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Abstract: The stabilization of a class of switched nonlinear systems is investigated in the paper. The systems con-

cerned are of (generalized) switched Byrnes-Isidori canonical form, which has all switched models in (generalized) Byrnes-

Isidori canonical form. First, a stability result of switched systems is obtained. Then it is used to solve the stabilization prob-

lem of the switched nonlinear control systems. In addition, necessary and sufficient conditions are obtained for a switched

affine nonlinear system to be feedback equivalent to (generalized) switched Byrnes-Isidori canonical systems are presented.

Finally, as an application the stability of switched lorenz systems is investigated.
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1 Introduction

In recent years, the study of switched systems has
received more and more attention. Many engineering sys-
tems, such as robot manipulators [1], traffic management
[2], power systems [3,4], etc. are essentially switched sys-
tems.

Stabilization is a fundamental task for control design of
switched systems [5]. The stabilization of switched lin-
ear systems has been investigated for a long time. Many
advanced tools have been used in the study. For exam-
ple, in [6] Lie-algebra structure was used to reveal a suffi-
cient stability criteria for switched linear systems. Multiple
Lyapunov functions was used in [7]. Quadratic stability by
using quadratic Lyapunov functions (QLF) has been shown
to be an effective way to solve the problem of stability and
stabilization of switched linear systems [8,9]. However, it is
known that the existence of a common quadratic Lyapunov
function is not necessary for the stability of switched linear
systems [10]. A recent result provides a necessary and suf-
ficient condition for the existence of a common quadratic

Lyapunov function for a set of stable matrices [11].

Received 30 September 2005; revised 9 December 2003.

Recently, the stabilization of switched nonlinear systems
has also been investigated {12, 13]. The switched technique
is implemented for the stabilization of some typical kinds of
nonlinear systems [14,15]. ‘

A general switched affine nonlinear control system con-

cerned is described as

a) €= D) +¢" W (Eu,E(t) € R", uc R™;

b) y’t=h”t(§)7’b=17 , M, (1)

[0,00) — A is a
right-continuous piecewise constant mapping, and A =

{1,2,---, N} for some integer N = 2.

where the switching law o(t)

Throughout the paper, we assume that the switching law
can be arbitrary.
The systems considered in this paper are mainly of the

following two particular forms. The first one is
i=AWg + B*®y, g c R*, weR™,

&) { 5= pg(t)(g)’ = Rl;
b) y=Cu, 2

where £ = (r,2), and (A*, B*), A\ € A are completely
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controllable pairs. The second one is
o=@, 2) + 9]z, 2)u, xR,
£=p"0(), z€R,

b) y=Cq, (3)
where &€ = (z, z), f{(0,2) = 0, and
»_ Of A A
z 0.0y

are completely controllable pairs.

We call (2) switched Bymes-Isidori canonical form
(SBICF) because each switching model is in Byrnes-Isidori
canonical form (BICF) (up to a linear transformation),
and (3) generalized switched Byrnes-Isidori canonical form
(GSBICF). Since in state feedback stabilization problem the
outputs are less involved, for convenience, sometimes we
also call (2(a)) SBICF and (3 (a)) GSBICF.

Note that a SBICF has not only all switched models in
BICF, but also common linearly controllable sub-space for
all switching models.

The purpose of this paper is to investigate the stabiliza-
tion of switched nonlinear systems in SBICF (GSBICF). We
will also consider when system (1) can be converted to (2)
or (3) via state feedback, which is also said to be feedback
equivalent to SBICF (GSBICF). The main tool for stabiliza-
tion is the Lyapunov function with homogeneous derivatives
(LFHD) proposed in [16].

The rest of this paper is organized as follows: section 2
provides a slightly improved stability result via LFHD. Sec-
tion 3 proves a theorem on stability, which is a key result for
the following stabilization argument. Stabilization problem
is considered in section 4. Section 5 considers the transfor-
mation of general switched nonlinear control systems into
SBICF (GSBICF). Section 6 is some concluding remarks.

2 Lyapunov function with homogeneous
derivatives

Center manifold theory has been proven as a powerful
tool for investigating stability and stabilization of nonlinear
systems [16~18]. As a basic tool for a systematic center
manifold approach to stabilization problems, the Lyapunov
function with homogeneous derivatives (LFHD) has been

proposed in [16]. This section restate it in a more general

form.

Consider a nonlinear system
== f(z), f(0)=0,

Denote by fi(z), i = 1,---

f(x). Then, we have the following generalized definition

r e R™ (5)

,mn, the components of

of approximate stability.

Definition 1  System (5) is said to be approximately sta-

ble at the origin with approximate degrees (dy, - -« ,dn) if

;= filz) + O(|a| ™), =1, (6)

|

is asymptotically stable at the origin.

Now consider system (5) again. We split the components
of f(x) as

fi(w)ZQi(m)+ei(:E)’ i=1,---,n,

where ¢;(z) is a polynomial of degree deg(g;(z)) = di and
ei(z) = O(||lz

system as

d:+1) Then we construct an approximated

t=q(z), zeR", (M

where q(z) = (q1(x),---,qn(z))T. A positive definite

polynomial V(z) > 0 is said to be a LFHD of (7) if
oV (x) B :
deg( Bz, qz(a:)) =d, Vi

Using above notations, we have the following result:

Theorem 1 The origin of (5) is approximately stable
with approximate degrees (di,--- ,d,), if there exists a
LFHD V(z) > 0 (z € U\{0}), such that
n 9V (x)

X o, “ <O

i=1

V= z € U\{0},
where U ¢ R" is a neighborhood of the origin. Particularly,

system (5) is asymptotically stable at the origin.

Remark 1 Theorem 1 is a little bit more general than
its original version in [16], where ¢; () is assumed to be the
lowest degree terms of f;(x). But a straightforward verifica-
tion shows that the proof in [16] remains available. We need

this version in the sequel.

We give a simple example to describe the application of
Theorem 1. Note that the corresponding theorem in [16] is

not applicable to this example.
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Example 1 Consider the following system
{ iy =5 — 25+ 23(1 ~ coszy) (= fi(x)),
(= fa()).
We construct its approximated system as
(= g1(2)),

fy =z — 23+ iy (= ga(2)).

8

Lo =1z — m% +z% sin g

{ iy = —23 — 7} + 0.5z522 ©

Then
di = deg(g1(z)) = 5, dz = deg(ga(z)) = 3.

Using Taylor series expansion, we have

ey = z3(1 — cos 1 ~ 0.52) = O(llz||") € O(j|®);

ez = 24(sin @y — z2) = O(||z|1*) € O(|l«||*).
Now we define a candidate of LFHD as

V(z) =222+ 13 >0, (z+0).

Using the following inequality [16]

o lal o e,

afb? g
+4q pt+yq

a,beR, p>0,¢g>0, (10)
we have
Vg = —42$ + 22323 — 428 + 4a3a
< —4z‘15 + x? + xg — 4zg +4 (%m? + %zg)
= —§a:? - lmg <0, (z+#£0).

3 3
According to Theorem 1, system (8) is approximately stable

at the origin with approximate degrees (5,3). Particularly, it

is asymptotically stable at the origin.

3 Stability
In this section we consider a class of switched affine non-
linear systems. The systems have the following two-block
structure:
&= [A7® + HO(&)z, z e R*,
{ r=p"M(), z e R,
where £ = (z, z), the switching law o (¢) : [0,00) — A

an

is a right-continuous piecewise constant mapping, A =
{1,2,.--,N} for some integer N > 2, and H*(¢) and
pMé) A=1,---, N, are C° vector functions.

The following assumption is made to emphasize that
H?(¢) is a higher degree term.

Assumption 1 H*(¢) = O(J|¢])), X € A.

Split p*(0, z) as

*0,2) = *(2) + e*z), A€ A4,

deg(g(z)) = d) and e}(z) = O(||z[|% *1). Using it, we
construct an approximated system as
i=1,---,; Ae A

4 =g (2), (12)

Then, we have our main stability result:

Theorem 2 System (11) with assumption 1 is asymp-
totically stable at the origin, if there exists a neighborhood,
U, of £ = 0 such that

i) A*, X € A share a common QLF. That is, there exists
a positive definite matrix, P > 0, such that

PAN + (AMNTP =Q* <0, e A (13)

i1} there exist a common LFHD, V(z) > 0 for (12) and a
set of integers d* > 0, A € A such that

deg (%—q"‘(z)) =d* VYied, zelU, (14
and
%qu(z) <0 VYAed, zeU,; (15)

iii) for each component of p*(z,z), A € A the lowest

degree (LD) of its components satisfies
LD (p;-‘(m, z)) p e;-‘ — %i 41, (16)
where j =1,--- I, z € U.
Proof Choose a candidate of Lyapunov function as
L(¢) =axTPz+V(z), a>0,

where a > 0 is an adjustable parameter to be determined
later. It suffices to show that the derivative of L is negative
along trajectories of all switching models. For any A € A4,

we have

. d

L|(11) = G,:I)T (Q/\) T+ 2amTPHA(€)m -+ Z 6—:;[)3\(27, Z),
where @* = PA* + (AMTP <.

Using Taylor series expansion on p;‘-‘ (z, z) with respect to

x, we have
p;-‘(a:, z) = cx;‘(O, z) + ﬁ;“(O, 2)x + 22 gnji(o, 2)xt
=

= Q}\(Z) + 63‘-‘(2) + ﬁj’»“(O, 2)x + 7‘;‘(:1:, 2)z2.
a7
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Certain explanation is necessary for equation (17). First,

k

¥ = z® --®x, where ® is the tensor product of
N s

k
matrices. Secondly, for the second identity, using Taylor
series expansion again on a3 (0, z), we have

@;(0,2) = g}(2) + €}(2),
where deg(q;(z)) = d} and €}(z) is the remainder with
deg(€(2)) > d}. Finally, r

degree of x greater than or equal to 2.

(a: z)z? is the sum of terms of

Denote

According to (15), it is a negative definite polynomial of
degree d*. Define

BN N
¢1(2") T ng 82'] Ej (Z)
By definition
1(2) = O([l2]| 1), (18)
Define
ov
8(2) = ;T 20, 2)

Note that deg 6—V =t~ e , then by condition (8), we
0z; Y
i

have
8y(2) = é 0 (el =) 0 (Jle % =72)

=O(||2[1¥'72). (19)

Define

LoV
By(w.2) = 3 5o @2) =O(lal),  @O)
j=10%j

ov
which is from the fact that +— = O(||z(|). Finally, we

0z;
define
P4(z, 2) 1= 22" PHME) = 2T PzO(||(z, 2)||). (1)
The estimation of (21) is from the assumption 1.
Summarizing the above we have
Ly =az"Qz + 83(2) + 8}(2)
+ 85 (2)x + 3 (z, 2)2? + B)(z,2). (22)
Note that [$2(z)]T € R™! and [#3(x, 2)]T € R2(™D are
two row vectors,

Then we have to show that there is a neighborhood U of
(0,0), such that (22) is negative definite over U. Accord-
ing to (18), (20), and (21), we do not need to worry about

& (2), 93 (z,2)z? and &)(x, z). Because they are higher
order infinitesimals of @(z) and/or 2T Qx respectively as
(x,2) — 0.
Using Schwartz’s inequality, we have for any E) > 0
|23l < gllell* + Bl B2, @
Choosing E5 > 0 to be small enough and according to
the right hand side of (19), the second term in (23) can
be dominated by &y(z). Precisely, taking ¥4(z), &1(2),
and &,(z) into consideration simultaneously, we have
Dy(2)/2 + d1(z) < 0 by choosing small enough Uy, and
®(2)/2+ E\| $2(2)||? < 0by choosing small enough E}.

We can also have both -2 2TQ z + #(z, 2)z% < 0 and

%%‘-;z:TQ)‘x +
%\mTQ’\x + 2a, @, (z) < 0 by shrinking U, if necessary.

1
N |lz||* < 0 by taking large enough a,, and
A

It then follows that for a fixed o' (¢) = A and setting a = ay,

we have

Llay(z,2) <0, 0# (z,2) € Uy. (24)
Finally, choosing
F = IIliIl)\eA(E)\), a = max,\gA(a)\), U = n (U,\),

xeA
then (24) is true for all A € A, which implies that system

(11) is asymptotically stable.

4 Stabilization
This section considers the stabilization of SBICF system
(2) and GSBICF system (3). We give the following result
for GSBICF systems. It is obviously applicable to SBICF
systems.
' Using the same notations as in Theorem 2, a straightfor-
ward computation leads to the following result,
Theorem 3 System (3) is locally stabilizable, if there
exists a neighborhood, U, of ¢ = 0 such that
i) (A%, B*), A € A are simultaneously quadratically sta-
bilizable. That is, there exist state feedbacks
M= Kz, Ae A, (25)
and a positive definite matrix, P > 0, such that A* =
A + BAK?, X € A satisfy

PA* + (ANTP:=Q* <0, reA (26)
i) there exists a common LFHD, V(z) > 0, for the

approximate switched system (12) and a set of integers


http://www.cqvip.com

D000 http://www.cqvip.com|

D.CHENG et al. / Journal of Control Theory and Applications 1 (2006) 53-61 57

d* > 0, A € A such that
deg (%—Z@(z)) =d) VYaed zeU, @0
v

0z
iii) for each component of p*(z,2), A € A the lowsst

and

() <0 Yred, zeU; (28)

degrees (LD) of its components satisfy
A

LD (p)(w,2) ¢} = 5 +1, (29)

where j = 1,--+ ,d, z € U. Moreover, u*, defined in (25)

stabilizes the overall system.

Proof Consider (3)a). Since (0, z) = 0, using Taylor
series expansion on f{(z, z), we have

iz, 2) = A*z + ()22
Similarly,
g1 (z,2) = B* + B (€)¢.

Plugging them and v = K*z into (3) a) yields a closed-loop
form, which is exactly the same as (11). The conclusion fol-

lows from Theorem 2.

Example 2 Consider the following systern

=AWz 4+ "Dy 4 2Ty O (1, 2)z,
(30)
5 =p° (g, 2).

A={1,2},7*(z,2), A € Aareany 2 x 2 smooth matrix,

and
~3-3 ~2 1
Al = aA2 = ;
0-2 2-2
[ 1 22 tan(28 — 23) + z125
bl - 1 =
-1 tan(23 — 23) 4+ 292%
1 In(1 - 2}) + (21 + x2)2}
by = P2 =
0 1 — 2sin(zg) — exp(21)

Note that ;he switching models of system (30) are in GS-
BICF. We use Theorem 3 to show the system (30) is stabi-
lizable. For the linear sub-system (we refer to [19] for sys-
tematic treatment), taking
u' = Kz = [1 2]36, u? = Koz = [—1 l]x 31

leads to the feedback linear systems with matrices as
-3 2

2-2

Then, A; and A, share acommon quadratic Lyaphnov func-

tion T Pz with

7T -4
P=
-4 3
Next, we consider the zero dynamics (with respect to y =

x). For A = 1, we have

; 2 3,3
21 = 27 tan(zy — 27),
{ 1 ( 2 1 (32)
%y = tan(zd — 23).
For A\ = 2, we have
7 = In(1 — 23),
{ ' (33)
29 =1 - 25in(2g) — exp(2y).
Their approximated systems are respectively
; 5.4 ,2,3
2] = =2y + 2125,
{ 1T 2% (34)
By = 28 — 23,
and
21 = 7‘2?7
(35)
22 = *22:2 - Z1.

It is easy to verify that V (z) = 2% + 2} is a common LFHD.

Because
Ve = 225 — 22323 — 42§ <0,
and
V|(35) =—22} — 825 — 42123
< —227 — 825 + 21 + 325 < 0.

The last two inequalities are obtained by using the inequal-
ity (10).

Finally, we have for A = 1:

d' =6, LD(pi(€)) = di = 5, LD(p3(§)) = dy = 3;
for A =2

d' =4, LD(p}(¢)) = df =3, LD(p3(¢)) = d3 = 1.
It is easy to check that (29) is true. System (30) is stabilized

by control (31).

5 On SBICF (GSBICF)
This section is mainly used to investigate when an affine
switched system can be converted into SBICF (GSBICF)

and hence the result obtained in previous section is applica-

ble.
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To begin with, we give an example to show that some me-
chanical systems can have this kinds of structure if some of

its parts are flexible for different sizes.

Example 3 Consider a car with inverted pendu-

lum of variable length [, switching among {l;,---,Ix}
(ref. Fig. 1).
Y
¥t
0
l
_F ] M
OO

Fig. 1 Car with inverted pendulum.

The model can be expressed as [20]

(" .
21 = 22,

23 = —22s,
{ 24 = 2325, (36)
2y M+ mmly )23 - f+ mla(t)z4z§
{ 25 Bl mla(t)z3 mlg(t) mgla(t)z4 )
where z; = x, 23 = #, 23 = cosf, 24 = sinf, z5 = 0.
Define

D = [(M +m) — mz3] ml, ),

Zs = 25 + (1/lg(t)) 2223,
and assume that the output is y = z{, then (36) becomes
(21 = 2,

i m -
2=75 [24(25 - 2223/1«7(75))2 + l"(t)f] ’

23 = _24(25 - z2z3/la(t)),
g . y (37
24 = 23(% — 2223/la(t)),
.1 1 i
2y = Bmgz4 + mmz4(z5
\ — 2223/10(15))223 - 22Z4(25 - Z2z3/la(t)).

Obviously, (37) is of GSBICE
Systems (2) and (3) seem to be a “block-wise switched”
system. This kind of switched systems come from many

practical systems. Say, switching with “building block”

is fundamental in biological evolution [21]. Block-wise
switching happens also in many power systems [22]. These
are some motivations for studying (2) and (3).

Consider system (1). It is well known that under certain
regular conditions [18] (1) can be expressed into B-1 normal
form as

i t) = Arz? + By,
2 = pra?, 20,
y=C*2* yeR™ MIe 4,

where (A*, B*), A € 4, are controllable pairs.

M (t) € R, u(t) € R™,

2 Rn—s, (38)

We consider when the state equation of system (38) can
be converted into the form of (2). Following standard proce-

dure, for each model A we denote the relative degree vector

as
= (o mh), AeEA
Denote a set of distributions as
Gy = Span{g},--- ,g0}, Ae A
Then, we define the decoupling matrices as
A A
LHIAL’Jgh1 Lgx L;;hl
D, = , A€ A
P o
Lg{\ Lf’; hm Lg;\an&“hm

Finally, the sets of one-forms for A € A can be produced as
- A
O i= {dhs, o AL ha o dhy e, AR i}
We denote the module of {2 over R (that is, the vector space
spanned by {2, over R ) by

M, = MOdR{.Q,\}, AE A
The following result tells when system (1) has the SBICF.

Proposition 1 System (1) with regular feedbacks
u = a*(€) + B (E)v,
(where B'\(E) is locally invertible), has a SBICEF, if i) p'l\ +
<o+ pr = 5,YA € A;ii) G, A € A are non-singular and
involutive; iii) ), A € A are non-singular; and (iv) M,
A € A are the same.

Proof 1i)~iii) are standard for B-I normal form using

classical coordinate transformation based on 2, [18].
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Therefore, we can obtain (36) with the same size of lin-
earized part. Finally, it is obvious that iv) is equivalent to
that the linear parts of different models are linearly related.
We, therefore, can choose any z* as a universal z. Then any
2> can be chosen as universal z to get (2).

Next, we consider (3). In fact, we may be only interested
in (3) a), as in many stabilization problems, Then we have

the following easily proved result.

Proposition 2 System (1) a) is static state feedback
equivalent t (3) a), if all the linear approximations

(A*, BM), as defined in (4), are controllable, and

M, = Modm{ﬂ,\}, Ae A
are the same, where
o= {B* A*B*,... (AM)!-1B}.

6 Application to switched Lorenz system
Consider the Lorenz system [23]
&=a(y—z),
y=pr—y-—zz, (39)
&= —fz + xy,
where & > 0, 8 > 0, p > 0. Set p = 1, then the eigen-
values of the Jacobian matrix at the origin are 0, —a — 1,
and —/. It was shown in [24] that a linear switching can
generate chaos. In this section, we want to ask whether arbi-
trary switching quadratic terms affects the stability of (39).
Switching quadratic terms leads to the following model:
&= oy -z,

y=z-y-fo, (40)

z= ""/BZ +ga(t)a
where 0 € A = {1,2}, fi = ~x2, 91 = xy, f2 = g1,

g2 = f1. Using coordinate transformation

1 o
u l+a 1+« z
. 1 -1
v = Yl
l+4a 1+
< 0 0 1 z
and then
u?
w=z——,

the following switched system can be obtained:

w 0 0 0 u
vl=10 —-(1+a) 0 v
U 0 0 - w
1+af”(')
L
+ 1+a a(t) , (4D
2ua
—U2+ga(t) A+a) ——— fo(t)

where

2
fi=g2 =(u+av}(w+%

fa=g1 = (u+av)(u— ).

);

Using Theorem 2, we have

3

ql (“) = —u", 2

¢°(u) = —u”.
Choose V' = u?*, one sees easily that as k > 0 large
enough condition (16) is obviously satisfied. Condition (14)
is trivial. To make (15) true we need u© > 0. Note that
{(u,v,w) € R* | u = 0} is an invariant set of the system
(41). Then {(u,v,w) € R? | u > 0} is also an invariant set.

We conclude that if the initial value of the state of system

(40) is in a certain neighborhood U of the origin and

(87
_ =0
1+a$0+1+ayo/ )

then the state converges to the origin. Hence no chaos will

happen even under arbitrary switchings.

7 Conclusions

In this paper, the problem of stabilization has been stud-
ies for a class of switched nonlinear systems. The systems
concerned are in SBICF or GSBICR First, a stability result,
based on common quadratic Lyapunov function (for linear
part) and common LFHD (for zero dynamics), has obtained.
It provides a tool for stabilizations of (general) SBICF. An
example was provided to describe the stabilization proce-
dure. Then we consider when a switched affine nonlinear
system is transferable, via static state feedback, to SBICF
and GSBICF. Finally, the result is applied to investigate the
dynamic behavior of switched Lorenz systems.

Only systems in SBICF (GSBICF) were considered.

Moreover, the zero dynamics of all switching models were
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assumed to be of minimum phase. These two are rigorous
constrains. The stabilization problem of switched nonlinear
systems both with non-comparable sub-space of linear part
and with non-minimum phase zero dynamics remain for fur-

ther study.
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