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Abstract. The decomposition of logical mappings, including disjoint and non-disjoint cases, is con-
sidered. First, we consider the Boolean functions, then the results are extended to multi-valued logical
functions and further to mix-valued logical mappings, which contain multi-input and multi-output map-
ping as its particular case. Using semi-tensor product, straightforward verifiable necessary and sufficient
conditions are provided for each case. The constructive prodf provide algorithms for constructing the
decompositions. Finally, the general result is applied to convert a dynamic-static Boolean network into

its normal form. Examples for each cases are provided to illustrate the corresponding results.
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1 Introduction

Denote by D := {0,1} the domain of Boolean variables. Let f : D™ — D be a Boolean function. In

general, it is assumed to be realized by a logical circuit (also called a network) (see Fig. 1 (a)).

1. Let {X1, X2} be a partition of X = {z1, 29, -+ ,x,}. If f can be expressed as
F(X) = F(o(X1),¥(X2)), (1)
then f can be realized by a bi-disjoint decomposed circuit as in Fig. 1 (b).

2. Let {X1, X5, X3} be a partition of X. If f can be expressed as
f(X) = F(o(X1, X2), ¥(X2, X3)), (2)
then f can be realized by a non-disjoint bi-decomposed circuit as in Fig. 1 (c).

Here, f, F, ¢, are all Boolean functions.

Figure 1: (a) Boolean function (b) Disjoint decomposition (c¢) Non-disjoint decomposition

Decomposition is one of the most efficient way to realize networks economically. If the decomposition
exists, it can significantly reduce the area, delay, and power for logical synthesis [14]. Therefore, it becomes
a long standing research topic since 1950s. There are some interesting and useful results. For instance,

when the number of inputs of a switching circuit is small, the Quine-McCluskey procedure is widely used
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for designing two-stage network[I3]. When a large number of inputs is involved, decomposition chart
method to multi-level minimization was proposed by Ashenhurstis [I], and was later further discussed
and developed by Curtis [12] and Roth and Karp [20]. There are many articles devoted to developing
efficient algorithms for decomposition of switching functions, as well as multi-valued logic functions. We
refer to [111, [22], [23], [24], [19], [18], [2] and the references therein for further references.

The purpose of this paper is threefold: (i) providing easily verifiable necessary and sufficient conditions
for both disjoint and non-disjoint bi-decompositions of Boolean functions; (ii) extending the result to
multi-valued logical functions and mix-valued logical mappings; (iii) applying the result to converting a
dynamic-static network into a standard dynamic network.

The basic tool for our analysis is the so called the semi-tensor product of matrices and the matrix
expression of logic [4]. It has been successfully applied to the analysis of topological structure of Boolean
networks [6], [7], and the synthesis of Boolean networks [5], [8], [9], [10], [17], [16]. The key technique
of this approach is converting a Boolean function into an algebraic form, which allows the application
of matrix and analyzing tools for discrete-time systems to Boolean functions. It is obvious that this
approach is also applicable to the analysis of Boolean functions, particularly, their decompositions.

The rest of this paper is organized as follows. Section 2 is a preliminary, which introduces the
basic tools and framework of semi-tensor product approach. Sections 3 and 4 consider the disjoint and
non-disjoint bi-decomposition of Boolean functions respectively. Necessary and sufficient conditions are
presented for two cases respectively in these two sections. Brief comparisons with existing results are also
included. Sections 5 and 6 extend the results obtained in Sections 3 and 4 to the multi-valued logical
functions and to the mix-valued logical mappings respectively. As an application, Section 7 considers
how to convert a dynamic-static Boolean network into its standard form. The necessary and sufficient

conditions for convertibility is also obtained. Section 8 is a brief concluding remark.

2 Matrix Expression of Logic

For statement convenience, we first introduce some notations.
o M, xn: the set of m x n real matrices.

1 2
= —_— . > 9 = — .
Dy, {O’k;—l’k:—l’ ,1}, k>2 Dy:=D=/{1,0}
e 6% is the k-th column of the identity matrix I,,.
o A, :={8L,---,6"}. For compactness, A := A,.
[ ]
A 0 0
0 A 0
diag(Ay Ay - Ay) =
0 0 - A

A matrix L € My« is called a logical matrix if its columns Col(M) C A,,.

The set of n x m logical matrices is denoted by L, xm.



e Let L € L,,«m. Then it can be expressed as
D= (60,6
For the sake of briefness, it is denoted as
L =0y[i1, 02, im]-
e A matrix A = (a;;) € My, xn is called a Boolean matrix if its entries a; ; € D. The set of m x n
Boolean matrices is denoted by By« -

e Let A = (a;),B = (b;;) € Bmxn. Then the logical operators can be applied to By, x,. For
instance, A= (—\ai,j); AANB = (ai,j A bi,j); and AV B = (am» V b@j), etc.

Definition 2.1 [8, [0/ Let M € M, xy, and N € Mpy,. The semi-tensor product of matrices, denoted
by M x N, is defined as

M x N := (M®Is/n) (N®Is/p), (3)
where s = lem{n, p} is the least common multiple of n and p.

Remark 2.2 Throughout this paper, unless else product symbol is used, the matrixz product is assumed
to be the semi-tensor product, which contains the conventional matrixz product as its particular case when
n = p. Hence, the symbol X can be omitted. We do this in the sequel. Since all the product properties of
the conventional matrix product remain correct, we can perform the semi-tensor product as conventional

product without worrying about the dimensions.

Definition 2.3 A swap matriz Wi, ) € Mpmpxmn s the unique matriz, such that for any two column
vectors x € R™ and y € R"

Wim,nty = y. (4)

We refer to [10] for the structure of Wi, .

Some basic properties, which are used in the sequel, are listed in the following Proposition.
Proposition 2.4 [10]

1. Let x € R! and A is a given matriz. Then

A= (I, ® A)x. (5)
2. Let v = Ay. Then
z? = fo, (6)
where
MF .= diag[s}, 6} --- 7.



Identifying 1 ~ 04 and 0 ~ 2, a Boolean function f : D® — D can be expressed as a mapping
f: A" — A, which is called the vector form of f.

Theorem 2.5 [I0] Given a Boolean function f : D™ — D. Then there exists a unique matric My €

Loywon, called the structure matriz of f, such that the vector form of f can be expressed as
[y, an) = My, (7)
where © = X' x;.
The matrix product form is also called the algebraic form of f.
Remark 2.6 For a Boolean function f, its structure matriz

ROW1 (Mf)

My =
ROWQ(Mf)

Then Row{ (M) is the truth table of f, and Rows(M;) = ~(Row1(My)). So the structure matriz and the
truth table of a Boolean function are essentially the same. Precisely speaking, there is a straightforward
one-to-one correspondence. But in theoretical deduction, the structure matriz is much convenient. Hence,
in the following investigation we using only structure matrices. In most cases we may easily convert the
conclusions back to the truth table of f.

3 Disjoint Bi-decomposition

Definition 3.1 Let f : D™ — D be a Boolean function, T' U A be a partition of {1,2,--- ,n}. f is
said to be bi-decomposable with respect to I' and A if there exist three Boolean functions F : D?> — D,
¢ :{xy|y €T} =D, and ¢ : {xx|X € A} = D, such that

f(@a, - san) = F(o(zy |y € ), 9(2rX € A)). (8)
First, we assume
r={1,2,---,k}, andA={k+1,k+2,--- ,n}. (9)
Definition 3.2 Let M = da[iy i2 -+ iox] € Loyor.
1. M is called a constant function matriz, if
i1 =1dg =+ = igk.

That is, it is the structure matrix of a constant function.

_|M1:($2[17’L'1172‘2 17i2k}€£2><2k

is called the compliment of M. M and —~M are called the two complimented matrices.



Theorem 3.3 Let f : D™ — D be a Boolean function with its structure matriz My, being split into 2k
equal blocks as

Mf = [Ml My --- Mzk], (10)

where each M; € Loyon—r.
[ is bi-decomposable with respect to the partition in (@, if and only if, the set {M;|i = 1,--- ,2F}

consists of one of the following four possible cases:

(i) two constant matrices; or

(ii) one constant matriz and one non-constant matriz; or
(iii) one non-constant matriz; or

(iv) two complemented non-constant matrices.

Proof. (Necessity) Assume there are three functions F', ¢, and ¢, such that holds. Denote the
structure matrix of f by My € Layxon, and it is split as in . Assume the structure matrix of F' is

Mp = d2[i1 2 i3 ial;

the structure matrix of ¢ is
My = 02051 j2 -+ jorl;

and the structure matrix of ¢ is My, € Loxon—r. Then we have
Mz = MpMyz' Mya?, (11)

where = X!z, ' = x¥_ 2;, and 2? = x| ;.
Using the Proposition [2.4] we have that

M; = MpMy (I @ My). (12)
We first calculate MMy, which is denoted by

MpMg :=[N1 Ny -+ Nal.
Then a straightforward computation shows that

Saliria], jo=1
N, = ) ol g s=1,2,--

dalis ia], Js =2,

2k,

It follows that if we denote
MFM¢ (IQk & Mw) = [Wl Wy - WQk} s

Then
Salin io] My, =1
W, = 2['1 -2] P J s=1,2,... 2~
Ooliz ia| My, js =2,



For to be true, we need
M, =W;, i=1,---,2k (13)

Now if i1 = iy and i3 = i4, we have case (i); if either iy = is or i3 = i4 but not both, we have case (ii);
if 44 = i3 and iy = i4, but i1 # is, we have case (iil); and if i1 # 42, i3 # 14, and iy # i3, then we have
either dsi1 i3] = Iy and da[iy i2] = —1a, or ds[iy i2] = =1z and d3[i; is] = I, then we have case (iv).
(sufficiency) Since iy,142,%3,%4 and ji,--- ,jor are completely free, if the structure matrix My of f
satisfies one of the above four cases, we can first choose i1, i2, i3, 14, according to the type of M;. (Please
refer to the proof of the necessity to see how to choose this.) Then to choose jg, s = 1,- -, 2%, according

to the type of M. Finally, My can be determined automatically. O

Remark 3.4 1. We can state Theorem[3.3 alternatively as: f is bi-decomposed with respect to T' and

A (as aforementioned), if and only if the structure matriz of f can be expressed as
My = [ My paMy -+ porMy], (14)

where
M»‘p (S £2><2n—k 3

w; € 8, Vi, where S can be one of the following types:

e Type 1:
S =51 ={d[11], 52[22]};
e Type 2:
S =8y ={d2[11], d2[1 2]} or {62[2 2], d2[1 2]};
e Type 3:
S =S5 ={d2[1 2]} or {02[21]};
e Type 4:

S =84 ={d2[12], 62[2 1]}.

2. We ignore the case when the type consists of only one constant matriz, say 02[1 1] (or §2[2 2]).
Because in this case f =1 (or f=0).

3. Actually, Type 2 may have two other cases So = {d2[1 1], 02[2 1]} or Sz = {02[2 2], 62[2 1]}. But
they can be realized by using the above S and replacing ¥ by —p.

4. Type 8 (S = S3) is a trivial case, because it means f is independent of ¢. So me may ignore this
trivial case.

Remark 3.5 A theory about disjoint bi-decomposition of Boolean functions, given in [23], says that “f
has a disjoint bi-decomposition of form f(X1,X2) = h(g1(X1), g2(X2)), if and only if p(f : X1, X2) <2
and p(f : Xo, X1) < 27. Here, u(f : X1,Xs2) denotes the column multiplicities for f with respect to Xy
and Xo, and u(f : Xo,X1) denotes the row multiplicities for f with respect to X1 and Xo, where the
number of distinct column(row) patterns in the decomposition chart is called column(row) multiplicities
(we refer [23] for the detail). Comparing it with Theorem one can see that they are essentially the

same. In fact, it is easy to check that



o if u(f:X1,X0)=1and u(f: Xa,X1) =1, fis constant.
o if u(f:X1,X0) =2 and u(f: Xo,X1) =1, it is of Type 1, with S = {d2[1 1], 62[2 2]};
(

o if u(f:X1,X0)=1and p(f : X2, X1) =2, it is of Type 3, with S = {J2[1 2]} or {02[2 1]};

o ifu(f:X1,X0)=2and u(f: X2, X1) =2, itis of Type 2with S = {§2[1 1], 021 2]} or {62[2 2], d2[1 2]};

or Type 4 with S = {62[1 2], 522 1]}.

Note that from the structure matrix M; of f it is easy to figure out the set {uq1,- -, por} if the
conditions of Theorem are satisfied. Because we can first find constant function matrices (CFM). If
there are two CFMs, we are done. If there is only one CFM, then there is only one non-constant function
matrix, and we can choose another p as p = d2[1 2]. If there is no CFM, we should have p; = d2[1 2] and
Mo = 52 [2 1}.

The following corollary gives the way to construct the decomposition.

Corollary 3.6 Assume the structure matrizx My of f, as in , satisfies the conditions of Theorem
[5-3 Then the structure matrices of F, ¢, and ¢ can be figured out by the following process:

1. If the set {p1,- -, uor } contains only one element d2[p, q|, then
Mp = [d2[p. q] d2[p, q]] ; (15)

otherwise the set contains two elements d2[p1,q1], d2[p2, q2], then
MFp = [62[p1, q1] 02[p2; q2]] - (16)

2. Say,
Mi:MF6§i7 i:17"'72ka

then

My =83 [ts ts -+ tox] (17)

3. My equals to the My in (14)).

Using these M, My, and My, we can construct the decomposition.

Next, we discuss the general case where @ is not true. That is, {I', A} is an arbitrary partition of
{1,2,-+- ,n} (with T' # 0 and A # (). First, the order of ¢ and ¢ does not matter, because, say,

f(X) = F(o(X1),¥(X2))
has its algebraic form as f(z) = My, then
Mz = MpMyz' Myz® = MpWip o Mya® Mya' = F(¢(X2),1%(X1)),

where F has its structure matrix as M 7 = MpWp 2. Now since we consider all possible Mp, and
Mg := MpW/3 9 is another possible Mp, with this Mz, the order of ¢ and ¢ has been reversed. Based
on this consideration we can choose k < n/2 variables as the arguments of the second function . We

conclude that



Proposition 3.7 Let ng = [g] , where [r] denotes the largest integer s < r. Then there are

()G () a9

possible A, which contain 1,2,---  ng possible arguments of v, corresponding to each term in @

Let A = {j1,42, -+ ,js} be the selected variables, where s < ng and j; < jo < ---js, and T' = A°.

Denote

z! = Xierz;;  and 22

— s .
= X;_1%j,-
Then we have

f(xlv"' 75(571) = Mf D(;L=1 T
= MW is-1)75, Xizj, Ti
= MWigie-1\Wig giem1) )1 Tj. Xig{je o} Ti

= MfW[272jS—1]W[272_7’571] ... W[272,-1+(572)] X5_q1 Tj, Xier T
= MfW[ggjs—l]W[272.7’S,1] e W[272j1+(s—2)]W[Qn—s725]x1l'2.

From the above argument we have the following result, which tells us when the arguments for ¢ are
chosen, how to use Theorem (or Remark to check possible decomposition.

Theorem 3.8 Using above notations, when {z;,,--- ,x;,} are chosen as the arguments for possible 1,

the structure matriz, corresponding to x' = X;crz; and x2 = X;eprx;, is
Y 1
Mf = Mf Xp—g W[2’2jk+(s—l)—k] X W[27L75725]. (19)
Example 3.9 1. Assume
f(xl,xg,l‘g,, 1‘4) = (3’51 > .1‘2) \Y (xg N $4).

Then we have
Mp=4621111122212221111].

It is of the type of S = Sy. Choosing dsiy ia] = d2[1 1] and ds[is i4] = 62[1 2], then Mp = §3[1 11 2].
Let My = 02[j1 jo Jjs Jjal, it is clear that j1 = js = 1 and jo = j3 = 2; and for My we have
My=[1222).

Note that we can also choose 8a[i1 ia] = 02[1 2] and Galiz is] = 021 1]. Then new My = ~My.
2. Assume a Boolean function f(xy1,xa,x3,x4) has its structure matriz as
Mf:52[1222 21111222 1222].

Obuiously, it is of type S = Si. Choosing 02[i1 i2] = 02[1 2] and da[iz i4] = 62[2 1], then My =
02[1211) and My = [1222]. It follows that f can be decomposed as

f(z1, 22, 3, 4] = [(z1 A z2) V (m21)] 4> (23 A 4).



3. Assume a Boolean function f(x1,x2,x3, x4, x5) has its structure matriz as
M;r=611221221112211222211211222112211).

It is obvious that My does not satisfy the requirements of Theorem .

Neaxt, we try to choose proper variable(s) for the argument(s) of ¥. By trial-and-error, we choose
{z1,24}. Using (19), we have

My = MWz 08 Wiz 0] Wias 22)
5[1221 1221 122121121221 12211221 1221).

It is clear that Mf is of Type 4, and it can be easily constructed as

fogx3m5x1x4 = MfM¢$2$3.%‘5Mw$1.’1?4

f(z)

Since Mp = d2[1 2 2 1], we have
(@) = d(z2,23,75) <> Y(21,24).
Since My =0,11121111],
d(wo, w3, 25) = [w2 A (23 V 5)] V 20

Since My, = 021 2 2 1],

Y(x1,24) = T1 & 24.

Finally, f(x) has the decomposed form as

f@) =A{[za A (3 V a5)] V 22} > {21 > 24}

4 Non-disjoint Bi-decomposition

Definition 4.1 Let f : D™ — D be a Boolean function, TUOUA be a partition of {1,2,--- ,n}. [ is said
to be bi-decomposed with respect to T U© and A U © if there exist three Boolean functions F : D? — D,
¢:{zy|y€eTUB} = D, and ¢ : {xx|]\ € © UA} — D, such that

[l san) = F((zy[y € TUO), dh(xa[A € OUA). (20)

For statement ease, let

Xt = {af,-- ,x,lcl}:{xmel"};
X? = {af, 23} = {zili € O} (21)
X? = Ao}, a0}y = {wmili € A}



Theorem 4.2 Let f : D™ — D be a Boolean function with its structure matriz My. f can be decomposed

as in (@), if and only if its structure matriz can be expressed as

k
My = [#1,1M¢1) papMZ e iy ore M
k2
oA My po o M2 -+ fig gry M7
o ! (22)
k
M2k1,1Mi} M2k172M3; #2’«1,2’<2M5}2 }

where each
M € Lyyors, s=1,---,2";

/’(‘i,j657 i:17.-.,2k1,j:1’-.-72k2’
S equals to one of the S1, S2, Sz, or Sy, which are defined in Remark[3.7)

Proof. (Necessity) Assume there are three functions F, ¢, and 1, such that holds. Assume the
structure matrix of F is
MFp = 02liy iz i3 14];
the structure matrix of ¢ is
My = 62051 j2 -+ Jomi+rals

and the structure matrix of v is expressed as
k
M'L/) = M’l}) M’i PP M,i 2 e £2X2k2+k37

where
M, € Lyyors, i=1,---,2".

Then we have
Mz = MpMyaz'a?* Myz?s®, (23)

where ¥ = X, x;, 2/ = xfilxz, j=1,2,3.
Using Proposition [2:4] we have that

My = MpMy (L +1s ® My) (ngl ® M,?’”) . (24)
We first calculate MMy, which is denoted as
MpMyg :=[N1 Ny -+ Nory+is). (25)
Similar to the disjoint case, we have

Soliy ia], jo=1
NS: 2[1 2] Js 821,2,"',2k1+k2- (26)

dalis 4], Js =2,
Next, we calculate (Lor+x, ® My) (Ile 2 Mka)i

(Iyeysis ® M) (Izkl ® Msz) L ® [(Im @ My) M2?] . (27)

10



We simplify (Ipr, ® My) M2™ first. Note that (Ipk, ® My) € Lokst1yozestis

converting them back to conventional matrix product we have

Tk @ My) M2 = (I © My) (M2™ @ Isy ),

and
My 0 - 0
0 My, --- 0
Lok, @ My = k2.
0 0 My
[ IZ’°3
0
. 2k2 0 0
0
0
IQk
. 0 | b2 0
ME ® IQkB - .
0
0
0
0 0 )
L I2’€3
It follows that
1
M, 02 0
0 M 0
(IQkQ ®M¢)M,3k2 = w
0 0 M2
»
Putting , , and together, follows immediately.
(sufficiency) Using
M, — | Mt M2 ... 2™
P = P Y P
as the structure matrix of v yields 1. Denote
1,1 1,k 2k1 1 2k1 ok2
M¢:[M¢ oMM a2 2 ]

According to pq,s we can uniquely determine Mg’ﬁ . Precisely, we set

1
62,

2
627

2P — Pa,3 = 02i1, 2]
[ L.
Pa,3 = O2[i3, 14].

Using this pair of {¢,v}, it is easy to check the factorization holds.

11

2k2
and M’r‘ S £22k2 x2k2 5

(28)

2k




Remark 4.3 Observe Theorem . Note that VX2 € {0,1}*2, say X2 = a, with t the decimal number
of a, then the structure matriz of f(X', a, X3) is the combination of t-th, (2¥2 +t)-th, (221 4 ¢)-th,
e (2k2+(2k1_1) + t)-th blocks of My (if we consider as an array, structure matriz of f(X?!, a, X3)
is the combination of bolocks in the t — th column).

By remark f(XY a,X3) can be disjoint decomposed, if and only if it’s structure matriz is of
the form [p1My poMy -+ por My). Thus, if f can be decomposed as in @), then VX2% € {0,1}Fz
(with k as the decimal number of a), f(X*', a,X?) is disjoint decomposable with respect to X' and
X3;0f vX2 € {0,1}F2 | f(X', a,X3) is disjoint decomposable with respect to X' and X3, then the
structure matrix can be expressed as (@ In other words, f can be decomposed as in (@), if and only if
VX2 € {0,1}*2 (with k a the decimal number of a), f(X*, a, X3) is disjoint decomposable with respect to
X1 and X3, which is exactly the Theorem 3.2 in [23].

Our explicit expression in Theorem is an improvement of the known implicit form in [23], because

ours is not only straightforward verifiable but also easily used to construct the decomposition.
The following corollary gives the way to construct the decomposition.

Corollary 4.4 Assume the structure matriz My of f as in (@ satisfies the conditions of Theorem .
Then we have the following:

1. If the set {11, , por: o2 } contains only one element d2[p, q, then
M = [62]p, q] d2[p, q]l; (30)
otherwise the set contains two elements d2[p1,q1], 62[p2, qz], then

Mp = [02]p1, q1] 02[p2, ¢2]] - (31)

2. Consider ;. If
pig = Mpdy?, i=1, 20 =1, 20

then

M¢ = (52 I:tl)]_ e t1’2k2 e tle,l e t2k1’2k2:| . (32)

My = [brf a2 3] (33)
Using these Mg, My, and My, we can construct the decomposition.

Remark 4.5 As for arbitrary order variables, the basic idea of Theorem 3.8 remains applicable. When

{xj,, - s Ty s Lingynr 7:rjk3} are chosen as the arguments for possible 1, the structure matriz corre-

sponding to x' = Xierz;, 22 = Xicox; and T3 = Xiepx;, 15
~ 1 1
My =My %y, W[272ji+(k3—1)—i] X Wigki+ka oks) Xi—p, W[2)2ji+(k271)—i] X Wigky gka)- (34)

We give two examples to depict Theorem [£.2] and Remark .

12



Example 4.6 1. Consider a Boolean function f(x1,x2,xs,x4,Ts,xs) with its structure matrix as

Mp=46] 211222222211 1111 2112222222111111
211222222211 1111 211212122211 1111].

Obviously, it is of type S = Sa3. Choosing dsi1 ia] = d2[1 2] and dsiz i4] = 022 2], then Mp =
02[1 2 2 2]. It can easily seen that My = 021211 1211 1211 1111] and My =
022112 12122211 1111]. Now since Mp = 021 2 2 2], we have

f($1,$2,$3,x4,$571'6) - ¢($1,$2,$3,1’4) A 1/1(55375547555»3”6)-

The functions ¢ and i can be constructed via their structure matrices via standard procedure.

Finally, f can be decomposed as

f(z1, o, x5, 24, T5,26) = [(x1 V 22) ANx3 = T4] A [(z4 A x5) < (23 = 26)]

2. Assume a Boolean function f(x1,xs9,x3, x4, T5) has its structure matriz as
M;r=61212222211212121111111111222 1212)].

It is obvious that My does not satisfy the requirements of Theorem .
Next, we try to choose proper variable(s) for the argument(s) of 1. Say, we choose © = {3,5},A =
{1}. Using (34), we have
Mf = MfW[2,24]W[2,23]W[2724]W[2724]
= 01121 212111212121 111221122212 2112].

It is clear that My is of Type 4: Saliy iz] = 0a[1 2] and daliz is] = 62[2 1]. So Mp = §3[1 22 1], and
we have

f(z) = ¢(22, 23, 24, T5) <> (21, 23, T5).
Following procedure we have My = 021111 11111212 221 2] and My =
02[11212121). From My and My, we can get

¢(x2, T3, %4, %5) = T2V [(23 — T4) A T3]
and

W(xy,x3,5) =~y V (23 A 25).

Thus, finally, f(x) has the decomposed form as

fx) ={z2 V[(x3 = z4) Axs]} <> [D21 V (23 A 25)].

5 Decomposition of Multi-Valued Logical Functions

Multi-valued logical circuits have some advantages over Boolean circuits [3], [I5]. The decomposition of
multi-valued logical functions has also been discussed by several authors, e.g., [21]. We look for a general

formula as in Boolean case.
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Let f(x1,x9,-+ ,x,) be an r-valued logical function. Identifying

;T —1
) L
6TNT_1a 7/—1,2,"',7",

we can express f : A.n — A, which is called the vector form of f. Similar to Boolean case, we know

that in vector form there exists a unique My € L, ,n, called the structure matrix of f, such that[10]
Flar, - swa) = My, (35)

where x = xJ ;.

Definition 5.1 Let f : D] — D, be an r-valued logical function.

1. Assume T'U A is a partition of {1,2,--- ,n}. [ is said to be bi-decomposed with respect to T
and A if there exist three r-valued logical functions F : D? — D,, ¢ : {z4]y € I'} = D,, and
P {xa|A € A} = Dy, such that

f(x1, - y2n) = F((ay|y €T),9(zr|A € A)). (36)

2. Assume TUOUA is a partition of {1,2,--- ,n}. f is said to be bi-decomposed with respect to T'U©O
and A U © if there exist three Boolean functions F : D? — D,, ¢ : {z,]y € TUO} = D,, and
Y {zx]A € ©UA} = D, such that

[l san) = F(o(zyly e TUO) P(za|]d € OUA). (37)

First we consider the disjoint case. It is clear that there are " mappings from D, — D,. In vector
form they can be expressed as
bi:Tix; i:172a"'7rra

where z,b; € A, and T; € L.«

We use {T;} to describe F'. Choosing r elements from L, .., say,
T ={T1,Ts,- ,Tr} C Lrxr,
then we say that F' has Type T, if the structure matrix of F is
Mp=T1 T, --- T}].

As we see in Boolean case, the order of {T;|i = 1,--- ,r%} does not affect the decomposition.

Similar to Boolean case, we can prove the following:

Theorem 5.2 Let f : D™ — D be a Boolean function with its structure matriz My, being split into 2k
equal blocks as in (@/ Assume T' and A form a partition as in (@ f is decomposable with respect to
the partition in (@, if and only if, there exist

(Z) a type T= {T17T27' o 7T7‘} C £7’><r7

(it) a logical matric My € L,y pn—r,
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such that
M; =Ty, My, where Ty, €T, i=1,---,2" (38)

Remark 5.3 1. The number of types for r-valued logical functions is

NT = (Tr)v
r

which is a large number. For instance, when r = 3 the N3 = 2925, when r = 4 the Ny = 174792640
ete. It is very difficult to verify all such types. For practical circuit design, we may only be interested
in some particular types. For instance, the most commonly used F' is either V or A. It is easy to

figure out that their corresponding types are

e r=3
To = {Gll 116122} 6501 23]} 59)
Tn = {d3[123],63[2 2 3],03[3 3 3]}
o r=4
Tv = {04[1111],04[1222],04[1233],04[1 234]}; (40)
Ta = {04[1234],04[2234],04[3334],04[4444]}.

2. If the partition is in arbitrary order the re-ordering Theorem remains applicable via replacing

(@ by the following equation .
Mf = Mf D(llc:s W[rﬁTijr(sfl)fk] X W[Tnfsﬂf.s]. (41)
Example 5.4 Let f(z1,79,73,74) : D — D3 be a 3-valued logical function with its structure matriz as

My = 63111111111 122222221 123222321
111111111122222221 122222221
111111111 111111111 111111111].

We try T =Ty as in (@), that is,
T: {Tl = 63[1 1 1], T2 = 53[1 2 2], T3 = (53[1 2 3]},

and choose
My =103123222321].

It is easy to check that

M, = [111111111]
T,M, = [122222221]
TsM, = [123222321].

Comparing each block of My with above product forms, it follows immediately that

My =05123122111].

15



If we define the 3-valued logical operators — and < by using the corresponding formulas of Boolean

functions as
A— B:=(AANB)V-A
A+ B:=(A— B)A(B— A),

then it is easy to verify that
M_> = M¢, and M<_> = Mw.

Eventually, we have the decomposed f as
f(z1,@o, 3, 24) = (1 — T2) V (T3 > 4) .
Next, we consider non-disjoint case.

Definition 5.5 Let f : D' — D, be an r-valued logical function, TUOUA be a partition of {1,2,--- ,n}.
f is decomposable with respect to TUO and AUO (as in (@)}, if there exist three r-valued logical functions
F:D? =D, ¢:{x,|yeTUO} = D,, and ¢ : {x\|]\ € ©UA} — D, such that

f@1, -+ 2a) = F(9(ay |y € TUO), (ar]A € OUA). (42)

Theorem 5.6 Let f : D" — D be an r-valued logical function with its structure matriz My. f can be
decomposed as in (@ with respect to the partition as in , if and only if

(i) there exists a type T C Lyxr,
(ii) there exist

M} € Logprs, i=1,--- 1", (43)

such that the structure matriz of f can be expressed as

k
My = [H1,1M1}, N1,2M3, M1,r’<2Mf[,2
ko
oA My po o M2 -+ iy ey M)
' P P T2 (44)

k
,urkl,lMi; ,urkl,2M3; Hrkl,rkZM:Z; ’ :|

where

k1

. . k
/’(‘i,jETa ’Lzl,"',T’ ,]:1,"'7T2-

Remark 5.7 Similar to Corollary for disjoint case (C’orollaryfor non-disjoint case), when the
conditions in part 1 (part 2) of Theorem are satisfied the corresponding decomposition can be easily
constructed by using the structure matrices Mg, My, and M.

Example 5.8 Let f(x1, 79,73, 74) : D5 — D3 be a 3-valued logical function with its structure matriz as

My = 63111222333 221222333321322333
111222333 222222222 222222222
111222333222222222123122111].
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If we define the 3-valued logical operators <> as in example above, and we try T = T as in (@),
that is,
T: {Tl = (53[1 2 3], T2 == 63[2 2 2]7 T3 = (53[3 2 1]},

Choosing
M, =6d5111222333],

it 1s easy to check that

TiM), = [111222333]
M), = [2222222272]
TsM), = [333222111].

Similarly, choosing

M =03[221222333]

yields
TM;, = [221222333]
M} = [222222222]
My = [223222111];

and choosing
M} =065321322333],

yields
TleZ = [321322333]
TQMi = [222222222]
TngZ = [123122111].

Comparing each block of My with the above product forms, it is easy to see that is satisfied. It
follows immediately that

My = [Mj Mj Mj]=03111222333 221222333 321322333

My=05111122123].

Thus,

flx1, 22, 23, 24) = Mpz1xoxszs = Mo MpxixoMyzoxszs.

Back to logical form, we have the decomposed f as

f(z1, o, x5, 24) = (21 V 22) > [(2 V —24) A 23]

6 Decomposition of Mix-Valued Logical Functions

Definition 6.1 1. Let f : Dy, xD,, — D,, be a miz-valued logical function. f is said to be decompos-
able with respect to Dy, and D,.,, if there exist ' : Dy, — Dy, ¢ : Dy, = Dy, and yp : Dy — Dy,
such that

f(z1,22) = F(¢(21),¢(x2)), 21 € Dy, 22 € Dy (45)
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2. Let f : Dy, X Dy, X Dpy = Dy be a miz-valued logical function. f is said to be decomposable with
respect to Dy, X Dy, and D,, X D,,, if there exist F : Dy, — Dy,, ¢ : Dy, x Dy, = D,,, and
Y : Dry X Dypy = Dy, such that

f(l‘l,l‘z,l‘g) = F(¢($1,$2),¢(x2,l‘3)), Tl € Drl, To € 'DTQ, xr3 € D’l‘3' 46)

Remark 6.2 To see this is a most general case, we consider (in vector form) x* = x*_ z;, 22 = x""Fz,.

1=

(i) Let x; € Ao, Vi (i.e., ry = 2F, 1y = 2"7%) and choose ro = 2. Then we have the bi-decomposition

of Boolean functions.

(ii) Let x; € A, Vi (i.e., 11 = 7%, ro = v"7%) and choose ro = r. Then we have the bi-decomposition

of r-valued logical functions.

(iii) Let x; as in the above case 1 (case 2), and choose ro = 25 (ro = r®). Then we have the bi-

decomposition of Boolean (r-valued) multi-input multi-output (MIMO) mappings.

Using the argument for Boolean or multi-valued case, we can have the following general result imme-

diately.
Theorem 6.3 1. Let f : D,, x D,, = D,, with its structure matriz as
My =[M; My --- M,,], (47)

where M; € Lyoxry- f has a decomposed form with respect to D,, and D,,, if and only if, there

exist

(Z) a type T= {T13T27 T 7Tro} C £T‘0><T07
(i) o logical matriz My € Lyjxr,,

such that

M; =T, My, where Ty, €T, i=1,---,r1. (48)

2. Let f : Dy, X Dy, X Dy, = Dy, be a miz-valued logical function. f is decomposable with respect to
Dy, x Dy, and D,, x D,,, if and only if,

(i) there exists a type T C Lrgxros

(ii) there exist
qu GﬁT‘QXTg? 2:17 ; T2, (49)

such that the structure matriz of f can be expressed as

Mf = [M1,1M1}, M1,2Mi /«LLTQMJf
poa M) pio o M2 - pio ., M2
‘ P P 277 (50)
Nh,le}; :LI’T1’2M'L% /1‘7“177’2M122

where

,LL'LJ'GT, i:]‘V'”?Tlaj:lv"‘aTQ’
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7 Normalization of Dynamic-Static Boolean Networks

As an application we consider the dynamic-static Boolean networks. Consider a Boolean network of n

nodes. Assume there are n — k nodes, which satisfy Boolean dynamic models as
zi(t+1)= fi(x1, - ,xn), =1, ,n—k, (51)
and the other k£ nodes are determined by certain static equations as

g](x177l‘n):17 ]:1a7k (52)

Note that the right hand side of can be either 0 or 1. Without loss of generality we can set them to
be 1, because for g; = 0 we can use —g; to replace g;.
In vector form set 2! = x?~"z; and 2® = x?_,_, ., x;. The system — is said to have a normal

K3

form, if can be expressed as
zj=¢j(x1, - p_k), j=n—k+1,--- n (53)

It is obvious that is very convenient in use, because we can plug into to get a standard
Boolean network, and its properties can be analyzed easily. Hence the problem “when can be
converted to ” is interesting. This section is devoted to solving this problem.

(52) can be expressed in vector form as

Mgz'a?® = 65, (54)

where Mg € Lok xon.

For any positive integer s > 1 define a set of matrices, =;, as
Zi ={E; € Lyxs|Coly(E;) = 0L; Colj(E;) # 6%, j#i}, i=1,2,--s. (55)
Using =;, we construct a set of types as
Es=[E1Ey -+ Ey], E, €&, i=12,-- s (56)

As in previous sections, each type E € &, corresponds to a unique logical mapping F' : Dy X Dy — Dy,
which has F as its structure matrix, that is, M; = E.

Then we have the following result:
Lemma 7.1 Let X,Y € A,. X =Y, if and only if there exists a E € E; such that
EXY =6} (57)

Proof. Denote
E=[E, Ey --- E{],

and assume X = 0¥ and Y = §J. A straightforward computation shows that

EXY = Col,(E,).
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Hence holds, if and only if, p = q. ]
Now we are ready to present the main result for normalization. We first express into its algebraic

form as
Mgz = &y, (58)
where Mg is the structure matrix of G = (g1,--- ,gx) : D™ — DF.
Theorem 7.2 x; can be solved as from @, if and only if, There exists a
E=[E, Ey -+ Ey] € Eor,
such that the structure matriz of G can be expressed as
Mg = [My Ma, -+, Mon—x], (59)

and
M;e{E  Ey --- B}, i=1,--. 2"k

Proof. can be expressed into vector form as z? = M¢x1. According to Lemma can be
expressed into , if and only if there exists an Mp € & such that MpMyx'la? = (%k. Comparing
with , it is clear that the necessary and sufficient condition becomes that Mg can be expressed as

Mgz = MpMyz'z?, (60)

where Mg € Eyr. Now formally consider 2 = Mya? with M,, = Iy, the conclusion follows from Theorem
[6-3] immediately. O

Example 7.3 Consider the follow dynamic-static Boolean network
501( ) = .Z'Q(t) — l’4(t)
2ot +1) = 21(t) A ws(t)

1= (z3(t)Vaa(t)) & (z1(t)Vaa(t))
0= 24 () V(@1 (t) V za(2).

t+1
t+1

We intend to solve x3 and x4 out from the last two equations. First, we convert them to

g1(21, T2, x3,24) := (z3(t)Vaye(t)) <> (x1(t)Vaa(t)) =1
92(x1, @2, T3,x4) 1= x4(t) < (21() V22(t)) =1

It is easy to calculate that in vector form we have

gi1(x1,22,03,24) = Mgz =82[1221211221121221)x

(63)
g2(z1, 20,23, 24) = Mg,x =062[1212121212122121]x.

Then the structure matriz of G = (g1,92) can be easily calculated as

Mg=06,1432 32143214 2341]. (64)
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Now we can construct the structure matric Mr € E4 as
Mp=064[1432 %1 %% 3214 2341], (65)
where 2 < x < 4 can be arbitrary. Comparing with @ yields that
My = 04[1 3 3 4], (66)

which means
133(t)£64(t) = 54[1 33 4]1‘1(t)$2(t).

It follows that x3(t) and x4(t) can be solved from (63) uniquely as
(67)

plugging (@/ into yields

z1(t+1) =a2(t) = (z1(t) V 22(t))

Z‘Q(t + 1) = .’131(75) A l‘g(t). (68)

Then the dynamics of the dynamic-static Boolean network 1s determined by (with algebraic
equation @ for the other two state variables).

Remark 7.4 1. The calculations involved in Example[7.3, such as converting a logical mapping into
its algebraic form and back from an algebraic form to a set of logical functions etc. are standard,

we refer to [10] for detailﬂ

2. The method provided above can also be used for dynamic-static Boolean control networks. You have

only to replace x* by {x',u} and then use exactly the aforementioned technique.

8 Conclusion

This paper first considered the bi-decomposition of Boolean functions. Necessary and sufficient conditions
for both disjoint and non-disjoint cases are obtained. The conditions are easily verifiable and they provide
a natural way to construct the decompositions. Then the results were extended first to multi-valued logical
functions and then to mix-valued logical mappings to get the corresponding necessary and sufficient
conditions and decomposition algorithms. Finally, as an application, the normalization of dynamic-static
Boolean networks was considered. Several examples have been presented to illustrate the corresponding

theoretical results.
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