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Accessibility of Switched Linear Systems

Daizhan Cheng, Yuandan Lin, and Yuan Wang

Abstract—This note considers the controllability of switched linear sys-
tems. The structure of accessibility Lie algebra is revealed. Some accessi-
bility properties are proved. Certain necessary and sufficient conditions for
(local or global, weak or normal) controllability of a large class of switched
linear systems are obtained.

Index Terms—Accessibility, controllability, Lie algebra, switched linear
system.

I. INTRODUCTION

Consider a switched linear system

(t) = Aypya(t) + Boyu(t), x(t) € R",u(t) € R™

ey

where the switching functions ¢ (¢) : [0,00) — A are piecewise con-
stant, right continuous mappings with A = {1,2,..., N}, and where
controls u(t) : [0,00) — R™ are piecewise constant functions. We
use z(+; to, wo, u, o) to denote the solution of the system satisfying the
initial value x(to) = o with the switching function ¢ and the input
function u. The controllability property of such switched linear systems
was investigated by many authors, e.g., [3], [13], [8], [9], and [14]. The
following notion of controllability was adopted in [9] and [14].

Definition 1.1: Consider system (1). A state p € R™ is controllable
at time %o, if there exist a time instant £y > %o, a switching path o :
[to,ts] — A, and an input function «(t), such that x(ty; to, p, u,0) =
(). The set of controllable points is a vector space. The largest subspace
V7 of R" in which every point is controllable is called the controllable
subspace. The system is controllable if V' = R".

Let L = (A1 --- Ay | Bi,..., Bn), the smallest space containing
the column vectors of By, ..., By that is invariant under the transfor-
mations A, ..., Ax. The following result, a significant contribution

of [9], reveals the structure of the controllable subspace of the system.

Theorem 1.2: [9] The controllable subspace of system (1) is £.
Hence, the system is controllable if and only if dim(L) = n.

It can be seen that the controllability notion given in Definition 1.1
is an analogue of the linear case. It deals only with controllability at
the origin. We would like to point out that a switched linear system
is essentially a nonlinear system with the switching functions acting
as controls. For a nonlinear system, controllability at the origin is in
general not sufficient to describe reachability or controllability at other
points. The following example shows how the controllable subspace at
(or the reachable subspace from) O and the reachable sets from other
points may be unrelated.
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Example 1.3: Consider the following system:

z€R? )

T = Aa(t);l‘/,

for which A = {1,2,3} and

0 1
Ao =20, Ag_<_1 0).

By Theorem 1.2, the controllable subspace is {0}. However, it is easy
to see that the submanifold M, = R?\{0} is a controllable sub-man-
ifold in the sense that every point ¢ on M. can be reached from any
other point p on M..: With 4; and A», a trajectory can go in the radius
direction (either increasing or decreasing), and with A3 it can go along
a circular path. So, for any two points p, ¢ € M., there is a switching
law that drives a trajectory from p to ¢. O

The previous example shows that even though the controllable sub-
space is {0}, the reachable set of a point p # 0 still consists of almost
every point in the state—space.

For general nonlinear control systems, a main tool for investigating
their controllability is the accessibility Lie algebras generated by the
vector fields of the systems (cf., [10] and [12]). The purpose of this
note is to apply the Lie algebra approach for controllability of general
nonlinear control systems to switched linear systems. We are particu-
larly interested in the case when the accessiblity rank condition fails.

The rest of the note is organized as follows. In Section II, we discuss
some preliminaries for the Lie algebras associated with the controlla-
bility of nonlinear systems and the integrability of Lie algebras. In Sec-
tion III, we study the structure of accessibility Lie algebras for switched
linear systems. In Section IV, we investigate the controllability, in-
cluding global, local, weak and normal types, of switched linear sys-
tems. A topological structure of the controllable sub-manifolds and
some necessary and sufficient conditions for certain controllability are
obtained there. In Section V, we provide an illustrating example. In
Section VI, we summarize the main conclusions.

II. LIE ALGEBRA AND ITS INTEGRABILITY

Consider a nonlinear control system

i=flr,u),  x€R" 3)

where f is assumed to be analytic and defined on R"*™. The controls
are piecewise constant, right continuous functions from [0, oc) to i/ C
R™.If f is affine in «, (3) becomes an affine nonlinear system

&= f(x)+ Zgl(.L)uZ = f(x) + g(a)u. )

A switched linear system as in (1) can be treated as a nonlinear
system as follows:

H(0) = 3 00 (Asa(0) + Bau()

where the controls of the system are (6, ) with § = (61,62, .
taking values in the set S := {(o1,02,...,0N)
i # k1< kE<N}L

L 0N),
o = 1,0, =01if
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Definition 2.1: Consider system (3).

1) A point ¢ is reachable from p at a given time 7" > 0, denoted
by ¢ € Rr(p), if for some control function the corresponding
trajectory satisfies

z(0)=p and «(T)=gq.

A point ¢ is reachable from p, denoted by ¢ € R(p), if ¢ is reach-
able from p at some time 7.

The system is said to be controllable at p if R(p) = R". The
system is said to be controllable if R(p) = R", forall p € R".
A control system is said to be T-controllable at p if Ry (p) = R".
The system is said to be T-controllable if Ry (p) = R™ for all
p € R".

A point ¢ is weakly reachable from p, denoted by ¢ € WR(p), if
there exist po = p, p1,...,ps = ¢ such that either p; € R(pi—1)
orpi—1 € R(pi),i =1,...,s.

A point q is weakly T-reachable from p, denoted by ¢ € WR 1 (p)
if there exist po = p,p1,...,ps = ¢ such that either p; €
Rr,(pi—i)orpi—i € Ry, (pi),i=1,....,s,and>._ | T; =T.
The system is said to be weakly controllable at p if WR(p) = R".
The system is said to be weakly controllable if WR(p) = R™ for
allp € R".

The system is said to be weakly T-controllable at p if WR(p) =
R". The system is said to be weakly T-controllable if WRr(p) =
R™ forallp € R". O

Observe that WR defines an equivalent relation. Consequently, if a
system is weakly controllable at a point p, then it is weakly controllable.

It was proved in [9] that for system (1) global weak T’ -controllability
is equivalent to controllability.

The controllability of systems (3) and (4) via the Lie algebra ap-
proach has been discussed thoroughly in the 1970s and 1980s (cf.,
[10]-[12] and [5]).

We briefly review the construction of Lie algebras related to the con-
trollability of nonlinear systems. For system (3) (assuming that con-
trols are piecewise constant functions taking vaules in an open subset
U CR™), let

2

~

3

~

4

~

F={f(z,a)la €eUU}.

Then F' is a set of analytic vector fields. The accessibility Lie algebra
of system (3) is defined to be the Lie algebra generated by F':

Lo={F}LA. 5)

The strong accessibility Lie algebra of the system is the Lie sub-
algebra of L, defined by

k
Lo = {ZliXi +Y
=1

k
X;eRY li=0k<ooY € [L‘G,L'a]}. (6)

=1

For an affine nonlinear system (4), a straightforward computation
shows the following.
Proposition 2.2: For (4), the accessibility Lie algebra is

La={f(2),9(x)}Las N
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and the strong accessibility Lie algebra is

Lon = {adljg(:rﬂla > o} . 8)
LA

For (3), if the rank of the (strong) accessibility Lie algebra is n at
a point p it is said that the system satisfies the (strong, respectively)
accessibility rank condition at p. A basic result about accessibility is as
follows.

Theorem 2.3: [10] If (3) satisfies the accessibility rank condition at
p, the reachable set R(p) contains a nonempty set of interior points.
If system (3) satisfies strong accessibility rank condition at p, then for
any T > 0, the reachable set R+ (p) contains a nonempty set of interior
points.

The key point in the relationship between the controllability prop-
erties and the Lie algebras is the integrability of Lie algebras. Chow’s
Theorem plays a fundamental role in this context (cf. [5] and [12]).

Theorem 2.4: (Chow’s Theorem) [4] Let M be an n-dimensional
C*°° manifold, L = {X1,..., X} C V(M) a set of C* vector
fields, and £L = {X;i,..., X, }ra the Lie algebra generated by L.
Assume dim(L(p)) = constant < n on M, and for any po € M,
denote by Z(L)(po) the largest integral submanifold of £. Then, for
any p € Z(L)(po) there exist X;,,...,X;, € Landty,...,ts €R,
such that

X Xig
p=et e (po) )

Remark 2.5: [2] (Generalized Chow’s Theorem) When the man-
ifold and the distribution are analytic, the regularity assumption
(dim(£(p)) = constant) can be removed.

From Chow’s Theorem one sees that for (3) and a given point p, its
weakly reachable set is the largest integral manifold of the accessibility
Lie algebra passing through p, assuming either £, is regular or the
system is analytic.

Lemma 2.6: [6] (Generalized Frobinius’ Theorem) Let M be an
n-dimensional C'*’ (analytic) manifold, and A an analytic involutive
distribution. Then, for any p € M there exists a largest integral man-
ifold of A, passing through p. The following lemma is an immediate
consequence of the Campbell-Baker—Hausdorff formula [7].

Lemma 2.7: Let A be an analytic involutive distribution, and X €
A an analytic vector field. Assume p; and p» are two points connected
by an integral curve of X, i.e., there exists ¢ > 0 such that the inte-
gral curve e;* (p) of X satisfies e;* (p1) = p2, then dim(A(p;)) =
dim(A(p)).

III. ACCESSIBILITY VERSUS ITS LIE ALGEBRA

When applying the definition of the accessibility algebra to system
(1), one sees that the accessibility Lie algebra for system (1) is given
by

Lo :={Aix+ Byu|i=1,..., N, u = constant},x. (10)

In analogue to L, defined for affine systems, we adopt the following
natural definition of strong accessibility algebra for a switched system
as in (1).

Definition 3.1: For (1), the strong accessibility Lie algebra is the set
of constant vector fields given by

[,; = {§|§E<A1,...,AN|Bl,...,BN>}. (11)

Indeed (11) may be considered as a generalization of (8), which can
be expressed alteratively as Lsa := (f(2) ]| g(z))rA.
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Denote A = {A;1, Az, ..., Ax}. The collection A is said to be
symmetric if —A; € A for all 7.

We consider A;,i = 1,...,] / as the elements of the Lie algebra
gl(n,R), and denote by .A the Lle sub-algebra generated by A. That
is, A = {41,...,An}La C g¢l(n,R). Then, we define the set of

linear homogeneous vector fields, denoted by

LH(R") = {g|¢g(z) = Ex Yz, some E € M, }

where M, is the set of n X n matrices. A straightforward computation
shows that LH(R™) C V*(R") is a Lie sub-algebra of V*(R™) (the
Lie algebra of the analytic vector fields on R™). Define a mapping,
® : LH(R") — gl(n,R) by ®(Ex) := —E. It is easy to prove
the following lemma.
Lemma 3.2: For the map @, the following statements hold.
1) Themap ® : LH(R") — gl(n,R) is a Lie algebra isomorphism.
2) Let L C gl(n,R) be a Lie sub-algebra, then its inverse image
&~ !(L) is a Lie sub-algebra of V*(R" ), which can be expressed
as & (L) = Lu. d
Theorem 3.3: For system (1) the accessibility Lie algebra can be
expressed as

Lo={Pr+Q|PcAQeLl]}. (12)

Proof: Observe that the “D” relation is obvious because Pz €
L, forany P € A, and consequently

Lo D2{Pe+QIPEAQELT).

Next, we consider the structure of vector fields in £,. It is easy to see
that A;x € L,,B; € L,,i = 1,..., N. Then since A;x + B;u is a
linear combination of A;x and B;, we have that

Lo={Aix,Bili=1,...,N}La. (13)

Consider a bracket-product of A;x and B;. A straightforward compu-
tation shows that: (a) a product containing more than one B; is zero;
b) a product containing one B;, using Jacobi identity, can be expressed
as the sum of terms of the form

A;

it

- A;

which is obviously contained in £Z,; and ¢) a product containing no B;
is in A, because Lemma 3.2 says that

{A1z,..., Anz}ra = Ax. (15)

From (14) and (15), any £ € L, can be expressed as { = Px + @,
where P € A and @ € LZ,, which proves “C” relation. O

Next, we prove a result which is the counterpart of Theorem 2.3 of
nonlinear systems.

Proposition 3.4: 1f (1) satisfies accessibility rank condition at po,
then the reachable set R(po) contains a nonempty set of interior points.
If system (1) satisfies strong accessibility rank condition at pg, then for
any T" > () the reachable set R7 (po ) contains a nonempty set of interior
points.

Proof: Note that each switching model is an analytic system. De-
note L = {A;x+ Biu|u = constant € R™ }. Then, every vector field
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in L is a vector field of (1) with a suitable choice of constant controls
and switching laws.

Assume that (1) satisfies accessibility rank condition at po, then there
exists a neighborhood U of po such that dim(Lq(p)) = n for all
p € U.Choose any nonzero vector field X; € L and denote its integral
curve as m (t1, x(0)) = efil (po).Ifall X € L are linearly dependent
with X in U, then dim(L.(p)) = 1, p € U, whichis acontradiction
So, there exists a t{, a vector field Xo € L, such that at p; = (> ot (po)

the vectors Xy (p1) and X2 (p:) are linearly 1ndeper1dent Therefore
: , X2

we can construct a mapping as w2 (t1,t2, z(0)) = € e,‘1 Y(po), such
that its Jacobian matrix .J», (¢, 0) has full rank. So it is a local diffeo-
morphism. Same argument shows that we can find (¢}, #3) and X3 € L
G may not be the same as before), such that 7r3(1‘1 ta, ts,z(0)) =
efff er,” etll (po) is a local diffeomorphism at (7, 3, 0). Repeating the
same procedure, one can construct a mapping

Tu(tisto, ooty 2(0) = e -+ (16)

pf)_ (’111 (po)

which is a local diffeomorphism at (7, ...,%2) € R™. Then there ex-
ists an open neighborhood V' of (#7,...,t%), such that =, *(V) C
R(po) is an open set. The conclusion follows.

Next, we prove the second part of the proposition. Assume (1) satis-
fies strong accessibility rank condition at 2. Similar to the discussion
for nonlinear systems [12], an additional variable x,411 = t can be
added to the original system to get an extended system as
{l :AU(t)JJ—I—BJU)u a7

Tn41 = 1.

It is easy to show that the extended system satisfies the accessibility
rank condition at (po,T’) for any T > 0. Recall the aformentioned
proof for the first part of this proposition. It is easy to see that in the
mapping (16), £y 4+ t2 + -+ - 4+ £, > 0 can be arbitrarily small.

Now, consider a moment 7y > (0 and Ty < T'. Since (17) satisfies
accessibility rank condition at (po, 7o), (16) can be constructed for t1 +
to + -+ t, < T — Ty (Precisely, for (17) the mapping should be
from (t1,...,t,41) toR", and where t,,41 = To+1t1+---+t,..) So,
(17) has a nonempty interior at 7y + t1 + - - - 4+ ¢, := 17 < T, which
implies that for (1) Rr, (po) has a nonempty interior. Since T\ < T,
choosing «(t) and o () such that

A,,(ﬂ + B(,(t)u(t) #0 T, <t<T

then R, (po) is diffeomorphic to R7 (po). The conclusion follows. O
An alternative (more direct) proof of the second part of Proposition
3.4 can be found in [9].
Using generalized Chow’s theorem, we have the following result.
Proposition 3.5: Consider system (1). The weakly reachable set of
any p € R", denoted by WR(p), is the largest integral submanifold of
L, passing through p.

IV. CONTROLLABILITY AND WEAK CONTROLLABILITY

In this section, we will first reveal a topological structure of
(weak) controllable submanifolds for a switched linear system with
dim(Lq) < n.

Let V be the controllable subspace of system (1) (defined as in Defi-
nition 1.1). The following proposition is an immediate consequence of
Theorem 1.2.

Proposition 4.1: Consider (1). The controllable subspace is V' =
Z(£3,)(0), i.e.,the integral submanifold of the strong accessibility Lie
algebra passing through 0.
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Now, the state—space can be split as # = (z', %), where x' is the

coordinates of V. Since V' contains B; and is A; invariant for all ¢,
system (1) can be expressed as

71 411 412 2! B,
()= ) )+ (i)
“to(t .

The following proposition gives a partition for possible (weakly)
controllable submanifolds.
Proposition 4.2: Consider (1). For any po € R", if pg € V, then
WR(po) NV = 0.
Proof: Case 1) Assume Apy € LZ,(po) for all A € A. By
Lemma 2.7, at any point p € WR(py)

dim(La(p)) = dim(La (po)) = dim (L2, (pa)) -

Since LJ, consists of constant vector fields, one sees that
dim(L.(p)) = dim(LZ,(p)) for all p € WR(po), that is

dim(L.(p)) = dim (£Z.(p)) Vp € Z(La)(po).

Consequently, Z(L,)(po) = Z(LZ,)(po). Again, since L, consists of

constant vector fields, it follows that Z(£Z,)(po) = po + V. Hence,

WP(po) C I(La)(po) = po+ V. Since po € V, (po + V)NV = 0.
Case 2) Assume Apo ¢ LZ,(po), then

dim(La(po)) > dim(LZ, (po)). (19)

If WR(po) NV # @, then po € WR(0). By Lemma 2.7 and the fact
that £,(0) = £Z,(0)

dim(Laq(po) = dim(L4(0)) = dim (£Z,(0))

which contradicts (19). O
Remark 4.3: From Proposition 4.2, it is clear that if the initial point
(0) = po € V there is no piecewise constant control which can drive
it to zero.
From the decomposed form of (18), we denote

.Ao = { A?Z

i=1,....N} . (20)

Then, we can define a projection @ : A — Ajp in a natural way by let-
ting m(A;) = A¥*,i = 1,..., N. Note that the projection = is defined
under a chosen coordinate frame. However, it is easy to prove that this
projection is coordinate independent, because the quotient space R™ /V
is A; invariant. Let £5 = {(0,w)” |w = E2?, E € Ap}. Then, one
can see the following.

Proposition 4.4: The mapping 7 is a Lie algebra homomorphism.
Moreover, L, = LS + L7, O

It is obvious that Ag is uniquely determined by

Ao :={A4;|1<i < N;A; & ker(m)}.

Remark 4.5: From Proposition 4.2 and the structure of £, the topo-
logical structure of the (weak) controllability sub-manifolds is charac-
terized as follows.

» System (1) is globally controllable if and only if dim(La) = n.
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o Asdim(£L,) < n, (1) cannot even be globally weakly control-
lable. In this case, the state space is split into two disjoint parts:
Subspace V' and its complement V¢ = R™\V'.

o With (18),letV = {z € R"[2? = 0}, 50 V° = {x € R"|2? #
0}. Assume dim(V) = n — k. If & > 1,V° is a pathwise con-
nected open set, and if & = 1, V'° is composed of two path-wise
connected open sets: {z|x? < 0} and {x|z* > 0}.

Based on the previous argument, it is clear that the (weak) control-
lability of (1) is determined by its (weak) controllability on V“. In a
later discussion, we assume V' “ is a pathwise connected open set. As
for & = 1, it will be replaced by two pathwise connected open sets:
{z]z® < 0} and {z|z® > 0}.

Definition 4.6: For a subspace W' C R", a transformation P is
called W -invariant if PW C W.

Definition 4.7: System (18) is V -invariant, feedback block diago-
nalizable, if there exist a V' -invariant transformation P, feedback con-
trolsu; = K;x4+wv;,i = 1,..., N such that the feedback models have
block-diagonal form. That is, with = = Pz, (18) becomes

2t Al 0 2! B
— o(t) ” ] a(t) ),
() ( 0 Ai%o><z2>+< 0 )

where the matrices 4)', A2% and By, using same notations for the sake
of simplicity, are different from those in (18).

The following lemma is necessary for proving the main result in this
section.

Lemma 4.8: Consider system (3). Let U be a pathwise connected
open set, and dim(L,(p)) = n forall p € U. Then, forany p € U, the
largest integral submanifold of the Lie algebra satisfies Z(L,)(p) D U.

Proof: Ifitis not true, there exists a point ¢ € U, which is also on
the boundary of Z(p),i.e., ¢ € Z(p)\Z(p), where we have used Z(p) to
denote Z(L,)(p) for simplicity of notations. Since dim(L.(g)) = n
onU, Z(q) contains a neighborhood of ¢, and consequently, there exists
qo € Z(p) N Z(q). It then follows that Z(p) U Z(q) is a connected
integral manifold of £, passing through p, and it is larger than Z(p),
which is a contradiction. O

By slightly abusing notations, we say that a subset S C R" is
controllable (weakly controllable) if R(p) = S (WR(p) = S
respectively) for all p € S. The following is the main result about
controllability.

Theorem 4.9: For (21), assume that dim(V) = n — k, and V° is
pathwise connected. Then, the following hold.

i) V¢ is weakly controllable if and only if

@n

dim(Agp) = k, p eV, 22)

ii) Assume A, is symmetric, then V' is controllable if and only if
(22) holds.

Proof: 1) (Necessity) If there exists a po € V° with

dim Ao(po) = s < k, then, WR(po) = Z(La)(po), and ac-

cording to the generalized Chow’s theorem, the right-hand side is a

submanifold of dimension n — k+ s < n. Thus, V'“ can not be weakly

controllable. (Sufficiency) Let p,q € V°. We have to findaT > 0, a
switching law o (#) with switching moments

O=to<ti < <ty =T
and a switched vector field

X(t) = Aoy + Boytton)s 0<t<T
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such that ¢ = «(T') = e;,\: e 62(11 (p), where X; = X (t), i1 <
t < ti,d; =t; —t;_1.

Denote the starting point and the destination as

We design the control in three steps. First, since V' is controllable, we
can find switching law and controls such that at a moment 7, we have
2 (Ty) = 0. Note that 2 (Tp) is determined accordingly.

Now, by controllability [9], there are X ,1 = A},} x4+ By ug, k=
1,...,s, such that

o=t (T) =€) o)1 (0) 23)
for some T%. Let {s1,...,s1} C {1,2,..., s} be such that
As; € Ao, j=1,...,L
Define
o= el ef?;; (22) (24)

where sz = 4ff!12

Then, in step 2), z? (To) can be steered to z3 (in the weak sense) in
time 7' for some 7. This can be done because of Lemma 4.8. Note
that in step 2), the first component of states 2:* can be kept in the origin
by setting all controls v; = 0. Now, in step 3), we use the controls in
(23) to move ' to the destination 7. At the same time, according to
(24), =% moves from z3 to 3.

ii) Same argument for weak controllability can be used for control-
lability. The only difference is, now since A¢ is symmetric, by Chow’s
theorem, «2 is reachable from «? (To). O

Next, we define the local controllability.

Definition 4.10: System (1) is locally controllable at pg, if there
exists a neighborhood U of po such that

p € R(po) VpeUl.

The system is locally weakly controllable at py, if there exists a neigh-
borhood U of pg such that

p € WR(po) vp e U.
Using the similar argument as in Theorem 4.9, we can easily prove
the following local controllability result.
Corollary 4.11: For (21), assume dim(V') = n — k.
i) For a point py € V¢, the system is weakly locally controllable
at po if and only if

dim(Agpo) = k. (25)

ii) Assume Ay is symmetric. Then, the system is locally control-
lable at ¢ if and only if (25) holds.

It was remarked by an anonymous referee for the original version of

this note that “how to verify (25) in finite steps is a major question. For
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second-order systems, [15] has addressed this in detail.” We give the
following proposition for verifying it.

Since Aq C g¢l(k,R) is a finite dimensional Lie algebra, it is easy
to find its basis. Let E1,..., E; be a basis of Ap. Then, we have the
following.

Proposition4.12: Define M (xo) := Zzzl E;zoxzd ET . Then, (25)
holds if and only if det(M (o)) > 0.

Proof: It is obvious that (25) holds iff

gT(El»ro,---’Ewo) =0

implies £ = 0. Since

J.’[(;l‘o) = (E1.’E0,. . .,Etl’o)(Ell’o,. . .,Et;L’o)T

the conclusion follows. g

Finally, we consider a stabilization problem for (21).

Definition 4.13: A controllable switched linear system is said to
be proper if there exist two K-functions ¢ and 2 such that for any
xo € R™, there is a reachable time T'(xo) (under suitable control and
switching for ¢ to reach zero) satisfies the following:

T'(zo) < @1((lzoll)

@l < @2(llwoll), 0 <t < T(o) (26)
(and (T (z0)) = 0.)
For the zz-subsystem in (21):
2t = Ajln (1), (1) eR” (27)

we have the following result which by itself is interesting.

Proposition 4.14: For (27), assume that: i) (22) holds; and ii) Ao is
symmetric. Then the system is exponentially stabilizable.

Proof: Lety(t; p, ) denote the solution of the 2% -subsystem with
the initial state z?(0) = p corresponding to the switching law 6. Let
S = {p € R"™" : |p| = 1}. Then, by Theorem 4.9, for each ¢ € S,
there exists some switching function 6, that steers ¢ to a point inside
the neighborhood B(0,1/2) := {p : |p| < 1/2} of 0 in time T
for some 7;; > 0. By continuity, one sees that for each ¢, there ex-
ists a neighborhood N, such that 8, steers every point p € N into
B(0,1/2) in time T, Let {\;, }'_, be a finite cover of S. Denote 6,
by #;,T,, by T;, and N, by N;. Foreachp € S, p € N for some
i,and |y(T;p,8:)| = 1/2 for some 7 < T;. If p € N; NN, choose
either ¢; or §; for p.

Assume now that p € R, p # 0. Choose 6, € {61,...,6;} such
that |y(t1:p/|p|,61)| = 1/2 for some t, < T := max{T},....Ti}.
By linearity, |y(t1;1),¢§1)| = |p|/2. Let p1 = x(t1;p,8). Repeat
the process with pr_; replaced by pr for £ > 1 inductively.
Let 6’(f) = éz‘ (t) on [t,'_l,ti). Let M = IllaXlSaSN{lA?,ZH.
Then |y(te;p,0)| < |p|/2F for each k, and for t € [ti_1,ts).
ly(t;p,8)] < |y(tr_1)]e " =1) Hence, working with
t € [tp—1,tr), one has

ly(t;p.0)] < ;ﬁl MT < L ple™"

where L = 2¢MT, o = (In2)/(T). a
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Note that in the above discussions, the choices of switching functions
are based on “event driven.” It remains to be explored further to design
switching laws in the form of a state feedback.

The following holds as a consequence of Proposition 4.14.

Corollary 4.15: Assume that: i) (22) holds; ii) A¢ is symmetric;
and iii) the controllable sub-system of (21) is proper. Then, (21) is
stabilizable.

Proof: First, drive the z'-component to 0 in a finite time, and
then work with the switching functions to drive the z?-component to
neighborhoods of 0. So we have

lim z(t) = 0.

t—oo

(28)

Then the assumption of “properness” assures that for any 6 > 0 there
exists € > 0 such that ||z(0)|| < e implies that ||z(¢)|] < & for all
t>0. O
Remark:
1) If one is only required to get the attraction property (28), then the
“properness” assumption is not needed.
2) Our conjecture is that every controllable switched linear system
is proper. (It is obviously true for no-switched linear system.) We
leave this for future study.

V. AN ILLUSTRATING EXAMPLE

Example 5.1: Consider the following system with n = 4,m =1
and N = 2. Two models (A;, B;),i = 1,2 are

00 0 0 1 00 0 0 1
10 0 0 0 01 0 O 0
001 0f’}O 00 0 110
0 0 01 0 0 0 -1 0 0

We skip some routine computation, and show the results directly. The
controllable subspace is

,c;’azspan{<fg)}.

Letx = (.731,.772,.773,.734)T € R*. Then

C;’a, L3 = T4 = 0
T.(R*), otherwise

where T, (M) stands for the tangent space of a manifold M at z. Define
a subspace

V=A_ze R’ | 23 = xa = 0}.

Then, we know that the weakly reachable set of x is

Z(L5L)(0) =V,
R'\V,

. zeV
WR(z) = .
(@) { A
where Z(D) is used for the integral manifold of a distribution D. Now
assume we add two switching models (A;, B;),i = 3,4 to i) as

-1 2 0 2

1 2 0 2

0 0 -1 0 |’}oO

0o 0 0 -1 0
10 -1 0 1
31 1 0 -1
00 0 -1 0
00 1 0 0

Then one sees easily that Ag is symmetric. So the weak controllability
becomes controllability. Precisely,

L JTLL)0)=V, zeV

R ey
Note that we need pre-feedback controls to block diagonalize A3 and
Ay first. e

VI. CONCLUSION

In this note the controllability of switched linear system was con-
sidered. The main contribution of the note consists of: 1) the (strong)
accessibility Lie algebra for nonlinear systems has been extended to
switched linear systems; 2) a clear topological structure for the pos-
sible controllable submanifolds is provided; and 3) some necessary and
sufficient conditions for the (standard or weak, global or local) control-
lability of a large class of switched linear systems is obtained.
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