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A vibrating system with some kind of internal damping represents a distributed or passive control. In this article, a wave
equation with clamped boundary conditions and internal Kelvin-Voigt damping is considered. It is shown that the spectrum
of the system operator is composed of two parts: point spectrum and continuous spectrum. The point spectrum consists of
isolated eigenvalues of finite algebraic multiplicity, and the continuous spectrum that is identical to the essential spectrum
is an interval on the left real axis. The asymptotic behavior of eigenvalues is presented.
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1 Introduction

Owing to huge applications of smart materials in modern technology, there has been an abundance of literature on the study
of elastic systems with viscoelastic damping ( [1]). When a smart material is patched in an elastic structure, the Young’s
modulus, the mass density and the damping coefficients are changed accordingly. Practically, two types of viscoelastic
damping are usually used. One is the Botzmann damping and another is the Kelvin-Voigt damping. These kinds of damping,
on the one hand, make the distributed control practically realizable, and on the other hand, bring some new mathematical
challenges that attract increasing research interests. For the controllability of this kind of systems, we refer to [14]. The
stability can be found in [4, 15-17]. Very recently, an interesting Riesz basis property was developed for such a system
in [13]. However, for these works aforementioned, only partial solutions to the distribution of the vibration frequencies
were presented. This is an unfortunate situation since it has been shown for many other elastic systems in [9, 10, 18,21]
that for a vibrating system, the vibration frequencies could determine all dynamic behaviors of the system. The reason
for this situation occurs is that for a viscoelastic system, the resolvent of system operator is not compact anymore, which
is sharp contrast with that discussed in [9, 10, 18,21]. Nevertheless, a viscoelastic system with constant coefficients still
shows the valid of Riesz basis property due to the fact that the continuous spectrum is the limit set of point spectrum [11].
But for the viscoelastic systems with variable coefficients, situations are quite different even in one-dimensional cases.
In [20], the asymptotic behavior for a one-dimensional wave equation with local Kelvin-Voigt damping was developed.
In [22], the essential spectrum of a system operator arising in viscoelastic system with local Kelvin-Voigt damping was
analyzed. In [12], the spectrum of a general second order system was discussed. In this paper, we study a one-dimensional
wave equation with clamped boundary condition and internal Kelvin-Voigt damping. It is shown that the spectrum of
this system operator is composed of two parts: point spectrum and continuous spectrum. The point spectrum consists of
isolated eigenvalues of finite algebraic multiplicity, and the continuous spectrum that is identical to the essential spectrum
is an interval on the left real axis under the analyticity assumption of coefficients. The asymptotic behavior of eigenvalues
is also presented.

This paper is organized as follows. In next section, Sect. 2, we formulate the problem into an abstract evolution equation
in the state space. Sect. 3 is devoted to the analysis of continuous spectrum. The asymptotic expression for eigenvalues is
presented in Sect. 4.
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324 B.Z. Guo et al.: Spectral analysis of wave equation with Kelvin-Voigt damping

2 System operator setup
Consider a one-dimensional wave equation with Kelvin-Voigt damping and clamped boundary conditions:
p(@)yu(x,t) — (al@)ye (@, 1) + b(@)ye(2,)) =0, 0 <z <1, >0,
y(0,t) = y(1,t) = 0, 2.1)
y(,0) = yo(x), yi(x,0) = yi(x),

where the continuous function b(-) > 0 is the damping function, and the continuous functions p(-),a(-) > 0 are system
parameter functions in spacial variable. Hereafter, we use prime ““/” to represent the derivative with respect to z. The system
energy is given by

1
B = 5 [ la@ns . 0F + ploln(o. O] do 2)

For any positive continuous function p, set L2 = L?(0,1) with norm || f[|7., = fol p(z)|f(x)|?dx and V = H}(0,1),
P
the first order Sobolev space with zero boundary values. We consider the system (2.1) in the energy state Hilbert space
H =V x L2 with the inner product:

1 —_ [
((f1,91), (f2,92)) :/0 [a(x) f1(2) f3(x) + p(x)g1 (x)g2(@)]dx, V (fi,g:) €H, i=1,2. (2.3)
Define the system operator A : D(A)(C H) — H as

Alf,g) = (g, S(af'+ bg’)') ,

2.4)
D(A) = {(f,9) € Hj(0,1) x Hj(0,1)] af’ +bg" € H'(0,1)}.
Then (2.1) can be formulated into an abstract evolution equation in H:
d
SY(1) =AY (1), Y(0)=Ys, 2.5)
where Y (t) = (y(-,1),y:(-, 1)) is the state variable and Yy = (yo(-), y1(+)) is the initial value.
The following Lemma 2.1 is straightforward.
Lemma 2.1. Let A be defined by (2.4). Then its adjoint A* has the following form:
1
A(r.9) = (- 5 af =) ).
P (2.6)

DA ={(f,9) e VxV]af —bg € H'(0,1)}.

Proposition 2.2. Let A and A* be given by (2.4) and (2.6), respectively. Then A and A* are dissipative, and hence A
generates a Cy-semigroup of contractions on 'H.

Proof. Forany (f,g) € D(A), we have

(A(,9). (f.9)) = <<g, Lor + b)) <f,g>>

= [ o) @) + (@(o)f (@) + e (@) 510)]

and hence

1
Re(A(f. ). (f.9)) = — / b()lg (2)Pdx < 0.
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Similarly for any (u,v) € D(A*),

(A (u,v) (at — bv')), (u,v)>

(@) = (a(@)(z) = b(z)0' (2)) (@) | do

I
c\ﬁ/\

and hence

1
Re(A*(u,v), (u,v)) = _/0 b(z) v (z)|?dx < 0.

Therefore, both A and A* are dissipative. By the Lumer-Phillips Theorem, A generates a Cp-semigroup of contractions on
H. O

3 Continuous spectrum of the system operator

In this section, we consider the spectrum of A. First, let us formulate the eigenvalue problem. Suppose A(f, g) = A(f,g)
with (f,g) € D(A) and (f,g) # 0. Then g = Af and f € HJ(0, 1) satisfies

alz T /x I \2 T T
{((()+Ab( NS (@) = Ap(a)f(x), 3.0

f(0)=r1)=0.
The Theorem 3.1 following shows that the set o,-(A) of residual spectrum of A is empty.
Theorem 3.1. o,.(A) = 0.

Proof. Since A € 0,.(A) if and only if A € o, (A*), it suffices to show that 0,,(A) = o, (.A*). Suppose A*(f, g) =
A(f, g) for some (f,g) € D(A*) and (f,g) # 0. Then g = —\f and [ satisfies

(a(z)f'(z) + Ab(2) f'(2))" = Np(2) f(z), (3.2)
f(0)=rf1)=o.
It is seen that (3.2) is the same with (3.1). Hence, A € o,(.A*) if and only if A € o,,(.A). Since the eigenvalues of A* are
symmetric with real axis, we have o,.(A) = 0). O
Proposition 3.2. Let A be defined by (2.4). Then 0 € p(A) and A~" is given by
Cb(T) a1 (x) /1 b(7) .
- —= dr + — dr — g1(1
AL ( f ) (z) = 91(z) /o a(T)f (rydr ai(1) [ 0 a(T)f (mdr = qi(1) , (3.3)
! /(@)
where
(x)—/ri[/T (s) (S)d8:|d7' a(m)—/ILdT (3.4)
T am Uy B ATC R |
Proof. Let (f,g) € H.By A(¢,v) = (f,g), we have
Y= (a(;S + ') = (3.5)

These together with the boundary conditions show that

(a(z)¢'(x) + b(z) f'(2))" = p(x)g(z),
$(0) = ¢(1) = 0.
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A direct computation gives

6(z) = g1(z) - / ’ %f’(ﬂdf G (@),

where g1 (), a1 (x) are given by (3.4), and C} satisfies
C1 = [a¢’ 4+ bf'] (0).

Using the boundary condition ¢(1) = 0, it gives

R N Y (PR
‘= am l/ atr) T O gl(”l'

Therefore
_ _ [T ar(@) | [1bT) s
¢($) _gl(x) A Cl(T)f (T)dT+ al(l) [/()r a(T)f (T)dT gl(]‘)
This together with (3.5) gives (3.3). The proof is complete. O

The following Definition 3.3 comes from [8, p.373].

Definition 3.3. Let 7" be a closed linear operator in a Hilbert space. The set of complex numbers A is called the essential
spectrum of T', and is denoted by o..(T), if one of the following three conditions is satisfied:

(). R(M — T), the range of AI — T, is not closed.

(il). dim N (A — T') = oo, here N'(AI — T') denotes the null space of A\ — T'.

(iii). dim(R(M —T))* = oo, here (R(A — T))* is the orthogonal complement space of range R(\ — T') of A\I —T.

Notice that if T is densely defined, then (iii) of Definition 3.3 can be replaced by dim N'(\I — T*) = oc.
The following Proposition 3.4 is a direct consequence of Corollary 4.4 of ( [8, p.378].

Proposition 3.4. Let T be a closed linear operator in a Hilbert space and G a compact operator. Then
Oess(T) = Oess (T + G).
Now we go back to our problem. Define a bounded linear operator D : V — L2 by
(Df)(x) = f'(x), V f € V = Hy(0,1). (3.6)

The following Lemma 3.5 is straightforward.

Lemma 3.5. Let D be defined by (3.6). Then the following assertions hold:
(i) Forany ¢ € V, | D12 = [|¢]|v.

(ii) The range of D,
(100255) =0 (7)
"a() L2 .
is a closed subspace of L?.

(iii) D~ is a bounded linear operator from R(D) onto V given by

R(D) = {f erL?

DL f(z) = / f(r)dr, ¥ f € R(D). (3.8)
0
Let H1 = R(D) x L?, with the same inner product defined by (2.3). Define the linear operator 7 : H — H; by

T (¢, 1) = (D, ¥) = (¢',4), V (¢, ¢) € H. (3.9)

Then, it is easy to see that

T '(f,9)=(D " f.9), V(f.9)€eH
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and

1
17 (¢, )%, :/0 [a(2)|¢ (2)* + p(2) [ (2) ] da = [[(,¥) I3,V (¢,9) € M.
Define a linear operator A : D(A)(C H1) — H, by
A=TAT L. (3.10)

Then A is explicitly given by

1
P (3.11)
D(A) = {(¢,%) € R(D) x H}(0,1)| a¢p + by’ € H'(0,1)}.

{ Al 9) = (w’, <a¢+bw’>'),

By (3.10), we have Lemma 3.6 following.
Lemma 3.6. o(A) = o(A).
Proposition 3.7. Let A be defined by (3.11). Then A1 exists and has the following expression:

K—l(f):P<f)+Q<f), Y (f,9) € Hi, (3.12)
g g g

where P and Q are bounded operators on H1 and have the following expressions, respectively: for each (f, g) € Ha,

1 /‘7” gi(1) 1
—— [ p(s)g(s)ds — ——
, ( f ) o | T T aw) .
g | rtor
0
and
b(x) 11 /1 b(T)
—— + d
of TV w=]| et amaw fo o007 | G.14)
g 0
Moreover,
(i) P is compact and skew-adjoint on H1;
(ii) Q is self-adjoint on 'H1, and its essential spectrum is given by
Oess(Q) = {0} U{A € C | Xa(§) + b(&) = 0 for some & € [0,1]}. (3.15)

Proof. Since A=TAT !, AL existsand A~ = T AT~ Forany (f,g) € Hi,

Av_1<f)(x):TA_lT_l<f)(x):TA_l(Af(T)dT)
g g g()

LU—I@TT a () 1®TT—
| = [ e [/ D py gl<1>]

/O-T f(r)dr

L et M gy L Lo
B a(m)/op()g()d a(x)f()+ 0 a@) [/O f(r)d 91(1)1

R /Om f(r)dr
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:P(f)(x)+Q<f>(m),
g g

where P and Q are defined by (3.13) and (3.14), respectively. N
Notice that when b(-) = 0, A is skew-adjoint and is of compact resolvent. So is for .4 when b(-) = 0, and in this case,

328

A-1 = P. Hence, P is compact and skew-adjoint on H; . (i) is thus proved.
Next we prove (ii). We first prove that Q is self-adjoint. Actually, for any (f,g), (u,v) € Hi, by (3.7), f,u € R(D),

/01 fla)dx = /01 u(z)dr =0,

and hence

=

1 2 1 -
W9, s :/o ) l_%f(x) - altl) a(la:) /o ZET;

1
- / b(a) f ()@ dx
= <(f7 g)v Q(U,U»Hl,

which shows that Q is self-adjoint on H; .
Now we show
(3.16)

a(Q) ={0}U{x e C| Xa(§) + b(&) = 0 for some £ € [0,1]}.
Let A € C. For any (u,v) € H;, consider the equation

(A= Q)(f.9) = (u,v),
which is equivalent to Ag(z) = v(x) and f satisfies

b@) (o0 L1 b
)/0 F(r)dr = u(z). (3.17)

Since (u(-), %

AFO), 252 = 0.

) Lz = 0, if (3.17) admits a solution, integrating both sides of (3.17) over [0, 1] shows that it must have

When A # 0 and A + % # 0 forany z € [0,1], g(z) = A'v(x) and it follows from (3.17) that
@ [ e
Jo = Aa(z) + b(z) () + a1(1) a(z) /0 a(T)f( ) 1 ' (3.18)

A direct computation gives

-1
1 b(T) 1 1 1 1 b(T)u(r)
/0 a(ry ! (M7= 3a) (/0 Aa(T) + b(7) dT) /0 Na(r) + () "

a(r)

Hence,

- a(z)u(x L 1 _brju(r) T 1 ! T h
o) = @ ) { @+ 3 S i (/0 Na(r) + 00 ) } | G-19)
So (f,g) € Hi. Therefore A € p(Q), which implies that

0(Q) =C\p(Q) C{0}U{X e C| Aa(&) + b(&) = 0 for some £ € [0, 1]}. (3.20)

www.zamm-journal.org

© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



ZAMM - Z. Angew. Math. Mech. 90, No. 4 (2010) / www.zamm-journal.org 329

Moreover, when A = 0, since for each (f, g) € H,

Ma@) +b@) L1 Ubr)
oo Ywo| O mwmam s o | 621
g Ag(z)
ithas {0} x L? € N(Q). Hence dim \V(Q) = oo and by Definition 3.3,
0 € 0ess(Q). (3.22)

If X # 0 and Aa(&) + b(§) = 0 for some & € [0, 1], we claim that R(Al — Q) # H;. In fact, define
E\ ={z € [0,1]|\a(x) + b(x) = 0}.

If the measure of E is nonzero and (3.17) admits a solution, it must have
u(x) = C/a(x) in E) for some constant C.

Obviously, such a function cannot represent all functions of R(D) on E), that is R(AI — Q) # H;. Now suppose that
the measure of F is zero and (3.17) has solution f € R(D) for any u € R(D). Then f must be of the form (3.18). Take
special u € R(D) in (3.18) as following

\3/371?7 x EEl,
u(w) = -1 1
T~ mos(B)) /E1 mdw, xz € [0,1]\Ex,

where Ey C [0, 1] is a given small closed interval containing &, and mes(E7) is the measure of Eq, 0 < mes(E;) < 1.
Obviously, for this special u, there exists a closed interval E5 C F1, £ € Fs, such that the corresponding solution f satisfies

a(@)u(z) + %A YT ¢ryar| > 1, @ € B,

a ( a(T)

and hence by (3.18),

1
Aa + b

<N fllp2(es) < oo,
L2(E2)

which means that ﬁ € L?(E,). This fact together with (3.18) shows that

au
Aa+b

€ L*(Ey), Y1 € L*(Ey).
Define the multiplication operator F : L?(Ey) — L*(E3) by

(Fu)(z) = %ﬂ(m), V€ L2(By). (3.23)

Then F is a closed operator on L?(E?y). In fact, for any sequence {u,,} C L?(Ey), if
[tn — Ullp2(my) — 0, [|Fiin — @l p2(m,) — 0,

for some @, u € L*(E»), then there exist subsequences {i,, } and {F,, } converge to & and U almost everywhere for
x € F», respectively. Therefore, by definition (3.23), we have

(Fu)(z) =

=
&
[

u(zr), v € By ae..
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Hence F is closed on L?(E,). By the closed graph theorem, F is bounded on L?(E5), which implies that

a
9 Iy
Yt p S LT E)

This contradicts to Aa(§) + (&) = 0 and continuity of a, b. Hence R(AI — Q) # H;. Therefore
{AeC| X&) +b(§) =0forsome € € [0,1]} C o(Q). (3.24)

Combining (3.20), (3.22) and (3.24) gives (3.16).
Finally, we show (3.15). Since 0¢s5(Q) C o(Q), we only need to show that 0(Q) C 0.s:(Q). Let

m = min {A Aa(z) + b(z) =0}, M= 0213;%“‘ Aa(x) + b(z) = 0}.

By (3.16) and (3.22), it suffices to show that [m, M| C 0.ss(Q). There are two cases:
Case I: m = M. In this case, b(x)/a(x) = —m is a constant. It follows from (3.21) that

(mI = Q)(f,9) = (0,mg).
Hence,

R(D) x {0} C N(mI — Q),
which means, by Definition 3.3, that

A=m € 0es5(Q).

Case II: m < M. In this case, A can be taken as any point of interval [m, M] by the continuity of b(z)/a(x). So by (3.16),
[m, M] C o(Q). Since Q is self-adjoint, [m, M] C 0.ss(Q) follows from Theorem 5 of [6, p.1395] which says that for
a self-adjoint operator, all non-isolated spectrum must be essential spectrum (note that in [6], the essential spectrum of a
closed operator is defined as only those that (i) of our Definition 3.1 is satisfied). [l

With these preparations, we could summarize the properties of o.ss(.A) as Theorem 3.8 following.

Theorem 3.8. Let A be defined by (2.4). Then the following assertions hold.
(i) The essential spectrum of operator A is given by

Oess(A) = {A € C|a(§) + Ab(§) = 0 for some & € [0,1]}. (3.25)

(ii) o(A)\0ess (A) consists of at most countable isolated eigenvalues of finite algebraic multiplicity.
Proof. Suppose (i) is valid. Then o(A)\cess(A) is an open connected subset of C\oess(A), (ii) is then a direct

consequence of Theorem 2.1 of [8, p.373]. So only proof of (i) is needed. Since Al =P+ Qand Pis compact, it follows
that

Oess (A1) = 0055 (Q) = {0} U {A € C | Aa(€) + b(€) = 0 for some & € [0,1]}.

Since A € 0ess (A1) if and only if A\=1 € 045 (A), we have

Oess(A) ={A € C|a(§) + Ab(§) = 0 for some £ € [0, 1]}.

The desired result then follows directly through the relation (3.10). O
Next, we consider the continuous spectrum for the system (2.1).
Lemma 3.9. Let A be defined by (2.4) and the following conditions are satisfied:

a(x), b(z) and p(x) are analytic in [0, 1];

(& — £)? (3.26)

forany A € R, m is analytic in a neighboorhood of any £ € [0, 1].

Then the set of the continuous spectrum o.(A) of A satisfies

c(A) = 0ess(A) = {\ € C| a(&) + \b(&) = 0 for some € € [0, 1]}.
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Proof. Suppose that a(§) + Ab(§) = 0 for some § € [0,1],A € R.If A € 0,(A), then there exists a nonzero
[ € H(0,1) satisfying the characteristic equation (3.1). The proof will be accomplished if we can show that f = 0
because o,.(A) = () claimed by Theorem 3.1. This will be divided into three steps:

Step 1: We claim that in a neighborhood of &,
flz) =Cs (1 + Z an(x — 5)”) when ¢ is the first order zero point of @ + Ab (3.27)
n=1

or there exists a r; > 0 such that

f(@) = De(z — ™

1+ Z by (x — 5)"] when £ is the second order zero point of a + \b, (3.28)
n=1

where C¢ and D¢ are constants and each series in Eq. (3.27) and (3.28) converges uniformly in a neighborhood of £ and
defines a function that is analytic at © = &.

It follows from (3.26) that £ is the regular singular point of the first equation in (3.1). Using Theorem 4.4 of [3, p.192],
(3.1) must admit a Frobenius series solution in a neighborhood of £. The procedure is as follows. By (3.26), assume that

a(z) + Ab(z) = (z — €)"p(a),
where k& = 1 or 2 and ¢ is analytic in [0, 1], (&) # 0. Thus,

(a(z) + Ab(@))" Kk ¢'(@)
a(x) +Ab(x)  w—-&  p(r)

Let

(a(z) + Ab(z))’
a(z) + \b(x)

The indicial equation of (3.1) is (see e.g., Theorem 4.4 of [3, p.192])

2 —Np)

po = lim (2 —¢) a(z) + \b(z)

7%23111{}5(55_5)

F(r)=r(r—=1)+por+q = 0.

A simple calculation shows that py = 1, g9 = 0 when £ is the first order zero point of a + Ab, and py = 2, g9 # 0 while £
is the second order zero point of a + Ab.

Since f is required to be continuous, when ¢ is the first order zero point of a + Ab, F'(r) = 0 has only zero solution and
hence f is of the form (3.27). While £ is the second order zero point of a + Ab, let 1, 5 be the roots of F'(r) = 0:

-1+ /1 —4q
me=——H -
2
If r1 is a nonreal number, then Re(r) = — % In this case, f must be identical to zero in a neighborhood of £ and D¢ = 0

in (3.28). Otherwise, we may suppose 71 > 0 > ro. Since f is continuous in [0, 1], it must be of the form (3.28).

Step 2: We claim that there is a sequence {, }>2; C [0,1],~; # 7; forany i # j, 4,5 = 1,2,---, such that f(vy,) =0
forn=1,2,---,and

lim Ay, = €. (3.29)

n—oo

To do this, it suffices to show that for any [z1, 23] C [0,1],if { € [z1,22] and f(z1) = f(x2) = 0, then there exists a
v € (x1,22) such that f(y) = 0. In fact, if there exists a second order zero point y of a + Ab in (21, x2), it follows from
Step 1 that

f(y)=0.

If there exists no second order zero point of a + A\b in (z1, z2), by Step 1, f must be analytic in (x1,x2). By Rolle’s
theorem, it follows that there exits an ) € (x1, z2) such that

f'(n) =0.
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If £ = n, then by (3.1) and (a + Ab)(£) = 0, it has

f(n) =0.
In this case, we take v = 7. If £ # 7, then we have

[(a + Ab)f1(€) = [(a + Ab)f'](n) = 0.

By using Rolle’s theorem again, there exists a v between & and 7 such that

[(a+Ab)f')'(7) =0,
which yields f(v) = 0 from (3.1).
Step 3: It follows from Step 1 and Step 2 that there is a neighborhood O¢ of £ such that
f=0inO¢.

Since f is identical to zero in a neighborhood of any regular singular point £, f must be identical to zero everywhere by the
uniqueness theorem of the regular ordinary differential equations. The proof is complete. O

Theorem 3.10. Let A be defined by (2.4) and a(x), b(x), p(x) are analytic in [0, 1]. Then
c(A) = 0ess(A) = {\ € Cl a(&) + Ab(&) = 0 for some € € [0, 1]}.

Proof. Suppose a(§) + Ab(§) = 0 for some £ € [0,1] and A € C. If @ = —Ab, it is trivially that the solution f of
Eq. (3.1) must be identical to zero. By Lemma 3.9, we may assume that

a(x) + Ab(x) = (z — )" p(x),

where m > 2 is a positive integer and ¢ is analytic in [0, 1], ¢(§) # 0. We show that f = 0. This case corresponds the
irregular singular point for Eq. (3.1). The proof will be divided into three steps:

Step 1: We claim that f(£) = 0. In fact, we can rewrite (3.1) as

1 /
m+so(w)

fe)+ = ™ o

flz)=0 (3.30)

with the boundary conditions:

f(0)=f(1)=0.

By the analyticity of ¢ and p, we may assume that

S S IR CO PPN IS B FRTIR = PRy
@)= F Mt o ¢ f)] p +;m( 5)1,
1 —\2p(x) 1

)= G o) @

lo+ Y li(z— 5)21 :
=1

where the two series on the right side above are the Taylor series and by assumption [y # 0. We only need to discuss the
case of 2 > ¢ since the case of x < & can be treated similarly. Let 2 — ¢ = ¢2. Then (3.30) is equivalent to

y"(t) + C(t)y'(t) + D(t)y(t) = 0, (3.31)

where

1 2m —1
O(t) = 2te(§ + ) = T = T + 2t + hot’ + -+ hy ™ 4]

and
4
D(t) = 4t%d(€ + 1%) = m[lo + 0t ot o P
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Then f(£) = 0 is equivalent to y(0) = 0. We choose k = m — 2 and let
Co = tk+10(t) ‘t:OZ O, do = t2k+2D(t) ‘t:OZ 4l0.

Then the solutions of (3.31) are of the form (see, e.g., [5, p.224]).

y(t) =" DY (1), (3.32)
where
A Ap Ay
F()="p+ 50+ + (3.33)
and
V()= ant" a9 #0 (3.34)
n=0

is a Frobenius series. Substitute (3.32) into (3.31) to obtain the differential equation satisfied by Y:
Y'(t) + [C(t) + 2F' (O)]Y'(t) + [D(t) + CR)F'(t) + [F'()]* + F' (1) Y(t) = 0. (3.35)

Choose the constants A,,,n = 1,2, --- , k to eliminate the most singular terms in the coefficient of Y in (3.35) to get, after
a calculation, that

co £ /2 —4d 2
Ak:—o 2]2 OZ:EE\/—Z()#O, Ap 1 =Ap_3=---=0.

There are two cases:
Case I: [y > 0. In this case, Re(A) = 0. By a simple calculation, we find that Re(A4,,) = 0,n = 1,2,--- ,k, and by
Eq. (6.53) of [3, p.226],

Re(s) _ —(2m — 1)k‘Ak + k‘(k‘ + I)Ak _

kA, < 0.

m
2

Let
F(t) =ir(t), Y(t) = t°[u(t) + iv(t)], s=a+if,

where @ = —%,ﬁ, 7(t),u(t),v(t) € R and u,v are analytic at t = 0, u%(0) + v%(0) # 0. Then
y(t) = [cosT(t) +isinT(¢)]t“[cos(BInt) + isin(B1lnt)|[u(t) + iv(t)]

[cos(T(t) + Blnt) +isin(r(t) + S 1Int)][u(t) + iv(t)]

[u(t) cos(T(t) + Blnt) — v(t) sin(r(t) + B1nt)]

+ it v (t) cos(T(t) + SInt) + u(t) sin(7(t) + S1nt)].

:ta
:ta

Let z(t) = 7(t) + BInt. Since Ay, # 0, lim; o+ 2(t) = oo, this together with the continuity of z(¢) enables us to easily
show that [u(t) cos z(t) — v(t) sin z(¢)] and [v(t) cos z(t) + wu(t) sin z(t)] are linearly independent. Therefore the general
solution of (3.31) is of the form

y(t) =t {b1[u(t) cos z(t) — v(¢) sin z(¢t)] + ba[v(t) cos z(t) + u(t) sin 2(t)]}, (3.36)

where by and bs are real constants. Since f(z) is continuous at x = &, so is for y(¢) at t = 0. Since « < 0, it must have

lirgl+{b1 [u(t) cos z(t) — v(t) sin z(t)] + ba[v(t) cos z(t) + u(t) sin z(¢)]} = 0. (3.37)
t—
Since lim; g+ 2(t) = oo, one can find two positive sequences {t,, } and {¢,, } such that

lim t,, =0, lim ¢,, =0,

ni— o0 ng—00
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cosz(tp,) =1, sinz(t,,) =0, cosz(ty,) =0, sinz(t,,)=1.
This together with (3.37) gives

b1u(0) + bov(0) = lim [byu(tn,) + bav(ts,)] =0,

ni— o0

—b10(0) + bou(0) = lim [—biv(tn,) + bau(ts,)] = 0.

ng—00

Since u%(0) + v%(0) # 0, it has b; = by = 0. By (3.36),
y(t) = 0. (3.38)

Case II: [y < 0. In this case, Ay € R. And by the similar calculation as Case I, we have A,, € R,n = 1,2,--- .k and the
general solution of (3.31) is of the form

y(t) = c1eF DY (1) + coe DY (1),

where ¢; and c¢2 are constants, F'(¢) is of the form (3.33), and Y;(¢), ¢ = 1,2 is of the form (3.34). Now, we may assume

2
without loss of generality that Ay, = — Z \/—lo < 0. Then by the continuity of y and lim,_,q+ e~ F®)Y;5() = oo, it must
have

y(t) = c1ef Dy (¢) (3.39)

and hence y(0) = 0.

Step 2: We claim that there is a sequence {7V, }52; C [0,1], y; # ~; forany i # j,i,j = 1,2,---, such that f(y,) =0
forn=1,2,---,and

lim ~, =¢. (3.40)

n—oo

To do this, it suffices to show that for any [z1,z2] C [0,1],if £ € [x1,22] and f(z1) = f(z2) = 0, then there exists a
v € (z1, z2) such that f(y) = 0. In fact, if there exists a zero point v of @ + Ab in (x1, z2) whose order is greater than one,
it follows from Step 1 and the proof of Lemma 3.9 that

f(y)=0.

Otherwise, by the proof of Lemma 3.9, f is analytic at any first order zero of a + Ab in (21, 23), and £ = x1 or £ = w».
But since the solution y of (3.31) is of (3.38) or (3.39), it is differentiable in a neighborhood of ¢ = 0 except t = 0. So the
solution f of (3.1) is differentiable in a neighborhood of x = £ except x = . In any case, f is differentiable in (21, z3).
By Rolle’s theorem, there exits an 1 € (1, x2) such that

f'(m) =0.

Clearly £ # 7. Since
[(@+20) )(€) = [(a + Ab)f'](n) =0,

using Rolle’s theorem again, there exists a v between & and 7 such that
[(a+ Ab)f')'(7) =0,

which yields f(v) = 0 from (3.1).

Step 3: By Step 2, the solution y of (3.31) has infinitely many zero points approaching zero. Since y is of (3.38) or
(3.39), y = 0 in a neighborhood of ¢ = 0. Equivalently, there is a neighborhood O¢ of & such that

f=0in0k.

Since there are at most finite number of singular points &, f must be identical to zero everywhere by the uniqueness of the
solution for regular linear ordinary differential equations. The proof is complete. O

© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.zamm-journal.org



ZAMM - Z. Angew. Math. Mech. 90, No. 4 (2010) / www.zamm-journal.org 335

If there is no analyticity, Theorem 3.10 is not true anymore. This is suggested by many studies on Sturm-Liouville
problem. The following is an counter-example.

Example 3.11. Let
—p(x) = a(x) + Mb(z) = —2/3.

Then1/p € L'(0,1). According to Theorem 0 of [7], there are countable number of positive xz such that the Sturm-Liouville
problem:

—(p(@)f' () = pf(x), = €(0,1), f(0)=f(1)=0 (341

admits nonzero absolutely continuous solutions f. Take specially y+ > 0 for such a p. Then we may choose
3
a(z) = i+ 223 b(z) = 1+ 7x1/3,A = — /i, p(z) = 1.
1

Eq. (3.1) is now having a nonzero absolutely continuous solution f. Suppose (pf’)(0) = c. We show that f € Hg(0,1) or
equivalently f’ € L?(0, 1), which hence severs as a counter-example. Indeed, set

Then (3.41) is rewritten as

dy _

X~ A@py(e).

According to Theorem 1 of [19, Sect. 16], the above equation is equivalent to the following integral equation

va) =+ [ A€o
for which the solution can be represented uniformly in [0, 1] as

y(r) = lim y,(x),

n—oo

where

fn @
y7l+1(x) = +1(:E) = Yo+ / A(ﬁ)yn(f)dﬁ, n= 07 17 27 .
Py () 0

A direct computation shows that

f2n+1(x) _ f2n+2(x) _ C xl—a + Zak:xk-i-(k-ﬁ-l)(1—6!)7

I-a k=1 n=12--,
hon(x) = honta(z) = 2% 3,41 (2),
where
= —1)kepk .
(I-—a)2—a)B3—=2a)(4—2a)(5—3a) - (2k — ka)(2k +1— (kK + 1))
Therefore,

_ ¢ 1-a S k+(k+1)(1—a)
f(:c)—l_ax —4—;%:6 .
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The above series is absolutely uniformly convergent since | f(z)| < |¢[/(1 — @) + > ;< ; |ax| and

lim %L g o —0.
k—o00 |ak,1\ k—oo (Qk — ka)(?k +1-— (k + 1)0[)

Now,

oo

Fl(x) = o™+ agf2k + 1~ (k + 1)ajah 1+ EFDA=),
k=1

The above series is also absolutely uniformly convergent since
> ap2k + 1 — (k+ 1)afab DO < Z k[2k +1— (k4 1)d]|
k=1 =1

and

lim lap[2k+1— (K +1)of| H

Rk 1 —kal] A Bk k) 2E—1—Fa)

This shows that f/(z) = cx~ + g(z) where g is a continuous function. Hence f’ € L?(0,1).

4 Asymptotic behavior of eigenvalues
In this section, we consider the asymptotic behavior of eigenvalues for the system (2.1). To do this, we assume further that
a(x),b(z) € C*[0,1] and a(x),b(x) > 0 forall z € [0,1]. 4.1
Suppose that ) is an eigenvalue with large modulus. Then
a(x) + Ab(x) # 0 forany x € [0, 1] 4.2)

and we rewrite the characteristic equation (3.1) as

[a(z) + Ab(@)]f" () + [o/ (z) + N (2)]f(2) = Np(2) f (),

(4.3)
f(0)=f(1) =0.
By (4.3), it is apparently seen that A must be geometrically simple.
The following Lemma 4.1 is immediate.
Lemma 4.1. Let A € C. Then as |\| — oo, it has
1 1 1 _ 1 a(x) a®(x) 4
)+ 0w () T4 A () () * Yo TN @4
and
[a(@) + Ab()] " (z) + [a' () + N (2)] ' (2) = N p(2) () (4.5)
has the following asymptotic expression:
1" 1 a’(x) a2 ('r) —4 ! / !
P10 + | s oy + vy O] 1@ + W@l @) @6)
a(z) | d(z) _
-2 {1— () + 02 () + O(|A\™ )] 2(z)f(x) = 0.
where
_ o)
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In order to find the asymptotic fundamental solutions of (4.6), we introduce the following space-scaling transformation:

1 x 1
o(z) = f(z), z= E/ po(T)dr, h :/ po(T)dr. (4.8)
0 0
Under this transformation, (4.6) becomes

pox) 1 a(z) a*(x)

& (2) +h{p%(x) e [Mim) ) + R (0] +O(>\|—4)] [d/(z) —|—)\b’(x)]}¢’(z) (4.9)

AR [1— ;‘b((”;)) + A‘;bgg) +O()\|‘3)] é(2) = 0

with the boundary conditions:
$(0) = ¢(1) = 0. (4.10)

Proposition 4.2. The equation (4.6) with boundary condition (4.3) is equivalent to (4.9) and (4.10). That is, (X, ),
f # 0, satisfies (4.6) and boundary conditions (4.3) if and only if (X, ¢), ¢ # 0, satisfies (4.9) and (4.10).

Now we consider (4.9) and (4.10). Since the eigenvalues are symmetric about the real axis and ReA < 0 for any
A € o(A), we only consider those eigenvalues A with g < arg\ < .

Let A = 2. Then as g < arg\ < m, we consider p locating on the following sector:
S:{,uG(C|%§arg,u§g}. 4.11)
Lemma 4.3. Suppose A = p? # 0. Then for z € [0,1] and y € S,
etz ez (4.12)
are linearly independent fundamental solutions of
¢"(2) — p*h?¢(z) = 0,

and for || large enough, (4.9) has the following asymptotic fundamental solutions:

$1(2) = e [p10(2) + d11(2)nt + O™ ?)],

(4.13)
$2(2) = e M [doo(2) + da1 (2)™ " + O(n™?)]
where
() = om(:) = e { -3 [ m@miits}.
z z—(
o) =3 [ e {—% / p1(fﬂ)po(fﬂ)dw} p2(Q)dC. @i
z z—(
om(z) = —on(2) = 5 [ e {—% X >po<x>dx} p2()c
and
o(x 1 (x)
pr() = 555+ :
2@ " o) H) s
1, ) ), 1 V)

R2@) T i) W) ) P10(2)-
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Proof. The first claim is trivial. We only need to show that (4.13) are the asymptotic fundamental solutions of (4.9).
This can be done along the same way of [2] and [19, Sect. 4]. Here we present briefly a simple calculation to (4.13)—(4.15).
Let

b = emh® [h0(2 u(z)p ',
{ $1(z, 1) = " [pr0(2) + pu1(2)p "] (4.16)

Ga(z, 1) = e M [da0(2) + e ()] |
where ¢y (z), k = 1,2, ¢ = 0,1 are some functions to be determined, and

NQE)J(Z) M uibgg(cg)c) + O(W_ﬁ)] ?(z)

1 a(x)

A a?(x
{0+ o [0 ~ ey * ey O W@ i} o),

mw=W@—ﬁ#P—

)

Substitute ¢, (z, z1) into D(¢) to yield

e "= D (¢ (2, 1))
=p*h? [P10(2) + 4511(2’)/171] + 2uh [¢h(2) + 45/11(2)/171] + [¢10(2) + ¢/1/1(2)N71]

_/~L2h2 |:1 . G(ZL') + a2(.’E) +O(:U’|6):| [4510(2) +¢11(Z)/~L71]
p2b(x)  ptb?(x)

A . 1 [ 1 @) | @@
+h{%@f+m@)b%@) () T ()

X {Mh [610(2) + d11(2) ] + [D1o(2) + ¢11 (2) '] }
) N 1 b/(m)) ¢10(2)]

0| o) + ¥ 0]}

Z“PM“@*”Q<2x> (@) b(a)

(
(
+ [2h¢’11(z) 1 B2 (Z%
(z)

+¢%@>+h%%5¢m@>+h(p°

Letting the coefficients of 1! and p° be zero gives

, po) 1 V@Y,
2etole) 1 (BT + e ey ) P00 =0

and

2h¢t, (2) + h° (Z%Eg + ! b’(x)) $11(2)

" 2@ e p6(x) 1 b/(x) / 2) =
*dtle) 1 o) +1 (B0 + 25 53 ) et =0

Use the conditions ¢10(0) = 1 and ¢11(0) = 0 to obtain

ulz) = exp{ =31 [ (atryir )

and

z z—(
o) =3 | Wp{—ghé puxv»w}ﬁm@wg
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where p;(x) and py(z) are given by (4.15). From (4.8), we have

Z = )
and so

de  h

dz  polx)’
Hence

Bro(2) = exp {—% I p1<x<7>>po<x<7>>fl—fd7} — exp {—% | m(m)po(x)dx}
and

z z—(
on() =3 [ exp{—é / m(m)po(m)dx}pz(c)dc.

Same arguments also give ¢a0(2) and ¢o21(z) as in (4.14) and (4.15). The proof is complete. O

Let A = p2 with large modulus and 1« € S defined by (4.11). Let ¢ be a solution of (4.9) and (4.10). There are constants
c1 and ¢ such that

P(2) = c161(2) + cah2(2), (4.17)

where ¢1(z) and ¢2(z) are fundamental solutions given by (4.13)—(4.15). By using the boundary conditions of (4.10), we
have

A(p)fer, e2] T =0, (4.18)
where
Ap) = ! bl (4.19)
¢1(1)  ¢a(1)
Hence, ¢(z) has a nontrivial solution if and only if det(A(u)) = 0, thatis, 1 € S satisfies the characteristic equation:
det(A(u)) = ¢2(1) — ¢1(1) (4.20)
= ™" [ao(1) + dor (g + O(p2)] = e [$10(1) + g1 (! + O(p2)]
= ¢10(1) {e_“h — et kopt {e_“h + e“h} } +0(p™?)
=0,

where k is a constant satisfying

1 1—¢
. / exp {—%/ m(r)po(w)dﬂf} p2(¢)dC¢
hy = O _ Lo 0 _

1
b10(1) ~ 2 1
ot eXp{—%/o m(x)po(x)dx}

Lemma 4.4. Let A(y1) be given by (4.19). Then the characteristic determinant det(A(u)) has the following asymptotic
expression:

4.21)

L det(A(n) = e — o 4 oy [ ] 4 O, 4.22)
¢10(1)

where kg is given by (4.21).
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Theorem 4.5. Let \ = 12 with large modulus and jv € S defined by (4.11). Then )\, which must be geometrically simple
as indicated in the beginning of the section, has the following asymptotic form:

2,2
k
An:_”h_;r +2€0 +0(m™Y), n=NN+1,..., (4.23)

where kg is given by (4.21) and h is given by (4.8).
Proof. Since in sector S, det(A(u)) has the asymptotic form given by (4.22), by det(A(u)) = 0, we have
e Hh ol 4 fou~ ! [e_“h + e“h} +Ou2) =0, (4.24)
which can also be rewritten as

1—e 2 L O(u™1) =0. (4.25)

—2ph

Since in sector S, the solutions of 1 — e = 0 are given by

~ nmi
n = T3 :071727"’7
i =on

it follows from Rouché’s theorem that the solutions of Eq. (4.25) have the form of

un:ﬁn—kan:%%—an, an=0n""YH, n=NN+1,N+2,...,

where N is a sufficiently large positive integer. Substitute /i, into (4.24) and use the fact that e*» = 1 to obtain

1— e 4 kou, ! [1 + emnh} +0( %) =0. (4.26)
Expand the exponential function in (4.26) according to its Taylor series, to give

20, h = 2kofiy, b 4+ O, ?).
Hence we obtain that

ko -
an = iy + O,

and

~ i ko -
un:un+an:%+fu;1+(’)(n*2), n=NN+1,....

Due to A\, = p2, we get eventually

| 2
nmi ko . n?m? ko 1
)\n:<7> _4_274_(’)(71 )= — e -4—27-1—(’)(71 ), n=N,N+1,....

O

Theorem 4.5 is about the asymptotic expression for high eigenfrequencies. To end this section, we indicate that the high
eigenfrequencies are actually real, which is stronger than that claimed by Theorem 1 of [20] under the assumption b > 0.

Proposition 4.6. Suppose b > 0. Let A be defined by (2.4) and
Ao ={r € a(A)| ImX # 0}. (4.27)

Then Ag is a bounded set of C. Moreover, there is no spectrum on the imaginary axis and hence ReA < —a for some a > 0
forall X € o(A).
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Proof. By Theorems 3.1 and 3.8, Ag C 0,(A). Forany A\ = 7 4+ iw € Ay, we may take (f,Af), f # 0 to be an
eigenfunction corresponding to \. Multiply the first equation of (3.1) by f,, and then integrate over [0, 1] with respect to z,
to obtain, after separating real part and imaginary part, that

1 1
T2—w2 X .132.13 a\xr TO(X /.TQJT:
( )/Op()\f()\d+/O[()+b()]\f()\d 0,

2 / o) ()P + w / b(a)| ' () 2 = 0,

which is equivalent to

1 1
A [ o@ls@Pde = [ a@)f @),
0 (4.28)

—2Re>\/ 2\ \dm—/b N (2)|2da.

Thus ReA # 0, and

1
o @lr @k
A < Al =270 < 2 max @. (4.29)

Re ! = T0<2<1 b(x
R Lowirapa

So Ay is a bounded set of C and there is no eigenvalue on the imaginary axis. These together with (i) of Theorem 3.8 show
that ReA < —a for some a > 0 forall A € o(A). O

It is noticed that we only get the asymptotic expression for larger eigenvalues. From constant case that both a and b
are constant, there is a sequence of finite eigenvalues that approach to continuous spectrum. However, for variable a, b, it
becomes complicated that needs further investigations.
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