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A note on overshoot estimation in pole placements
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Abstract: In thss note we show that for a given controllable pair (A, B) and any A > 0, a gain mawix K can be chosen so

4+ BR) - At

that the transition matnx e of the system ¥ = (A + BK)x decays at the exponential rate ™% and the overshoot of the

transition matrix can be bounded by MA* for some constans M and L that are independent of A. As a consequence, for any k£ >

0. a gain matrix K can be chosen so that the magnitude of the transition matrix e' * ¢ can be reduced by — (or by any given

portion) over [0, h] . An interesting application of the result is in the subilization of switched linear systems with any given

switching rate (see [1_) .
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1 Introduction

Consider a linear system
(D

", u(+) takes values in =™,

i = Ax + Bu,
where x( +) takes values in =’
and where A and B are matrices of appropriate dimensions .
Suppose (A, B) is a controllable pair. It is a well known
fact that for any A > 0, a gain matrix K can be chosen so
(A + BK)x

, that 15, for some

that the transition matrix of the system ¥ =
decays exponentially at the rate of e~
R >0,
|| et A+ BRI || < Re ™,

where and hereafter || - || denotes the operator normni
induced by the Euclidean norm on =". To get a faster
decay rate, it is natural to consider a “higher gain” matrix
K,. However, such a gain matrix in general results in a
bigger overshoot for the transition matrix e'**#%¢ | In this
note, we show that in the pole placement practice, a gain
matrix K can be chosen so that the overshoot of the transi-
tion matrix e'4*#¢ can be bounded by MAL for some
constants M and L independent of A. As a consequence,
one sees that for any b > 0, a gain matrix K can be chosen

(A+BK) 1 c

so that the magnitude of the transition matrix e an

be reduced by*;— {or by any given portion) over [0, h].

Note that this is a stronger requirement than merely requir-

A+BE) decay at an exponential rate. An interesting

ing e!
application of the result is in the stabilization of switched

linear systems with a given switching frequency (see [1]).
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The estimate of the overshoots of transition matrices in
the practice of pole assignments has been studied widely
(see e.g.[2~4]). Our main result in this note can be
considered an enhancement of the Squashing Lemma ( see
[4~6]) which says the following: for any 7o > 0,8 > 0,
any A > 0, it is possible to find K such that

|| e(A+BK)l ” < 86_’\“”0). (2)

In the current note, we show that K can be chosen so that
the estimate in (2) can be strengthened to
| el AR || o paten

for some constants M and L which are independent of A.

Our proof is constructive that shows explicity how M and

L are chosen.

2 Main result

In this section we present our main result .

Proposition 2.1 Let A € B"*" and B € R™™ be
two matrices such that the pair (A, B) is controllable.
Then for any A > 0, there exists 2 matrix K € R™*" such
that

| 4+B ] < Mate ™, v =0, (3)

where L = (n = 1)(n +2)/2and M > 0is a constant,
which is independent of A and can be estimated precisely in
terms of A, B and n.

Compared with the Squashing Lemma obtained in [4],
Proposition 2. ! has two improvements: i) In (2), the es-
timate on the transient overshoot is exponentially propor-

tional to the decay rate A, which resulted in an estimation
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-A-19) instead of

of the transition matrix in terms of e
e . In (3), the estimate on the transient overshoot is
proportional to AL instead of €' as in (2). This distinction
between the two types of estimations may be significant for
some possible extensions of our results to systems with
external inputs. i) The value of the constant M in estimate
(3) can be precisely calculated by using our constructive
proof (see equation (10) in the sequel) . This is certainly a
very desirable feature for practical purposes. See Example
3.1 for some ilustrations.

Proposition 2.1 was primarily presented and applied to a
stabilization problem of switched linear systems in [7].1t
was found later that a recent paper [ 8] also provides a
similar result with similar proofs. The difference is that 8]
only considered the single input case and the upper bound
MAL in (3) was found to be a polynonual p(A) in [ 8]
without an explicit expression. Hence, our result has obvi-
ous merits in control design.

Proof of Proposition 2.1 First we consider a linear
system (A, b) of a single input. Without loss of generality,

we assume that (A, b) is in the Brunovsky canonical

form:
0O 1 O 0 0
0 0 1 0 0
A = ] b=
a, a, ay " a, 1

Let A;,**,A, be n distinct, negative real numbers. There
exists some k& € =7 such that the charactenstic equation
of the closed-loop system A + bk is p(A) = (A = A)(A
— A)(A = A,). Note that the closed-loop system is
given by

X Xp,%7 = X3,°
Bix + Baxz + o
for some B3y,82,", 8, € .-
equation

A = Brxy o+ Bty 4+ 4 Bt (4)
whose characteristic equation is the same as p(/\ ). Hence,
the general solution of (4) is

xl(t) = clealt

'.’xn—] = Xp»

+ Buxn

Hence, =x, satisfies the

Xn

A A

+ cpet g o et

where ¢y, ¢,,*", ¢, are constants. From the equations x
. . . o

= X),Xx3 = %5, , X, = X, WE have x(2) = Age”'c,

where
A Ay e A,

n-2
A3
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A0 0
0 A - 0
p=|. 7 . |
0 0 - &,

and where ¢ = (¢, ¢ ¢,)T. Now, observe that
x(0) = Agc, thatis, ¢ = Ag'x(0) (note that Ay is an
invertible Vandermonde matrix) . Comparing this with the
transition matrix of the system, one sees that
e(A+bk)r — AoeDzAO—l_ (5)
Let A, = max{l Ay |,*+, | A, |{. Without loss of
generality, assume that A, = 1. To get an estimate on
| Aol and || Ag' || , we need the following simple fact:

for an n x n matrix C, let ¢,y = max | ¢; . It is not

Igijsn

hard to see that
b Cll < neme.

Hence, we have

Al < mAli. (6)
To get an estimate on Ag !, first note that
1
-1 _ .
Al = detAOad_]Ao, (7)

where adjA denotes the adjoint matrix of Ag, and that
detAg = [ (&, - ).
Hence, if we choose A, ,Jj:\n in such a way that A;,) <
A, — lwithd; < 0, we get | det Ay | = 1.
Taking the structure of adjA( into account, it is easy to
see that for C = adjAy,
com< (1 - 1)!A$E+-"+(n—l)

1)1antn-72 (8)

= (n -
Hence, by (7), we have
I AG' N < fladjdgll < n(a - 1)1ARR-D72,
Consequently, (6) and (8) yield that
1 Age®A5 | < nAng Il e [l n(n - 1) 1A%2"N7
< nn!/l,(n’;;')(“z)/ze’%in‘,
| A, 1.
Suppose for some p > 1,4 pa < PAgn. Then, it follows
that

where A, = minl| Ay |,

(9)

|| AoeDrAal || < MAfnfiln—-l)(n+2)/Ze—Amint’

where
(n-1)(n+2)72

(10)
In summary, we need the following conditions on the
AE’S:

* ApsAz,tt, A, are distinet, real, and negative;

M = lut!p

A s A -lforlgisn-1,andhence, Apg =
| Ap lsAmin =1 Ay 13

* 1A, < p | A |, for some constant p > 1.

Obviously, for any given A > 0, it is easy to choose 4,
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=+, A, to satisfy all the above conditions together with the
condition that A| < — A. For example, one can chooseA
<mini-1, - A}, andletd,,, = A, - lforl< i< n
—1.Since | A, l=1A, -(n=1Dl<nli |, wesee
that o can be set as p = n.

With such choices of A;,A>.**,4,, we see from (5)
and (9) that the desired result holds.

Now we consider the case when (A, b) is not in the
Brunovsky canonical form. In this case, find an invertible
T € =" such that (T-'AT.T~'b) is in the Brunovsky
canonical form.

For any given A > (, the above proof has shown that for
A, = TYAT,b, = T7'b, one can find ky € =" such
that

e(A]+blA“)l

< MAle ™,
where M is given by (10) for some chosen p, and L = (n
- 1 (n +2)72. Clearly, with k& = kyT~", one has

e(A+bk)t — T(e(A]+b]kn)r) -1 < Mlz\l‘e_)" . (11)
where M, = M T [ T7' 1.

Finally, we consider the multi-input system
% = Ax + Bu, (12)

where A € =" B &€ ="*™. Suppose that the system is
controllable. By Heymann’s Lemma (c.f., e.g., page
187 of [9]), one sees that for any # € =™ such that b: =
Bv = 0, there exists some Ky € ="*" such that (A +
BKj, b) is itself controllable. Hence, the conclusion of the
single-input case that has just been proved above is applica-
ble to the controllable pair (A + BK;,b), and one then

sees that there exists some k € F!X" such that
|| A+ B+ 80t || - Male ™ for all t = 0. Hence, with K
= Ky + vk, 1t holds that

| eA+BEO || < MAFe™™ ¢ = 0. (13)
This completes the proof. O

Remark 2.1
fact that for a single input system (A, b) which is control-

In the above proof, we have used the

lable, when it is not in the Brunovsky canonical form. one
can find an invertible matrix T such that ( T-'AT, T7'b)
is in the canonical form. To be more precise, the matrix T
can be chosen as (see e.g., [9]):

a,_, ~ a; 1
: 1 O
T = (b Ab A" b )
( ) a) | O
1 0 - 0
where @, ", a,_, are as in the characteristic polynomial of

A given by

det(sI = A) = s" + ays"' + -
From this one can find an estimate of || 7|/ and || T7' |,
which in tumn will Jead to an esdmate of M, in (11).

+ @,_25 + a,_1-
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3 Example
The design technique is demonstrated in the following
example .

Example 3.1

linear system:

Consider the following controllable

1 0 1 1
01 -1{(,B=]0].
2 1 0 1

With the help of MATLAB, we first calculate the transfer
matrix

A =

0 0 1
T, =1-1 -1 0I.
-1 0 1
With the transfer matrix 7,, one has
0 10
Tl_lAlTl = 0 0o 1],
-1 0 2
0
T7'B, = |0 |.
1
Calculation shows that || T, || = 1.80193754431757 and
| T71 || = 2.24697960199992. Taking p = n( = 3),
we have
Lz(n—l)z(n+2)=5, (14)
M= | T LT antaln-De22 218, 642.

(15)
Suppose for some design purpose, a decay constant A =
49.894 is given. ChoosingA| = = A,4; = A; - 1,43 =
As — 1, the feedback K, can be easily calculated (under the
normal form) as
K, ~ (- 151.681 —7769.474 - 131773.562).
Back to the original coordinate frame, we have
K = KTt
~ (- 124155.769 7769.474 - 7617.793).
With such a choice of K,, we get the desired decay
estimate
| A+BR || < Make ™ Yt = 0,
for the given decay constant A = 49.894 with L and M
given as in (14) and (15). a
Remark 3.1 In general, the amplitude of the control
law K| may become large when A is large. This seems to
be inevitable in practice since high gain controller has
significant advantages in dealing with uncertainties in the
system structure

4 Conclusion

In this note we show that if (A, B) is controllable, then
for any A > 0, a gain matrix K can be chosen such that the
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transition matrix e'4*+#%7 decays at the exponental rate e

and the overshoot of e!4*#%* can be bounded by MAL for
some constants M and L that are independent of the decay
constant A . The result provides a convenient tool for con-
trol design, particularly for switched systems, see [1].
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