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The tracking differentiator was first proposed by Han in 1989 and the proof of convergence was presented the
first time in Han and Wang (Han, J.Q., and Wang, W. (1994), ‘Nonlinear Tracking-differentiator’, Journal of
Systems Science and Mathematical Science, 14, 177-183 (in Chinese)). Unfortunately, the proof there is
incomplete. This problem has been open for over two decades. In this article, we give a rigorous proof under
some additional conditions. An application for online estimation of the unknown frequencies for the finite sum of
the sinusoidal signals is presented. The numerical simulations illustrate the effectiveness of the estimation for

both linear and nonlinear tracking differentiators.
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1. Introduction

It is known that the powerful yet primitive propor-
tional-integral-derivative (PID) control law developed
in the period of the 1920s—1940s in the last century is
still playing very important role in modern engineering
control practice (Silva, Datta, and Bhattacharyya
2002; Han 2009). However, because of the noise
sensitivity, the derivative control is not always
physically implementable for most of control systems.
A noise-tolerant tracking differentiator was proposed
over two decades ago by Han (1989). Subsequently,
many engineering applications have been made (see
e.g. Emaru and Tsuchiya 2003; Sun and Gao 2005;
Su, Zheng, Dong, and Duan 2005; Su et al. 2005).
However, except the linear case that is proved in Guo,
Han, and Xi (2002), a rigorous mathematical proof is
still lacking for nonlinear tracking differentiators.
Although the first effort was made almost 20 years
ago in Han and Wang (1994), the proof there is only
true for constant signal (see also Emaru and Tsuchiya
(2003)), and the proof for general signal through the
approximation of step functions is not valid as we shall
indicate below.

Since the proof of Theorem 1 of Han and
Wang (1994) is reproduced in the literature (Su et al.
2005) as its Theorem 1, we refer it as Theorem 1.1
below.

Theorem 1.1 (Su et al. 2005): If any solution of the
system following

{ z1(t) = z2(0), (1.1

(1) = f(21(0), 22(0))

satisfies 1im,_, (z1(?) z2(¢)) =0, then for any bounded
integral function v(t) and any constant T>0, the solution
of the system following

xl(t) = Xz(t),

Xo(1) = sz-(xl(z) — (1), %@) (1.2)
satisfies

RILHQO /;T|X1(t) —v(1)|dt = 0. (1.3)

In order to prove Theorem 1.1, the authors of Su
et al. (2005) first prove the following Lemma 1.1
(as Lemma 2 of Su et al. (2005), see also Emaru and
Tsuchiya (2003)).

Lemma 1.1 (Su et al. 2005):  Theorem 1.1 is true if v(t)
is a constant function.

Sketch proof of Theorem 1.1 (Su et al. 2005): By
Lemma 1.1, the result is true for v(f) =const. For the
general bounded integrable v(z), 1[0, T], consider it
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firstly as a function of L'(0, T'). For any &> 0, there is a
continuous function ¥ € C[0 T'] such that

T £
/ WD) — w(o)ldr < £
0 4

For this v, there is a sequence of step functions ¢, (1),
n=1,2,..., such that ¢, converges to v uniformly in
[0,T]. So there exists an integer N, such that
[W(t) — pa(t) <e/(4T) as M>N for all 1€[0T].
Therefore,

T T
/ V() — gu(D)ldt < / v(0) — Y(0)lds
0 0

T
+ [0 = outonar < 5.

Suppose that [;, i=1,2,...,m is a partition of [0, T']
such that ¢,, takes constant in each /. By Lemma 1.1,
there exists an Ry>0 such that as R> R,

f|x1(z)—¢M(z)|dz<i Vi=1,2,...,m. (1.4
I Zm

Consequently,

r &
[ o= o < 5.
0

Therefore, as R> R,, it has
T T
[ o =i = [ - putoiar
0 0

T
+ /0 loar () — v(2)|dt < e.

The proof is complete. O

We now indicate where the mistake takes place in
the proof of Theorem 1.1. Firstly, the Lemma 1.1 is
only true for any given initial value of (1.2). Secondly,
in the first interval 7;, we can find an R; such that (1.4)
is true for all R> R;. But in the second interval I, the
initial value of Equation (1.2) comes from /7; that
depends on R> R;. So we do not know if we can find a
common R, such that (1.4) is true in I, for all these
R-dependent initial values as R> R,. So one could not
get simply a common R, as claimed before Equation
(1.4). Therefore, the proof of Theorem 1 of Su et al.
(2005) (and Theorem 1 of earlier literature Han (1989)
as well) is invalid.

It should be indicated that a first correct proof of
Theorem 1.1 for nonlinear system under restrictive
condition is given in Wang, Chen, and Yang (2007)
where it requires that the system (1.1) has a Lyapunov
function V satisfying

e V+cV? <0 in R® for some ¢>0, 6€(0,1),

where V =V,V - f(x), x € R*;
e the gradient V.V is bounded in R>.

The first condition above is equivalent to that the
zero is a globally finite-time-stable equilibrium: for any
given initial value, the solution of system (1.1) would
be zero after an initial value dependent finite time. This
excludes even the linear case proved in Guo et al.
(2002) and is hard to verify for nonlinear systems
because the Lyapunov function is not unique.

There are many other research works on
differentiation trackers like high-gain observer based
differentiator (Dabroom and Khalil 1997), the super-
twisting second-order sliding-mode algorithm (Davila,
Fridman, and Levant 2005), linear time-derivative
tracker (Ibrir 2004), robust exact differentiation
(Levant 1998, 2003), to name just a few. However,
the tracking differentiator (1.2) has its advantage that
(a) it has weak stability; (b) it requires weak condition
on the input and (c) it has small integrate value of
|x1(1) — v(¢)] in any bounded time interval rather than
the small error of |x{(z) — w(¢)| after a finite transient
time. For a nice comparison with different differentia-
tion trackers, we refer to Xue, Huang, and Yang (2010)
(one problem indicated in Xue et al. (2010) for sliding-
mode based observer is the chattering problem).
Moreover, it is shown by linear case in Guo et al.
(2002) that the tracking differentiator (1.2) is
noise-tolerant.

In this article, we give a rigorous convergence proof
for this tracking differentiator under some additional
conditions for smooth systems, which is presented in
Section 2. In Section 3, the result of Section 2 is
generalised to high-order tracking differentiator.
Finally, in Section 4, we give an application of the
tracking differentiator to the online frequency estima-
tion of the finite sum of the sinusoidal signals, which
generalises the result of Guo et al. (2002). Some
numerical simulation results are presented to illustrate
the effectiveness of the estimation.

2. Convergence proof for tracking differentiator
Our main result is stated as Theorem 2.1.

Theorem 2.1: Let f:R*— R be a locally Lipschitz
continuous function, f(0,0)=0. Suppose that the equili-
brium point (0,0) of the following system is globally
asymptotically stable:

{ x1(2) = x2(8),  x1(0) = x1o,
Xo(1) = f(x1(2), x2(1)),  x2(0) = x20,

where (X1, X20) is any given initial value. That is, the
equilibrium point (0,0) is stable in the sense that for any
£>0, there exists a §>0 such that |x(t)] + |x2(¢)| <e

2.1)

for all t>0 as long as |xio|+ |xo|<8. Moreover,

(x1(£) x2(t)) = 0 as t — oo.
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If the signal v is differentiable  and
A = SUpP,c(0.00) V(D] < 00, then the solution of the
following tracking differentiator:

21r(0) = z2r(0),  z18(0) = z10,

Zop(t) = sz(ZIR(t) — (1), ZZI;Q([)

), 222(0) = 220
2.2)

is convergent in the sense that. for every a>0, zip is
uniformly convergent to v on [a,00) as R— oo, where
(210, 220) is any given initial value.

Proof: The proof will be split into several steps.

Step 1: Transform the system (2.2) into the system
(2.1) with a perturbation.

Suppose that (zjg,zor) is the solution of system
(2.2). Let t = 4. Then

) =) =)
|

ae (@) =) = () () 757

Let
0= u(2) (2
LR 2.3)
J’zR(S) = ﬁZZR (E)
Then
51506) = 3209 "R 314(0) = 2140) ~ (0.
Fok(6) = F(nR(9) 0. you(0) = 2R

(2.4)

Therefore, Yz =(yir, ¥2z) " is a solution to the system

Yr(t) = F(YR()) + Gr(2),

22,2(0)>T (2.5)

Yr(0) = Yro = <21R(0) = v(0), R

where

F(YR(1) = (1200, f (712(1), y2r(0)) "

. T
Gr(t) = <—%,0> .

If X=(x;, x»)" is a solution to the system (2.1), then
(2.1) can be written as

X(1) = F(X(1)). (2.6)

It is seen that the system (2.5) is a perturbed system
of (2.6).

Step 2: The existence of Lyapunov function.

Since f'is locally Lipschitz continuous and system
(2.1) is globally asymptotically stable, by a result of
inverse-like Lyapunov theorem in ordinary differential
equations (see Theorem 4.17 of Khalil (2002, p. 167))
that there is a smooth, positive definite function
J:R?>— R and a continuous, positive definite function
W:R*— R such that

e V(xy,x2) > oo as |(x1,x2)|] = o0;
dv 14 14
R - < —
i = o +/f(x1,x2) o, = W(x1, x2)
along the trajectory of (2.1);
o {(x1.x2) € R*V(x1.32) < d)
is a bounded closed set of R? for any given d > 0.

By the existence of above continuous positive definite
functions, it follows from Lemma 4.3 of Khalil (2002,
p. 145) that there exist wedge functions
K;:[0,00) —[0,00), i=1,2,3,4 such that

Ki(I(x1, x2)]) < V(x1,x2) < K(I(x1, x2)1),
lim Ki(r) =00, i=1,2,
K3(I(x1, x2)]) < W(x1, x2) < Ka(|(x1, x2)]).
Denote by Yx(t; 0, Ygo) the solution of (2.5).

Step 3: Foreach Yzoe [R?, there exists an R, > 1 such
that when R> R,

{Yr(; 0, Yro)lt € [0,00)} C{Y = (y1,02)IV(Y) < ¢},
¢ = max{K>(|Yio]), 1} > 0. 2.7

We assume this claim is false and obtain a
contradiction. Firstly, since % is continuous and the
set {Y|c < V(Y)<c+ 1} is bounded, we have

1408
g

M = sup < o0

Ye{Y[e<W(Y)<c+1)}

Secondly,

W(Y) > K3(1Y]) = K3K5 ' (M(Y)) = K3K5 ' (€) > 0
VY e{Yle<W(Y)<c+1}). (2.8)

Since the claim 2.7 is false and
V(Y ro) < Ko Y rol) < Ka(1Y10l) < ¢, for Ry given by

2.9)

AM
R :max{l },

T KK (o)
there exists an R>R; and 0 < tf < 18 < oo such that

Yr(#55 0, Yro) € (YIV(Y) = ¢},

2.10
YR(25:0, Yro) € {(YIV(Y) > ¢}, 210
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and
{Yr(5;0, YRo)lt € [1f, 5]} € (YIe < V(Y) < e+ 1}
(2.11)
Combining (2.8) and (2.11) yields
inf W(Yg( 0, Yro)) > K3K; '(0). (2.12)
re[tf ]
Therefore, for ¢ € [1X, 5],
dV(YR(1:0, Yro) _ dV
dr d7 [along the system (2.5)
AM
< —W(YR(1; 0, Ygo)) + T
—1
> (0
< —-K:;K5'(¢) +AM AM
-0,

which shows that V(Yg(t; 0, Yge)) is non-increasing in
(R, 8], and hence
V(YR(135 0, Yro)) < V(YR(115 0, Yro)) = c.
This contradicts (2.10), and hence (2.7) is valid.
Step 4: There is an R, > R;, such that for each

R>R,, there exists a Tx €[0 such that

2('[ ]
> KK 1 (5)
[ Yr(Tr; 0, Yro)l <. e

Actually, for any given ¢ >0, since V' is continuous,
there exists a § € (0, ¢) such that

0<WM(Y)<Ki(e) VY| <6 (2.13)
Now, for each Y e {Y||V(Y)| >},
W(Y) = K3(1Y) = KKy ' (V(Y) = KiK5 ' (8) > 0.
(2.14)

By Step 3, for every R>R;, {Yr(£;0,Ygo)
tef0,00)} C{Y|V(Y)<c}, and hence

aV
H= sup ‘(YR(I; 0,Ygo))| <  sup (Y)‘ <o0.
1€[0,00)| OV'1 Ye(YIV(YV)=c} 0V
Suppose that the claim is false. Then for
R, = max{ R 2H4 (2.15)
2 - 17 K3K51(8) b .

there exists an R> R, such that |Yz(; 0, Yo)| > 8 for
any ¢t € [0, m] This together with (2.14) concludes
that for any R> R, and all 7 € [0
dV(YRr(t; 0, Ygo)) dV
dt de along the system (2.5)
< —W(Yr(#; 0, Yro))
n ‘3V( Yr(2; 0, Yro)) V(%)

v R
K3K5'(9)

- 2

> Ks K 1(5)]

< 0.

Integrating above inequality over [0, a K_, (5)] to give

2¢
V( (K3K TR YR°))

2c
_ / K3 K;51(8) 4V(YR(: 0, Yro))
dr

dz+ V(Y ro)
KKy (8)  2¢
- 2 KK51()
<0.

+ V(Yro)

This is a contradiction since for each ¢ € [0,

K3K5 1(5)]
| Yr(t; 0, Yro)| > 8. The claim follows.

Step 5: For each R> R,, if there exists a 7§ € [0, 00)
such that

Yr(1§5 0, Yro) € {Y]] Y] < 8},
then
{Yr(5;0, YRo)|t € (18, 00)} C{YNYI <€) (2.16)
Suppose (2.16) is not valid. Then there is a
R > R > & such that
| YR(15: 0, Yro)| =6,
| YR(15:0, Yro)| > e, (2.17)
{Yr(5;0, YRo)lt € [1f, 5]}  {Y1]Y] = 8}.
This together with (2.14) concludes that for 7 € [¢R, %],
Ki(| Yr(235 0, Yro)[) = V(Y(23: 0, Yro))

B / dV(Y(t; 0, Yro))
- (R dt

+ V(Y&(£%: 0, Yro))
- / KK
e 2

1

+ V(Yr(£5: 0, Yro))
< V(Yr(rf: 0, Yro)). (2.18)
By (2.13) and |Y&(1R; 0, Ygo)| = 8, we have

de

V(YR(£R; 0, Yro)) < Ky (o).
This together with (2.18) gives
Ki(|YRr(15:0, Yro)|) < Ki(e).

Since the wedge function K is increasing, the above
inequality implies |YR(t§; 0, Ygo)| <&, which contra-
dicts the middle inequality of (2.17). The claim (2.16)
follows.

Finally, for each a>0, by results of Step 4 and

Step 5, for R > max{R,, aKKl(zS)} and fé€[a,00),
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we have

|z1r(1) = v(0)| = | yir(RD)| < |YR(RD)| <.

Hence z;z converges uniformly to v in [a¢,00) as
R — oco. The proof is complete. O

3. High-order tracking differentiator

In order to get the approximations of the high-order
derivatives of a signal, we need the high-order tracking
differentiator. The following Theorem 3.1 is about the
convergence of high-order tracking differentiator.

Theorem 3.1: Let [-R"— R be a locally Lipschitz
continuous function. Assume that the equilibrium point
(0,0,...,0) of the following system is globally asympto-
tically stable:

X1(t) = x2(2), x1(0) = x10,

Xa(1) = x3(1), x2(0) = x20,

............. (3.1)
).Cn,](l) = xn([)s xnfl(o) = X(n—1)0»

Xn(1) = [ (x1(0), %22, - - ., x(1)), X(0) = X0,

where (X109, X20, - - - » Xn0) IS any given initial value. If the
signal v is differentiable and A = sup,c( ) [V(1)] < 00,
then the solution of the following tracking differentiator:

21r(1) = z2r(1), z1r(0) = z10,
2r(1) = z3r(1), 22r(0) = 220,

Z—)R(D) = zur (1), Z=1)r(0) = Z(u—1y0,

2ur) = R 210) = 00 220 )
ZnR(O) = Zno

(3.2)

is convergent in the sense that. for every a>0, zip is
uniformly convergent to v on [a,00) as R— oo, where
(210s 2205 - - - » Zno) IS any given initial value.

Proof: Suppose that (ziz, z2r, - . ., Z,r) 1S the solution
of system (3.2). Let t = %. Then

a7 () = rie(
1 s
R7R\R

& on(3) = R (3.

ar7() = () = & () ()

n(2) )

Let
s s
Vir(s) = ZlR(ﬁ) - V(E)a
1 s
2r(s) = ﬁZZR (E)’
! s 3.3
Var(s) = 23R (E)’ G-3)
s
ynR(S) R” 1 ZnR (R>
Then

. V(%

VIr(S) = yar(s) — (Ig),

) = (3.4)

J:/(n—l)R(s) = yur(S),

Vnr(8) = AAV1R(S), 2R(S), - - - s Yur(S))-
Therefore, (yig,Vor,.-->Var) 18 a solution to the
disturbed system of (3.1). Again we can write (3.4) as

Yr(1) = F(YR() + Gr(D), (3.5)
where Yr=(y1r, V2rs--- ,ynR)T, and

FYR(D) = (72R(1)s- - ar (Do (1R, 2R, o yur(1)

v T
o= (~Lo....0)

It is seen that except the dimension, there is no
difference between (2.5) and (3.5). Therefore, the proof
for the theorem can now be completed along the same
line of the proof of Theorem 2.1. O

Remark 3.1: Because of Theorem 3.1, we can con-
sider z;z(f) as the approximation of the derivative
VWD) for i=2,3,... ,n provided that the latter exist
in the classical sense or are considered as the general-
ised derivatives by considering v as a generalised
function.

Theorem 2.1 is first proved in Guo et al. (2002)
with linear f where the result is much stronger than that
claimed by Theorem 2.1: the z,z is indeed the
approximation of the derivative of v in the classical
sense. For the nonlinear f, it is still open for the
convergence of z,p to v in classical sense. In Theorem
3.2, we generalise the result of Guo et al. (2002) to the
higher order tracking differentiator.

Theorem 3.2: Assume that the matrix following

o 1 0 --- 0
o 0 1 - 0
A=1: = = (3.6)
0 0 0 1
ay dy a3 ay



01: 22 14 June 2011

Downl oaded By: [China Science & Technol ogy University] At:

698 B.-Z. Guo and Z.-L. Zhao

is Hurwitz, and v:[0,00) — R is the function satisfying
SUD,e(0. 7.1 <k<n W0 = M <o for constants T, M >0.
Then the following linear tracking differentiator

21r(1) = z2r(1), 21R(0) = z10,

2or(1) = z3r(1), 22r(0) = 220,

Z=)R(1) = z,r (1), Z(—1)r(0) = Z(u=1)0,

fun(0) = R (an(z1a(0) = v(0) + S50 4 - 4 230,

ZnR(O) = Zno

(3.7)

is convergent in the sense that: for any 0<a<T, zip
(k=1,2,...,n) converges uniformly to v*=" in[a, T] as

R — 00, where (210, 220, - - - » Zno) IS any given initial value.

Proof: In the linear case, (3.5) becomes

(%)
R 9

Solve the linear differential equation (3.8) to get

.
YR(t):AYR(Z)—i—[ o,...,o]. (3.8)

! (%) ’
Yr(0) = e YR(0) + / A= [;,o, . .,0} ds.
0
(3.9
It then follows that

yir(t) = [e"'], Yr(0) + /0 [eA“ﬂ')]”% ds, (3.10)

where [¢!]; denotes the first row of the matrix e/, and
[e1C=9)],, the first entry of ¢V~
By (3.3) and (3.10), we have

Rt (S
zir(1) = [*'], YR(0) + /0 [eA<Rf—~Y)]H%*) ds + v(1).
(3.11)

Differentiate z;z with respect to ¢ to give
2or(1) = Z1r(1)

= [RA™!] YR(0) + ¥(2)

Rt d s V(l) )
[0S ) S s+ i)

— [RAE™], Y(0) + i(0)
Rt d
- /0 ([, )i()ds + i)

= [RA), Yr(0) + ¥(0) — [e*® =], ()

Rt

0
Rt (< .
n /0 [eA(Rt—S)]“% ds + ¥(7)
= [RAe™ T YR(0) + [e**]9(0)

" "
+ / [ef“R’-S)]“@ ds + (7). (3.12)
0

Generally, we have, by induction that
zkr(0) = [(RAY 1R YR(0) + [(RA) 2], 9(0)
I [eARt]ll v(k—l)(o)
Ri W (2)
+/ [eA(RH)]”—RR ds+v& V@), 2<k<n.
0
(3.13)

Since A is Hurwitz, we may assume without loss of
generality that there exist constants L, w>0 such that
all entries of e = {e;(n)}},_, satisfy

lej(O] < Le™ Vt>0, i,j=1,2,...,n.  (3.14)

Since |[v®(r)|<M Vre[0T], we have, for every
t€l0, T], that

Rt . &) (i) Rt Q) (i)
/0 [eA(R’ j)]ll—RR ds‘: /0 en(Rt—S)—RR ds

_ ML /R’ ML
0

e—w(Rt—s) ds <=,
~ wR

This together with (3.13) and (3.14) gives

RILHQO zkr(1) = v*=D(7)  uniformly in [a, T] for any
O<a<T, 2<k<n. (3.15)

The proof is complete. ]

Remark 3.2:  If sup,c(o,00),1<k<n WO(1)| = M < o0, then
the conclusion of Theorem 3.2 can be replaced by the
more strong form: zyz (k=1,2,...,n) converges
uniformly to v*~Y in [4, o0), as R — .

4. Application to frequency estimation of sinusoidal
signals

We consider the finite sum of sinusoidal signals
w(t) = Y1 Aisin(w;t + ¢;), where the ;>0 are differ-
ent frequencies. The aim of this section is to estimate
all frequencies w; by using tracking-differentiator. The
even order derivatives of v in 7 up to 2n — 2 are found
to be

n
W(1) = Z@‘Ai sin(w;t + @),
p
V(4)(I) = Z 9121‘1, sin(a),-t + ¢j),
p

V(2n_2)(l) — Z 9;1_] Ai Sin(wil + ¢i)a

i=1
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where 6; = —w?. That is
v Ay sin(wit + ¢)
i Ay sin(wyt + ¢,)
D= . . @D
y@n=2) Ay sin(wnl + ¢n)
where
1 1 cen 1
91 92 e 9}1
A= . . (4.2)
9)11—1 9121—1 . 9:11—1
Since A is invertible, we have
Aj sin(wit + ¢q)
A> sin(a)gt =+ ¢2) v
. =A"! . 4.3)
Ay sin(@,? + ¢,) v
Denote A~ by
Al A2 oot A
-1 Al A s Ay
Al = . . (4.4)
)"nl )"}12 e )\nn
Since for any 5 >0
t
[ Cusingons-+ g0y
w,i:thm b . k=1,2,....n,
— 00

/ (s sin(ort + )’ d
b

it follows from (4.3) that
—6 = lim S0t Mg fy VOV (s)ds
(=00 Y Tt Meikkj fb[ y2i=(5)v@=2)(s5)ds’

k=1,2,....n

Let T be a sufficiently large number, and let

T
ai,:/ YD (P D (5)ds,
b

T
by = / VD, ij=1,2,...,n.
b

(4.5)

By solving the following high-order equations of n
unknown elements 0, i=1,2,...,n, we can get the
approximate values of 6;:

n n
Z)»li)»ljbij@l + Z Mirgay =0,

iyj=1 iyj=1

n n
D daikybf + Y daikaya =0, (4.6)

ij=1 ij=1

n n
Z )"ni)"njbnjel + Z )\ni)\njanj = O,

iy=1 iyj=1

where 0; = —a)f, J;; are rational functions of 6;, and the
values of a;, b; in (4.5) can be approximated by the
high-order tracking differentiator (3.2).

Example 4.1: Let us investigate the two different
frequencies case.

W(t) = Ay sin(wi 1 + ¢1) + A sin(wat + ¢2).  (4.7)
This is the case of n=2. Equation (4.6) now becomes

{ (a11 + 2b12)60102 — b6 — b0 —an =0, 4.38)

b1160162 + a116> + a1161 — 2a1o — by =0,
and (4.5) becomes, in this case
T T
ar 2/ D0 dt,  apn = ax :/ 2ar(Hz4r(0) dt,
b b
ay = / z3p(0 dt,
br T
bi :/ 2 x(Ddt, by = by 2/ z1r(Dz3r(0)dt,
b

b
by = be Z3R(0dr,

(4.9)

where instead of vV, we used directly z;z to be the

approximation of v~V i=1,2,3,4, by the linear
tracking differentiator (3.7):

Zir(1) = z22r(1),  z21R(0) = 210,

22r(1) = z3r(1),  22r(0) = 220,

Z3r(1) = z4r(1),  z3r(0) = z30,

24r(1) = —24R*(z1r(1) — W(1)) — S0R3z2-(1)
—35R%z3p(1) — 10Rz4p(1),  z4r(0) = z49.

(4.10)
Now the matrix 4 becomes
0 1 0 0
0 0 1 0
, (4.11)

0 0 0 1
=24 -50 -35 -10

which has eigenvalues —1, —2, —3, —4. So it is
Hurwitz. Hence the tracking differentiator (4.10) is
well-defined. Note that in (4.8), 6; and 6, are
symmetrical. If we cancel 6, from (4.8), we get a
quadratic equation of 6,. So if there are two real
solutions to (4.8), they must be (6;, 65).

Let Alzl, A2:2, (,()1:1, (1)2:2, ¢1:¢2:O in
4.7), b=1, T:2— 35 with step equal to 0.1 in (4.9)
and Z102220:Z30:Z40:0, R=20 in (410) The
numerical results for frequency estimation by
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Figure 1. Estimation of one frequency by nonlinear tracking differentiator.
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Figure 2. Estimation of two frequencies by linear tracking
differentiator.

(4.8)—(4.10) are plotted in Figure 1(a). Figure 1(b)
shows the simulation for 4;=4,=1, w; =10, w, =20,
P1=¢=0, zig=z0=z30=240=0, R=20, b=1,
T:2— 15 with step equal to 0.01. It is seen that the
estimations are quite satisfactory.

Example 4.2: In this example, we use a nonlinear
second-order tracking differentiator to estimate the
frequency of the signal v= A sin(wt+ ¢). This is the
case of n=1 like that discussed in Guo et al. (2002) by
linear tracking differentiator.

In this case

[V (nde
v nde

w= lim
T—o00

The nonlinear tracking differentiator that we use
here is

21r(0) = z22r(0),  z1r(0) = 210,
2p(1) = —R% sign(zi (1) — v(1)|z1r(1) — v(1)]™?
—Rzr(1),  22r(0) = z20.
(4.12)

In order for the tracking differentiator (4.12) to satisfy
all conditions of Theorem 3.1 as (3.2), we only need to
prove that the equilibrium point (0, 0) of the following
systems is globally asymptotically stable:

{x‘ = X2, (4.13)

Xy = —sign(xp)|x | — x5
In fact, let the Lyapunov function be defined by

3

13 127

Then (obviously, this Lyapunov function does not
satisfy the condition required in Wang et al. (2007) and
is different to the super-twisting observer in Davila
et al. (2005) where the function is not Lipschitz
continuous)

dv
dr

V(x1,x2) =

2
—x; < 0.

along the system (4.13) B
Note that the set

{(Xl,xz) a

=0
d7 falong the system (4.13)

does not contain any non-zero trajectory of system
(4.13). By Corollary 4.1 of Khalil (2002, p. 128),
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the equilibrium point (0,0) of the system (4.13) is
globally asymptotically stable. Hence the tracking
differentiator (4.12) satisfies all conditions of
Theorem 3.1.

In Figure 2, we plot the numerical results for 4 =1,
Z10=220=0, =2, b=10, R=100, 7:10— 25 with
step =0.0001. It is obviously convergent.

A different approach by nonlinear observer for
frequency estimation of finite sum of the sinusoidal
signals is also discussed in Xia (2002). However, due to
different approaches, it is hard to compare the
effectiveness of these two approaches. But our
approach is at least as simple as nonlinear observer.
The first far more simple global convergent frequency
estimator for single sinusoidal is presented in Hsu,
Ortega, and Damm (1999). The noise tolerance of the
tracking differentiator presented in this article has been
proved both theoretically and numerically for linear
case in Guo et al. (2002).

5. Concluding remarks

In this article, we give a rigorous proof of the
convergence of the nonlinear tracking differentiators
for both two-dimensional and high-dimensional cases
under some weak assumptions. Numerous applications
are reported for this tracking differentiator proposed
two decades ago as a key link towards active
disturbance rejection control (Han 2009), and its
advantages over the existing ones like anti-chattering
and noise tolerance. We also apply this tracking
differentiator to the frequency estimation of finite
sum of the sinusoidal signals. The simulation shows its
effectiveness.
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