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CONSTRUCTIVE STABILIZATION
OF QUADRATIC-INPUT NONLINEAR SYSTEMS
WITH BOUNDED CONTROLS

JIANGHUA ZHONG, DAIZHAN CHENG, and XIAOMING HU

ABSTRACT. In this paper, the stabilization of quadratic-input nonlin-
ear systems with bounded controls is considered. According to the
type of quadratic-input forms, two cases, namely, positive definite
and positive semi-definite, are considered. For the case of positive
definiteness, a universal formula for bounded stabilizers is given via
a known Lyapunov control function. For the case of positive semi-
definiteness, a constructive parametrization of bounded stabilizers is
proposed under the assumption that there exists a known Lyapunov
control function with respect to a smaller control set than the admis-
sible control set.

1. INTRODUCTION

In this paper, we consider the following quadratic-input nonlinear system:

&= f(x)+ Zgi(x)m F DN iy ()i, sy (1.1)

i1=1i2=1

where © € R” is the state,
ue€ B(L)={ucR™ | ||lul®?=u?+ud+ - +u> <L}

is the control input, and f, g, and h;; are smooth vector fields with f(0) = 0.

Since the concept of Lyapunov control function was first introduced
by Arstein [1], many results have been obtained for the stabilization of
nonlinear control systems using the Lyapunov control function approach,
e.g., [2,5-7,9-12]. Among them, Moulay and Perruquetti gave a formula
for the continuous stabilizers for system (1.1) in the single-input case via a
known Lyapunov control function [7]. Lin constructed a bounded smooth
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stabilizer for system (1.1) with unbounded controls under one of the as-
sumptions that the unforced system is stable (the asymptotic stability is
not necessary; [3,4]). The authors’ recent paper [12] proposed a con-
structive parametrization of continuous stabilizers for system (1.1) with
unbounded controls using Lyapunov control function approach. Suérez et
al. constructed a one-parameter family of bounded continuous stabilizers
for affine nonlinear control systems with controls taking values in compact
convex sets via a known Lyapunov control function [10]. Under the as-
sumption that an appropriate Lyapunov control function is known, Lin and
Sontag gave a universal formula for the bounded continuous stabilizers for
affine nonlinear control systems with controls taking values in the Euclidean
unit ball [5], based on Sontag’s formula for continuous stabilizers [9]. Mal-
isoff and Sontag extended Lin and Sontag’s result to the Minkowski unit
ball [6]. Later, Sudrez et al. generalized Malisoff and Sontag’s result to
a large class of sets of control values [11]. Motivated by these works, this
paper considers the stabilization of quadratic-input nonlinear systems with
controls taking values from a bounded Euclidean ball. According to the
type of quadratic-input forms, two cases, namely, positive definite and pos-
itive semi-definite, are considered. For the first case, a universal formula for
bounded continuous stabilizers is obtained via the known Lyapunov control
function. For the second case, a constructive parametrization of bounded
continuous stabilizers is proposed under the assumption that there exists a
known Lyapunov control function with respect to a smaller control set than
the admissible control set.

The paper is organized as follows. Section 2 presents some preliminar-
ies. Section 3 gives a universal formula for bounded continuous stabiliz-
ers for the case of positive definiteness. Section 4 investigates the feasible
set of bounded continuous stabilizing controls for the case of positive semi-
definiteness. Section 5 provides a detailed bounded control design procedure
for the case of positive semi-definiteness. Section 6 gives some illustrative
examples. Section 7 is the conclusion.

2. PRELIMINARIES

In this section, we recall some basic definitions and facts concerning Lya-
punov control functions. We also give preliminary notation and results for
system (1.1).

Consider a nonaffine nonlinear control system

= f(x,u), (2.1)
where x € R" is the state, u € U C R™ is the control input, and f is the
smooth vector field such that f(0,0) = 0.

Definition 2.1 (see [1,7]). A smooth, proper, and positive definite
function V' is a control Lyapunov function (LCF) for system (2.1) if for
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any z € R™\ {0}
2%
inf < — f(xz,u) y <O0. 2.2
{Ger] (22)

uelU
Definition 2.2 (see [1,7]). A LCF V for system (2.1) is said to satisfy
the small control property if for each € > 0, there exists § > 0 such that if
x # 0 satisfies ||z|| < 4, then there exists some u such that ||u|| < € and
ov
—f(z,u) <O0. 2.3
S (23)
From the above definition, one can see that the small control property
assures the existence of a stabilizing control w which is continuous at the
origin and such that «(0) = 0.
However, the construction of a bounded continuous stabilizer is, in gen-
eral, highly nontrivial, except for the affine control case.
We consider an affine nonlinear control system

i = f()+ g(@)u, (2.4)

where x € R™ is the state, u € B(r) is the control input, and f and g =
(915 --,9m) are smooth vector fields, where f(0) = 0.
For system (2.4), inequality (2.2) is reduced to

inf 8_V
weB(r) | Ox

Vv oV ,
a(z) == 9 (z), bi(z):= %Qi(z)v i=1...,m.

fla)+>° gi(x)ui] } <0. (2.5)
=1

‘We denote

We set
b(x) := [by(2),b2(x), ..., bm(z)]".
Then it is easy to see that inequality (2.5) is equivalent to the following
expression:
b(x) =0 = a(x) <0 Vx #£0. (2.6)
We denote

Y a(z) + az(w)+||5(w)ll46 ox

k) = 1B(2) 1201 + /1 + [b(2)[12) 27)

0, if b(z) = 0,

where b(z) = \/7b(x).
The following result is from [5] with a slight modification.
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Proposition 2.3. Assume that 'V is a Lyapunov control function of sys-
tem (2.4). Then k(zx) is smooth everywhere except for the origin, takes val-
ues in B(r), and is continuous at the origin if the LCFV satisfies the small
control property. Moreover, the control law u = k(z) globally asymptotically
stabilizes system (2.4).

Consider system (1.1). Denote by A ; () the ith component of h; g, (z),
and for each i € {1,...,n}, let

i hia(2) 4 hyy (2) Wi (@) + hipyy () ]
hyy () e 5
hﬁz x —l—hél T i h%m T —|—h§,12 x
NN [ CE 1 Y. W ESHED
()+h()hnm($)+h§n(m) .............. e

Then
Z Z ivio (T)us, usy = [u' Ry(2)u, u? Ry(2)u, ..., u” Ry (x)u]”.

Assume that V' is a smooth, proper, and positive definite function. Then
the time derivative of V' along the trajectories of system (1.1) is

. ov ov
Vi = f( )+ 52 g(x)u+ %[UTRl (z)u,u’ Ry(x)u, ..., ul R, (z)u]”
- Z—Zf(m) + Z—ngu #3 (gt

L
ov ov
= g @)+ el <Zaxz )
We denote
oV v g oV
a(z) = o f(x), blz) = (% (x)) . R(z):= ; 3e; R;(x).
Then R(z) is symmetric and
V\(M) =a(z) + b7 (z)u + uT R(z)u. (2.8)

We denote
F(z,u) = a(z) + b" (2)u + u” R(z)u.

Under the assumption that V is a LCF for system (1.1), it has been
pointed out in [7] that one of sufficient conditions of the existence of a
continuous stabilizer is that F'(z,u) is convex with respect to u for all z €
R™\{0} (i.e., R(x) is positive semi-definite except for the origin [12]). In the
rest of this paper, we first discuss the case where R(z) is positive definite
except for the origin, and then the case where R(z) is positive semi-definite.
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3. UNIVERSAL FORMULA FOR BOUNDED STABILIZATION

In this section, we give a universal formula for the bounded continuous
stabilizers of system (1.1) via a known Lyapunov control function for the
case R(x) > 0 for all  # 0, i.e., the case where R(x) is positive definite
everywhere except for the origin.

Lemma 3.1 (see [2]). Assume that A is a symmelric, positive definite
matriz. Then the set of solutions of the quadratic inequality

ETAc+dT¢ + e <0,
where £ € R™, is nonempty if and only if

1
ZdTA-ld —c>0,

and the set of solutions is given by

€= 7%A*1d+A*%y idTAfldfc, (3.1)

where v satisfies ||v|| < 1.
Using this lemma, we can obtain the following result.

Theorem 3.2. Assume that V is a LCF for system (1.1) and that
R(x) > 0 for all z # 0. Then a stabilizer ug = ug(z) of system (1.1)
such that ug(0) = 0 can be expressed as follows:

1 L 1/2
z)=—3 VLR ()] R~Y(2)b(z) (3.2)
VL|RY?(x)| + \/ibT(x)R‘l(SU)b(w) —a(z)

for all x # 0, and it takes values in B(L) and is continuous in R™ \ {0}.
Moreover, if the LCE'V for system (1.1) satisfies the small control property,
then ug(x) is continuous in R™.

Proof. Since V is a LCF for system (1.1), there exists ug € B(L) such that
a(x) + b7 (x)uo + ul R(z)ug <0 Va #0, (3.3)

ie.,

IR 2+ 5@l <\ @R @) —ate) ¥ 0

Note that

|2 + 3R | = SR @] 17 )l

and
IR (x)uoll < |RY?(@)| [luoll < VLIRY?(x)|.
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Then

LIE- @@l < VIRV @)+ ) @R @b —at@) (30
for all z # 0. In (3.1), we set
LR~ (2)b(a)
v=v(z)= (3.5)
VIRV @) 4+ /37 (@) R (@)b(z) — ala)

for all  # 0. In terms of (3.4), v(z) in (3.5) satisfies |v(x)| < 1 for all
x # 0. By Lemma 3.1, solving inequality (3.3) yields

1 VL||R"?(z)|

ug = up(x) = —= R~ (x)b()
L VLR + 1T @R (@)ba) — ae)
for all z # 0. For any 2 € R\ {0}, let v = RY/?(x)ug. Then
v 1 VL|RY2(z)| Rié(x)b(x)

2VLIRY2(@)] + /3 @) R (@)b(e) — ale)

for all  # 0. From (3.4), it is easy to see that ||v| < VL|RY?(z)| for
all © # 0. Therefore, for any € R™\{0}, there exists w € R™ satisfying
|@(z)|| < 1 such that v = VLRY?(z)w. In turn, ug = R~2(z)v = VLw
for all 2 # 0. Hence, |lu|| < /L for all z # 0. This completes the proof. [

4. FEASIBLE SET OF BOUNDED CONTROLS

In this section, we give a feasible set of bounded continuous stabilizers
under certain assumptions for the case of positive semi-definiteness. To
assure that the obtained stabilizer v € B(L), we assume the following.

A1. There exists a smooth, proper, and positive definite function V' such
that

uE}igI(lE/Q)[a(x) + 07 (2)u +ul R(z)u] <0V #0. (4.1)

It is easy to see that if assumption Al holds, then V is a LCF for system
(1.1). But the inverse may not be true. Thus, assumption Al is stronger
than the assumption that V is a LCF for system (1.1).

Under assumption Al, we define

x):= inf [a(z) + 0" (2)u + uT R(zx)u).
@)= _jnf (@) + 7 (@)u+ T R(a)

Then £(x) € [—00,0) for all z # 0, and £(0) = 0 since a(0) = 0, b(0) = 0,
and R(0) = 0. For any a < 0, we define truncated ¢ as follows:

§a () = max{¢(z), a}.
It is easy to see that if £(x) is continuous, then &, (z) is also a continuous
function.
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First, we need the following lemma.
Lemma 4.1. B(L/2) C [B(L/2) NIm(R(z))] + [B(L/2) N Im™(R(z))].

Proof. For any v € B(L/2) C R™, u = uy + up, where uy € Im(R(z)) and
up € Im* (R(z)). Note that ||u]? = |us||® + |up|/? and ||u||? < L/2. Then
|lur||* < L/2 and ||up||* < L/2. The lemma is proved. O

Now, for each fixed x, we decompose u as follows:
u(x) = ur(z) + up(z), (4.2)
where
ur(z) € Im(R(z)), wup(x) € Im™(R(x)).
Then
a(x) + b7 (x)u 4+ uT R(z)u = a(x) + b7 (x)ur + b7 (x)up + uF R(z)us. (4.3)
Under assumption Al, we also define

= inf pT T Ruy). 4.4
n(x) u,eB@/lz?mm(R(z))[“(xH (z)ur +uy Ruy] (4.4)

Note that n(x) > —oco is a well-posed function.
We denote

D ={fe€Co(R"\{0}) | 0 < f(z) < 1)},

ie., D is the set of continuous functions in R™\{0} with values in (0, 1).
Choosing any o < 0 and any p(xz) € D, we have

inf pT TR
et /2)[a(x)+ (z)u +u” R(x)u]

2 inf [a(@) + b7 (x)ur + uf R(z)ur —n(z) + p(w)€a(z)]

~ w;€B(L/2)NIm(R(x))
inf z) — p(x)éa(x) + b7 (z)up]. (4.5
uPEB(L/2)mImL(R($))[n( ) — w(@)éa(z) (x)up]. (4.5)

For the first term of the right hand side of (4.5), we have

inf a(z) + b7 (2)u; + uF R(x)ur — n(z) + w(z)éy(z

oem B lafa) b (@) af RO — () + (o))
= p(x)a(z) <0 VYo #£0. (4.6)

For the second term, we have

inf [(2) = p(z)éa(z) + 0" (z)up] < &(2) - p(z)éa(@)
up€B(L/2)NIm* (R(z))
<(1—p(x)a(r) <0 Vz#0. (4.7)

Next, we can construct bounded continuous controls u; and up sepa-
rately. Then u = u; + up is a feasible bounded control.
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We set
ar(z) = a(z) —n(z) + p(@)éa(),
ag(z) = n(x) — p(r)éa ().
From inequalities (4.6) and (4.7) we obtain the following result.

Lemma 4.2. Assume that assumption Al holds. Then there exist uy €
B(L/2) NIm(R(z)) and up € B(L/2) NIm™*(R(z)) such that

ay(x) + b7 (2)ur + uF R(x)u; <0 Vo #0 (4.8)

and
az(x) + b7 (x)up <0 VYV #0. (4.9)

Remark. This lemma yields that as long as
inf +b (2)u+u"R <0 Vz#0, 4.10
it fala) 7 (@u+ TR <0 Va £ (4.10)
we have

+b" +uj R <0 Vr#0 (411
s o) + 6 @+ uf R <0 Vo A0 (41)

and

inf as(z) + bT (z)up] <0 Yz #0. 4.192
uPEB(L/Q)mmL(R(w))[ 2(w) (z)up] # (4.12)

To construct u(z), we also need the following lemma.

Lemma 4.3. If ur(z) € B(L/2) N Im(R(x)) is a continuous (except
possibly for the origin) control satisfying inequality (4.8) and up(z) €
B(L/2)NIm™(R(x)) is a continuous (except possibly for the origin) control
satisfying inequality (4.9), then u(x) = ur(z) + up(x) is also continuous
(except possibly for the origin) and satisfies ||u| < /L and

a(z) + b7 (x)u(z) + u(x) T R(z)u(z) <0 VY #0. (4.13)

Proof. The continuity and boundedness of w are obvious. Therefore, it
suffices to prove inequality (4.13):

a(x) 4+ b7 (z)u(z) + u(z)” R(z)u(x)
= a(x) + b(z)(ur +up) + (ur +up)? R(us +up)
a(x) + b7 (x)ur + b* (x)up + uf Ruy
= [a(z) +b" (2)ur + uf Rup — (@) + p(z)éa(z)]
+ (@) — p(@)éa (@) + 0" (z)up]
= [a1(2) + b7 (2)ur + uf Rug] + [a2(z) + T (z)up] <0 Vz #£0.
The proof is complete. O
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Finally, under assumption Al, we construct three feasible sets as follows:
oo = {ul(x) € B(L/2) NIm(R(z)) ‘

ay(z) + b7 (x)ur () + ut (x)R(z)ur(x) < 0 Vo # 0; ur(0) = 0},

v — {up(x) € B(L/2) NIm* (R(z)) ‘

as(z) + b7 (x)up(x) < 0 Vo #0; up(0) = 0},

- {u(x) € B(L) ’
a(x) 4+ b7 (z)u(z) + u” (z)R(z)u(x) < 0 Vo # 0; u(0) = O}.

Based on the above arguments, after some tedious but straightforward
calculations that are omitted here, we obtain the first main result in the
following theorem. It provides a complete parametrized expression of the
feasible set of u, from which the bounded continuous stabilizing controls
can be constructed.

Theorem 4.4. Assume the Al holds. Then the feasible set of bounded
stabilizing controls u for system (1.1) is as follows:

o=y U {’LL:UI(Z‘)-f—UP(x) ur(z) € 3%, up(x) expg}. (4.14)

Proof. Note that the choices of the parameters « and u(x) are independent.
According to Lemmas 4.2 and 4.3, ® is composed of double inclusions. [

5. BOUNDED CONTINUOUS CONTROL DESIGN

In this section, we construct bounded continuous u;(z) from inequality
(4.11) and bounded continuous up(x) from inequality (4.12) in the case of
R(z) >0, i.e., the case where R(z) is positive semi-definite. We assume the
following.

A2. R(z) > 0.

For the sake of presentation ease, we also tentatively assume the follow-
ing.

A3.

1. For any a < 0, {,(z) is continuous in R™ \ {0};

2. n(z) is continuous in R™ \ {0}.

First, we consider inequality (4.11). Under assumption A2, it is similar
to the case where R(z) > 0 for all x # 0 discussed in Sec. 3. However,
due to the restriction on uj, certain further investigation is needed. In the
sequel, we denote by A1 the pseudo-inverse of A (see [8]).
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The following is an easily verifiable result.

Lemma 5.1 (see [12]). Let A be a symmetric (n X n)-matriz, u € R™,
and v = Au. Then u = ATv if and only if u € Im(A).

We need one more assumption in order to construct continuous controls.

A4. (RY?)*(z) is continuous in R™\{0}.

Note that if we want u; and up to be continuous, then the assumptions
in A3 become necessary. First, we should show that assumptions in A3 are
reasonable. First, we give the following result.

Lemma 5.2. Assume that Al and A2 hold and that ur € Im(R(z)). Let
v = RY?(z)u;. Then

L L
lurll < /5 = llvl < /5 IR2(@)].

L
loll < I1RY2 (@)l lurll < \/;IIRl/z(x)IL

Sufficiency.  Note that [[v|| < +/L/2||R'?(z)| if and only if v =
V/L/2RY?(z)w for some w € R™ satisfying [|w| < 1. Then along with
Lemma 5.1, uy = \/L/2(RY?)* (z)RY?(z)w. Since ||[(RY?)* (z)R?(z)| <
1 for all x € R™,

Jur| < @|<Rl/2>+<x>w<x>|| wl| < \/g

The lemma is proved. O

Proof. Necessity.

Now we want to show that assumption A4 is a sufficient condition for
Assumption A3.

Lemma 5.3. If assumptions Al, A2, and A4 hold, then n(x) and &(x)
are continuous in R™\ {0}.

Proof. Recall that

T) = inf
77( ) ur€B(L/2)NIm(R(x))

We set v = R'/?(x)u;. Then by Lemma 5.1, uy = (RY/?)*(z)v. Hence

[a(z) + 0T (x)ur + uF R(zx)uy]. (5.1)

a(x) + b7 (z)ur + uF R(x)u;
= a(z) + b7 (z)(RY*) T (z)v + v v

= ot 3@ @) [o+ (B @ota)

+q@—iwumﬂ@wm (5.2)
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On the other hand, by Lemma 5.2,

L
loll < \/;IIR”Z(Z‘)

Therefore,
1. if
II(RU2 z)|| < \/7||Rl/2
then )
n(@) = a(w) = ;6" () R* (2)b(w);
2. if
II(Rl/2 )|l > \/7||R1/2 J[p
then

n(w) = |a(@) + b7 (@) (R * (@) + v

= JIR1/2(p) BT (@)b(@)
v=—VERY (@) IR F ()bl

= a(z) — \/ZbT(JC)(Rlﬂ)-F(x)b(m) n L bT(l‘)(R1/2)+($)R1/2(J})b(:p)-

IR F@p@)] 2 (B2 (2)b(a)|?

Summarizing the above, we have

a(e) — BT @R (@)

it SI(RY)* ()bl ||<\fIIR”2
LT (x)(RY2)+ (2)b(x)

n(z) = ‘L(‘”)‘\/g [(RY/2)* (a)b()||

Lb"(a)(R?)* (2)RY?(2)b(x)

2 [(RY/2)* (x)b(x)|1?

1
if SRV (@)b()l| >/ 5 R 2(a)

Hence it is easy to see that if (R'/?)%(z) is continuous in R™\{0}, then so

is n(x).
Next, we consider £(x). Note that
= inf b" TR(x)u). 5.3
€)= _inf _fa(o) + V7 (0)u+ " Rla)u (53)

According to the proof of Lemma 4.1, for any v € B(L/2), u = us + up,
where u; € B(L/2) NIm(R(x)), up € B(L/2) NTm™(R(x)). Therefore,

F(z,u) = a(z) + b7 (z)u + u” R(z)u
= a(x) + T (2)us + uf R(x)ur + b7 (z)up
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Represent b(z) as
b(x) = br(x) + bp(z),

where b; € Im(R(z)) and bp € Im™(R(z)). Let v = RY?(z)u;. Then
by Lemma 5.1, uy = (RY?)*(2)v. We set u; = (|jul|cosf)e; and up =
(|lu|| sin @) ep, where 8 is the angle between v and u; and |les|| = |le,|| = 1.
Hence

F(x,u) = a(z) + b7 (x)u + u” R(z)u
= a(z) + b7 (2)(RY*)F (x)v + vTv + (OF (x) + b (2))up
= [ 3@ @) o+ (R @)

+a(z) — ibT(x)RJr(x)b(x) + b5 (2)up
2
- Hﬂlull cos O) R 2(w)er + 5 (V)" (2)b(a)

+ (||u|| sin O)bE (z)ep + a(z) — ibT(m)R+(x)b(x). (5.4)

In terms of (5.4), to make F'(x,u) minimum with respect to u, we should

have ||lu|]| = v/L/2. Note that 0 < # < 7/2. Then we have the following
results.

Case 1. If 6 =0 (i.e., up = 0) or bp(x )—O then §( )= (3:)

Case 2. If 0 = /2 (i.e., ur = 0), then £(x —L/2||bp(z

Case 3. If RT(z)b(z) = 0, then R(x)b ( ) RQ( JRT(z)b(z) = O and
bT (x)R(z)b(x) = 0. Therefore, b(z ) € Im (R(m)) In turn b (x)u; = 0.
Note that u;R(x)u; > 0. Then £(x —L/2||bp(x

Case 4. If RT (x)b(x) # 0, 0<0<7r/2 and bp(x )#O then to make
F(z,u) minimum with respect to u, we should have

er = =R (2)b(x)/[|IR* (@)b(x)ll, ep = —bp(x)/|bp(z)].

Hence the minimum of ¥’ (2, u) with respect to u is reduced to the minimum
of F(x,0) with respect to 6, where 0 < § < 7/2 and

g LT @R @)
Fle.0) = f R @b

T +
Lb”](%lf)(( ||2 29_\/>||bP )| sin 6 + a(x).
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Denote
o [P @R @)
(=) \f IRF@b()]
oy LU @R (@)b()
P =5) = S TR @)
- @nwu,
and
z=cosl, 0<60<m/2.
Then

F(z,2) = F(x,0) = —7(x)z + f(x)2? — v(2)V/1 — 22 4+ a(z),
where 7,8,y > 0 and 0 < z < 1. Hence the minimum of F(z,6) with
respect to 6 is reduced to that of F'(z, z) with respect to z. Obviously,

oF vz

;19

0z T 62+\/1—227
O°F ~y
—— =2 ——>0
022 B+ (1—-22)vV1—22

for all z € (0,1). Moreover, note that

F ) F
lim — =—-7<0, lim — = +o0.
2—0t 0z z—1- 0z

Therefore, we conclude that there exists a unique zg € (0, 1) such that

oF
0z

and that the minimum of F(z, z) with respect to z is F(x, zp). Solving
OF
0
0z

with respect to z is reduced to solving the equation

432 — 41323 + (12 — 4% + )22 +4rBz — 12 =0, (5.5)

which can be solved in the existing formulas. Therefore, &(z) = F(x, z),
where zq is the real solution of Eq. (5.5) taking values in (0,1).
Summarizing the above, we have

§(«) = min {?7(95), a(r) — \/Ellbp(x), F(I,Zo)}-

Hence if (RY/?)*(z) is continuous in R™\{0}, then so is 7(z). O
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We set v = RY?(z)u;. Note that Im(R'/?(z)) = Im(R(x)) and, there-
fore, according to Lemma 5.1,
ur = (RY?) T (z)v € Im(R(x)).
Moreover, for each u; € Im(R(x)), we can find v such that
ur = (RY*)* (x)v.
We denote

L
s = { ER™ | [[o]2 = 02 + 02+ 402, < 2||R1/2(x)||2};

then, along with Lemma 5.2, we can rewrite inequality (4.11) as follows:

irelg[al(x) + 0T (z)v + 0] <0 Vo #£0, (5.6)

where b(z) = (R'/2)*()b(x). Thus, the solutions of inequality (5.6) and the
solutions of inequality (4.11) are in a one-to-one correspondence v < uy =
(RY2)*(z)v. Now obtaining the parametrized formula of v(x) satisfying
inequality (5.6) is similar to the case of R(z) > 0 for all x # 0, which was
discussed in the previous section. Therefore, we have the following theorem.

Theorem 5.4. Assume that A1, A2, and A4 hold. Then a feasible con-
trol ur with ur(0) = 0 is given by

VEIR (@)
R (2)b(z) (5.7)

2[HRU2 )+ /307 (@) R (@0)b(a) — o (x)

)
for all © # 0, which takes values in B(L/2) and is continuous in R™\{0}.
Moreover, if the LCF'V for system (1.1) satisfies the small control property,
then uy(x) is continuous in R™.

ur(z) =

Proof. In terms of inequality (4.11), there exists uy € B(L/2) N Im(R(x))
such that

ay(x) + b7 (x)ur + uF R(x)ur <0 Va #0,

ie.,

HRl/Q(iU)'UJ 4 %(R1/2)+(:r,)b(x) < \/ibT(x)RJr(x)b(a:) —ay(x)

for all  # 0. Note that

and

R w)ur + (B2 @h(e)]| 2 IRV @@~ IR |

L
IR (@)ur|| < R (@) lluzll < \/;Rm(x)
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Then

1 1/2
SIRY2) @)p()]

< \/g IRY2 ()] + \/ @R @) —a@)  (58)

for all x # 0. On the other hand, since assumptions A1l and A2 hold, by the
previous arguments, inequality (5.6) holds. Hence there exists v € S such
that

ar(z) + 07 (x)v +0Tv <0 Yz #0.

By Lemma 3.1, solving the above inequality, we have

v = —%b(m) + V(x)\/ igT(a:)B(x) ~ ar(z)

SR @) + 1)y @R @) - (@), (59)
[lv(x)]| < 1 for all x # 0.

To assure that v € S, we choose
3 (RV2)F (2)b(x)

\fan/? )+ /307 () R+ @)b(e) — ai (2)

for all z # 0. From (5.8), we can see that v(z) of the form (5.10) satisfies
[lv(z)|l < 1, for all 2 # 0. Substituting (5.10) into (5.9), we have

\/7||R1/2
(RY2)* (2)b()
QHRW )+ /507 () RH @)b(e) = a (2)
(5.11)

for all z # 0. Since (5.8) holds, it is easy to verify that v of the form (5.11)
satisfies ||v|| < \/L/2||RY?(z)]|| for all z # 0. Then u; = (R'/?)*(z)v yields
(5.7). According to Lemma 5.2, |lurll < \/— 2 for all x # 0. This completes
the proof. O

(5.10)

V= —

Next, we deduce up from inequality (4.12). We will also relax the re-
striction on up.

Lemma 5.5. Let A be a symmetric (n X n)-matriz. Define
Py:=1,— AT A.
Then
Py :R" - R", x4+ Pz,
satisfies the following conditions:

1. Im(Pa) = I:(A);

m
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2. PA‘ImJ-(A) = identity.

Proof. 1. We show only that Tm(P4) C Im™(A). The “equality” follows
from the following proof of the second statement.

Let 2 € R", we have only to show that (Psz)TA = 0. Since A is
symmetric,

(Pax)TA=a2"(I - AAT)A = 2T[A - AATA] = 0.

2. Suppose that rank(A) = s. Then there exists an orthogonal (n x n)-
matrix P such that

PAPT = diag(\1,..., ),0,...,0),

where )\;, 1 = 1,..., s, are nonzero eigenvalues of A.

For any i € {1,..., s}, denote by &; the eigenvector of A corresponding to
A;. Hence for any y € Im(A), we have y € Span{¢y,...,&s}. Note that P&,
i=1,...,s, are eigenvectors of PAPT with respect to )\; and, therefore,
P¢; = k;d;, where §; is the ith column of I,,, k; # 0, ¢ = 1,...,s. Since
Py € Span{Pfla s 7P€s}7

Py=[y1,...,9s,0,...,0]T.
For any z € Im™ (A), note that
(Pz)T' Py =2TPTPy =2y =0 VycIm(A),

and, therefore,

Pr=10,...,0,Z511,...,2n]".

On the other hand, if
Pzr=1[0,...,0,2541,...,2,)7 VzeR",

then

2Ty = 2T PTPy = (Pz)TPy=0 VycIm(A),
ie., z € Imb(A).

Summarizing the above, we conclude that

S Iml(A) & Pr=10,...,0,2501,...,2,]".

Since
P[I, — AT APT = [0 I } ,

a straightforward computation shows

P[I, — AT A|PT(Px) = P[I, — AT Alz = Pux.
Hence [I,, — AT Alz = z. O
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Lemma 5.6. Assume that A1l and A2 hold. Then

inf +o" = inf + b7 ,
uPGB(L/;)HMmL(R(I))[aQ(a:) (z)up] veér(lL/z)[ag(x) (2)v]

where b(z) = (I — RY(x)R(x))b(z).
Proof. From item 2 of Lemma 5.5, for any up € Im™(R(x)),

up = (I — R (z)R(z))up.

Note that
(I - R*(z)R(z))" = (I — R"(z)R(x)).
Then
inf + b7
S S (m))[ag (z) (z)up]
= inf +b"
S S (z))[%(iﬂ) (z)up]

> inf pT }
_Ueg(lL/z)[az(:vH (z)v]

On the other hand, by item 1 of Lemma 5.5, for any v € B(L/2) C R™, we
have

(I — RT(2)R(x))v € Im™(R(z)).
Let
up = (I — R (z)R(z))v.
Note that
IT = R¥(2)R(z)| <1
for all x € R™; then v € B(L/2) implies up € B(L/2). Therefore,

inf  [ag(z) + b7 (2)v]

v€B(L/2)
=t lax(@) + 0" (@) — R (2)R(z))e]
> uPGB(L/Qi)nanmL(R(E))[az(x) + b7 (z)up).
Summarizing the above arguments, we obtain the conclusion. O

In terms of Lemma 5.6, inequality (4.12) is equivalent to

: i T
veggﬂ)[ag(x) +b" (z)v] <0 Va#£0. (5.12)
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From now on, we use inequality (5.12) instead of (4.12). Denote

— 4
_¢§ @w+%ﬂmﬂW%mH o) i 20
“IEf (14 /e [l )

0 if b(z) = 0.

K(z) =

Then Proposition 2.3 yields the following result.

Theorem 5.7. If Al, A2, and A4 hold, then a feasible control up =
up(x) such that up(0) = 0 is given by

up(z) = (I — RT(2)R(x))K (), (5.13)

which takes values in B(L/2) and is continuous in R™\{0}. Moreover, if
the LCF' V' satisfies the small control property, then up(x) is continuous
in R”.

6. SOME ILLUSTRATIVE EXAMPLES

In this section, we give some examples. The first two examples demon-
strate the bounded continuous stabilizing control design technique obtained
in the previous sections. The latter example shows that assumption A4 is
only a sufficient condition of the existence of the continuous stabilizer, and
not a necessary condition.

Ezample 6.1. Consider the system

3,.2 3 2
. xix 2r7 + x1x
= 2 5+ 7 L2 uy + a3us + z1uf + 2103,
(1+ 27 +x3) + 7 + x5 6.1)
. 373 x%@ 2 2
To = — + 5 U1 + x122U + Tou] + Tousy,

(1+a2f+a3)?  1+af+a3
where z = [z1 72]T € R? is the state and
u=[uy ug)’ € B(2) = {u € R?| ||ul| = u} +ul <2}

is the control input.
Take V = (3 + #3). Then

__oled-af  2aftated)
61 (1+a2?+23)2 1427 +a3

+ 2z 25us + (27 + 23)u

V|

1+ (27 + 23)us.
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Using the notation of the previous sections, we have

4,2 .6 2(x] 4 x7a3)
a(z) = —mlxé x22 ,o b)) =] 1+22+a2 |,
(1+ 27 + z3)? Q22
2
2, .2
_|® a3 0
R(z) = 0 23 + 23

Obviously, R(z) > 0 for all  # 0. We set

up = —2}/(1+ ] +a3), uy=0.

Then . .

3 i

|4 =12 __ <0 Vz#0.
Moreover, note that |u||> = u} + u3 < 1 and, therefore, V is a Lyapunov
control function for system (6.1). It is easy to see that u = [u; ug]T is

continuous in R? and u(0) = 0 and, therefore, the LCF V satisfies the
small control property. Therefore, according to Theorem 3.2, system (6.1)
is globally asymptotically stabilized by the state feedback control ug = ug(x)
with u(0) = 0, where

() 1 2(x? + x3)
Uxr) = — =
2 4 2,4 4,.2 6
T rix TiTs — T
2(xF + x3) + s+ s — 5 222
I+af+a;  ai+z;  (I4ai+13)
223
1+ 22 + a3
22173 va #0,
x%—l—x%

which takes values in B(L) and is continuous in R2.

Ezample 6.2. Consider the following system similar to system (6.1):

3.2 3 2
TiT 2x] + x1x
. 112 1 1249 2 2
xr = u1 + xyus + r1ug,
(1+22+22)2  1+22+23 (6.2)
: a3 afws 2
To = — Uy + T1Tauz + Tauj,

(1+ 22 + 22)2 * 1+ 22 + 22
where z = [z1 x5]7 € R? is the state and
u=[u; ug)’ € B(2) = {u € R? | |ju| = v} +u <2}
is the control input.
We take V = 1(23 + 23). Then
vizd —af  2(zf +afad)
1+a2+23)2  1+a2+23

2 2., .2\, 2
uy + 2z 25U + (] + 5)ug.

V|(6.2) = (
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Therefore,
4.2 _ .6 2(af + x{a3)

L1xy — X —_ = - 2/
142 2 b(l‘): 1—}-1%—1—1'% ,

a(r) = ——S—+,
T Ty it

2 2
_|zy4+a5 O
R(z) = [ 0 O] .
Obviously, R(x) > 0, i.e., assumption A2 holds. As in Example 6.1, we can
prove that V satisfies inequality (4.1), i.e., assumption Al and the small
control property hold. Clearly,

1 1
0 — 0
RY(z) = |22 —(&)—x% o (RY%)*(z) = ,/x%OJr 3 . Vo # 0.

Hence (R'Y/?)*(z) is continuous in R?\{0}, i.e., assumption A4 holds.
A straightforward computation shows that

SR @) = TV

1+x%+:c§'

IRY2(x)|| = \/a? + 23

%II(RW)*(m)b(@II < [R2(@)].

Note that

and, therefore,

Then we have
1 28 + 2§
= — 2R (2)b(z) = ——2 72
) = ale) = 3T @R @) = —
It is easy to see that

4,.2 6
LTy — Lo

s
T+ a2 2mle

bp(z) = [0 20123]",  a(z) - |bp(2)| =

If T # O, then

_ 22i(af + 23)

T=Tl0) =Ty B=B8@) =aital, v =9(2) =2
1 2
(6.3)
Hence
6 6 4,.2 6
. l’l +l’2 1’1:]527552 5 ~
T)=min< — , —2lx1|23, F(z, 2 \
§@) { (1422 +22)2" (1+22+23)2 1|23, F( 0)}

where z is a unique real solution of Eq. (5.5) satisfying zo € (0,1), where
7, B, and ~ are from (6.3). In turn,

40,2 2
ri(x] +x
CL1(.’13) 1( 1 2)

m — p(x)éa(),
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6 4 26
az(x) = *ﬁ — ()80 ().

According to Theorems 5.4 and 5.7, we have u; = uy(z) and up = up(z),
respectively, as follows:

_1 Vop+ o { 221 or if 2 #£0
ur(@) =4 2/a? + a3+ /u(e)éa(e) L1+ 27 +23 ’
0 ifz=0

and
_as(z) + a3(z) + 16125

up(e) =1 datad(1+ /17 datad)

0 if T1Xg = 0.

[0 2x1x§]T if k1o # 0,

Therefore, system (6.2) is globally asymptotically stabilized by the
bounded continuous state feedback control u = uy(z) + up(z), where us(x)
and up(z) are as above.

Ezample 6.3. Consider the following system:

4 3
. T1T5 2z 9 9
T = + Ul + T1Uu] + T2Us,
P et Ty T
5 3 (6.4)
To = — T2 + 2 uy + (932 — ZCl)Ug,
(I+a7)?  1+af
where z = [z1 x5]T7 € R? is the state and
u=lur up]” € B(1) = {u € R* | |Jul| = uf +uj <1}
is the control input.
By the state feedback control law,
i
=—-—— =0 6.5
Uy 1+ 117% ) U2 ) ( )
the closed-loop system of system (6.4) is
jcl:_:mm%—x? 56.2:_:6%:10%—1—:105 (6.6)
1+a1)?’ (1+a)? ‘

We take V = (2% + 23). Then a straightforward computation shows that

Hence (6.5) is a bounded continuous stabilizer of system (6.4) and V =
2(#? + 23) is a Lyapunov control function of system (6.4) satisfying the
small control property. In the previous notation, it is easy to see that R(x) =
diag(x?, £3) > 0 for all x € R2. Therefore, (R'/?)*(x) is not continuous

in R?\{0}, i.e., assumption A4 does not hold. Therefore, assumption A4 is
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only a sufficient condition of the existence of the continuous stabilizer, and
not a necessary condition.

7. CONCLUSION

This paper considered the stabilization of quadratic-input nonlinear sys-
tems with bounded controls. According to the type of quadratic-input
forms, both positive definite and positive semi-definite cases are considered.
For the case of positive definiteness, we gave a universal formula for the
bounded continuous stabilizers of quadratic-input nonlinear systems with
bounded controls via a known Lyapunov control function. For the case of
positive semi-definiteness, a constructive parametrization of bounded con-
tinuous stabilizers was presented under the assumption that there exists a
known Lyapunov control function with respect to the set B(L/2) rather
than B(L). This is our basic assumption. In our approach, the factor 1/2
is maximum in B(L/2) in inequality (4.1) and the definition of £(z), and
cannot be relaxed to, say, p < 1. In fact, if B(L/2) is replaced by B(pL)
with p < 1, then u; € B(pL) N Im(R(z)) and up € B(pL) N Im*(R(z)).
In turn, v = uy + up € B(2pL). To assure that this u is in the admissible
control set, B(L), p should satisfy p < 1/2. Moreover, some illustrative
examples were included.
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