2m—1
FX) =Y fo)xe. (13)
Cc=0

Replacing x} by z;, and z{ by x; +1 in , the Boolean function f can be expressed as a polynomial
in GF(2) as

f(x) =ap + a1y + - - anTp + a1221T2 + -+ A1 nTn—1Tp + - + Q12..0T1T2 -~ Tpy

- (14)
=ao + Z Z Ajyeeeji Ty~ L

k=11<j1<--<jr<n
The following theorem about the matrix form of Boolean functions was proved in [I4].

Theorem 2.5 Let f : D" — D be a Boolean function. Then there exists a unique logical matriz My €
Loxon, called the structure matriz of f, such that in vector form f can be expressed as

flar, - xn) = My X3z, o €A (15)

The following table is the structure matrices of some logical operators.

Table 1: Structure Matrices of Operators

Operator  Structure Matrix

- M., =552 1]

A My =65[1222]
Vv My =6,[1112]
— M., =65[1211]
& M, = 65[1221]

V(or ®) Mg =062[2112]




Remark 2.6 Since the structure matrix is a logical matriz, it can be totally determined by its first row:
my = Rowq (My).
Actually, my is the truth table of Boolean function f.
We give an example to depict these expressions.
Example 2.7 Consider a Boolean function
f(z1,22,23) = 21 A = (22 — 23).
In vector form, we have

f(w1, 20, 23) =Mpxi MM _ 2513
:M/\(IQ X M_\Mﬁ)xlﬁz.’bg
::Mlexgxg = 52[2 122222 2]$1$2I3.

It is easy to check that
my = Rowi(M;)=[01000000]

1s the truth table of f.
Then, by , the polynomial expression of f is

flz1,@o, x3) = x}x%xg =zxa(x3 + 1) = 2122 + T120T3.

Walsh spectral expression is also a very useful expression of Boolean functions, and there are also
some graph expressions. But they are beyond the scape of this paper, thus we do not discuss them here.
3 Conversion Between Truth Table and Polynomial Expression

xll ZT;
xi ~ = s
z? T+ 1

and for an n x m matrix A, A(l,, ® B) = A® B. Then by the matrix form of Boolean function f,

we have
Z1 x2 Tn
mf ...
(azl + 1) (xg + 1) (xn + 1)

Note that in vector form,

f(x)

o Jooa] 1 o 1] (1
- 11 \m 1 1| \z,
Lol )G () ()
11 11| Ve ) s o
—mfpnfnv



where

0 1
1 1
1 1 1
€n = < ) < ) < ) = (1,$n,$n717$n71$n,$n72,' e 7m1$2"'xn)T (17)
Z1 T2 Ln

is a basis of the polynomials on GF"(2). Then myP,¢, is already a polynomial.

and

Alternatively, the standard polynomial expression of a Boolean function f can be written as

f(x) = Bnn (18)

where
T
M= (L1, Tny T2, + T 1T, -+, T1T2 7+ T
arranged as a natural alphabetic and power increasing order. To convert mysFP,¢, into the standard

polynomial expression, we just need to reorder the entries in &,.

Lemma 3.1 Let i, iy,... 4., 11 < i2--- <14 be the positions where x;, x;, - - - ;, appear in &,. Then
T
iy iz, yip = Z 2"+ 1 (19)
j=1

Proof. By direct computation, we know that for any j, the position where x,_; appears for the first time
is pn—;j=27 + 1. And then x,_;z,_j appears at 2* after x,,_y, thus its position is 2/ + 2% + 1.
Then for any @, —i, Tn—i, - * Tn—i,, We can locate Tp,_i,, Trn—i; Tn—iy,*** , Tn—i; Tn—iy * * - Tn—i, ONE after
another in a sequence, and in that way the conclusion follows. O
Using Lemma we construct ®,, as follows

én:(sZ"[]-v?bl,QSQa'” ,an], (20)
where ¢, = (1.2, s 42, ;15" s Bn—rdln—rt2, n)s T =1,2,--- ,n. Then one can check easily that

Note that ®, ! = &' the following theorem is obvious.

Theorem 3.2 Assume my is the truth table of a Boolean function f, and the corresponding standard

polynomial expression is (@ Then we have

ﬂ = manq)n

(21)
my = BOL P

We give an example to depict this.



Example 3.3 Recall Example[2.7 The truth table of f is
my=[01000000].

By straightforward computation we have

Py =

_ o O O O O O O
_— =0 O O O O O
_ o = O O O O O
_ === O O O O
_ o O O = O O O
_ o = O = O = O
e e e e

== 0 O = = O O

Then

o-mn () (1) (1)

= [O 000001 1](1,1}3,.1‘2,332.’133,331,xlxg,xlxg,l‘lxgxg,)T

= X1T2 + T1T2Z3.

It is the same as the polynomial expression obtained in Example[2.7]

4 Linearity of Boolean Functions

In this section, we consider the linearity of Boolean functions. Since Boolean functions can be expressed
in polynomial form, the Boolean functions with only linear terms are called the linear Boolean functions.
The linear structure is a generalized linearity. It was pointed out in introduction that the existence of

linear structures is a weakness in cryptography. We first give the rigorous definition of linear structure.
Definition 4.1 Let f : D™ — D ba a Boolean function.
1. a € D" is called an invariant linear structure (ILS) of f, if f(x +a) + f(z) = 0.

2. a € D" is called a variant linear structure (VLS) of f, if f(x +a) + f(z) = 1.

3. Denote by
Ey = {aeD"| f(x+a)+ f(x) =0}
E, = {aeD"| f(x+a)+ f(z)=1} (22)
E = E() @] El.

Then E is called the linear structure subspace of f.

4. If E # {0}, f is called a Boolean function with linear structure (BFLS). For a BFLS, if Ey # {0},
it 1s said to be of type I, otherwise, it is said to be of type II.



Though there have already been many efficient algorithms to check wether a Boolean function have
linear structure[I3], we can give a precise formula to calculate Ey and Ey. Let f : D™ — D be a Boolean
function with its structure matrix My € Loxon. Denote by a = X} a;, v = X]_;x;. Then it is easy to
see that (a1, -+ ,a,) € Ep, if and only if

MiMgaix1 Mgagzs - - Mganz, = Mixi129 - Ty (23)
A straightforward computation shows that is equivalent to
MfM@ D(?;ll (Igzi ® M@) l><?_11 (Igz ® W[Q’Qi]) ar = Mfl‘. (24)

Define
Uyi= MyMg <7 (Ipi @ Mg) x5 (Ii @ Wip 1))

where Mg "' (T2 @ Mg) xI} (.[21' ® W[272i]) is a constant matrix depends only on n. Split ¥ into
2™ blocks as
\I/f = [djl ¢2 wQ"]a

where ¢y, = Blkg(¥s), k=1,2,---,2". Then the following result is straightforward verifiable.

Proposition 4.2 Let « = X! ja; = 05.. Then (a1, - ,a,) € Eo, iff v; = My. (a1, - ,a,) € En, if
and only if ¥; = M- My.

Example 4.3 Recall Ezample[2.7. From the polynomial form
f(z) = 2122 + 117223,

one sees easily that it is not linear Boolean function. Next, we will check whether it has a linear structure.

Since
My =6521222222),
and
M_My=46,12111111],
then
V=602 2 2 2 2 212 22 2 2 2 2 2
2 2 2 21 2 2 2 2 2 2 2 2 1 2
2 21 2 2 2 2 2 22 212 2 2
12222222 212222 2 2.

Since only s = My, we know that Eq = {0} and Ey =0, f has no linear structure.

5 Conclusion

Using semi-tensor product of matrices, Boolean functions can be expressed in matrix form. This paper
showed that it is more convenient to convert a Boolean functions truth table into its polynomial expression
using the semi-tensor product approach. The formula to find the linear structure is also given in the matrix
form. The semi-tensor product approach is a new method to represent Boolean functions, this paper only
investigates a few usages of this approach. We believe that more properties of Boolean functions can be
revealed using this approach in the future.
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