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Abdgract This pgper condders the problem of desgning a ocontroller that smultaneoudy dahilizes a
oollection of multi-input ronlinear sysems. Based on the technique of control Lygpurov function , a
suficient condition for the existence of time-invariant smultaneoudy stabilizing sate feedback controller is
obtained. A universa formula for congructing a continuous controller which Smultaneoudy gabilizes the
gysdems is derived. The result extends the exiging one in Ref. [1] for the Snge-input case.
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1 Introduction

The smultaneous gabilization problem is inmportant in the field of robugt control. The problem is desgning a
snge oontroller which smultaneoudy gahilizes a finite collection of sysems. The smultaneous gabilization problem
wasfirgly introduced in Ref. [2] and Ref. [3]. It was showed that this problem reduces to a srong gtabilization
problem in the case of two plants. For linear sysems,ome necessary and sufficient conditions for the exi gence of
smultaneoudy gabilizing gate feedback and output feedback controllers have been obtained ,see e. g. ,Rds. [4
6] ,and references therein. For nonlinear sysems ,the amultaneous gahilization problem is nore difficult. Ref. [ 7]
and Re . [ 1] have presented ome results for ronlinear sysems. Ref. [ 7] desgned a oontinuous gate feedback
controller which smultaneoudy gabilizes a countable family of ronlinear sysems ,and provided a sufficient condition
for the exigence of smultaneoudy asynyptotically sabilizing controller for a collection of nonlinear sysems. However |
the desgned controller is mot easy to inplement for it is condructed as a sum of irfinite time-varying functions.
Moreover ,the suficient condition is difficult to verify because it requiresfirdly finding an asymptotically gahilizing
date feedback oontroller for each sysem,then deriving a corresponding Lyapurov function for each closed-loop
sydem ,and findly determining whether some irfinite sequences of time-varying functions exig that stidy ome
gecified conditions. Ref. [1] desgned a nore goplicable controller for dmultaneoudy sabilizing a oollection of
sndgeinput dfine ronlinear systems, and provided necessary and suficient conditions for the exigence o
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dmultaneoudy sahilizing sate feedback controller. Smilar to Ref. [1] ,applying the control Lyapurnov function (see
e.g. ,Rdé.[8] and Ref. [9]) ,this paper extends the resultsin Ref. [1] to multi-input &fine nonlinear systems.

The paper isorganized asfollows. Section 2 gives me preiminaries. Section 3 presents sufficient conditionsfor
the exigence of dmultaneoudy dobally asymptoticaly gabilizing gate feedback controller for a collection of multi-
input &fine nonlinear sygems ,and provides a universal formula for Smultaneoudy gsabilizing controller. Section 4
gves an illudrative example. Section 5 is the conclugon.

2 Prdiminaries
Qongder an dfine nonlinear sysem
X:f(x)+iigi(x)ui (0 =0, (2)
with the gate x R" and the control imput u=(w , ,un) R" wherevectorfiddsfand g ,i=1, ,m,ae
gmoth(i.e. f,gs C for me sitable r>0).

Definition 2. 1" A srooth jproper ,and postive definite function V is a control Lyagpurov function (CLF) for
sygem (1) if for dl x R"\ {0}

in;m{VV(x) . [f(x) + Z g (x) u.]} < 0. (2)
Derote a(x) = gvV(x) - f(x) ,b(x) = V(x) - g(x),i =1, ,m,
and set B(x) =(b(x, ,bn(x)B(x =1B()I°= _”"be(x)_

Then (2) is equivaent to the following expresson in Ref. [8] B (x) = 0=a(x) < 0.
Definition 2.2 A Q_F V for sysem (1) is said to be satiSying small control property ,if for eache > 0 there
isad >0 such that ,if x#0 satidies | x| <& then there is ome uwith I ull <€ such thet

W0 - L0 + 5 900 ol <o. 3
Derote
a(x) + Ja’(x) +B*(x) ifB(x) #0,
P(a(x) B(x) = B (% ' (4)
0 |fB(X) =0,

- ¢
- :{ () #a() B(9) . x#0, ©
0, x = 0.

Theorem 2.3® p (x) is continuous if the QLF V for the sysem (1) satidies the small control property ,and
the control lav p= (p,, ,p.) dobaly asymptoticaly sabilizes sysem (1) .

3 Smultaneous gabilization
Gondder a oollection of &fine ronlinear sysems
Zi X:fl(x)+ zgu(X)UJ,fl(O) :01i:1521 |q! (6)
i

where the gate x R" ,the control imput u=(uw, ,u,) R",andforeachi {1,2, ,q} ,vector fieds
fi(x) and g (x) =(gu (%), ,gm(x)) are sTooth.
Assume Vi (x) isa QLFfor the sygem2 ; ,i=1, ,q.Fori=1, ,gandj=i, m,and st
a(x) =wi(x - fi(x),b(x) = wWi(x)- g(x,B(x) =(bi(x), ,ba(x)),
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— 2 _ 2
B:(x) =1B(xN° = ijij(x).
Forj =1, ,m,define
P =(i {1, a|b(x>0,70) ={i {1, ,a¢| b(x) <0},
70 ={i {1, ,q| b(x =0}.
and
D ={x R If(x) = @and /() = & .0 ={x R|I(x# Gand | (x) = &,
D' ={x R'|I[(x) 2 Dand I]'(x) 2 @& ,D' ={x R"| IJ/(x) # @Qand I'(x) # &}.
where O derotes the enpty set. Obvioudy
K (x) () 1f(x) ={1, ,q foreachj {1, ,m}, (7)
and D/ D D ' = R"foreachj {1, ,m}. (8
17 are digoint ,and s=ts D’ ,D , D' ,D}" are d digoint. Function
Vi(x) ,i=1, ,q,are stooth,® theorign x=0 beongsto D" ,j =1, ,m.
Fori=1, ,g,andj=1, ,m,take

Moreover foreach j {1, ,m} ,sts |l

a(x) + Ja(x) +Bi(X) B, (x) %0,

¢ (a(x) Bi(x) = ., B (» B0 =o. ©)
- :{- (0 (a () B(D) . x#0. 10
0, x = 0.

Foreechj {1, ,m} |let

u(x) = nl‘?{ by (x) Bet(;()}: if I7(x) 2 @,
i +J if IjP(X) -
>. )
U'N(X) — in?Nai(x){- hj(X) Ba:()):)}, if |JN(X) z g,
| | if '(x) = @
and
1, - N _ y
u'(x) =\ 2 (uw () +uy(x), ifx D, W

undefined , el sewhere.
Foreechi {1, ,q} ,demote
B ={x R"[B/(x =0}.

The following result gives a suficient condition for the exigence of smultaneoudy dobaly asynptoticaly
dahilizing date feedback ocontroller for a oollection of multi-input &fine ronlinear sygems. It extends the
corregponding result in Ref. [1].

Theorem 3.1 ondder the oollection of &fine nonlinear sysems (6) . If there exists a oollection of A_Fs
Vi(x) ,i=1, ,q,sidyingthe srdll control property ,such that for dl j {1, ,m} ,andforadl x D', the
following condiitions are satigied.

&) ma(x){ by () L?J(f)l} < mp){ by (%) Bﬂ(—j)l} . (12)

@F i 1/(x) thenx Bi(Gi.e.,i nZi17(x).

QFrd i {1, ,q
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lim b () =0 (13)
where X BF.
Then there exigs a continuous gate feedback control lav p(x) = (p(x) ,  ,pn (X)) with
p(x), if x D,

P

p(x), if x D,
N . N (14)
p(x), if x D,

p(x), if x D',
which smultaneoudy dobally asynptoticaly sabilizes the collection of &fine nonlinear sysems (6)
where p(x) =0,

p(x) =

mnp (). i P 2 O,
p(x) =7 "% . p _
unddined, T (X0 = G,
max (), N 2 @
p(x) =7 "% . N _
undefined , if 17 (0 = &,
and
"ix = min(p (x) mex(p’ (x) 4" (x))), if x D,
. undefined , el sawhere.

Prod  We prove this theoremin two seps. Firg we show the feedback control lawv u = p(x) smultaneoudy
gabilizes the oollection of &fine nonlinear sysems (6) . That is,to show the following inequdities

a(X)+_Zhj(X)Q(X)<0, Vx  R\{0},Vi {1, ,q (15)

hold. Second we show the continuity of the vector function p(x) .

A. Smultaneous gabilization

F x D7\ {0} ,foreechj {1, ,m}, thenp(x) =p (x) =0,b(x) =0, Vi {1, ,q}.
D bi(x)p(x) =0, Vi {1, ,q,.

f x Df foreechj {1, ,m} thenp(x)=p (x) = rrin)p,-(x).

.
I I (X
 (

(MK i 17(x) then b (x) >0,9 b (x) p(x) < b (x) p (%) < - bﬁ(x)[%.

(@ i 17 (x) then b (x) =0,9 b (x) p(x) =0.
.f x D foreechj {1, ,m} thenp(x) =p (x) = max p;(X).

i IjN(x)

DF i 1;'(x) then b (x) <0,0 by (%) p(x) <b(x)p(x) < - bfj(X)[%.

2 f i I,-Z(x) then b (x) =0,9 b;(x) p(x) =0.
.f x D foreechj {1, ,m}.then p(x) =p"(x).
Note that for al x D' the inequdity (12) holds that is

; hj(x)ﬁ—i)l <- m(x)p%(—)x‘)l,w (%) and Yk 1P (%).

Acoording to the definition of p' (x) ,obvioudy ,the inequality

a (x) v . a (x)
in??z(x){' blj(X)Bi(X)} <p (x) < mpn){' hj(X)Bi(X)}

i Ij(x
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holds. Then

(1)nj(x)n(x)<-b?j(x)[%, Vi 1f(x).

(2)nj(x)g(x)<-b?j(x)§“—i'((—’x‘)l, Vi 1M(x).

Furthernore ,rote that by (x) p(x) =0, Vi 17(x).Hence foreachj {1, ,m} we have
(DK x D\ {0} then by (x) p(x) =0, Vi {1, ,q}.
(Z)tfx DjP

N M

D, D .then
b ()R < B0 Vi (1, @ E(,
by () p(x) =0 fordl i 17(x).
Therefore for any gven x R"\ {0} ,according to (8) we have
(1) f x ﬂjril Djz ,then

a() + Sb(x)p(x) =alx) <0, Vi {1, .q.

)

(2) f there exits at leag aj {1, ,m} suchtha x €D/ then x D
J={j {1, .m|x b D D%,
Additiondly ,,ote that Vj {1, ,m}\ J,b;j(x) =0,b;(x) p(x) =0, Vi {1, ,q}.Therefore

() + FHOIR <aln+y - bﬁ(x)ﬁ% =0, Vi

N

D D;'.Demote

{1! vq}\ mi Jljz(x)-

a(x) + _zbj(x)p(x) = a(x) <0,Vi nj 17 (x.
Summarizing the above we see that for any gve x  R"\ {0}

a() + Sb(x)px) <0, Vi {1, .q.

Therefore ,the feedback control lawv u = p(x) smultaneoudy dobally asynptoticaly sabilizes the collection of dfine
ronlinear sysems (6) .
B. Qontinuity of vector function p( x)

To prove the continuity of vector function p(x) it isemoughto sow p(x) ,j = 1, , m the components of
p(x) ,are continuous. The proof of the continuity of p(x) ,j = 1, ,m,isdmilartotha in Ref. [1].

Acoording to Theorem 2.3 for each i {1, ,q} ,thefunction p;(x) ,j=1, ,m,are continwous if the
QF Vi (x) for the dfine ronlinear sysem (6) stidies the smal control property ,9 with (8) and (14) ,it is
erough to prove the continuity of p (x) ,j=1, ,mon the boundary between the sst{ x R"| b; (x) =0} and
thesst {x R"| bj(x) #0} (for ech i {1, ,q}.For convenience ,we prove P (x) ,j =1, ,m,are
continwous in the interior of D ,D; ,D; ,D}" ,and on the boundaries between them.

Firg we sow p(x) ,j=1, ,m,are continousin the interior of D ,D , D} ,D}".

For j=1, ,m obvioudy,p (x) =0 isoontinuousin the interior of Df.Snceforeach i {1, ,q} the
function p; (x) iscontinous, p; (x) iscontinousin the interior of D ,and p' (x) is continwousin the interior of
D;'. In the following we prove p' (x) is continuous in the interior of D'.Let D" ={x D'| b;(x) >0} for
eechi IJ(x).Forany x Dj' onthe boundary of Dj" (i.e. ,b; (x) =0) ,take a sequence of vector { x}
D" ,suchthat x. —x ,as k -+ o.9nce x D", @ I/ (X) # @ thenthere eigsan | # i suchthat b; (x) >0
for sufficient large k. 9nce i I (X) ,according to the Gondition 2,x B (i.e. ,i NnZ.17(X)) ;then a (x)
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<O for suficient large k ,and with (13) - b; (xk)Ba'J(%)l S+ 00 as X -X. D
i k

kll[n“ u () = kll[n” i r?(r:k){ - B (x) %} ) k””r*.n” i |ip(xk)n\i ?i”;lljz(;){ - B0 %}

. g (;) P
iﬁ:Pf(T;){- by (X) m} =y (X)
Thisinplies u” (x) is continuwuson the boundary ,contained in D}' ,of D" . Smilarly , u' (x) is continuwuson the
boundary ,contained in D' of Di" ={x D}'| bj(x) <0} foreach i I} (x).Hence u'(x) is continwousin
the interior of D} ,and P (x) is continwous in the interior of D]".

Next we prove p (x) ,j=1, ,m are continuouson the boundaries between D ,D/ , D}’ ,D}".

(1) For any x D/ on the boundary between D and D (i.e. ,b; (x) =Ofordl i {1, ,q}) take a sequence

o vector { x} Dj ,suchtha x, —X,as k -+ . Then

limp (%) = lim mn p(x) =0=p(x). (16)

i Ij (xk)

Thisinplies p (x) is continuous on the boundary between D" and D/".

(2) Smilarly , p (x) is continuus on the boundary between D;' and D .

(3)For any x  Df on the boundary between D7 and D} (i.e. ,b;(X) =0, Vi {1, .q ) takea sequenceof
vector{ x} D' ,suchthat x, —x,as k -+ co. Then

lim g' (%) = limmin(p’ (x) max(p] (%) ,u" (%))

min(0,max(0, lim ' (x))) =0 = § (9. (17)
Thisinplies p (x) is continuous on the boundary between D;" and Dy .

(4) For any x D on the boundary between D and D} (i.e. ,b;(X) =0, Vi {1, ,q}) ,akea sequencedf
vector { x} D! ,suchtha x —x,as k -+ ®.9nce x D ,17(X) 20and I!' (X) = &. Then with (13) we
have

o = n!n{ by (%) ﬁ%%} isfiniteas k -+ o, (18)
NCY i\ A

A = & 0 00
u (x) = inﬁfk){' by (%) Bi(xk)} —- as k -+ oo,

D u'(x) —- o as k -+ co. Therefore,

lim p' (%) = Jimmin(g' (x) max(p” () ,u' (%))

min(0,max(lim g’ (x) , - ®)) = lim g’ (x) = (9.
Thisinplies p (x) is continwus on the boundary between D;" and D/.
(5) For any X D; onthe boundary of D} (i.e. ,b;(X) <O, Vi {1, ,q}) ,take a sequence of vector { x,}
D' ,suchthat x —»x ,as k -+ ©.9nce x D; ,I] () = @and I} (x) # @. Then with (13) we have
a (%)

u'(x) = ir?‘e:fk) - blj(Xk)Bi(Xk) isfinite as k -+ o, (19)

and

u (%) = n;in{— by (%) ﬁ%} ~+ o as k -+ o,
i |J (Xk) i k

D u'(x) -+ o as k »+ oo, Therdore,
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lim p' (%) = Jimmin(g' (x) max(p” () ,u' (%))

min(lim g’ (x) max(0, + ©)) = lim p'(x) = B ().
Thisinplies p (x) is continuous on the boundary between D;" and D;'.

(6) Acoording to the definition ,the boundary between D; and D;' belongsto D/ . It has been proved that p (x) is
continwus in both D D and D' D/ , it must be continuous on the boundary between D and Dj'.

(7) Acoording to equation (16) and equation (17) for any X D/ belongs to the boundary between D/ , D and
D" ,p (x) is continuous & X. This inplies p (x) is continuous on the boundary between D, Df and D}'.
Smilarly, p (x) is continwous on the boundary between D]’ , Df and D' ,and continwus on the boundary
between D, D and D]'. Note that boundary between D, D' and D' belongs to D.'. 9nce p (x) is
continwus in both D D D'and D D’ Dj' it mugt be continwus on the boundary between D , D}
and D;'. Therefore ,it is a9 oontinuous on the boundary between D , D} ,D/ and D}".

Thus ,the prodf is conpleted.

Remark 3.2 Assume the Gonditions (2) and (3) of Theorem 3. 1 are regectively replaced by

2" I (x) = @ (20)

(@) Fordl i {1, ,q

. i (X

le [r;];uj(—x%

<+ o (21)

where X B7.
Then the feedback control law p(x) can ao Smultaneoudy gobaly asynptoticaly gahilize the collection of the
systems (6) . In fact ,if the Gondition (2)’ holds then p" is obvioudy continwous in the interior of D;' ,and if the
Qondition (3)' holds then equation (18) and equation (19) are ill vdid.

4 An illugrative example

Gond der the following three dfine nonlinear sysems:

X1 = X1 X2,
S
X2 == X2 - U - U.
X1 - X - 2x% (4 +36) F XU + XU,
S o4
Xo = XoUp + X2 Up.
Xl =- X1 X2,
S 9L
Xo =- Xo - U - U.
— T _l 2 2y 2
Let x = [x %] ,and take Vi(x) = Slx+ (e +x)7],
1
R 2y 2
Vi(x) = 2[X1+(X2' Xi) ].
Then Vi(¥) s == % +2X% (% +X) - (e +x)u - (% +X) b,
Va(X) |s, == % - 2% (6 + %) + (X +30) w + (4 + %) w,
Vs(X) s, == % +2%% (% - %) - (- ) u- (k- X) .

Take u; = U, = X X, ,then
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Vi(x) |s <0,Vo(X) |s, <0,andVs(x) |s, <0,Vx R\ {0},
D Vi (%) ,V2(x) ,and Vs (x) are Q_Fsforthe S; ,S; and S; repectively. Let

a(x) =- % +2X % (% + X5),

(X)) =- X - 2% %08 + x) ,

a(x) =- % +2xx(x - X),
andfor j = 1,2 by (x) =- (x + X) ,

by (x) = Xi + %,

by (X) =- (% - X).

TakeB (x) = 15 (x) + b (x) ,i=1,2,3.9nce lim spﬂ%:o,i =123,
xll -0 i(x

Vi (x) ,Vo(x) and Vs (x) satidy the small control property. Thenfor j=1,2,
D) ={x R|x =0,andx, =0},

D ={x FR| x <- x,ndx #0},
D' = @,
D' ={x R x >- x}.
Denote D' ={x R | x > X},
D> ={x R |- % <x < x},

Ds = {«x R2|x2:xf},
then D> D2 D)5 =D (j=1,2).Moreover,
(Dif x D} then If(x) ={2} ,and I'(x) ={1,3};
(2)if x D2 then 17 (x) ={2,3} ,and I{' (x) ={1} :
(d)if x D} then 17 (x) ={2} ,11'(x) ={1} , and I (x) ={3}.
For j=1,2,if x D* D2 D then

2 (x) { m] | %
B I B Y %) e (R
oot [ o #] -4 25 e

Summarizing the above for j=1,2 ,andal x D;' ,Gondition (1) of Theorem 3.1 ,i.e. the inequality (12)
holds Obvioudy ,for x  Ds ,we have 3 I/ (x) ,x P3,® the Gondtion (2) of Theorem 3.2 holds.
Additiondly , It is easy to see that the Qondition (3) of Theorem 3.1 d holds. Let

a(x) + Jai(x) +Bi(x) if % #- %,

d(a(x) Bi(x) = B.(x) it = -
O, 2 1
a(x) + h,a%(x) +I3‘2‘(x) if xz0
#(a(x) B2(x) = B2(x) ’ |fx:0,
0 ,
a(X) + J&(X) +B3(N i x, 2 £,
#(as(x) Bs(x) = Bs(x) ’ o = o
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- by (x) (& i , if x#0,
o 12123121206 500 :{ % (3 #(a () Bi(9) it x
0, if x =0.
For j=1,2, %t p'(x) =0,if x=0,
min(py (%) ,p () ,ps (x),  if % <- X,
. min(py; (x) ,ps (X)), if - % < % <X,
p(x) = )
i (X) if o =2 xt,and x #0,
undefined , if x =0,
max(py (X) ,ps (), If % > X,
p(x) =9 py(x), if - X <x<x,adx#0,
undefined , if x <- xi,
") min(p', () max(pf () ,u'(x)), if x >- x,
X) =
R undefined , if o <- X,
where B}
1 a (x) a (x) as (x) .
2| " ™B.(x ”’B’{' B0 bSJ‘BS(x)H x>
| . 2 (%) & (x) Ca(x) if- X < % < X,
u'(x) = 2;“{ bz‘Bz(X)’ b3‘l33(X)} b“Bl(X)J’
1 a (x) a (x) if 2 = ,andx 0,
Sl - bip oy - ba
2 Bl(X) BZ(X) it % <- Xi.
undefined ,

Therefore ,according to Theorem 3. 1 ,there exigs a continuous feedback control lav p(x) = (p. (x) ,p2 (X)) with
|qz(x) , if x=0,
p(x) = gp(x) ,if x, - X and x £ 0,
pl(x), if xe >- %X,
smultaneoudy gobdly asynptoticaly gabilizes the sygems S, ,S; ,and S;.
Remark 3.3 I we jus condder Smultaneous dabilization for sysems S; and S, it is easy to see that =ts
D’ ,Df , D] are the same as the above ,and for dl x D' ,onditions (1) , (2)' ,and (3)' are satified. D
acoording to Remark 3.2, there exiss a oontinwus feedback control lawv, which smultaneoudy dlobally
asynptoticdly dabilizesthe sygems S, ,and S;.
Infact for j=1,2 et

mn(py (%) ,p (%), if 2 <- X,
B () =9 py(X), if 2 >- % ,and x # 0,
undefined , x =0,
py (%), if % >- X,
p'JN(X) = J . . 2
undefined , if X0 <- X1,

e :{n*inw,-“(x) (87 () E (), x>

undefined , if % <- %,

L 2 () a (x) . 2
U'JM(X) = 2[_ blj(X)Bl(X) - b2j(X) BZ(X)J s if Xo > X1,

. o
undefined , if % <- X.
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Acoording to Remark 3. 2 there exigs a continuous feedback control lav g (x) = (P 1(x) ,p2(x)) with

p(x, if x=0,
gi(x) = B (%), if 2 <- x,and x # 0,
pr(x),  if e > X,

smultaneoudy gobdly asymptoticaly gabilizes the sysems S; and S, .

5 Conclusion

The paper consdered the problem of smultaneous stabilization for a collection of multi-input &fine nonlinear

gysems. Qificient conditions for the exigence of the controller have been obtained ,and a feedback controller has
been dedgned. An illudrative exarmple was included to denondrate the desgn procedure.
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