Matrix Approach to Boolean Calculus

Daizhan Cheng,

Abstract— Using semi-tensor product of matrices and the
matrix expression of logic, formulas for calculating Boolean
derivatives are obtained. Using this form, the solvability of
Boolean algebraic equations and Boolean differential equations
is considered. Its application to fault detection of combinational
circuits is investigated. Then we define the Boolean integrals
as the inverse of the Boolean derivative in certain sense.
Three kinds of integrals are proposed. The inverse of a partial
derivative with respect to z; is called the ¢th primitive function.
The inverse of a differential form is called the indefinite integral.
A necessary and sufficient condition for the existence of the
indefinite integral is proved. Using the unique indefinite integral
(up to complement equivalence), definite integral is also defined.
Simply computable formulas are provided for solving each kind
of integrals.

I. INTRODUCTION

Right after G. Boole invented an algebra in 1847, which
is lately called the Boolean algebra, an effort rose, which
attempts to establish Boolean analogues of concepts and
results from Calculus. The first version of Boolean Dif-
ferential Calculus was proposed by Daniell in 1917 [14].
Some forty years later after Shannon proposed the switching
algebra in the evaluation of switching circuit designing,
it was discovered that the partial derivatives of Boolean
functions are particularly useful in switching theory [23],
[3]. Since then, the Boolean derivative has been developed
quickly, both in view of applications and for its own algebraic
interest [22], [5], [34], [27], [30], [15].

There are several definitions on Boolean derivative, we
adopt the common definition of Boolean derivative, which
can be found, for instance, in [33], [29]. A general definition
and basic properties and some applications can be found
in [29]. The fundamental requirements and satisfactory of
Boolean derivatives are discussed in[25].

Many applications of Boolean derivatives have been re-
ported. The applications include control of Boolean networks
[20], synthesis of discrete event systems [26], logical circuit
analysis [5], [19], asynchronous circuit design [28], image
edge detection [2], selection probabilities of stack filters [16],
cellular automata and finite state machine [21], [32], etc.
These evidence that Boolean derivative is a useful tool.

Recently, a new matrix product, called the semi-tensor
product, has been proposed and it has been successfully
applied to the analysis and control of Boolean networks
[13]. We also refer to [6], [7], [8], [9], [10], [11], [12] for
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its applications to the topological structure, controlability,
observability, stabilization, disturbance decoupling, etc. of
Boolean (control) networks.

The key point of this approach is to convert a logical
expression into an algebraic form, and then the known
methods for analyzing conventional static and/or dynamic
systems are applicable to logical (dynamic) systems. This
new technique is the crucial tool for the investigation in this
paper.

The first interesting topic is the calculation of Boolean
derivatives [35], [18]. Using semi-tensor product, [19] at-
tempts to provide the general formulas for calculating the
Boolean derivatives. Following [19], we provide a formula
for calculating the structure matrix of a Boolean derivative. It
is essentially equivalent to the fast implementation presented
by [1], which is coined the jth partial derivative transform,
using matrix multiplication [2]. But our vector form is
convenient in later use.

Then the Boolean algebraic and differential equations are
investigated. Algorithms are provided to solve the equations.
As an application, the fault detection of combinational cir-
cuits is investigated.

Another interesting topic is the counterpart of the Boolean
derivative, that is, the the Boolean integral. There are much
less literatures on Boolean integral. [31] provides some
interesting insights for Boolean integral. But it seems to the
author that there is no convergent definition yet.

Using the formula for calculating Boolean derivatives, we
formulate the Boolean integral, as the inverse of the Boolean
derivative. Three kinds of the inverses of Boolean derivatives
are defined. The inverse of a partial derivative, is called the
primitive function; the inverse of a differential form, called
the indefinite integral. Using the derivative algorithm, the
indefinite integral can be calculated easily. The uniqueness
of the indefinite integral (up to a complement equivalence) is
proved. Using this uniqueness, the evaluation of the indefinite
integral with an integral function over a given reagin, which
is called the definite integral, is defined. Easily computable
formulas are also provided for each kind of integrals.

The rest of this paper is organized as follows: Section 2
consists of some preliminaries which provide fundamental
tools for later investigation, including the semi-tensor prod-
uct of matrices, the matrix expression of logical equations,
and the Boolean product of Boolean matrices. Section 3
discusses the calculation of Boolean derivatives. Some easily
computable formulas are developed. Section 4 is devoted to
solving Boolean algebraic equations and Boolean differential
equations. After providing general algorithms for solving
them, the application to fault detection of combinational



circuits is investigated. The Boolean integral is proposed in
Section 5. Three kinds of Boolean integrals are built and
the related formulas are also provided to calculate them.
Some examples are presented to illustrate the concepts and
algorithms. Section 6 is a brief conclusion.

II. PRELIMINARIES

First, we introduce some notations.

o M,,«n: the set of m X n real matrices.

o 1,xn (01,%p): amatrix in M, «,, with all entries equal
1 (correspondingly, 0).

If no ambiguity is possible, we simply use 1,, for 1,,x,,
0 for 0,,, or OZ, or 0,,xn.

« D=1{1,0}.

e OF is the k-th column of the identity matrix I,,.

o A, = {8l ... 6"} For compactness, A := A,.

e Col;(A) Row;(A)) is the i-th column (i-th row) of a
matrix A, the set of all the columns (rows) of A is
denoted by Col(A) (Row(A)).

e A matrix L € M, «,, is called a logical matrix if its
columns, Col(M) C A,,.

The set of n x m logical matrices is denoted by L, .

o Let L € L, «m. Then

L=[6x,62 ... §m]

n»vn? ren

For the sake of briefness, it is denoted as
L = 6n[i17i27 e 72771]

o A matrix A = (a;;) € My,xn is called a Boolean
matrix if its entries a; ; € D. The set of m x n Boolean
matrices is denoted by B, xn.

o Let A = (a;;),B = (bij) € Bmxn. Then A =
(_‘ai,j); and ANB = (am- A\ bi,j)’ etc.

o A swap matrix Wi, ) € Mipnxmn is designed to
swap two vector factors in their “product”. We refer
to [9] or [13] for its definition and properties, and to
the following (3) for its basic function.

Definition 2.1: [9], [13] Let M € M,,x, and N €

Mpq. The semi-tensor product of matrices, denoted by
M x N, is defined as

MxN:=(M®Iy,) (NI, (1)

where s = lem{n, p} is the least common multiple of n and
p, ® is the Kronecher product of matrices.

Remark 2.2: Throughout this paper, unless else product
symbol is used, the matrix product is assumed to be semi-
tensor product, which contains the conventional matrix prod-
uct as its particular case when n = p. Hence, the symbol x
can be omitted. We do this in the sequel. Since all the product
properties of the conventional matrix product remain correct,
we can perform the semi-tensor product as conventional
product without worrying about the dimensions.

Definition 2.3: A k-ary logical function (or operator) is
a mapping f : D*¥ — D. It is commonly expressed as
f(z1,-+ ,xx), where z; € D, i =1,--- | k.

To use the matrix expression of logic, we identify 1 ~ §3
and 0 ~ 3. Under this vector form, a logical function f :

TABLE I
STRUCTURE MATRICES OF OPERATORS

Operator Structure Matrix
- M-, = 62[21]
A Ma =02[1222
Vv My =02[1112
— M_, =02[1211
> Mo =02[1221

V(or @) M@=§22112]

D* — D becomes a function f : A¥ — A, (or equivalently,
f : AQk — A)

Theorem 2.4: [13] Let f : DF — D. Then there exists
a unique logical matrix My € Lgyox, called the structure
matrix of f, such that in vector form we have

f(zla"'vxk):Mf’ra (2)

where 7 = X¥_,1; € Agk.

For convenience, we give the structure matrices of some
commonly used logical operators in Table

Remark 2.5: Let My € Loy o1 be the structure matrix of
f: D* — D. Then Row (M) is the truth table of f (in row
form) and Rows (M) = ~Row (My). We simply denote

my = Rowq (M;).
Finally, we need a lemma, which is useful in the sequel.
Lemma 2.6: [13]

1) Let z € R™ and y € R" be two column vectors. Then
2) Let z € R® and A is a given matrix. Then
zA = (I, ® A)z. )
3) Let x = x*_,z;. Then
a2 = Mz, (5)
where
M .= diag[s} 62 - 7]

A Boolean algebra on D is a quadruple (D, +5, X5, ).
We refer to [24] for an elementary definition. For our
purpose, we only consider Galois algebra in which +5 = &
and xg = A. We firstly define the Boolean product of
matrices under such algebra.

Definition 2.7: For a Boolean algebra B = (D, &, A, ),
we define

1) The Boolean product of A = (a; ;) € Byxn and B =
(bi,j) € Brxs is defined as

Awxp B:=(cij) € Buxs, (6)
where
Cij =i 1 ANb1; B a2 Nba; B D ajnAby;.

2) The Boolean semi-tensor product of A = (a; ;) €
Brxn and B = (b; ;) € Bpxg4 is defined as

where s = lem(n, p).



Note that (6) is a particular case of (7).

The following properties are immediate consequence of
the definition.

Proposition 2.8: Assume A, B € B,,xn, and C, D are of
arbitrary dimensions. Then

1) (Commutative Law)
A®B=B® A. (®)
2) (Associative Law)
Axp(CxpD)=(AxpC)xgD. )
3) (Distributive Law)
(AdB)xpC=(AxgC)® (BxgC). (10)
4)

[A XB B}T = BT X B AT.
We give a simple example to depict it.
Example 2.9: Let

(1)

1
11 11 0
A=l meld) e

1

O = = O

AIXBCZ

o <ot Y

(ﬂ — (AwgC)T.

=)

(an)
—_ = = O
— =

III. BOOLEAN DERIVATIVES

The Boolean derivative in this paper is defined as [4]
Definition 3.1: Let f(x1,--- ,2,) : D™ — D be a logical

function.
1) The Boolean derivative of f with respect to z; is
defined as
0
axfl :f(xl’... 71.1'7"' ,xn)@f(ml’... 7_‘xi7"' 7xn).

(12)

2) The higher order derivative of f with respect to z;,,
is defined recursively as

okf 9 0 of
cee axlk B ﬁxil 8a:i2 o axik '
(13)

We cite some basic properties in the following.
Proposition 3.2: [33]

1) of - is independent of x;, and hence
ox;
0% f _

62$i

cy Ty,

8%1'1

2)
0% f - 0% f
83016307 - 8%‘]‘81‘1" (14)
3)
N[ @f) 0fi  Ofe
(%i o 833i @ 8331' ' (15)
4)
(f1f2) afl afz 5f1 df2 (16)
5) Denote f := —f, and T := —z, then
of 8f 8f af
% 0z, and oz, 85&'. (17

Using the vector form of logical expression as introduced
1n Section 2, we can easily obtain the matrix expression of
, denoted by Mp, ;. Denote by M} the structure matrix

of f and z := x}_,x;. Using (T2, we have

of
81}1'

Then using Lemma [2.6] to simplify the right hand side of
(T8), it is easy to have that [19]

=My, yx =Mz ® Mpxy--- Ty Tn. (18)

My, ; = Mg My [Ion @ My (Ini-1 @ M-)] M2, (19)

Then the higher order derivatives can also be calculated
recursively [19].

In the following we shall give an explicit form of the
structure matrices of the derivatives. Consider the structure
matrix of g(x1, - , &) = f(z1, -+ ,Ti, -+, Tn). Assume
the structure matrices of f and g are My and M, respec-
tively. Using (), we have

Myx = Myxq---M-z;---xy,
= Mf (1277—1 X Mﬁ) x
That is,
Mg:Mf (121‘71 ®Mﬁ). (20)
The following proposition is obvious.
Proposition 3.3: Assume flxy, - xp) and

g(z1,--- ,x,) have their truth tables as mys,my € Ban
respectively, and o is a binary logical operator. Then
Miog = MfOMyg. 21
Using Remark [2.5] and Proposition [3.3] we have
mb, s =m; ®@mj (Ipi-r @ M-). (22)

Using the distributive law (T0), we can calculate that

@mf(IQL 1®M)
KBIT@mf [><@([21 1®M)
X5 (Igi @ (Igi-1 @ M-))

X5 (lgi-1 @ (I2 & M-))

= mf X B 121 1®12><2)

T —
My p =
= m

= m
m

3
s g g N

‘We conclude that



Theorem 3.4: Let f(x1, -+ ,x,) be a Boolean function
with structure matrix M. Then The structure matrix of %,
denoted by My, ¢, is

ROWl(Mf) XB E’Z

Maif - —|ROW1(Mf) XB E:L (23)
where
=) = Isi-1 ® 1oyxa.
Hence, in vector form,
of
= My, 24
B, 8; fTs (24)
where x = X, ;. Moreover,
—i1T
mo,f = [:n} my. (25)

As we know that 86 gf - is independent of x;, so one may
be interested in an alternative expression as

af .
ol Ma, fr1 - i1 ZiTigr1 -+ T,
K3
(¥l

where notation “Z;” means x; is omitted.
To calculate My, r, we dividing My, r into 2 equal blocks
as

(26)

My, s =[C1 Cy --- Cail.

One sees easily that to get My, s from Mp, r, we need only
to pick out all odd (or even) blocks. It can be done by right-

multiply
IQn—i
Li-1 ® :
( 2 [02"—7‘%2"—7})

That is,

[ Rowy(My) xp [Wi]T

Moy, s = L Rowy (My) xp [¥5]T @n

where

\I/; = (IQi—l & I:Ign—i 02n,7i><2n—11j|) X B (12i71 ® 12><2)
=11 ®13 @ I,_;.

Note that the transpose of the first row Row’ (M ¢) is the
truth table of f. We have the following

Corollary 3.5: Assume the truth table of a logical func-
tion f(x1,---,xp) is my. Then the truth table of g—i in
condensed form, is

ma[i]f = \I/:me. (28)
Corollary @] coincides with the result in [1], [2].

The following Corollaries [3.6] and [3.7, which are conve-
nient in numerical computation, are obvious.

Corollary 3.6: Divide m? into 27 blocks

T
mf = (Cl,l C1,2C21C22 021‘7171 02i7172).

Then mgm  can be calculated directly by

C2i—171 EB Cgi—l,g).
(29)

T
Moy f = (11 ®ci2c21 @ -

ok
Corollary 3.7: The truth table of ﬁ is (assume
. . . Tiy 0Ty,
11 > 99 > v > i)
ik Tg—1 i
Mo it = Vop1 Yo g Omy. (30)
Note that in (30) we require i; > is > > i

because otherwise, the later positions need to be adjusted.
For instance, say, i1 < i3, then after differentiate with respect
to z;, the position for ¢2 becomes i2 — 1. So we need this
order. Because of @I), we can assume this without loss of
generality.

We give an example to show how to calculate the deriva-
tives. To this end, we introduce the MacLaurin expansion of
a Boolean function.

Theorem 3.8: [3] A Boolean function f(x1,---,x,) has
its MacLaurin expansion as

flar, ) =10 & ) oL
i=1 v

o D

1<i1<ia<n
an

o O

0x10x9 -+ 0z

Nx;
0

_or
8$i1 8:}51»2

ANy, Naiy & - -
0

VAN A TVANERIIVANE 9

0

(€2))

Example 3.9: Assume f(x1,x2,73,24) = (21V22) —
(z3 V x4). Its truth table i

mp=[11111110111011117T.

Using (28),
lIleL = [I4 14} )

the truth table of % is
Moy s =i xgmp=[00010001]".
Similarly,
\112 — I3 Id 0 0
1710 0 I3 I3
Moy = V3 xgmy=[00010001]".

Ih 0 0 0 O
0 I, Ib, 0 O
0 0 0 L I
0 0 0 0 0 Ih I

o OO
© oo

Ui =

o o o5

Mo =T xgmp=[00010100]".

0 0 00
11 00
0000 -~ 11

Mo, r=¥ixgmy=1[00010100]"

a1 f g Xpmy .

* A toolbox for all the related computations is available athttp: //1lsc.
amss.ac.cn/~dcheng/


http://lsc.amss.ac.cn/~dcheng/
http://lsc.amss.ac.cn/~dcheng/

Using (30), we can also easily calculate that

My o f = [0000]7; Moy, 5 f = 01017
ma[l 4] ;= [0 10 1]T7 ma[z,a]f = [0 10 1]T;
ma[2 4]f = [0 10 l]T; m8[3,4]f = [0 11 O]T;
Moy 55 f = [0 O] Moy o0 f = [0 O]T;
Moy 5.4 f [1 1] Moy 3.4f = [1 1]T;
Moy 23,415 = [O}

Note that evaluating the Boolean derivatives at O is equivalent
to taking last element of its corresponding true table. Hence
we havethe MacLaurin expansion of f(z) as

f(901,$2796‘3,$4)
=1®Px1Pro®Br1 N3P ATy B X2 N\ X3
@1’2/\1’4@1‘1/\1’3/\1‘4@1‘2/\1’3/\1‘4.

(32)

IV. APPLICATION TO SOME RELATED PROBLEMS
Firstly, we consider the solution of Boolean equations

which involves a known Boolean function f(xy,- - ,z,) and
its Boolean derivatives as
af oFf
G, ivJy [ = Cjy
J <.’£ f 81‘, 81),‘1 tee 8%‘% K (33)
j=1--,s59=1,---,n.

Using (27), solving the equations (33) is standard [13].
We describe it as an algorithm.
Algorithm 4.1: o Step 1: Convert each logical equation
into its algebraic form as

Mix=¢;, j=1,---,s, (34)

where M; € Loxon.
o Step 2: Multiply all equations in (34) together to build
a system as

Mz =c, 35)

where x = X[ 2;, ¢ = X{_;¢;, and M € Losyon is
constructed as

COll(M) = D(;:l COli<Mj), 1= 1, ,2”. (36)

o Step 3: Find all the solutions 6%,7,, which satisfies
Col;(M) =c.

The fault detection of combinational circuits [17], [19] is

a typical example of this problem. Let f(z1, -+ ,z,) be a

Boolean function describing a combinational circuit. the test

vector set for double stuck-at faults x;(s—a—a), z;(s—a—0)

is the set of solutions of

_ of s Of g O°f

a B a=0 a8

08 9J 5 97 & 1 —1 37
i l‘] 6:01 ®xl J ﬁxj @.”L'Z ij 8I18I] ’ ( )
where o, 5 € D, and 2! =z, 20 := 7.

We give an example to depict it.
Example 4.2: Assume a combinational circuit is described
as [19]
flx1, o w5)
= {_‘[.IQ vV ("31‘1 AN _‘JJ3)] vV —|($1 V .135)
\/ﬁ(l’4 Vv $5) \Y ﬁ[ﬁl‘g V (ﬁl‘g A\ ﬁ$4)]} .

(38)

We look for the test vector set for the double stuck at x3(s—
a—1), and z4(s —a —0).
That is, to solve the equation
of of 0% f

T3Xa 77— D T3xgy7— D T3xy

Oxs Oxy =1

Dradzs (39)

The structure matrix of f is

My=10651112222222222222
1212222222222212].

Then, using Corollary [3.6] it is easy to obtain

M, ;=08,[11122222121222172]
Mp, 5 =082[2122222222222212]
My, 5 =02[21222212].

By direct computation, the matrix form of (39) is
Mx =1,
where z = x?_,x;, and

M=1092122211222222222
2222221222221212].

Thus, the solution is
{z=6%)i=2,6,7,23,29,31},
or, in scalar form

{(1,1,1,1,0),(1,1,0,0,1),(1,1,0,0,0),
(0,1,0,0,1),(0,0,0,1,1),(0,0,0,0,1)} .

Next, we consider the case that in equations (33), the
Boolean function f(z1,---,%,) is unknown and with a
set of the boundary conditions f(0) and some Boolean
derivatives of f at 0. Then we call this kind of equations the
Boolean differential equations (BDE). If a Boolean function
g(x1,- -+ ,x,) satisfied and the boundary conditions, it
is called a solution of the BDE with boundary conditions.

Example 4.3: Consider the following Boolean differential
equation with boundary condition F'(0) = 0

oF

Eri -1 A T4
o0°F
02,07, = _|(.’E2 V 1’3) V (fEQ A\ 1'3)
e (40)
61%8I4 - “:El
’F ’F  _q
6116m3 83@1[‘)902 - :

In vector form we have

Moy r=085[22222121]

My, ¢ =02[1221]

Mp,, 5 = 02[2211]

Col(My My, #(Is ® Moy, ,#)(Io ® Wig))(Is ® M2)) = {63}



Assume the first row of My is [a; ag -+ ay6), then
al@agz() GQ@CL4:O
(15@&7:0 a(;@agzo

ayp ®az =1

a4 ®a =1

a3 @ as®ay; Dap =0
a7 Dag a5 bap =1
az®agsbarbag =0
a11 ®a2 ®as Da =1
as ® ag ® ayz ® ae = 0.

agPay; =0
ai3®ais =0

a1 ®az®agDap=1
as P ag D a3 Sayg =0
al@a2®a5®a6:0
ag D apDazdays =1
az® a7y dayn bays =1

Since F(0) = 0, we know that a6 = 0, then the solution is

my = Row; (MF)

=la b a b
c ad-bd-c c a®-bd —c
—bP ¢ ad-c -bd-c adc
a®-b 1 a®d-b 0 ]

where a,b and ¢ can be arbitrary Boolean numbers

V. BOOLEAN INTEGRAL

As we mentioned in the introduction, there is no com-
monly used definition for Boolean integral. [31] provides a
framework for Boolean integral. Unfortunately, the Boolean
derivative used in [31] is different from the standard one, and
hence the integral is in-consistent with the aforementioned
Boolean derivative. Moreover, the computation problem has
not been solved yet there.

In the following we define the Boolean integrals in the
sense that they are precisely the inverse of the Boolean
derivatives.

A. Primitive Function

First, we define primitive function.

Definition 5.1: Given a Boolean function f(z1,--,zp).
F(xy, - ,2i_1,2,%4 -+ ,&y,) is called the ith primitive
function of f(x) (or the ith partial integral of f(x)) , denoted

by
/f($17"' ,Z’n)d[l] = F(x17"' y Li—15 25 Ly " ° amn)a
(41)
if

oF
aizf(x1>"'7mn)' (42)

In the light of Corozllary [3.3] the problem becomes solving

the equation
\IliH_lmF =my. 43)

We give an example to demonstrate this.
Example 5.2: Assume f(z1,22,23) = 3 A (21 V (22
x3)). Find

JECE ]
It is easy to calculate that

my=[10101000]

Assume

F(x1,2,22,23) :/f(xl,xg,mg)d[Q],
with its truth table as
mgp = [Cl1 ag - Cl16]T.
By (@3), we can obtain
mgp = [01 C2 C3 C4 €1 C2 71C3 C4 C5 Cg C7 Cg 71C5 Cg C7 08]T7
where ¢;,72 = 1,--- ,8 can be arbitrary Boolean numbers.

B. Indefinite Integral

Definition 5.3: Given a logical function F'(zq,--- ,zp).
Its deferential form, denoted by dF, is defined as
oF OF
dF = a—dxl + -+ —dz,. (44)

. ! . OLn
Note that in (44) the symbol “+ 7 is considered as only an
adjacent notation, but not an operator.
Definition 5.4: Given a set of functions

fi(ml’ .

A function F'(zq,---
the differential form

dh = fidz1 + fadze + -+ + fnde,
7fn})7 lf

3 =fi, i=1,---,n. (45)
Note that according to equation (I7) one sees that if F is
an indefinite integral of dh, then so is F.
Next, we consider when the indefinite integral exists.
Theorem 5.5: Consider a differential form

dh = fidxy + fodxg + - + frdx,.

There exists at least a pair of complemented indefinite
integrals, if and only if

7xi—la£iaxi+1"'7xvz)a 12177’”’

,Ty) is called the indefinite integral of

(or simply, integral of {fy,---
or

ofi  0f;
fz: fj, 1<i<i<n (46)
Proof. Necessity is trivial. We prove the sufficiency. Using
{fili=1,--- ,n}, we can calculate
afi  9f; S
=2 1<i<j<n.
Or;  Ox; =rsJ=n
Similarly, we have third order cross derivatives as
& fi f; & fr

Ox;0x),  Ox;0x),  Ox;0x;’
and even higher order cross derivatives. Using the obtained

partial derivatives and following the form of MacLaurin
expansion we can construct

Pz, ) ZC@@MO/\%‘
i=1

Ofi
S @ fl NTi NTijy D ---
1<iy <i Tiz lo
<i1<i2<n
ot f
D —F| ANZ1 ANX2 N - N2y
Oxg -+ 0xy |




Then it is ready to verify that

Flz) = / dh.

]

The following result comes from the constructive proof of
Theorem

Corollary 5.6: If [ dh exists, then it is unique (up to a
complement equivalence).

In the following when we consider the integral of a
differential form, we assume

A1 integrable condition holds.

Hence as long as dh is integrable, we can write an
indefinite integral as

/dh = F(z) +C,

where C € D.
In later use, we would like to specify F'. So we also use
the following notation:

/Jh =F(x), F(0)=1.

Next, we consider how to calculate the indefinite integral.
In fact, the constructive proof already provides a method to
find the integral. We are looking another simple proof.

The following result is an immediate consequence of
Corollary [3.3]

Theorem 5.7: Each indefinite integral of a differential
form dh = fidzr; + -+ + fpdx, has a solution z of the
following linear Galois algebraic system as its truth table.

U, Xz z=0>, 47)
where
T
\Ifél mpy 1]
Y mf
\Ijn = ,n S Bn,gn—l LR and b= . . S Bn‘gn—l .
n T
\Il” mf[n]

It is worth noting that to get the default solution, we need
to set zon = 0.
Example 5.8: Assume n = 2. Then we have

0
Uy =

O = O =

O ==

_ o O =
o = O

1

Case 1: Assume f1 = x2, fo = —x1. Then we have my, y =
[10]7, Moy, f = [0 1]T. The equation becomes

1 010 2 1
01 0 1| |z _|0
1 1 0 0o Blzl ™ |o
00 1 1 24 1

Equivalently, we have

21D z3=1
20@P 24 =0
21D 20 =0
23P z4 = 1.

Setting z4 = 0, which corresponds to F'(0) = 0, we have

21:0
2220
zz3 =1
z4 = 0.

That is, mp = [0 0 1 0]T. Hence, F = (=1 A ). Writing
it into integral form, we have

/l’gdl’l + _‘l'ldlﬂg = ("LL‘l) N Zg. (48)
We also have
/.’L‘QJLEl + _\1'1621'2 = (_L’El) Nxoy D 1. (49)

Case 2: Assume f; = xs, fo = 1. Then we have Moy, f =
[1 0] and ma, ;= [11]". It is easy to check that there is
no solution. Hence the integral does not exist.

C. Definite Integral

When the indefinite integral of J dh exists, it is a pair
(F, F'). Then we have the following definition.
Definition 5.9: Assume there is a differential form dh as

dh = fl(i'lal'Qv e axn)d‘rl"_' : '+fn(1'17 e axnflvﬁn)dxna

a subset S C D™, and a logical function g(z).
Assume [ dh = F(z) (with F(0) = 0). Then we define

/Sg(m)dh =3 g(0) A F(@).

zeSs

(50)

We also denote the integral with respect to F' and define

/Sg(x)dh = g(x) AF(x).

zeS

(D

S is called the integral domain and g(x) the integrand.

It is easy to show that the definite integral, defined in
Definition (5.9), satisfies some basic properties of the definite
integral. For instance, we have

D) If f(z) < g(2)
[ t@an< [ gwn (52)
s s
2) If 51 C Sq,
/g(az)dhﬁ/ g(x)dh. (53)
S1 Sa
3)
/ g(m)dh:/ g(x)dh+/ g(x)dh
S1US3 Sy S5 (54)

- / g(z)dh.
S1NSs



Define
supp(f) = {z[f(z) # 0}
Let F' = [ dh. Then we have

/Sg(ff)dh = |[supp(F) Nsupp(g) N S|.

Example 5.10: Recall Example [5.8] We consider the def-
inite integrals using the corresponding indefinite integrals.
Case 1: Assume f; = x3, fo = —wx;. Then the default
indefinite integral is F' = x; A (—x2). Assume S =
{(z1,z2)|z1 — x2 = 1}. Then

S =1(1,1),(0,1),(0,0)}.

Let the integrand be g(z1,22) = x1 <> x2. Then it is easy
to calculate that

/(ml > xo)xodry + —x1drs = 0;
s

and
/($1 <~ wg)l‘gdxl + ﬁxl&xg = 2.
S

Case 2: Assume f; = zo, fo = 1. Then we have that
/ Todry + dre = 0.
s

VI. CONCLUSION

Using semi-tensor product of matrices and the matrix
expression of logic, the calculation of Boolean derivative
was investigated. A very simple formula was obtained, which
converts the calculation of derivative into a modulo-2 matrix-

vector product. Using it, three kinds of Boolean integrals

were proposed. First, find f from ng is called its :th prim-

itive function. Second, find f from a differential form dh =
hl(.’i‘l, To, - ,.Z'n>dl’1 + -4 hn<.’171, cee ,mn,l,i}n)dxn is
called the indefinite integral of dh. A necessary and suffi-
cient condition was obtained for the existence of indefinite
integral. Using indefinite integral, the definite integral was
also properly defined. Simple formulas were also obtained
for the calculation of each integrals.
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