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Stabilization of Time-Varying Hamiltonian Systems

Yugian Guo and Daizhan Cheng, Fellow, IEEE

Abstract—This paper investigates the stabilization problem of
time-varying port-controlled Hamiltonian (PCH) systems through
energy-shaping. First, the closed-loop form of a time-varying
PCH system (with certain feedback) is embedded into an ex-
tended system. Then by restricting the extended system to its
invariant Casimir manifold, the energy function (Hamiltonian)
of the original PCH system could be shaped as a candidate of
Lyapunov function. Then the stabilization problem is considered
by using the shaped Hamiltonian function. When the system has
unknown parameters, the adaptive stabilization is considered,
and the above stabilization result is used to construct an adaptive
stabilizer. Finally, the method developed is used to power systems
with periodic disturbances.

Index Terms—Adaptive stabilizer, Casimir function, energy-
shaping, Hamiltonian system stabilization.

1. INTRODUCTION

N RECENT years, the port-controlled Hamiltonian systems

have attracted more and more attention [7], [11], [12]. One of
the advantages of this approach is as follows. When the (energy-
shaped) Hamiltonian is used as the Lyapunov function, since
it is part of the system, it can represent some essential system
properties. For instance, when multiple equilibriums of a system
are considered, one Hamiltonian (as Lyapunov function) can be
used for all of them.

Port-controlled form plays a fundamental role in applying
Hamiltonian function approach [14]. The transfer of a general
nonliner system into a port-controlled Hamiltonian system is the
first key issue in its applications [6].

The Hamiltonian function approach has been used for the
control and stabilization of power systems [4], [5], [16], [19].
Particularly, in a recent work, the method is applied to multima-
chine case [15]. In practice, some disturbances of an excitation
system could be periodic. Particularly, when the disturbance is
coupled with rotors it is very likely to be periodic. This is a mo-
tivation for us to consider time-varying Hamiltonian systems.

A port-controlled Hamiltonian (PCH) system (with dissipa-
tion) is defined as follows[17]:

i = (J(2) - R(x)) M;Y) + G(a)u "
y= 6" ()

Manuscript received November 9, 2005; revised March 20, 2006. Manuscript
received in final form April 20, 2006. Recommended by Associate Editor
A. Bazanella.

The authors are with the Institute of Systems Science, Chinese Academy
of Sciences, Beijing 100080, China (e-mail: gyugian@amss.ac.cn; dcheng@
control.iss.ac.cn).

Digital Object Identifier 10.1109/TCST.2006.879979

where

M(z) := J(z) — R(x)

is called the structure matrix of the system, which determines
a second-order tensor field on state space; J(x) is a skew-sym-
metric matrix corresponding to a power continuous interconnec-
tion in the system; R(x) is a symmetric positive semidefinite
matrix corresponding to the energy dissipation of the system.

We give some concepts related to time-varying Hamiltonian
systems, which will be used in the sequel.

Definition 1:

1) A function ¢(x) is called a Casimir function of system (1)

if its differential dc(x), satisfies

de(z)M(x) = 0. )

2) In [10], a time-varying function V' (z, t) is said to be posi-
tive definite, denoted by V' (z, t) > 0, if there exists a (time
independent) positive definite function W(z) > 0, such

that
V(z,t) > W(x) vt > 0.
Remark 1:
1) In fact, the classical definition of a Casimir function is
M(z) v e(x) = 0. 3)

But for classical Hamiltonian system, since the structure
matrix M (xz) = J(x) is skew symmetric, it is the same
as (2). But, in general, as the structure matrix M (x) is
neither symmetric nor skew symmetric, they are not the
same. Therefore, we call ¢(x) satisfying (2) [(3)], the left
(right) Casimir function. A right Casimir function can be
used to modify the Hamiltonian function (adding it to the
Hamiltonian function will not change the system at all). A
left Casimir function is constant along a trajectory of the
system (with zero inputs). In this paper, we consider only
the left Casimir functions.

2) In time-varying case, the structure matrix becomes
M(z,t). But the Casimir function we considered
is still a time independent function c(z) satisfying
de(x)M(z,t) = 0.

Many real physic systems can be depicted by this form.
A method to shape the energy function via interconnection
was first proposed and developed by Ortega, van der Schaft,
Maschke, and Escobar [12], [17]. The main idea of this method
is to interconnect the plant system (1) with a source system

{ €= (Je() = Re(&) 2 + Ge(©)ue

0
ye = GL ()25
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where H.(§) is a designed Hamiltonian function for dynamic
control extension. A standard feedback interconnection is u =
—Ye + e, u. = y + e., where e, e, are reference signals. When
e = 0,e. = 0, the resulting system becomes

) _ (V@)= B —G@GL©) ) (25
£€)  \ GG () I (g) R.(¢) ) \ 2@ |
&)
For system (5), a set of Casimir functions in the form &; —

ci(z),i=1,2,...,n., might be found to construct an invariant
Casimir manifold. A necessary and sufficient condition was re-

vealed in [12], which states that &; — ¢;(x),i = 1,2,...,n. are
Casimir functions of system (5) if and only if

8T C(x oC (z

Ot () O = T (€)

R(2) G = Re(§) = 0 (6)

26 J(z) = Gu(¢)GT (x)

where C(z) = (c1(w),ca(x), ..., cn, (x)). If these kind of

Casimir functions exist, an invariant manifold can be defined as
M={(z,9) & =ci(z)+di,i=1,2,...,n.}

where d; are constants. Thus, the restriction of system (5) on M

is

)

where H,(x) = H(z) + H.ci(z) + di,ca(z) +
day...,cn.(z) + dp,) is called the shaped energy func-
tion. If H,(z) satisfies positive definite condition, then it can
be regarded as a Lyapunov function and system (1) can be
stabilized by the source system (4).

The Hamiltonian function approach has been used for the
control and stabilization of power systems with possible con-
stant disturbance [4], [5], [19]. In practice, some disturbances
of an excitation system could be periodic. This is one motiva-
tion for us to consider time-varying Hamiltonian systems.

Our goal is to generalize the method of Casimir function ap-
proach to time-varying Hamiltonian systems. As mentioned in
the above, in time-varying case, we require the Casimir func-
tions being independent of time . Therefore, if we formally
shape the energy function by using the aforementioned method,
condition (6) must be satisfied. But it is not reasonable to find a
function C(z) = (¢1(z), ca(x), - - ., ¢n, (), such that the cor-
responding second condition of (6) holds, i.e., the following (8),
called “obstacle dissipation” [13], is satisfied:

0C(x)
Jzx

To overcome this obstacle, we have to change the way of inter-
connection so that under this new interconnection the Casimir
functions of new composed system need not satisfy the second
equation of (6). Later on, you will see that the new interconnec-
tion is a generalization of the previous interconnection.

This paper considers the stabilization of time-varying Hamil-
tonian systems. Casimir function approach of time-invariant
Hamiltonian systems has been extended to time-varying case.
When some disturbances exist, an adaptive control law is
designed to stabilize the system. As a case study, the results are

R(z,t)

=0, forany te€R. ®)

applied to the stabilization of excitation systems with periodic
disturbances.

The paper is arranged as follows. In Section II, we propose a
new way to handle the energy shaping problem for time-varying
Hamiltonian systems. In Section III, we investigate the stabiliza-
tion of time-varying Hamiltonian systems. Based on these re-
sults, the adaptive stabilization problem is studied in Section I'V.
Finally, in Section V, the previously obtained results are used
to investigate the stabilization of a class of power systems with
periodic disturbances. Some concluding remarks are given in
Section VI

II. ENERGY-SHAPING VIA CASIMIR METHOD

Consider a general time-varying Hamiltonian system

OH(z,t)

T = M(z,t) e + G(z,t)u )
and its extended system
i\ _( M) M, t)B(x) T
<5> - <BT<x>M<x,t> BT (x)M (x,t)B(x >> * <6§§ )

(10)

where x € R™, ¢ € R", M(x,t) is an n X n matrix, which is
called the structure matrix of system (9), G(z,t) isann x m
matrix, B(z) is an n X n. matrix, and H,(z, &) 2 H(z,t) +
H_ (&, t) with H.(&,t) asmooth function. In fact, (10) is a time-
varying version of its original time-invariant form proposed in
[11].

Our aim is to shape the energy function of system (9) by em-
bedding its closed-loop form with a proper control u = a(z, t)
into its extended system (10). First, we look for n.. Casimir func-
tions of system (10), define an invariant manifold (multilevel
set) of it, and then restrict system (10) on this invariant mani-
fold. As you will see, for properly chosen B(z) and M (z,t), the
restricted system is exactly the same as system (9) with proper
control. First, let’s prove a simple lemma, which is basically
from [11], as a time-varying generalization.

Lemma 1: 1f there exists functions ¢q(z),...,
that

¢n, (z), such

where C(z) = (c1(z),...,cn, (z)), then & —
1,2,...,n, are Casimir functions of system (10).
Proof: A straightforward computation shows that

M(z,t) M(z,t)B(x) —
(=B"(2) I)x <BT(x)M ) B%)M(w»ﬂB(w)) =

Since BT (z) = (07C(x))/(0z), we have

(_ BTaCx(x) 1)

ci(z),i =
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which means that for any j € {1,2,...

M(x,t)
8 (B%)M(w,t)

e}

M(z,t)B(x) _
BT(x)M(x,t)B(x)) =0

That is, & — ¢;(z),s = 1,2,...,n,., are Casimir functions of
system (10). O
Note that (11) shows that the Casimir functions &; — ¢;(z) are
constant along the trajectories of system (10).
Then we can define a multilevel set

M = {(2,8)|& = ci(x) + di} C R

whered;,i = 1,2,.. ., n,,are constants depending on the initial
values of system (10). Obviously, M is an invariant manifold of
system (10). Vghen restricting on M, system (10) becomes

& = M(x, t) = (H (2, )+ He(cr(2) +da, ., e (@) +dm, )
= M(at)afl‘é;(;vﬁ. (12)

We need the following assumption.
Al: There exists an n. X m matrix G.(z,t), such that
M(z,t)B(x) = —G(x,t)GL (z,1). (13)
Then we have the following.
Proposition 1: Under the assumption Al, the restricted
system of (10) on M is the same as the closed-loop system of
(9) with controls

H(' 7
u(z,t) = —GX (1) w’ . (14)
o€ gi=ci(z)+d;
Proof: Using the control (14) to system (9), we have
OH (x,t OH. (&t
* ¢ &i=ci(x)+d;
H H,
= () 2@ g1y () 2HelED)
Oz 85 Ei=c;i(x)+d;
~ Mot )8H(a: ,t) +M(z7t)60(a:) 6HC(£,t)’
ox ox ¢ €5 (2)+ds
:M(x’t)a(H(x,t) + H.(z,t))
ox
OH,(z,1)
=M Y2al Ly Y
(x7 t) ax
where H.(z,t) = H.(c1(x) + di,...,cm(2) + dm,t). Obvi-

ously, it coincides with the one in (12). O
Remark 2: Equation (13) holds if and only if

M(z,t)B(x) € Span{G(z,t)}. (15)

Therefore, the key is to choose ¢1 (z), . . ., ¢, (), such that (15)
holds.
In the following discussion, we focus on the special case that
the structure matrix M (z,t) takes in the form
M(x,t) = J(x,t)

~ R(x,1) (16)
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where J(x,t) is skew-symmetric and R(z,t) is positive
semi-definite. That is, we consider only the forced Hamiltonian
system with dissipation as

i = (J(x,t) — R(x, 1)) 22E0 L Gz, t)u an
_ AT OH (x,t)
y=G(z,t)=5—
where z € R™,u,y € R™,G(z,t) = (g1(x,t),..., gm(x,1)).
Remark 3: Equation (16) is equivalent to
M(z,t)+ MT(x,t) <0 (18)

which is assumed hereafter. In fact, for any matrix M (z,t)
which satisfies (18), we have

Mz, )= ~(M(z, ) — MT(2,1)) + %(M(m,t) + M7 (2,1))
2 J(z,t) — R(z,t)
where 1
J(z,t) 2 5 (M(x,1) = M7 (2, 1))
R(e,1) & L (M(z,1) + MT(z,1)).

It is obvious that J(z, t) is skew-symmetric and R(z, t) is pos-
itive semi-definite.

If R(x,t)B(z) = 0, from the modeling perspective, system
(10) can be regarded as the interconnection of system (17) with
a source system

€= (Jol&:1) = Rel(€,0) 258 + G (&, tyue
_ar 9H.(£) (19)
Ye = Gc (gl t)a—g
via the standard power-conserving interconnection u =
—Ye, Ue = Y, Where
8TC(1)J(:1: t)aC(z) = J. (5 t)
R(z,t)25%) — R (¢,£) = 0 (20)

%p‘]( y ) = c(f; t)GT(.Z‘,t).
Degenerated to time-invariant case, the condition (20) coincides
with the conditions in [12].

But in general, just as discussed in Section I, since the struc-
ture matrix is time-varying, while C(z) is required to be inde-
pendent of ¢, the second equation of (20) is very difficult to sat-
isfy. In the present paper, we removed the second condition of
(20), thus, the choice of Camisir functions has relatively more
freedom than that in [12]. In this case, if the structure matrix
J(z,t) — R(z,t) is invertible, then we can introduce a new
output function of system (17) as OH (3,1)

=G (z,t)(J(z,t)+ R(z,1))~ oz
1)

'(J(z,t) = R(z,1))

then system (17) with control (14) can still be regarded as its
interconnection with (19), where

Je(&,t) = BT (2)J (z,) B(x)
= B (z)R(z,t)B()
ot) = Gelw, 1)
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Controller

Fig. 1. Interconnection.

via interconnection constraints v = —.,u. = Y (shown in
Fig. 1).

Remark 4: The output defined in (21) is similar to the one
defined in [9] and [3]. But they are also different. In [9] or [3],
the output is proven to be a passive one, but ours is not. Our
purpose here is to realize similar interconnection constraints as
u = —y. and u. = y. If the exact output in [9] and [3] is used,
this interconnection will be destroyed.

III. STABILIZATION

In the previous section, we studied how the energy function of
a time-varying Hamiltonian system could be shaped through the
Casimir method. In this section, the shaped Hamiltonian func-
tion is used as a candidate Lyapunov function in order to inves-
tigate the stabilization of system (17).

Consider system (17), if we choose an output as

OH,(z,t)

y=G"(z,t 22
y (@, t)—5_ (22)
then we have the following result.
Theorem 1: Assume the following:
1) there exists functions ¢1(x) + di, ..., ¢, (z) + d,, and
H.(&t) : Rt — R, such that
Ho(z,t) 2 H(z,t) + Ho(cr(2) + di, ..., cn (@)
+dn,t) > Ha(0,1) = 0;
OH OH,
- ey < 0;
at + at (Cl(l’) + d17 ? cnc (fl:) + dn7t) — 07
2) there exists an n. x m matrix G.(z,t), such that
oC
(J(z,t) — R(w,t))# = —G(x,t)GT (x,t)
x
where C'(z) = (c1(z) + d1, ..., cn, () + dn).
Then the control rule
o OH.
u(z,t) = =G, (x,t) +v (23)

9¢ gi=ci(z)+d;
renders the input-output mapping v — ¥ passive with
storage function H,(x,t).
Furthermore, if H,(z,t) is positive definite, then the
closed-loop system is stable for v = 0.
Proof: According to the discussions in Section II, the
closed-loop system of (17) with control (23) is

i = (I t) - R 220D g, e
X
Moreover

. OH, oH,\" OH

Hﬂ _ a a ) a T —
= o (m) R, t) 5+ vy

o\ " OH

< - = )+ Ty
< <8x> R(z,t) o +v'y (25)

This implies the passivity of the input-output mapping v — ¥.
The second statement is obviously true. O
Since the system is time-dependent, LaSalle’s principle

(or the Barbashin and Krasovskii’s Theorem) fails in general.

Therefore, the conditions of Theorem 1 are not enough to assure

asymptotic stability. Some other conditions must be found to

assure asymptotical stabilizing the system. First, we introduce

a lemma whose proof can be found in [8].

Lemma 2: [8] Consider system (17). Assume: 1) the Hamil-
tonian H(z,t) is positive definite and (0H (z,t))/(0t) < 0
holds for all  and ¢ and 2) the system is zero-state detectable,
then the feedback

U= -y (26)
renders the system asymptotically stable.

Suppose, moreover, that H(x,t) is decreasing and that the
system is periodic, then feedback (26) renders the system uni-
formly asymptotically stable.

Theorem 2: Under the conditions of Theorem 1, assume:
1) H,(z,t) is positive definite and 2) system

& = (J(x,t) — R(z, ) 2@t 4 Gz, )
8H, (z.t) * (27)
Y= GT(x7 t) (a)z ’
is zero-state detectable, then the control law
OH, OH,
u(x,t) = — GZ T, t = +GT(x,t =
(z,t) (z,t) 3 (z,t)—_
(28)

renders system (17) asymptotically stable.

Furthermore, if H,(x,t) is decreasing and the system (27) is
periodic, then feedback (28) renders the system (17) uniformly
asymptotically stable.

Proof: According to Theorem 1, the control rule (23)
assures system (27) as being passive with storage function
H,(z,t). Since H,(z,t) is positive definite and system (27) is
zero-state detectable, according to Lemma 2, the control

OH,(z,t)

v=—y=-G(x,1) B

(29)
asymptotically stabilizes system (27). That is, the control (28)
asymptotically stabilizes system (17). O
Theorem 1 can be used to time-invariant case. Consider time-
invariant forced Hamiltonian system with dissipation:

— R(2)) 222 4 G(a)u

{g;« = (J(2) o)

y=GT ()25
Using Theorem 1 and LaSalle’s invariance principle, it is easy
to prove the following.
Theorem 3: For system (30), assume:
1) there exists an n. x m matrix G.(z) and functions C'(x) =
(c1(x),...,cn.(x)), such that
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2) there exists a function H. : R™ — R, such that H,(x) 2
H(z)+ H.(c1(z),. .., cn, (z)) has strict minimum at z;
then the control

9H.(§)
23

—Gy (w)

u(x) = 31

gi=ci(x)

stabilizes system (30).
Moreover, if there is no non-zero trajectory of the closed-
loop system contained in the set

OH,(z)

{o| R =™ = 0}
then the control (31) asymptotically stabilizes system (30).
Remark 5: Theorem 3 is a known result (an equivalent state-
ment can be found in [17]). In fact, Theorem 3 is the clas-
sical control by interconnection methodology. It can be seen
as the interconnection of system (30) with an integrator { =
G.(Oue,y. = GL(E)(OH,)/(0€) via the standard feedback
interconnection v = —y., u. = y, which yields the embedded

system

0H,(z)

i = (J(2) - R@) =5

Also, in the control by interconnection method, the energy func-
tion is free, chosen by the designer to assign the desired equi-
librium point.!

IV. ADAPTIVE CONTROL

In this section, we consider a time-varying Hamiltonian
system with uncertain parameters

i = (J(x,t) — R(a, 1)) 2200 4 Ga,t)u
_ AT OH (,0,1) * (32)
y=G"(z,t) =5~
where § = (61,...,0,)" are uncertain parameters. When J, R,
and G are constant matrices and the Hamiltonian H(x,#) is
positive and linearly depends on the uncertain parameters 6, it
is investigated in [19]. In the present paper, we still suppose that
the unknown parameters in the Hamiltonian function are linear,
ie.

A2: H(:v, H,t) = Lo(:l?,t) + Zle L7(.17t)9, = Lo(:l?,t) +
L(z,t)8, where Lo(z,t), L;(z,t), i = 1,2,...,p, are smooth
functions and L(z,t) = (Li(z,t),...,Ly(z,t)). But we do
not require that H(z, 6,t) is positive definite. We construct an
adaptive control law for system (32) through the following two
steps.

Step 1) Suppose all the parameters f; in the system are
known, apply the method proposed in the previous
section to shape the energy function and design a
feedback control law

u=«a(z,0,t)

which can stabilize system (32).

I'This novel remark is pointed by an anonymous referee.
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Step 2) Construct an update law and substitute the unknown
parameters 6 in the feedback by its estimate 4, i.e.,
design a control law

{é:ﬂ(x@t)

u=«(z,0,t).

Step 1: Suppose all the parameters in the system are known
and assume the following.

A3: There exists a vector function C(z) = (ci1(z),...,
cn.(2)), amatrix G¢(z,t), and functions L§(&,t), L$(€,1),4 =
1,2,...,p, such that

acC
(J (2, t) - R(x,t))# = —G(z, )G (z,t)  (33)
z
and
H(z,0,t) 2 H(z,0,t) + H.(C(x),0,1)

= (Lo(w, 1) + Lg(C(2), 1)) + (L(z, 1) + Le(C(2), 1))

is positive definite with respect to = and (9H)/(dt) < 0, where

and Lc(§,t) = (L{(§, 1), ..., Ly(&1)),§ € R™.
According to Theorem 3, the control law
Hﬂ » Uy
= =G (1) WI (34)
¢ le—cw@

stabilizes system (32).
Step 2: Replace the unknown parameter 6 in (34) by its esti-
mate 6, i.e., consider adaptive controller

u=—GT(x,t) 9H-(¢,6,t) éi’g’t)

£=C(x) (35)

6= B(x,0,1)

where 3(z, 6, t) is to be designed. Substituting (35) into system
(32), we obtain
OH(z,0,t)
ox
OH.(£,6,1)
9
OH (z,0)
ox
ch(£7 é? t)
23

& = (J(z,t) — R(z,1))

— G(x7t)GZ(x,t)

£=C(x)

= (J(x,t) — R(z,1))

- G(JJ, f)GZ(J}/ t)

£=C(a)
OH(€,0,1) ‘ 1
9 =)
OH (z,0)
ox

— G(x,t)GT (x,1) (%ﬁ”) L o) 6 —46).

= (J(z,t) — R(z,1))
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Take

Vi(z,0,t) = H(z,0,t)+ %(é -0TT@H-6) (37

as a candidate Lyapunov function, where I" is a positive definite
matrix, then the derivative of V' (z, 6, t) along system (32)—(35)

V= 0 7(;1: 6,t) <8H(;:a,:9,t)> R(%t)ag(g;&t)

( (2,6,1) ) G, )GT (2, 1)
< 0 —6)TTB(x,6,1)

\ >L C(z)(é—9)+

OH (.0 t) <8H(x,0,t))TR(x t)aﬁ(x,a,t)

ot ox ox
T
-0 | () | G
£=C(z)
OH (z,0,t) -
If we choose
A o —1 aLC(£7t) T
B(z,0,t) =T (Tf)
£=C(z) ) R
Gl G (5, 1) 2 (;f’t)
then

. OH(x,0,t)  (OH(x,0,)\" oM (z,0,t)
V="5 _< oz ) Rl )—5,
T
+l-07 | (P4E0) G (1)
23
£=C(a)

x GT(x,t) (%)] (6 —6)
_ aH(;ge,t) ~ <8H(;;9,t)>TR(x7t) aﬁ(gj,t)

+(6-07Q(x,t)(0 —0) (39)

where L(z,t) = L(z,t) + L.(C(z),t) and
3Lc(£,t)>T

Q) = (5

£=C(w)
xGo(z, )G (2,1) (

OL(z,t)
oz ) ’
If we assume the following.
A4: Q(z,t) + QT (x,t) < 0, then V(z,6,t) < 0, which
implies that system (32)—(35) is stable.
According to the above analysis, we conclude the following.

Theorem 4: Under assumptions A2—A4, system (32) with un-
certain parameters can be stabilized by adaptive controller

uw=—GT(z,1) 2L éfge t

5 11 [OL.(&1)
-1t (252"

£=C(w)

Ge(z,t)GT (x,t
£=C(z)

8H(z,0)
) ox

(40)

where I is any positive-definite matrix.
Remark 6: In fact, the closed-loop system (32)—(39) can be
expressed as the following Hamiltonian system: (we take I' =

I, for simplicity)
[ OV (x,0,t
i\ _(J(@,t) = R(w.t) —P(x,1) ) % )
0 PT(z,t) Q(z,1) OV (wd.t)
a6

where V (z,6,1) is as in (37) and

P(z,t) = G(z,t)GT (x,1) <%§’t)>‘£ .

Therefore, condition A4 can be replaced by the assumption that
system (41) is dissipative, i.e.,

R(z,t) 0
< 0 —%[Qu,t)wwx,tn)za

Remark 7: We need some other conditions to assume the
asymptotical stability of the closed-loop system, such as gen-
eralizations of Barbashin—Krasovski—LaSalle Theorem [2]. In
the following, we give a result of asymptotical stability for pe-
riodical systems. The result will be applied in Section V.

Consider a continuous time-varying nonlinear periodic
system

T = f(il,’7t)
where

flz,t+7) = f(z,1) Vz,t. (42)
Assume f(z,t) is a complete vector field, so for each (xq, %),
the unique solution exists for all ¢ > ty. Moreover, there ex-
ists a positive definite function V() with V(z,t) = VV (x) -
f(x,t) < 0, then the origin is asymptotically stable if V' (z, t)
is not identically zero for all nontrivial solutions of system (42)
[1]. Using this result, we have the following.

Theorem 5: Suppose conditions A2, A3, and A4 hold, and it

follows:

1) J(z,t), R(x,t), G(x,t), and H.(£,t) are all periodic in ¢
with the same period T';

2) H(z,0,t) = H(x,0), which is independent of #;

3) V(w g ,t) is not identically zero for any solution of system
(32)~(35) other than (0,6), where V(z,0) is defined in
37).

Then system (32) can be asymptotically stabilized by con-

troller (40). O

Next, we consider a general Hamiltonian system

OH(x,6,t)

z = (J(x,0,t) — R(zx 5

,0.1)) + G(z,0,t)u. (43)
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In the above system, § € RP is the unknown constant parameter.
We assume that the following.

A3: There exists a function C(z,0) (c1(z,0),...,
¢m(z,0)), a matrix G(z,6), and a function H.({,0,t),£ €
R™ such that

(J(z,0,t) — R(:E,H,t))M —G(z,0,t)GT (x,0,1t)
! (44)
and
H(a 1) = H(z,0,1) + H.(C(x,0),0,1)

is positive definite with respect to = and (9H)/(9t) < 0

A8: There exists L§(x,t), Lo(x,t) € R™,m X r matrices
L.(z,t), L(x,t), and a constant vector p € R" such that
OH.(£,0,1)

G?(m o€

,0.1) = L§(z,t) + Le(z, t)p.

SZC(wse)
(45)
and -
OH(z,0,t)

T
G (z,0,t) 5

= Lo(z,t) + L(z, t)p. (46)

u= —L§(x,t) — L(z,t)p

b= Lo(w, ) Lo(2, ) + Lo(z, Lz, 0)p. 47

A4: LT (z,t)L(x,t) + LT (z,t) Le(x,t) < 0.

Then we have the following result.

Theorem 6: Under assumptions A3’, A8, and A4, system (43)
can be stabilized by the following control law:

Proof: 1t is easy to verify the closed-loop of system (43)

with control (47) as

T\ _ J —-GL,

p)  \\LIGT -3 (LIL—L"L)

(R 0
0 —1(LTL+LTL.)

Where V(x,ﬁ7t) = H($797t) + (1/2)(13 - p)T(ﬁ - p) AC'
cording to assumptions A3’ and A4’, system (48) is a dissi-
pative Hamiltonian system with positive definite Hamiltonian
function, so the equilibrium (0, p) is stable. O

As a summary, this section contains three main results: The-
orems 4, 5, and 6. Theorem 5 is a result about the asymptot-
ical stability. It will be used in Section V for the stabilization
of power systems with periodic disturbances. Theorems 4 and 6
are results of stability. The following numerical example is an
application of Theorem 6.
Example 1: Consider time-varying system

()= ) D))

T2 —I2 0 0 0 gTh; 0
(49)

where H = (1/2)2%(1 —sinxs) + (1/2)23 + (1/260)23(221 —

1) + 23 and # > 0 is an uncertain parameter. We

choose c(z1,72) = (1/2)x3 — 1 and G.(wy,w2,t) =

—6(1 — sint) — 3, then we have

(1) — B, )24 = a6 ()
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If H. is selected as H.(§) = (1 { )¢, then

ms H(xz,0)+H.(c(x),0) = —xl(l sinxo)+ = x2+6z1x§

which is locally positive definite. Furthermore

0H.,
GE(z, 1) ﬁ‘ = Lj(z,t) + Le(z,t)p
£=c(x)
OH
GT¥ = Lo(z,t) + L(z,t)p
x

where L§(z,t) =
x1(1 —sinxs), L(x,

-(1- smt) Le(z,t) = —x3, Lo(z,t) =
t) = x3,p = (1/6). It is obvious that

1
Q@) = 5(LTL+17L.) = —u}

is negative semi-definite. Thus, we obtain an adaptive stabilizer

u=1-sint+ x3p
50
{p——ﬂf% G0

[1(1 — sinzs) + 23p] .

According to Theorem 6, the Lyapunov function for the closed-
loop system is

_ 1.
V = H(z1,22) + 5(17—1?)2-

Then the derivative of V' is

. 1,17
V =—(1—sint) [:cl(l —sinzs) + 5:53]
1 1 2
-9 [—5171 cosxay + xa + 03:1:192] —z5(p—p)?
<0 (5D

thus, lim;_, o, V() exists since V'(¢) is decreasing and bounded
from below. The stability of the closed-loop system implies that
any trajectory (z1(t), z2(t), p(t)) of the closed-loop system is
bounded on R, and so is (i1 (t), i2(t), p(t)) since the system
under consideration is periodic in ¢. Thus, by (51) it is easy to
check V is also bounded on Ry, so Vis uniformly continuous
on R, . By Barbalat’s lemma, we have V — 0ast — co. This
implies that x1 — 0 and zo — 0 as t — +o0 by (51). Fig. 2 is
a simulation for z1(0) = 3, 22(0) = —4,p(0) = 3, and § = 2.
It shows that the controller is efficient.

V. APPLICATION TO POWER SYSTEMS
In excitation systems, it happens that the disturbances could
be periodic. Consider an excitation system with periodic distur-
bances w; and wo

6= w— wy
AL

w= 5Py — %( —wp) — wM sin 8 + wq (52)
/A 1 1 x4 x
Eq__ﬁEq Tur de cos6+—Vf+w2

where wy = 71(w — wg)sint,wy = mngsint. The physical

meanings of the variables with their units are listed in Table I
(where “pu” means “per unit” for normalized parameters).
Denote

£E1—5
T2 =W — W
$3:El
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Fig. 2. Simulation for Example 1.
TABLE I
PARAMETER ILLUSTRATION
Parameter Physical Meaning Unit
4 the rotor angle rad
w the rotor speed rad/s
E(’] the internal transient voltage pu
Py, the mechanical power pu
M the inertia coefficient of the generator s
D the damping constant pu
P, = Eng/mg): sin d the active electrical power pu
1 the stator closed loop time constant s
Tao the excitation circuit time constant s
Tq the d-axis synchronous reactance of the generator | pu
@, the d-axis transient reactance pu
Vi the voltage of the field circuit of the generator pu

and @ = (wo/M) Py, b = (D/M),c = (woVi)/(Malys). d =
(/(Th)e = (1)/(Tay)(wa — ) V) /(). A = (/). and
regard u = V7 as control. We assume d and 71, 12 are unknown
parameters and |n1| < b, then the system can be written as the
following Hamiltonian system:

i::(J—R)%-i-Gu

ox (53)

where
0 1 0
J=1-1 0 0
0 0 0
0 0 0 0
R=10 b—msint 0], G=10
0 0 1 1
H(l‘,t) = LO(xvt) + Ll(xat)d+ L2(x7t)772
1
Lo(z,t) = —cxzcoszy — axy + 5:1:%
1
Ly(z,t) = 5/\3737 Lo(z,t) = —Azgsint.

We take C(z) = 3 and G.(z,t) = (1/A), then condition (33)
is satisfied.

Suppose T = (71, T2, Z3)T is the equilibrium to be stabilized
and h(z3) = L§(zs,t) + L{(xs,t)d + Ls(xs, t)n2 is the func-
tion such that H(z,t) = H(x,t) + h(z3,t) has a minimum at
7, then VH |z = 0 and Hess{H} |z > 0, i.e., the following
conditions must be satisfied:

cx3sinz; —a=0
To=0

(54)
% . = ccosTy — AdT3 + A sint
crzcosTy >0
d?h in’ & 55
Lh| > i &)

Thus, we choose

L§(xs,t) = %pw% + (ccos Ty — pZs)ws
L§(x3,t) = —%Aa:%
L§(x3,t) = Azssint

where p is a parameter satisfying p > (csin® Z1) /(73 cos 71).
Then, we have
_ 1 1
H(z,0) = —cwgcoszy —axy + 51’% + §px§
+(CCOS.T1 — pi‘g)ﬂ?g

which is independent of ¢. It is easy to calculate that Q(z,t) = 0
and
d —x3(—ccosxy + pr3 + ccos Ty — pT3)
J)=08= . b — o
Ty sint(—ccoszy + pr3 + cCOST1 — pT3)

1 ~
u= —X(pxy, + ccoszy — pry — Adxg + Aijpsint).

We can show that (T, d, 1) is asymptotically stable by using
Theorem 5. In fact, we only need to check condition 3). Suppose
there is a solution (%, d, 7j2), such that V (&, d, 7j2) = 0, then we
have

To=0
—ccosT1 + pr3 + ccosy —pry =0
cZzsing; —a = 0.

It is easy to check that in a neighborhood of 7, the only solution
to the above equations is Z. So 23 = 0, this implies that

(d —d)x3 — (72 — n2)sin(t) =0
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Fig. 3. Simulation for power system.

for any ¢. Thus, we have d = d and 2 = No.

Fig. 3 shows the simulation results for D 3,M
7.6,wp = 50m, Vs = 20,2/, = 0.36,FP, = 100,T}
5T¢ = 5,zq4 = 0.9,2/, = 0.36 (Z. Xi, D. Cheng, 2000
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[18]). We choose 6 = &1 = 0.55,0 — wy = Ty = O,E'(’I =
T3 = 3.4437,p = 200,m = (1/3),m2 = 0.3, and initial
values z1(0) = 0.6,22(0) = 0.5,23(0) 2.6437,d(0) =

0.3,72(0) = 0.6.
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The above simulation results show the asymptotical sta-
bility of the overall system. From the simulation one can also
see an unhappy phenomenon: chattering. We found that it is
mainly caused by the system’s structure. Particularly, as the
damping coefficient D increases, the chattering phenomenon is
decreased.

Remark 8: From the case study in this section, we may sum-
marize the following.

The method proposed in this paper can be used to treat time-
varying Hamintonian systems. When certain uncertainties exist,
the proposed adaptive controller can be designed to deal with the
uncertainties and reach (asymptotical) stability of the closed-
loop systems. The design method is simple and efficient.

There are some drawbacks of this approach. First, stability is
relatively easier to be obtained. But for asymptotical stability,
so far we can only treat periodic disturbances. Second, it seems
that using this design technique, the chattering phenomenon can
hardly be eliminated.

VI. CONCLUSION

In this paper, the Casimir method of Hamiltonian systems has
been generalized to time-varying case. In using it, the stabiliza-
tion and adaptive stabilization problems of time-varying Hamil-
tonian systems were investigated. The results were applied to
single machine power systems with periodic disturbances, and
the simulations showed the efficiency of the designed adaptive
controller.

Certain problems remain for further study. One is the asymp-
totical stability with nonperiodic disturbances. The other one is
to design a control to reduce the chattering phenomenon in sta-
bilization of power systems.
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