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Abstract—Motivated by the attitude control of missiles, we con-
sider the tracking problem of nonlinear systems via control with fi-
nite admissible values. First, the Fliess functional expansion is used
to describe the outputs. Using piecewise admissible value control
and the quadratic criteria, the optimal control is obtained. Then
for certain model uncertainties, the model predictive control is con-
sidered. Online predicted uncertain parameters are used to update
the system’s dynamics. The method developed is used to the atti-
tude control of missile. Simulation results show the effectiveness of
the proposed method.

Index Terms—Attitude control, Fliess functional expansion,
model predictive tracking control, nonlinear system.

I. INTRODUCTION

ATTITUDE control is a typical nonlinear control problem.
It is also very important in practice. Missiles concerned

in this paper are sailing in the exoatmosphere, and advanced
attitude control techniques are the key to realize a direct hit.
Coincidence of a line-of-sight coordinate with a body coordi-
nate is required in the process of the interception, which assures
that the target cannot escape from field of view. Attitude regu-
lation can be realized via attitude-control thrusters for the lack
of aerodynamics in an exoatmospheric environment. The atti-
tude-control thruster generates constant force, therefore on–off
switching laws should be designed to maintain the angle errors
within a required range. The problem of how to assure attitude
control precision and prevent too frequent on–off thruster op-
erations are essential problems to be solved [3]. During the in-
terception, the moment of inertia and center of mass vary ac-
cording to the expending of fuel carried by the missile continu-
ously. Therefore, a disturbance torque is exerted on the attitude
control system while the divert thrusters are working. From the
above argument, one sees that attitude control system design of
the missile can be attributed to a nonlinear control system de-
sign under uncertainties, disturbances, and with limited feasible
controls.

Because of its practical importance, the attitude control has
attracted a wide attention and various nonlinear control tech-
niques have been used to design its control; see, e.g., [1] and
[2]. Some design techniques have been proved as efficient ones.
For instance, for a class of uncertain nonlinear systems which
can be decoupled by state feedback, variable structure control
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law is applied by Singh and Iyer [4], so that the outputs of the
closed-loop system asymptotically track the desired output tra-
jectories. Egeland and Godhavn [5] adopt an adaptive control
scheme for the attitude control of a rigid spacecraft, which is
derived by using a linear parameterization of the equation of
motion. The tracking error is described by the Euler parameter
vector. Global convergence of the tracking error is obtained by
using passivity theory. Show et al. [6] present a nonlinear con-
trol law for large-angle attitude control of spacecraft. The non-
linear controller contains linear feedback terms for stabilizing
the system and nonlinear terms for performance enhancement.
One salient feature of the proposed approach is that the non-
linear controller parameters are designed using the method of
linear matrix inequality (LMI). Manikonda et al. [7] present a
model predictive control to the design of a controller for for-
mation keeping and formation attitude control. Control laws
for formation keeping and attitude control are designed using
a combination of feedback linearization and model predictive
control. Actuator saturation is incorporated into the controller
design. Switching between coordinated frames is incorporated
to overcome singularities associated with local feedback lin-
earization. Luo and Chu [8] apply the state-dependent Riccati
equation (SDRE) of nonlinear suboptimal regulation to the de-
sign of attitude control of a rigid spacecraft. The saturated con-
trol is also considered by gain scheduling when using the SDRE
method. For nonlinear spacecraft systems with unknown or un-
certain inertia matrix and external disturbances, Bor-Sen et al.
[9] adopt adaptive fuzzy mixed and attitude control law.
Using an adaptive fuzzy approximation method, an uncertain
nonlinear model is estimated. Then, by a mixed and atti-
tude control design, the effect of external disturbance and fuzzy
approximation error on spacecraft attitude can be restrained and
the tracking error as well as consumed energy of the controller
are minimized.

In this paper, the attitude control is considered as a partic-
ular form of an output tracking problem. We start from a gen-
eral nonlinear control system to investigate some general design
principles for a tracking problem. Consider the following non-
linear control system:

(1)

where , and are un-
certainties of the system, which could be system unmodeled dy-
namics and disturbance, which may be caused by exo-system,
etc.

Let the reference output trajectory be described as

(2)
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The tracking problem is to find a suitable control such that the
outputs can track the reference outputs. That is

(3)

Since the model has some uncertainties, certain control tech-
niques have been developed according to different uncertainties.
When the uncertainty is generated by an exosystem, it can be
considered as an output regulation problem.

The output regulation problem is a fundamental topic in con-
trol theory. It has been studied widely for the last three decades.
A novel comprehensive introduction can be found in [10]. In
general, to solve an output regulation problem, one of the key
issues is solving regulation equation, which is first proposed
in [11]. The regulation equation is a partial differential equa-
tion, and hence is, in general, very difficult to get a closed-form
solution. This is a bottleneck of solving the output regulation
problem.

When the uncertainty is a random noise, robust control tech-
niques maybe used to solve such a problem [12]. Robust control
is designed to deal with all possible “bad” situations, it is, there-
fore, conservative.

When the uncertainty is precisely determined by some pa-
rameters, the model predictive control technique is a suitable
tool for solving the problem [13]. In fact, it can provide much
precise solution than a robust control technique, because the un-
certainties can be gradually predicted and finally overcome.

In this paper, the available control set is defined as

and (4)

With . That is, con-
trols are piecewise constant with finite possible constant values.

We state the tracking problem considered in this paper as fol-
lows.

Definition 1: The tracking problem of system (1)–(4) is to
find a control (4) solving

(5)

Remark:
1) In practice, the norm in (5) may be weighted Euclid norm.
2) The restriction on the controls is from the engineering re-

quirement. In fact, in our missile guide problem, as we ex-
plained in the first paragraph, the feasible controls are of
Bang–Bang type, i.e., . (4) is more general and
it can be used to approximate a large class of control sets.

What we are looking for is a numerical design technique via
computer-aided realization, which can reach the optimal or sub-
optimal tracking performance and be realized online.

The basic design technique in this paper is as follows. Choose
a time duration as the sampling time. Assume within a
sampling duration the controls are constant, i.e.,

(6)

That is, the possible switching (discontinuous) moments are at
, with as a period. Denote by

Then within a sampling duration, the controls have only finite
choices (precisely, according to (4) there are choices). Then
we try to find a best , which minimizes the tracking error ,
that is

(7)

A key point in our approach is obtaining by using Fliess
functional expansion with admissible constant controls.

The Fliess expansion for piecewise constant controls has been
employed previously in the context of numerical methods for
nonlinear control system [14], redesign of continuous time non-
linear control systems for sampled data operation [15], and path
planning [16].

The rest of this paper is organized as follows. Section II pro-
vides some formulas for Fliess functional expansion of constant
controls. Section III considers the problem of optimal tracking
control for nominal systems. Section IV studies attitude control
of a missile with a precise model. In Section V, the parameter
predictive control of missile attitude is investigated. Section VI
develops time-varying Fliess functional expansion, and then it
is used to predict time-varying models. Some simulations are
presented in Section VII. Finally, some concluding remarks are
given in Section VIII.

II. FLIESS FUNCTIONAL EXPANSION WITH

CONSTANT CONTROLS

For notational ease, in this section we consider only the nom-
inal form of system (1), which has no uncertainties. That is

(8)

where .
An efficient way to express the input–output relation of

system (8) is the Fliess functional expression [17]. For conve-
nience, we briefly cite it here: for compactness, we denote

Then we define a set of multi-integrals inductively as

(9)

Note that the multi-index integrations in (9) are defined re-
cursively [17]. Then we have the following expression.
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Theorem 2: The input output response of the system (8) can
be expressed as

(10)

where .
Note that Fliess series converges only locally. Since in later

use we assume the sampling time is short enough, so the conver-
gence can also be reasonably assumed. Next, we work out the
Fliess functional expansion for system (8) with constant con-
trols.

Lemma 3: Assume constant controls are used. Then for
the integral (10), corresponding to the coefficient

is

(11)

where
.

Proof: First, using mathematical induction, it is easy to
prove that corresponding to the coefficient the integral
of controls in (11) for is

(12)

Now since the controls are constant, replacing in the Lie
derivative by at any place of the folds of Lie
derivatives results on that the corresponding integrand of 1
is replaced by a constant control , which turns out to be a
coefficient of the integral. (11) follows immediately.

Using Lemma 3, we have the following.
Theorem 4: Consider the Fliess functional expansion of

system (8) at time . Assume:
H 1: the constant controls, ;
H 2: and the relative degree is .

Then 1) the th order approximation of Fliess functional ex-
pansion is

(13)

where is a linear function on , and
.

2) The th order approximation of Fliess functional
expansion is

(14)

where is a quadratic polynomial on , and
.

3) The th order approximation of Fliess functional
expansion is

(15)

where is a cubic polynomial on , and
.
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It is not difficult to write even higher order approximations.
However, they are not very useful practically, because they are
too complicated to be used for online control design.

Remark: Since in our later approach the sampling time is
very small, we are interested in the order of . Note that though

is the th degree polynomial of , it is not the th approxima-
tion of because still contains terms of with
degree lower than . We refer to [15] for the truncation of

with respect to .

III. DESIGN OF OPTIMAL TRACKING CONTROL

This section considers the design of optimal control strategy
for tracking. For simplicity, linear approximation of Fliess func-
tional expansion is considered first.

Assume the sampling duration is given, and then in
each duration we try to find optimal control to
minimize the tracking error at .

Now assume we are at stage . We have to choose a perfor-
mance criteria for optimization. When the tracking error is the
only consideration, a quadratic form for the error can be chosen
as

(16)

where , and
is a positive definite matrix. Different effects the per-

formance. In this paper, we choose it from simulations. When
the energy consumption is also considered, the performance cri-
teria could be chosen as

(17)

where should be chosen related to . If it is too large
with respect to , it may hurt the tracking efficiency. Sometimes
we are concerning about the switching frequency. Then we may
also add a punishment term for switching as

(18)

where .
Our goal is to design a control

to minimize (or , or , respectively).
Recall system (16). Using (13) to each , we have

(19)

where .

Define

...

...

(20)

where

Denote the optimal control by . Using the th-order ap-
proximation, we have

(21)

Assume is nonsingular. Then we can get the optimal con-
trol as

(22)

where is the quantization function, which maps each com-
ponent of a vector into their closest admissible values. For in-
stance, let the set of admissible values of the th component of

be (which is the case in our missile tracking
problem), and . Then the th component of is

When is singular, we can simply choose

(23)

where is a small value (say, or so).
Remark:

1) As the sampling period small enough, using th order
approximation is reasonable. If can be chosen as small
as required, the approximation error can be as small as we
required.

2) According to the principle of dynamic programming, if
is optimal, then at each subinterval is also optimal,

and vise versa. So our design technique, which assures the
subinterval optimality assures the overall optimality.

Finally, if we use th order or th order approxi-
mation, i.e., use , ( or ) to approximate , then
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it is difficult to get a simple expression as (21). Instead of it, we
may use the following form directly:

(24)

Though we cannot get a simple formula as (22)and (23) for
optimal controls, since , and each compo-
nent has only finite choices also has finite choices

. Hence, (24) is also easily solvable.

IV. MISSILE ATTITUDE CONTROL

Consider the control of a missile, with the following dynamic
model:

(25)

where are the inertias with respect to , and axes
of the missile (for simplicity, they are tentatively considered as
constants), , and are angular velocities with respect to
the axes respectively; , and are three attitude angles.

The admissible controls are

The tracking signals are: , and . The tracking
purpose is to solve

Denoting

the system (25) can be converted into canonical form as

(26)

where

It is easy to calculate the relative degree vector as
. Then we have

(27)

For notational ease, we define . Then

(28)

where

It follows that

(29)

Now

(30)

Plugging them into (22) and (23), the optimal control is ob-
tained.

We may also use th-order or th-order approx-
imations to raise the accuracy. Simulation shows that the im-
provement is not very significant, but the computation com-
plexity could be rased a lot. So at least, in this model to reduce
the average tracking error, shorten the sampling time is more
efficient.
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V. PARAMETER PREDICTIVE TRACKING

Recall system (1) where uncertainties exist. We assume the
uncertainties are caused by some unknown parameters. They are
constant or at least varying slowly. Say, is the parameter
vector. Then we can express and .

We propose two ways for on line parameter prediction by
using output and state, respectively.

A. Prediction via Outputs

We still use the Fliess functional expansion to preform the
prediction. Either one of the following approximations could be
used to predict the parameters.

(31)

where .
We also have

(32)

where .
Back to the model of missile. The inertias’ change may be

caused by the fuel consumption. The uncertainties can be ex-
pressed as

(33)

(34)

Now the inertias’ change is considered as unknown parameters,
denoted by

both and have relative degree vector ,
we can only use (32) (or even higher order approximation). Be-
cause and will not appear in (31).

Now (32) becomes

(35)

In (33) and (34), since , we may us some approx-
imations as

Using these approximations, we define a matrix as

(36)

Then we have

(37)

Using (35), (37), and the formulas (27), (28), we have

(38)

Finally, the predicted parameters are

(39)

Assume is constant or varying very slow. Then we can use
several past data to estimate it. Denote by

(40)

And assume the filter length is chosen, say, to be 3. Then we can
define

(41)
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and

(42)

Then we have

(43)

Assuming is invertible, the least square estimate is

It can be used to predict the model at th time duration.

B. Prediction via States

When the outputs are not sensitive to uncertainties and the
whole state is observable, whole state could be used for the pa-
rameter prediction. We discuss it as follows.

Using (32) with , yields

(44)

Then we have

(45)

where

(46)

and

Define

and , in which is as follows:

Then we have

(47)
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We define a matrix as

(48)

with

Then we have

(49)

Let

and

then we have

Assuming is invertible, the least square estimate is

(50)

VI. TIME-VARYING MODEL PREDICTIVE TRACKING

We first consider Fliess expansion of time-varying systems.
The purpose to consider it is that the uncertainties may be time-
varying, i.e., as certain functions of time . Consider a time-
varying system, corresponding to (8), as

(51)

Adding one more variable, , we have

(52)

Then Fliess Expansion can be used for (51)–(52) directly. De-
note by

Then it is easy to get the Fliess expansion for time-varying sys-
tems. Say, we have (for our purpose we write it up to )

(53)
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Next, we consider the same problem as discussed in Section V.
The only difference is assume now the uncertainties are certain
kinds of functions of time .

Back to the system (25) which is mostly concerned by us.
Combining (25) with (33) and (34), one sees easily that as
and/or are time-varying, the system (25) becomes a time-
varying one. Practically, , and

are all time-varying. In such circumstances, we
are facing the time-varying model predictive tracking problem.

For simplicity, we consider only the prediction via outputs.
The prediction via states can be done similarly.

Using (53) and the deducting procedure in Section V, one
can see, with a little surprise, that (35) remains true. Then we
can still use (36)-(43).

Assume we use a linear approximation to estimate
, and as

(54)

Then our purpose is to identify .
Since the number of unknowns has been doubled, we may

increase the filter length. Say we choose it to be 4. Note that
smaller length may hurt the accuracy and larger length will in-
crease the complexity of the computation. So choosing 4 is a
compromise. Then (44) becomes

(55)

It is easy to see that (with )

(56)

Using passed information, we can get the matrix , which is
corresponding to (42), as

(57)

Then we have

Assuming is invertible, the least square estimate is

(58)

VII. SIMULATIONS

We design the attitude control laws for certain kind of missiles
using the method presented in this paper, the parameters are
assumed to be as follows.

Nominal moments of inertia are

kg m

kg m

kg m

Reference output trajectory is as follows:

Available control torques are

N m

N m

N m

N m
N m

N m

The performance criteria is chosen as

The weight matrixes are chosen to be

and

The initial attitude angles are

The initial angular velocities are

rad s

rad s

rad s

The sampling time is 50 ms.
The following three simulations are made to illustrate the

validity of the design method: case 1: nominal values of the
moments of inertia; case 2: a constant offset from the nominal
values of the moments of inertia (where , and exist 3%
offset from nominal values); case 3: the moments of inertia de-
creasing with linear rules (where , and decrease 5%,
10%, and 5%, respectively). Case 1 is the ideal case, in which
control laws are designed to assure the tracking accuracy using
the method presented in Section 3 and 4. In case 2, time in-
variant uncertainties are considered. The uncertainties are es-
timated and then control laws are designed for nominal model
and adjusted model (e.g., model with the estimated values of
the moments of inertia), respectively. In Case 3, the model with
time-varying uncertainties is considered, in which uncertainties
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Fig. 1. Tracking for nominal model. (a) Roll. (b) Yaw. (c) Pitch.

Fig. 2. Control for nominal model. (a) u . (b) u . (c) u .

Fig. 3. Prediction of parameters � . (a) �J . (b) �J . (c) �J .

are estimated, and then control laws are designed for nominal
model and adjusted model, respectively.

A. Nominal Case

The tracking curves of and are shown in Fig. 1. Control
torques are shown in Fig. 2.

and denote Reference output trajectory. It is shown
in the simulation results that attitude tracking errors are less than
1 , and the attitude control accuracy is satisfied.

B. Parameter Predictive Tracking

The true values and estimated values of and
are shown in Fig. 3.

The estimate error mainly results from that first-order approx-
imation in the estimation of moments of inertia. Tracking curves
for and are shown in Fig. 4.

The results show that the attitude tracking errors are less than
1 , which meet the requirements of attitude control.

C. Time-Varying Model Predictive Tracking

The true values and estimation values of and
are shown in Fig. 5.

Tracking curves for and are shown in Fig. 6.

VIII. CONCLUDING REMARKS

In this paper, the tracking problem of nonlinear systems is in-
vestigated by using Fliess functional expansion. Taking tracking
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Fig. 4. Parameter Predictive Tracking. (a) Roll, (b) Yaw, (c) Pitch.

Fig. 5. Prediction of parameters � . (a) �J . (b) �J . (c) �J .

Fig. 6. Time-varying model predictive tracking. (a) Roll. (b) Yaw. (c) Pitch.

error as the criteria, the problem becomes an optimization one.
First of all, the nominal system is considered. Within a short pe-
riod, an optimal control with finite admissible values is obtained.
Second, assume the system model has unknown parameters, a
method to predict the parameters on line and using the predicted
parameters to produce the optimal control is proposed. Third,
when the model has uncertainties as certain functions of time,
we first developed the time-varying Fliess functional expansion
and then using it to predict the uncertainties on time and then
using it to generate the optimal control.

The problem of attitude control of missiles is considered as
a special tracking problem and the methods developed are used
to it. Comparing the Fliess expansion approach with several ex-
isting linearization-based approaches, our approach has much

higher accuracy. Moreover, unlike (approximate) linearization
approaches, which treat state variables first, we treat the output
directly, which avoids accumulated errors. Comparing it with
the approaches based on receding horizon control, our approach
is more robust because it can adapt to varying models. Particu-
larly, when the system has switching, receding horizon control
has a problem in finding optimal control (within the horizon),
but the Fliess expansion approach can work as well as the non-
switching case. In fact, above considerations are also our initial
motivations for choosing Fliess expansion.

Before ending this paper, we would like to discuss the choice
of the weighting matrix and the length of filter. The weighting
matrix affects the performance. We have also used different
weighting matrices in simulations. The differences are not
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so significant that a particular choice becomes unacceptably
conservative. We leave the problem of finding principle for
choosing a weighting matrix in a further study. As for the
length of filter, principally, the longer the better, but practically,
a long length of filter is time-consuming. To realize online
control, is almost maximum. Then we may use a
shorter sampling time to further improve the accuracy.
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