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Abstract

This paper deals with chained form systems with strongly nonlinear disturbances and drift terms.
The objective is to design robust nonlinear output feedback laws such that the closed-loop systems
are globally exponentially stable. The systematic strategy combines the input-state-scaling technique
with the so-called backstepping procedure. A dynamic output feedback controller for general case of
uncertain chained system is developed with a filter of observer gain. Furthermore, two special cases
are considered which do not use the observer gain filter. In particular, a switching control strategy is
employed to get around the smooth stabilization issue (difficulty) associated with nonholonomic
systems when the initial state of system is known.
© 2006 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The control and stabilization of nonholonomic dynamic systems has been studied by
many researchers within the nonlinear control community since Brockett’s work [1], for
example, see the recent survey paper by Kolmanovsky and McClamroch [2] and references
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cited therein. In 1983 Brockett [1] showed that the origin of a simple nonholonomic
integrator would not be made asymptotically stable in the sense of Lyapunov by any
continuous state feedback control law, and at the same time he obtained a necessary
condition for asymptotic stabilization of general nonlinear systems. This condition implies
that a nonholonomic system is not stabilizable by stationary continuous state-feedback,
although it is (open-loop) controllable. In the past decade, many researchers have been
attracted to the search for new control strategies. So far, several interesting solutions, such
as open-loop periodic steering control, smooth or continuous time-varying feedback
control, and discontinuous feedback control, have been found to overcome the above-
described obstruction in stabilizing a nonholonomic system, for example, [3-21].

It is noted that the majority of these constructive methods have been developed for an
important class of driftless nonholonomic systems in chained form, which was first
introduced by Murray and Sastry [13]. It has been shown in [2,13] and references therein
that many nonlinear mechanical systems with nonholonomic constraints on velocities can
be transformed, either locally or globally, to the chained form system via coordinates and
state feedback transformation. The typical examples include tricycle-type mobile robots,
cars towing several trailers, the knife edge, a vertical rolling wheel, and a rigid spacecraft
with two torque actuators.

In many practical applications, both asymptotic stabilization and exponential
convergence of regulation are often demanded. However, it has been known that for
nonholonomic system a smooth time-varying state feedback law can be applied to achieve
asymptotic stabilization but fails to meet the requirement of exponential convergence,
while a continuous time-varying and/or discontinuous feedback law guarantees the
exponential regulation of nonholonomic systems in chained form but fails to achieve
asymptotic stabilization [3,4,6-8,11,12,15,17,18,22]. More recently, Marchand and Alamir
[19] obtained Lyapunov stability and exponential rate of convergence in the absence of
disturbances. Unfortunately, their method could not easily be extended to the case with
occurrence of uncertain disturbances if not impossible. We recently proposed a switching
scheme to achieve Lyapunov stability and exponential convergence for uncertain chained
form systems using state feedback in [23]. It is noted that most control laws proposed in the
past literatures are based on state feedback, and hence can be used only if the whole state
vector is measurable. If this is not the case, a dynamic output feedback control law needs
to be designed. The output feedback issue has been considered for chained systems without
uncertainties in [24] and with a special class of uncertainties in [17,25], where the xq-
subsystem is assumed to be linear when considering output feedback.

The objective of this paper is to obtain both robust global exponential regulation and
Lyapunov stability with output feedback for a class of disturbed nonlinear chained
systems. We make use of a particular input-state scaling, the backstepping technique, the
switching scheme and observer gain filter to design a dynamic output feedback controller
such that the closed-loop system is exponentially convergent and Lyapunov stable. The
contribution of the paper is twofold. First, we propose a systematic control design
procedure to construct a robust nonlinear output feedback control law which solves global
exponential regulation problem for all plants in the considered class, including the ideal
chained systems, the systems with linear x,-subsystem which was considered in [17,25], and
in particular, the systems which have uncertainties in the x(-subsystem. Second, a
switching scheme is proposed to achieve Lyapunov stability when the initial states are in a
specified manifold. For the Lyapunov stability with global exponential regulation using
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output feedback, to the best of our knowledge, there is still no robustification design tool
for nonholonomic systems.

The remainder of this paper is organized as follows. In Section 2, the class of
nonholonomic systems with strongly nonlinear disturbances is introduced, and the
problem of global exponential stabilization is formulated, and some techniques are
introduced. Section 3 presents the backstepping design procedure and switching control
strategy. Then, in Section 4, we illustrate our novel output feedback control design
methodology via a simple practical nonholonomic system with disturbances. The
numerical simulations testify to the effectiveness and robustness aspects of the proposed
robustification tool. Finally, some conclusions are given in Section 5.

2. Problem formulation and preliminaries

Consider the following perturbed version of nonlinear system in chained form [17]

.).C() = Uy + x0¢0(t5 XO),
%1 = xaug 4 ¢4t x0, X1, ),

. d
Xp—2 = Xn—1Uo + P, _5(t, X0, X1, Up), (1)
Xp—1 =u+ ¢Z_1(l, X0, X1, Up),
X0
y - X] E
where x = (x1,...,X,_1) € R"!, the functions qﬁf’s denote the possible modeling error and

neglected dynamics, and ¢(%, xo) is a known smooth function.
The following assumption is usually used in output feedback design [17,26].

Assumption 1. For every 1 <i<n — 1, there are (known) smooth nonnegative functions ¢;
such that

|7 (2, x0, X1, o) | < |X1|(1, ¥, 1p)
for all (z, xo, x1,up) € Ry x R x R x R.
First of all, we introduce a notion of exponential stability, which is usually called
A -exponential stability in literature. It should be noted that the function y(-) is of class .

Definition 1. Consider a nonlinear system Y : X = f(#,x) with x € R". Let y: R" — R* be
of class #° which means y is continuous, monotonically increasing and ((0) = 0. The
system is said to be globally A -exponentially stable (GES) if there exist a strictly positive
constant 4 and a function y of class 2#" such that Vx(0) € R", V>0

(D <(1x(0) e, 2
For a subset 4 C R”", if Vx(0) € A, there are a strictly positive constant 4, T'(x(0))>0 and a
function y’: R¥ — RT such that Vi= T, |x(¢)| <y'(|x(0)])e™", then the system > is said to
be A -exponentially regulated with respect to A.

Remark 1. . -exponential stability is different from the wuniform global asymptotical
stability (UGAS). If there is a "% function f(-,-) such that x(1)<f(||x(0)], ?), then the



Z. Xi et al. | Journal of the Franklin Institute 344 (2007) 36-57 39

system > is said to be UGAS. From [27, Proposition 7] there exist ", functions 6, 0 so
that B(s, 1)< 6,(0x(s)e™), s>0 ¢>0.

In this paper, we are interested in finding a dynamic output feedback

n=2E®m,y),
uo = po(11,»)s (3)
u=un,y),

such that the closed-loop systems consisting of Egs. (1) and (3) is # -exponentially stable in
the sense of Definition 1.
In order to apply backstepping technique we introduce the following input-state scaling
discontinuous transformation defined by [18,19]
Xi

fz’ZW,

I<ig<n—1. 4)

Under the new ¢-coordinates, the x-subsystem is transformed into

. d

. u 1, X0, X1, U

£ = & — (n—2)g, 0 4 P01 ) » ),
Uo LIO

d

: U, t, X0, X1, U

b =& (- ey LML),
Up uo

(©)

. d

; uy | ¢,_o(t, X0, X1,Up)

5;172 = fnfl - §n72_ + rﬂ’%’
U [Z0)

2 d
én—l =u + ¢n—l(l9 X0, xlauo)'

It should be noted that the measurement of state &; can be obtained if the to-be-designed
control u, is only dependent on output y.

If up() #0 for every 1 >0, the discontinuous state transformation (4) is applicable. Then
the system (5) has the following form:

: u
(= (A - u—0L>é + bu+ P(t, X0, X1, o), (6)
0
where
Om-2x1  L(n=2)x(n—2 Ogn—2)x
A= T e (PN diag(n—2) - 10)
0 01x(n-2) 1
and
Td([rxo’xlauo)::(qlfll(l!x()sxlyuo) e T372([7x09x1?u0) Tgfl(lrx()yxl’uo))ﬁr
T
— <¢cll(la X0, X1, MO) ¢372(15 X0, X1, l/l()) d )
= =) w_1(Z, X0, X1, Up) | .
Uy Ug

From Assumption 1 it is easy to obtain the following lemmas.
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Lemma 1. For each 1<i<n — 1, there exists a smooth nonnegative functions ¥; such that

d
|T[ (ta X0, X1, u0)| < |él | qli(t’ X0, 517 H(]).

Proof. In view of Eq. (4) and Assumption 1, we have

d |1 |
|q1[ (ta X0, X1, ”0)| < 77'(]51‘([9)}9 u())
|un (z+1)|
0

= %d’i(hxo,xl,uo)
|u() |
= &1 lluo| =V pi(t, x0, x1, 10)
<IEN(@o) ™ + Dpi(t, x0., (o) &1, uo).
Therefore, the proof of Lemma 1 is completed. [

Denote C = (1 0;4(,—2)) and then Y = C¢ is a measurable variable. It is easily verified
that (A4, b) is controllable and (C, 4) observable.

Lemma 2. For any continuous function ny(t) there exist two strictly positive real numbers
Dinin a0d Py such that the unique solution P(t) of the following matrix differential equation:

P = P(4 = #()L)" + (A4 — uo()L)P — PC"CP + 1,
{ P(0) = Py>0,

satisfies
Prmin] SPO)<ppaxl, 1=0.

Proof. Since

O0m-2)x1 T—2)x(n—2)
A=
0 01x(n-2)

>, C=(1 Oixpu—2), L=diag(n—2) --- 10)

it is directly verified that for y = Cx along x = (4 — %o(¢)L)x we have
Y@ =[x -+ x 10 -+ Ox
1
i=1,...,n.

Then (C, A — »o(f)L) is observable. From duality of controllability and observability and
[28,29] the proof is completed. [

Then the following full-order observer can be designed:

A

¢ = <A - ?L) 4 bu+ PCT(Y — C¥),
0
. o \ T i (7
P = P(A——OL) +<A——0L)P—PCTCP+I,
U Up
P(O) =  Py>0.

Remark 2. It is noted that the observer gain P is determined by a filter, which is time-
varying and dependent on the nonlinearity of x-subsystem. The observer is reminiscent of
high-gain observer, for example, see the more recent paper [30].
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3. Dynamic output feedback

In this section we focus on dynamic output feedback design for system (1). In order to
apply the input-state scaling discontinuous transformation (4) uy(¢) should not be equal to
0. The inherently triangular structure of system (5) suggests that we should design the
control inputs uy and u in two separate stages.

3.1. General case

It is noted that there exists a smooth nonnegative function w(¢, x¢) such that
|¢0(t’ X0)| < O)Q(Z, Xo),
for example, wy(t,x9) = 1 + q&é(t, Xo). Then for systems (1) we have

Lemma 3. The x(-subsystem of the uncertain system (1) can be globally # -exponentially
regulated at the origin by the following switching control scheme:

—(do + wo)xg, A9>0 if x0(0)#0,
up(1) = {ﬁ—xowo i t<iy

~(o+oo)xo if 1=t i x0=0,

where t(T) = min{0, 1 /2A, T} is a positive constant, 6>0, ¢>0, >0 and T >0 are strictly
positive constants, and A = maXOTu§;{8 + wo(v, 5)}. At the same time, the designed control u
Isl<

is an almost continuous and differentiable function such that

(1) for all t=0, uy(t)#0,
(2) for almost all t>=0,

duo

dt

where @ (t,x0) is a known smooth nonnegative function.

<(/)0([5 x0)|u0(l)|, (8)

Proof. The proof is divided into two cases.

Case 1: x¢(0)#0. First, it can be easily seen that the xy-subsystem is exponentially stable

since Vo< — 249V where Vo = 1x3.

Second, it follows from
X0 = —(Ao + wg — ¢0)XQ
that

Xo(1) = xo(0) exp <_/o (4o + @0(s, X0(8)) — Po(s, X0(5))) dS>,

and thus x((7)#0. Then uy()#0.
Third, we need to verify that there exists a smooth nonnegative function ¢, such that

< .
” S Po
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In fact, since uy = —AoXo — Xomo, then
ow ow
ty = (Ao + wo — (Z)o)(io + wy +6—0x0>x0 ——OXQ.
X0 ot
So
@ - _ (10 + wo — 4)0)(}-0 + wo + ((60)0/8)60))60) — aa)o/@[
o Ao + o ’
= (/_)()([, XO)

which is smooth, and

" _
—Z <14 (1, x0):=po(t, X0)-

Case 2: xo(0) = 0. Firstly, when <1, it is easy to see that 0 < x((r) < ffz. At the same time,
dvy

TR 2x0(f — (w0 — Pg)xp)

=2p\/ Vo = 2(w0 = ¢o) Vo,
where Vo = x3. Then using the variable coefficient method we have
t 2
Vo(1) = B exp(—20(1)) ( / exp(a(s)) ds)
0

> B2 exp(—20(1)) 1%,

where a(f) = fot(wo(s, x0(8)) — do(s, x0(s))) ds. So xo(r)>0 for all 0<r<¢,.
Secondly, the following inequality is satisfied.

up(1) = g 1<ty.

It is easy to know that when 7<¢

up(t) = B — woxo(2)

=B — Apt
>§, t<t,.

Thirdly, from above discussion we know that xy(#;,)#0. So we can switch from uy(?) =
B — woxg when 1<t to uy(t) = —(Lo + wg)xp when t>1¢. It follows from the discussion of
Case 1 that the xy-subsystem is exponentially regulated.

Fourthly, it is easy to know that there exists smooth nonnegative function ¢, such that
for almost >0,

and it is easy to see that i /ug is smooth except at 1 = ;.

Remark 3. Notice that #(7T) = min{J, 1 /2A, T}, where 6>0, ¢>0, >0 are arbitrarily
chosen constants and 7>0. In particular, A =max?§r/\<ﬂr{£+a)o(v,s)} is a continuous
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function of 7. Then it is easy to know that the switching time #,(7") is continuous with
respect to T' and its computation is dependent on T explicitly. If 7 is given and known
t(T) can be calculated in advance.

From previous discussion the observer (7) can be designed. Then let

e=¢—E=(e1,...,en 1),

and C; (i=1,...,n— 1) are n — 1-dimensional row vectors with zero elements except the
ith element being 1. So the overall system to be controlled can be expressed as

. T .
P:P(A—@L) + (A—@L)P—PCTCPH,
Up Up
e = (A —PC'C-— ?L)e + ‘Pd(t, X0, X1, Up),
0
. A u
Si=6H—-(n— 2)511724' ‘P‘]’(t,xo,xl,uo) + e,

i : i ©)
H=&—(n- 3)@? + C,PCT Ce,
0

; . "
o =¢1 — ﬁn_zu—g + C,_»PC" Ce,

%n—1 =u+ C,_PC"Ce.

Then the design of the control input u will be obtained using the standard backstepping
method shown in [17,18,23,26] to the transformed system (9), i.e.,

3.1.1. Design procedure
Step 1: Let us begin with the (P, e, &;)-subsystem of Eq. (9),

. T .
p= P(A _@L) T (A —@L>P—PCTCP+1,
Uy

é = (A - PCTC —ZOL)e + qld(tax()axlauo)a
0

; . i
él = 52 - (n - 2)611/[_0 + Yl?(tyx07x17u0) + €,
where &z is regarded as the virtual control input. Denote z; = &;. From Lemma 2, P(¢) is
bounded. Then the positive definite function V| = " P~'e + 1z} of (e, z;) can be chosen as
Lyapunov function for (e, z;)-subsystem. Using Lemma 1, the time derivative of V/; along
the solutions of Eq. (9) satisfies
Vi= —e'P2e—e"CTCe + 21%2 —(n— 2)2%@ +2eTP 7l 4 2 'I’ﬁ] + z1e
Ug

1 N
< - EeTzﬂe — 42184 (n—2)P gy + 429 4+ 2, + Z2C,PPCT  (10)
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since ze> SZ% CgPPCg + %eTP_ze. Then we are led to introduce a virtual control function
o; and a new variable z; as

OC]([,P,X(],Z],U(]) = _/1121 - (PI(I,P,X(),Z],U(])Z],

2 =& — (1, P, xo, 21, tp),
where /; is a positive design parameter and ¢,(t, P, xo, 21, uo) = [(n — 2)p, + 4PT¥ + ¥+
C,PPC;]z;. Consequently, Eq. (10) implies
Vi< — %eTP_ze — ef - ilzf + z127.
Note that «; is a smooth function satisfying
oy (¢, P, x9,0,up) = 0.
Step i 2<i<n—2): As in [17,23,26], consider the Lyapunov function candidate

Vi=Via(t,P,e,z,...,zi-1) + 3z} Therefore, we can choose a virtual control function
and a new variable z;y; as follows:

i
OCl'(t,P,X(),Z],. .. 7Zi7u0) = _}vizi - E quj(t,P,XO,Z], cees Zi U())Zj,
j=1

Zix1 = &1 — %,
where ¢i(t, P,x0, 21, ., Zistg) = 1,...,n— 1) are some suitable smooth functions, such
that

. 1 . d o

Vi< — EeTP 2o — ef — Z(/lj — i +])z]2 + ZiZivq.

=1
Step n — 1: At this last step, consider the whole (P, e, &’)-system (9) where the true input u

is to be designed on the basis of the virtual control functions a,_;’s. To this end, consider a
positive definite and radially unbounded Lyapunov function

1.2
anl = anz(t’ P’ €, Z1,... BZH*Z) + Ezn_]'

As in [26,17,18,23], it is easy to know that some suitable smooth functions qo(n,l)j(t, P,
X0.Z15-+-sZn-1,Up) (j = 1,...,n— 1) can be found such that along the solutions of Eq. (9)

anl < —

n—1
S e'Pre—ei = (hi—n+1+))z (11)
=1

when choosing control law u as

n—1

U= —Ip-1Zp-1 — Z Pn-1y(t; P, X021, ...y Zp—1, U0)Z). (12)

J=1
So the following theorem can be obtained.

Theorem 4 (Main theorem). Let

® f3,0,¢ Ay and 1; (1<i<n — 1) be strictly positive real constants such that

=min{l; —n+1+jj=1,...,n—1}>0,
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o ' = {(0,x):|x| #0}.

Then, the following dy!namic discontinuous output feedback law globally 4 -exponentially
stabilizes uncertain chained system (1). Moreover, the feedback law is bounded.

(i) (x0(0), x(0)) = (0,x(0)) € I

B — Xowo if t<t(1x(0)]),
ol = { o+ o if 124030, (9
o (A - ?L)E +bu+ PCT(Y - C¥),
0
. T .
P:P(A—@L) + <A—@L)P—PCTCP+1, (14)
Up [Z0)
P(0) = Py >0,
u(l) = an—](la P) xo,éla %23 ey %n—l: U()),
where A = maxﬁli%o;‘\{g + wo(v, 5)} and £,(]x(0)]) = min{J, 1/2A, |x(0)|}.
(i) (x0(0),x(0)) = (0,0),
uy =0, (15)
u=0, (16)
(iii) (x0(0), x(0)) ¢ " U {(0,0)},
uy = —(Ao + wo)xo, (17)
B (A - ?L)% + bu+ PCT(Y — C§),
0
. T .
P:P(A—@L) + (A—@L)P—PCTCPJFI, (18)
Up Up
P(0) = Py >0,
u(t) = anfl(t: P: xo,él’ %2’ R %nfla 1/[()).

Proof. Choose T = |x(0)|. Hence it follows from Lemma 3 that the x(-subsystem can be
globally #"-exponentially regulated at the origin. Moreover, at the same time from the
proof of Lemma 3 we have

{ Ixo(1)| < B, 0<1<1,(1x(0)]),

xo(D)] < BIXO)le 1), 1> 1,(x(0)). (19)

It is easy to see that the xy-subsystem is globally 2/ -exponentially stable at the origin from
the definition of .
If parameters /; satisfy

A=min{l; —n+1+jj=1,...,n—1}>0,



46 Z. Xi et al. | Journal of the Franklin Institute 344 (2007) 36-57

and /. = min{2*,1/2" 'p ..} >0, then the above backstepping control strategy (7)—(12)
yields that the x-subsystem of uncertain system (1) with the observer ¢ is well defined and
globally stabilized at the origin from backstepping design.

Let z =(zy,...,z4-1). According to Eq. (11), we have

Vac1 < = AV,
which implies

Vact ()< Va1 (0™, 0.
Then it follows from [17] that

|(e(t), £(1))1 < (1(e(0), x0(0), £(0), ug(0), Po)l)e™,  1=0, (20)

where ¢>0, £ = (£,...,&,_1) and y is a class-#" function.
In the following we are to prove that x is # -exponentially stable if ¢ is 4 -exponentially
stable. From Egs. (4), (19) and (20) it is easy to know that

(a) (x0(0), x(0)) = (0,x(0)) € I,
xi(0)] < Juo (D"~ V1 E)
_ { (B + BIx(0)|A)"~ "+ Dpee, 0<t<t(|x(0))),
T Qo + A)BIx(O) ) HH D yeValn=E D=1 1y (1x(0))).

(b) (x0(0),x(0)) = (0,0), |xi(1)| = 0.
(©) (x0(0), x(0)) ¢ I" U {(0, 0)},

Ixi(6)] < Jug (D" V10
<((Zo + MBIXO))" T D9(I(e(0), x0(0), E(0), ug(0), Po)|)e Folr =+,

Hence, the claim of Theorem 4 is true. [

Remark 4. It is known from the proof of Theorem 4 that the switching time relies on the
knowledge of the initial state of the system, which is the penalty in order to obtain the
Lyapunov stability. It is this dependence on the initial state that makes the closed-loop
system Lyapunov stable. If the initial state is unknown the switching time #,(7) could be set
to be dependent on any known positive constant 7 and independent on the initial state of
the system. From the design procedure it is easy to see that x(f) — 0 as t — oo. However,
the closed-loop system cannot be made Lyapunov stable in this case.

Remark 5. From the previous discussion, it is known that under Assumption 1, there is a
smooth row vector y(z, P, xo z, up) such that u = yz. Thus, it follows that the boundedness
of xo(#) and z(¢) would imply the boundedness of uy(¢) and u(z). It is easily seen that the
boundedness of x((7) and z(¢) can be deduced from the backstepping procedure, and thus
the boundedness of uy(#) and u(f) can be concluded.
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Remark 6. From Lemma 2, Theorem 4 and Remark 5, the signals of closed-loop are
bounded in interval of existence of solution. Then the interval of existence of solution is
[0, 00).

3.2. Two special cases

3.2.1. Case one
In this case in addition to Assumption 1 we further assume that ¢(z, xo) is a known
constant, i.e.,

¢0(l, X()) = (9.

Then it is easily seen from the proof of Lemma 3 that there is a constant ¢; such that
@o(t,x0) = c1. Similar to the last subsection, the following full-order observer can be
designed.

B (A—?L>é+bu+K(Y—cé), 21)
0

where K = (ki,...,k,_1) is chosen such that 4 — KC is Hurwitz. So there is a symmetric
positive definite matrix P satisfying

P(4 — KC) + (4 — KCO)'P + (¢; + 2)P + ¢, LPL<0.

Remark 7. It is noted that the observer gain K is static which can be determined in
advance such that 4 — KC is Hurwitz. This is different from the last subsection since the
xo-dynamics is linear in this case.

Let

e=¢— é::(el, ey ln_1).

So the overall system to be controlled can be expressed as

é= (A — KC — @L>e + ll/d(l, X0, X1, Up),
Uo

. A u
Si=6—-(n— 2)§1u—z+ w4, x0, X1, 1) + €2,

Lot an

A A ~ i
én—Z = (:n—l - ﬁn—zu— + kn—2ela
0

%n—l =u+k,_ie.

The design of the control input u can be obtained by following the similar but simpler
Design Procedure described in the last subsection to the transformed system (22). The
major difference lies in Step 1. In this case we should choose the candidate Lyapunov
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function V| = eTPe +%<§f for the (e, &;)-subsystem of Eq. (22), i.e.,
. Uo d
ée=|A—KC——L |e+ Y, xy, x1,Up),
Uo
. . it J
él = 52 - (f’l - 2)51]/1_0 + qj] (t: X0, X1, uO) + en.

Then the following theorem is in order.

Theorem 5. Under Assumption 1 and ¢(t,xo) = co, the uncertain system (1) can be globally
A -exponentially stabilized at the origin by

oo = Xoco if x0(0)#0,
up(t) = B — xoco if t<t(Ix0))) ~ o)
{ —(Ao + co)xo  if t=1,(1x(0)]), if x0(0) =0,

and the corresponding output feedback control strategy u(y, g, ug) with the observer (21),
which is designed based on the similar but simpler Design Procedure described in the last
subsection, where 5, 0, ¢ and Ay (Jo+ co#0) be strictly positive real constants, and
15(1x(0)) = min{d, 1/2(|co| + &), |x(0)[}.

In the discussion up to here, the xo-dynamics, whether or not it is linear, must be
completely known because of the observer dynamics (7) or (21). In the next subsection the
case of xyp-dynamics with uncertainties will be considered.

3.2.2. Case two
If only variables x; and x; are measurable it is known from the previous discussion that

the dynamics of x; should be completely known in general. If there are some uncertainties
in the xo-dynamics the output feedback control design discussed in the previous
subsections cannot be used directly. In this subsection we will show that the following
system with unknown xy-dynamics

X0 = do(t)uo + o} (t, x0),

X1 = xaug + (£, X0, X1, U0), (24)

%2 = u+ (2, x0, X1, 1),
which can be transformed into

%o = do(Duo + X0 (2, Xo),

|

; o | i, X0, X1,Up)

=6 G—+ 1
Ug Uop
& = u+ 31, x0, X1, o)

) (25)

by input-state scaling & = x;/ug, & = x», can be globally #-exponentially stabilized
based on the backstepping technique and switching scheme. The following assumptions are
supposed to be satisfied.

Assumption 2. 0<cy; <dy(t)<cpn.
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Assumption 3. For every 0<<i<2, there are smooth nonnegative functions ¢; such that
| (2, x0)| < o(x0),
|67 (8, x0, 31, u0) | < [x1 (v, o), i = 1,2

for all (¢,x9,x,uy) € Ry x Rx R> x R.

Similar to the previous subsections, the following reduced-order observer can be
constructed

g =—ly— I’ +u,
=l Fa (26)
& =y +1&.
Then we have the following dynamics
. d
t

b= —let1g, 0 PIEXOX) 4 i ),

Ugp U
. 1, X0, X1, U 27
fmpris -y ) 7

where [ is a positive design parameter and e = &, — %2.
Similar to the previous subsections, based on Lemma 3, the control u can be designed
using the backstepping technique to system (27). Let

3 1
— E(z%pg + o7 +ulp3) + (1 +7+ I+ Qo+ ¢>1>,

1=z—oé,

and choose the candidate Lyapunov function V| = 2e +5 g“f for the (e, &;)-subsystem of
Eq. (27). Then

. 1,
Vi< —Zez — &+ &z

Thus, letting
. 2 5 5 ooy 2
062=/L22+51+( 5%, E 4oy — )(X-Hél)_'_<7+ﬁ1¢%+m(p%><8_§151+m> z

+5 60(1 *od aalcu2+ ooy u2
2 *0Po ey 20 g TOM0

U= —u,

z, (28)

and choosing the candidate Lyapunov function V' = ¥V + 1z for the whole system (27) we

have

/

V< —<é?
8

Hence the following result is obtained.

__51
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Theorem 6. Under Assumptions 2 and 3, the uncertain system (24) can be globally
A -exponentially stabilized at the origin by

—AoXo — %Xo if" x0(0)#0,
uo(t) = B— %xo if 1<t4(]x(0)]) P (29)
l xO - 2
(o + P50y i 1z w0,

and (28) with the observer (26), where f3, 0, ¢ and Ay be strictly positive real constants, and
TO(S) = rnaxre[—s,x]{8 + ¢0(T)} and

. 1
(x(0)) = mm{é, s Toen g @) }

Remark 8. In fact, if (xg, xq,...,X,_2) is measurable then a dynamic output feedback can
also be designed by the input-state scaling, backstepping technique and reduced-order
observer for the chained system (1).

4. Example

Consider the following bilinear model, which is an approximation of a mobile robot
with small angle measurement error [17,31],

2
%= (1—%)1),

¥ = 0w+ ev,

9/2(1),

(30)

where x; and y; can be measured. As indicated in [17] system (30) can be transformed into

. &
X0 = <1 —5>u0,

X1 = Xauy,

X2 =u
by the following transformation:

Xo=Xx;,, x1=y, x2=04+¢ u=v, u=o.

Introducing
X1

fl =
U

52 = X2,
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. &

X0 = <1 — E) Up,

. u

L=6H-8—
U

522%

then

At first assume that the designed control uy satisfies |i/ug| <o where o is a positive
constant. So the following controller can be designed.

Step 0: Recall that &; is measured and but not &,. The following reduced-order observer
is built up to reconstruct &, and thus x;:

p=u—ly =P, (1)

where />0 is a design parameter. Define %2 =y + [ as an estimate of £, and e = &, — %2
as the estimation error. We have

e=—le+16 2.
Up

- | I : T T T T T T
— 0
v X
c Y]
S
>
X
~I~ '/l:l:,::.”:nvll'
0 I~ '-‘-l- -|--|-|—l-::’,'_","—'.'H‘Hlllilll*lll*
) | | I | 1 1 1 1 1
| 1 2 : , 5 6 7 8 9 10

Fig. 1. The systems behaviour at initial condition (x;(0), y,(0), 0,(0), x(0)) = (1,1, 1, 3.5).
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linear velocity v

angular velocity o

_1 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10

Fig. 2. The systems behaviour at initial condition (x;(0), »,(0), 0,(0), x(0)) = (1, 1, 1, 3.5).

Then, noticing that &, = y + [£; + e, the output feedback design of u is based on the
following controlled system:

) Oug &
e = —18+ Zé]a—xo(l - E)a

. U 2
fl=}{+lfl+€—§1u—2, (2)
j=u—1y— P

Step 1: Consider the (e, &;)-subsystem of Eq. (32). Differentiating the quadratic function
Wy =1e? +1¢& yields

W = —162-1-8151@4-51(%4-151+€—§1@)
ug 2]
< —éez—ili%-i-fﬂz,
where
B =A<,

A= +o<+l+é(lo<+1)2,
x=2z2—Bi(&)).
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Parking maneuver
1.2 T T T T T T T T T

=
X
05 T T T T T T T T T
O -
(0]
s -05r b
o
1 F B
_15 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
time

Fig. 3. The systems behaviour at initial condition (x;(0), y;(0), 6,(0), x(0)) = (1,1, 1,3.5).

Step 2: Consider the (e, &1, y)-system of Eq. (32). The time derivative of the Lyapunov
function W, = W + 123 satisfies

. i
W< —éez—;Llé%-Flez-l—Zz(u—l}{—lzél +A<x+lél +e—§luz>>

u
< —%62—7»15%4-22(”4-51 — Iy — ¢ +A(X+lfl +€—51u—2>)
< =t — (g = HE =,

where

2
u=—(A—Dy—(Al+1—=1P)¢ — oz —A2<°‘7+7)22,

which is our controller expression of u in all cases.
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(%:y,,6)

Fig. 4. The systems behaviour at initial condition (x;(0), y;(0), 6,(0), x(0)) = (0,0.1,0.1,0.5).

In the following a controller of uy can be designed according to the initial condition x(0).
and 0<émax <+/2. Then 1 — &2

max/2<(1 - 82/2)< 1.
e x)(0) = 0, x(0) 0,

(B i i<t
W =3 _ioxe if 120,(1xO)),

where ¢, = min{0d, |x(0)|}, >0, 1o>0, f>0. So
0

(1) = Sy <1 ¢

if t<t,(1x(0))),
7) wy if 1> 1,(x(0)),

L

S/l()é(x.
Uo

® (x0(0),x(0)) = (0,0),

u0:0,

u=0.
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12 T T T T T T T T T

0.8 b
0.6 [ i
04 b

linear velocity v

0.2 r i

_0-2 1 1 1 1 1 1 1 1 1

25 . . . . . . . . .
20 1
15 1
10 ¢ 1
5 | ]

angular velocity ®

of _

_10 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

Fig. 5. The systems behaviour at initial condition (x;(0), y;(0), 6,(0), x(0)) = (0,0.1,0.1,0.5).

L] X()(O) #0,

Uy = —;LOX().

Remark 9. It is noted that in [17] the controller was dependent on the value of &y, but it
is not the case in our design.

Our simulations as shown in Figs. 1-6 are based on the following choice of design and
system parameters [17]:

Jo=1=05 11 =06, Jo=1 £=01, emx=05 Bf=1 5=02.

In particular, suppose that the initial state of the system is unknown. Then the switching
time is chosen as #,(0.1). As seen from the simulations, exponential rates of convergence are
obtained for all signals and the control inputs. Due to the discontinuous state
transformation, the initial transient value of the control input is relatively large.

5. Conclusions

In this paper a class of nonholonomic uncertain systems has been considered. Using
input-state scaling and backstepping technique an output feedback controller has been
proposed. Using a switching scheme dependent on the initial condition of the system the
closed-loop system can be # -exponentially stabilized. The properties of the discontinuous
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0.12
0.1
0.08

A4

A4

A\
A4

0.06
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Y|

0.02

-0.02

0.4 T T T T T T T T T

error e
o
T

_04 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Fig. 6. The systems behaviour at initial condition (x;(0), y,(0), 6,(0), x(0)) = (0,0.1,0.1,0.5).

closed-loop system, in particular the existence of a unique solution, and the features of the
control signals, in particular the boundedness, have been studied. The simulations results
have demonstrated the effectiveness of the proposed control design tool.
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