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1. INTRODUCTION

Motivated by increasing demand for the high speed performance, reduced
weight, and low energy consumption of robot systems, much effort has been
concentrated on the modelling and control of flexible manipulators in the
past two decades ([2]). Many technical methods such as the HUM method
in [6], the Lyapunov techniques in [3], or the frequency domain multiplier
method in [1], to name just a few, have been developed to suppress the
vibration of flexible structures.

It is well known from beam theory that when the transverse section can-
not be neglected, the rotational inertia of the manipulator has the significant
effects on its vibration behaviors, especially for the “higher order” modal fre-
quencies of beam-like structure ([15]). On the other hand, in order to achieve
high speed and precision end-point positioning of the flexible manipulator,
the boundary control is one of the practical useful designs for suppression of
vibration of the beam in productions and space applications.

In this paper, a one-link flexible manipulator with rotational inertia and
transverse section are considered, which is usually referred to as a Rayleigh
beam. The beam is rotated by a motor in a horizontal plane at the hinged
end. It is assumed that the beam is a uniform rectangular transverse section
fixed on a hub with rotational inertia Iz of the motor which is rotated in
the horizontal plane (no gravity effects) as shown in Figure 1 in ([15]), where
“OR” is the fixed reference line, and “OX” is the tangent line attached to
the hub. It is also assumed that the initial neutral longitudinal axis of the
arm coincides with the r—axis.

Let the beam be of length £ with a transverse section of inertia moment [
and area A and let £ 1 be the Young’s modulus, p,, the uniform mass density
per unit length. Let 6(t) be the angular rotation of the motor at time ¢ and
w(x,t) be the flexible displacement of the longitudinal axis of the arm at
position z and time ¢. Suppose the deformation w(x,t) is small and the
pure bending rotation of the beam is neglected. Moreover, the elongation of
the longitudinal axis is assumed to be negligible.

Define a variable v(z,t) as

v(x,t) = w(z,t) + x6(t). (1.1)

Then the dynamic motion equation for the one-link flexible manipulator with
rotational inertia can be modelled by the following Rayleigh beam equation
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FIGURE 1. The vibration control of a one-link flexible manipulator

(3] )
PV (2, 1) — P SUpza(x,t)
+EIvypp2(z,t) =0,0 <2 < ¥, t >0,
v(0,8) =0, Elvgg(0,t) — Tgvau(0,8) +u(t) =0,

Vezr(l, 1) =0,  Elvgge(,t) — pmSven(€,t) =0,

where u(t), applied at the root of the beam, is the torque developed by the
motor and S = I/A > 0 is the parameter that characterizes the effect of

rotational inertia.
For brevity in notation, we make the following transformation:

y(z,t) :v(€x7 Pm_%t), Iy — T—H

(1.2)

37
BT N pmt (1.3)
2 s pmtt S

Then y satisfies
Yt (2, 1) — SYstar (T, 1) + Ypzaa(x,6) =0, 0<ax <1, t>0,
y(O, t) = Oa ymx(07 t) - IHyztt(Oa t) + U(t) = 0, (14)
yxx(lvt) =0, yx:c:c(]-)t) - Sy:ctt(lat) =0.

Design a feedback controller:

u(t) = kyzrt(0,t) — ayg(0,t) — Byx(0,1), (1.5)
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where k, o are nonnegative feedback gains, § > 0. All of them can be tuned
in practise. For instance, in [10], the simple direct strain feedback control is
adopted to control the motion of the motor so that 6(t) = wg(0,t). Such
an objective is easily achieved by direct feedback of the bending moment
Wy (0,t) which can be measured by cementing strain gauge foils at the root
end of the arm. For interested readers, we refer to [10] for the practical
implementability of the feedback law (1.5). By this controller, the closed-
loop system becomes

Yt (2, 1) — SYstar (T, 1) + Ypzaa(2,6) =0, 0 <z < 1, t >0,
y(0,1) =0,

Yoz (0,8) — Tryzte(0,t) + kyzat (0,1) — ayat(0,1) — By.(0,¢) =0,
You(1,1) =0, Yawa(1,) — Syau(1,t) = 0.

(1.6)

Integrating the first equation of system (1.6) over [z, 1] with respect to the
spatial variable yields its weak form:

1
/ ytt(§7 t)dé + S?/ttx(ﬂfa t) - y:cm(% t) = 07

y(0,£) =0, (1.7)
yxm(oa t) - IHymtt(07 t) + kyxxt(oa t) - ayzt(oa t) - ﬁym(oa t) =0,
Yzz(1,t) = 0.

The problem formulated above gives rise to two questions: a) how to show
the well posedness or Cy-semigroup generation for the system (1.7) due to the
failure of dissipativity? We know that, in this case, it is almost impossible to
apply the traditional Hille-Yosida theorem ([12]) to check the Cp-semigroup
generation because it is hard to find the n-th power of the resolvent operator;
b) does the spectrum of the system determine the stability of the system?
In this article, we shall answer these hard questions by virtue of the Riesz
basis approach. In Section 2, the system (1.7) is formulated as an evolution
equation in the energy state Hilbert space and then the asymptotics of the
eigenvalues are developed. Section 3 is devoted to the estimate of the resol-
vent which will lead to the completeness of the root subspace. The approach
used in this part is the Green’s function approach which avoids the estimate
for the eigenfunctions as was done in previous works (see, e.g., [5]). The
Riesz basis property, Cp-semigroup generation, and stability are presented
in Section 4.
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2. WELL POSEDNESS AND ASYMPTOTICS OF EIGENVALUES

We begin by expressing the system (1.7) as an evolution equation in the
energy Hilbert space. Define an unbounded linear operator A in L?(0,1) by

1
Af(x) = Sf'(x) + / f(r)dr, ¥ f € D(4),
D(A) = {f € H(0,1) : £(0) = 0}.

Denote two Hilbert spaces with inner product induced norms by

1
V= {f e H'(0,1): f(0) =0}, |fII¥ 12/0 (If @)+ 8|f'(«)]?) do

(2.1)

and
1
W= {f € H*(0,1) : f(0) =0}, || fIl}y := Bf'(0)]? +/0 | () [Pda.

Lemma 2.1. A has a continuous inverse in L?(0,1) and is given by

S cosh % (2.2)

S/ cosh\f(x—r)df Y g e L*(0,1).

Proof. Consider first that g € H'(0,1), and solve for Af = g, which gives

1
"(z +/ f(r)ydr =g(z), f(0)=0.

Since g € H'(0,1), this equation is equivalent to

f@) - 5 @) = 5o @), J0) =0, SF(1) = 4(1)

and solving this yields

f(x) :csmh\fﬁ f/ smh\/g(a:—T)dT
:[C—ﬁ ()}smh\fﬁs/ COSh[(x—T)dT

(2.3)
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where ¢ is a constant determined by the condition Sf’(1) = g(1). To find it,
we differentiate f and let x = 1 to yield

Sf(1) = \/§[c— %g(O)] cosh\/7 NE / 7) sinh \/7(1 —T7)dr+g(1)

and so

Substituting it back into (2.3) gives (2.2), and the general result on L?(0, 1)
follows from a density argument. O

Lemma 2.2. For any ¢ € L*(0,1) and g € V, we have

1
-1 = x)g' (x)dzx.
(A %9)\/—/0 o(2)g @)d

Proof. Denote 1) := A"1p. Then

1
(A, g)v = (i, g)v = / S(@)g@ydz+5 | ¥ (@)g@)de

1 _ 1 L 1,1
- [ veytan + / (AY) (2)F @)z — (r)drg @)dz
0 0 x
1 1 1
/ . / () @)da - b(r)drg (@)da
0 x
- / o(2)g (@) dz
0
This gives the desired result. O

With the operator A at hand, the closed-loop system (1.7), and equiva-
lently (1.6), can be written

Ytt = A_ly:ﬂ:c;m

y(O, t) =0, (24)
yxx(oa t) - Inytt(07 t) + k‘ymt(O, t) - aywt(oa t) - /Byz(()? t) = Oa

Yoz (1,) = 0.
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We can further pose the system (2.4) in the energy state space H := W X
V x C with the inner product induced norm:

1
(@, 7 = gl + 1l + E\ﬂ\z, V(¢,9,m) €,

by defining another unbounded linear operator A : D(A) (C H) — H:

6\ Y ! 6\
Al v | = A1y Vv | epu (2.5)
n ¢"(0) — ¢’ (0) n

with
D(A) ::{(gb,?/),n) € (H3x H2x C)N'H :

¢"(1) = 0,1 = Igy/(0) = k" (0) + g (0)}.  (2.6)
Then system (2.4) is equivalent to an evolution equation in H,
a0
dt
with Y (t) := (y(- 1), y:(-,t), Tryet(0,t) — kyuz(0,1) + ayz(0,1)).
Lemma 2.3. Let A be defined by (2.5) and (2.6). Then A is densely defined

and A~ exists and is compact on H. Hence, the spectrum o(A) consists
entirely of isolated eigenvalues only.

—AY(t), Y(0)=YpeH (2.7)

Proof. For any (f,g,c) € H, we solve the equation

(3)-(2)

and come up with 1 (z) = f(z), A1¢"(z) = g(x), #(0) = 0, ¢"(1) = 1, and
¢"(0) — B¢'(0) = c. Hence,

x T €
ow) = [ [ [ (g Oacagar + 5670102 + 6 01

with .
1
o0 = 1= [ (AnQ)dc. #10) = 3 (¢'0) —0).
Therefore, A~! exists and is bounded. In light of the Sobolev embedding
theorem, A~! is compact and the proof is completed. [l
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Since every A € o(A) is an eigenvalue, A € o(A) if and only if there exists
a nontrivial function ¢ satisfying
N2o(x) — SN2 (x) + oW (2) =0, 0 <z < 1,
¢(0) =0, (1+kN)¢"(0) = IgA*¢'(0) — arg(0) — B¢'(0) =0,  (2.8)
¢//(1) — O7 ¢///(1) _ SA2¢/(1) =0
where and henceforth primes above symbols representing functions denotes

differentiation with respect to the spatial variable x.

Lemma 2.4. If

a— Bk >0, (2.9)
then ReX < 0 for all A € o(A).
Proof. Without loss of generality, we may consider the case that 1+kX # 0.

Multiply the first equation of (2.8) by ¢, the conjugate of ¢, and integrate
over [0, 1] with respect to z, to give

! ! TuA? + a)
2 [ [iot)P+ sl @P]de+ [ 167w+ ZEEEE R g ~o,
0 0 1 + kA
(2.10)
Set A = ReA + iImA. Then we have
1 1
(Re)? = ()] [ (9@ + 51/ (@) Pldo + [ 16"(@)Pda (211)
0 0
n [(ReA)? — (ImA\)?| Iy + B+ ak| > + (ReX) (kIg|A|* + o + Bk) SO =0
11+ kN2 B
and
1
2(Re)(Im)) [ (o) + 816/ ()] da
0
2.12
+2(Re)\)(lm)\)IH + (Im\) (Ig|\J* + « — Bk) ¢ (0)]2 =0 ( )
11+ kA2 -
If ImA = 0, ReA < 0 follows from (2.11). Otherwise when ImA\ # 0, ReA < 0
follows from (2.12) and the assumption that o — 5k > 0. O

Throughout this article, we adopt the convention that when we mention
the feedback gains, we always mean that (2.9) holds true. For convenience,
let

1
= 75 p = V5, (2.13)
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and change (2.8) into

oW (2) = p? [¢"(2) = v*¢(2)], O <z <1,
Us(¢) = ( ) =0,
Us(¢) = (1 +kyp)¢"(0) = Iny*p*¢' (0) — aypgd' (0) — B¢/ (0) = 0
Ua(¢) = ¢"(1) =0, Ui(¢) =¢"(1) — p*¢'(1) =0
(2.14)

Now we are in a position to find asymptotics of “higher” frequencies of
the system (2.14). Due to Lemma 2.4 and the fact that the eigenvalues are
symmetric about the real axis, we consider only those A which are in the
left-half complex plane:

S:={z€eC % <argz <7} (2.15)
For S, define square roots of —1
wy =€ =i, wy = s = —1, (2.16)
so that
Re(pw1) < Re(pwn), Vp € S. (2.17)
Lemma 2.5. For p € S with |p| sufficiently large, the equation
¢ () = p* [¢"(x) — v ¢(x)] (2.18)
has four linearly independent fundamental solutions ¢s(x, p) (s = 1,2,3,4)
¢5($, P) = hs(l‘) + hSl(x)p_Q + O(p_4)v s=1,2 (219)
and . )
da(w,p) = e [L = 57%wp™ " + 29?2+ O], (2.20)
1 1
da(w, p) = e [+ 5y mp 4 21T + O], (2.21)

where and henceforth O(p~™) denotes the term satisfying

| lllm P O(p™™)| < o0.

Here .
hl(l') = 6'7117’ hll(x) =37 wewa
{ ha(x) = €%, hoy(z) = —3y3we ™, (2.22)

where hs(z) and hgi(x) have the following properties (s = 1,2)
" (x) = r’ha(x) = rihg(x).
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Moreover,
Dy = W (DB(0) — B(DA(0) = —2(e7 — ) = ~22sinh
Dy = W (1)RY(1) — (A1) = 27, (2.23)
Dy i= (1) = Ky(1) = 77 + 97 = 2y cosh.

Proof. This follows directly from Theorem 3 of [14] (or see [16]). O

Set [a]z := a + O(p~3). Substitution of (2.19)-(2.21) into the boundary
conditions in (2.14), we obtain immediately the following Lemma 2.6.

Lemma 2.6. Let U;,i = 1,2,3,4 be defined as in (2.14). Then
Ui(¢s) = ¢4 (1,p) = P*¢4(1, p)
—p? [P(1) + (g (1) = R (1)p 2 + O(p~ )], s = 1,2,
=%’ [—?p 2+ O(p7?)], s =3,

pPe P [VPp 2+ O0(p?)], s =4,

PP H(1) + (W (1) = B ()2 s =12,
C= p3€p [_72p_2j|37 s = 37

pPe? [0y, s =4;

(2.24)

Uz(¢s) =% (1, p) = pzep[l — 17%‘1 + (%74 v )p‘2 +0(p?)], s =3,
PrePl+ 377 + (57 —1)p 2+ 0(p )], s =4,
[hg](1> ( ) 72]37 s = 17 27
1= pPef [1— 342 p +E P, s =3, (2.25)

026P[1+2 Vo~ + Eop~ ]3,524;

Us(¢s) = (1+ kvp)92(0, p) — (Iny*p” + avp + B)¢4(0, p)
p? (=T R, (0) + (kyhy(0) — aryh/(0)) p~!
20 ) T2, (0) — BRL(0)p2 4+ O(p~?)] , s = 1,2,
K~y SIH7 + (14 (=1)%ay)p~!

+ (M
3[
+ (- 18 ”I oY = k) p 2+ O(p7%)], s = 3,4,
[Es

L {PZ
P

— Ig2RL(0) + 4 Dyysp~  + E —2} Cs=1,2,
+ Espop™ ' + Espap™?] 5, 5 =3,4;
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Us(ds) = ¢5(0,p) =1+ O(p3) :=[1]3, s =1,2,3,4, (2.27)
where

Dy 1= BI{(0) — 0t} (0) = ky? — @y, Ds := kB(0) — ahy(0) = ko + 0,

1 1

57 =) Bri= (0) = Iny?*hiy (0) = BRL(0) = ° = S 1uy” = B,
1

By = h5(0) = Iny*hy (0) = Bh5(0) = * + 51y + By, By i=ky = In7,

Ey:=ky+ 1y, Bs:=1-ay, Eg:=1+ay,

Eo = (

1 1
E7 = §IH’Y4 — ky®, Eg:= —§IH’Y4 — k. (2.28)

Obviously, 0 # A € o(A) if and only if the characteristic determinant
A(p) =0, where

U4E¢1; U4E¢2§ U4E<753; U4E¢4§

| Us(¢1) Us(¢2) Us(¢s) Us(o

AP =] Uyigr) Un(da) Uslén) Unloa) (2:29)
Ui(¢1) Ui(d2) Ui(gs) Ui(da)

Now substitute (2.24)-(2.27) into the characteristic determinant, to obtain
[1]3
p*[~Try*hy(0) + ’YD4P +Eip~?;
A(p) = [W(1) + Ky (1)p 2],
—p?[hy (1) + (P44 (1) — hy"(1)p™ %3
[1]3
PP [=Try*h5(0) + 7D5P + Bap~?3
[h5(1) + hy (1)p~7]3
—p?[h(1) + (hyy (1) — h5'(1))p 23
[]3

p? [Ea + E5p‘1 + E7p‘2]

_2]

Pe’)[—VP 3
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[1]3
p* [Ex+ Esp™' + Egp™?],

pre P+ 377" + Eop~?ls
ple’l=7 s
= p7{D3 [Egefp — E4e"’] +p! [Dge*p — D7ep]

+ p72 [Egefp + Fio + E11€p] + O(,Ofg)},
where
L 4 2
Dg := D3(§’Y (k—=1Iuy)+(1 - 04’7)) + Iy Dy,
1
D7 := D3 ((1 +ay) — 5’73(1C + IH’Y)) + Igy* Dy,

1 1 1
Ey := D3(E3Ey + E7 + 572E5) - 572(D1 + D3)F5 + §IHD174 — kv3Ds — aDy7y,
Ei := 41y,

1
FEi1 = Dg(—EgEQ —E7 + 5’72E5 + IH’)/4 — 2IH’72E0 + cw3)
1 1
+ 5’)’2(1)1 + D3)Ey + §IHD174 + kv’ D3 + aDy7. (2.30)

With these preparations, we come to the proof of the asymptotic behavior
of the eigenvalues.

Theorem 2.1. In sector S, the characteristic determinant A(p) of the eigen-
value problem (2.14) has an asymptotic expansion

Alp) = p7{272(cosh N[k —vI)e ? — (k+~In)e’] + p~' [Dee ™ — Dre’]

+ p*[Ege™" + Eyg + Ene?] + O(Pfg)}, (2.31)

where Dg, D7, Ey, Erg and Eqy are given by (2.30) respectively. Moreover, if
k # ~1p, then the eigenvalues {\,, \,,} of the eigenvalue problem (2.8) have
the following asymptotic expansion

1 .
1 : vDs Dy + Dyg + Dype2ttnmi

A = =€ +nymwi + +
" 2V£ K &+ nmi 7 (3¢ + nmi)?

+0(n?) (2.32)
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asn — oo. Here, n e N, v := ﬁ is given in (2.13), and

k—~Ig
In

f'_ k‘l"YIH
T I’YIH k

k+~Ig

1 9 Ig—ka v31% sinh v

SR V213 coshy(k2 —421%)

Dyim -1 ( Dg Dz )

© o AyDIN(k—yIn)? (k+oIm)?)’ (2.34)
1 ( Eg i E11 )
2’)/D3 k—"}/IH k+’yIH ’
1 Eno
2yDs k — Iy
with Dg, D7, Eg, Fro, E11 being given in (2.30).

k > ’}/IH,
(2.33)
4+ mi, k<~lg,

D10 =

Dy =

It is clear from Theorem 2.1 that when k # 1,
’)/Dg 1
—Re 2.35
Tetnmip2 (2.35)
(Dy + Dyo + Dne(l/m(—l)n) (1(Re€)? —n’r
U |%§ + nmi|*

— 1
Re{)\na An} = EVReg +

) +0(n™?%)

and hence

‘# as n — oo. (2.36)
For the case that k = ~Ip, it follows from (2.31) that there are at most
finitely many eigenvalues because in this case A(p) is an analytic function
and A(p) # 0 for |p| sufficiently large.

Proof of Theorem 2.1. It follows from (2.31) that p satisfies (in sector S)

Re{An, An} — vReé = —’yl

~vD3 [(k: —ylg)e P — (k+ le)ep] +p! [Dﬁe_” — Dre?
(2.37)
+p72 [Egefp + Fio + Eue”} + O(pf?’) =0,

which leads to
[(k —~vIn)e ? — (k+~In)e’] + O(p~t) = 0. (2.38)
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Since the equation
(k—~Ig)e? —(k+~Ig)e” =0
has solutions
Pn = %5 +nmi, ne€N (2.39)

with £ defined in (2.33), we can apply Rouché’s theorem to (2.38) to conclude
that
- 1 . _ _
Pn = Pn + an = 5E+nmi+ O(n D, an=0m1 (2.40)
for sufficiently large positive integers n. Substituting p = pj, into (2.37) and
using the fact that (k — vIg)e P = (k + vIp)efr, we get

D5 [e7*" — ™ ] + p,*! [71)6 o

e Dr 0‘"}
" Lk =~y

ok +vlg ¢
+p,2 [7k‘ —EijH e 4 o f;{;][H ePr + o finIH eo‘"} +O(p;2) = 0.
Expanding the exponential functions above in terms of Taylor series, we
obtain
a_l(DG_D7)_ 1(Dg B D$)
" 2ppyD3 k — NIy k4 Iy 4p272D3 Mk —~vIg)? (k4 ~In)?

1 Ey Ey 5 Eqq _3
+ 5= + efr + ————)+0(n"").
2P%'7D3(k5_’YIH k—~ln k+71H) (™)
Since
1 D Dg 15 Iy — ka 73112{ sinh y
( - ) =57+ 5 5 a2y = Dss
2vDs ‘k —~vIlg  k+~Ig 2 k? —~2I7  coshvy(k? —~213F)
we have
1 Dy Dy + Dyg + Dyjeattnm 3
= ¢+ nmi + - - +O0(n™7). (241
Pn 25 &+ nmi (3¢ + nmi)? (7). (241)
This proves the required result because (2.13) says that A, = ypn. ([l

Theorem 2.2. Assume k # yly. Let o(A) = {\y, A\n} be the eigenvalues
of A and let A, = ypp with A, and py being given by (2.32) and (2.41) re-
spectively. Then the corresponding eigenfunctions {(¢n, An®n, M), (Drs Andy,,
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7,)} have the following asymptotics:
A (z) =1+ e)er® (1 + el 178 4 O,
ol (x) = (14 e2)ef® — (14 )errern(172) L O(n7Y), (2.42)
M =0
for sufficiently large positive integers n. Moreover, (¢n, Andn,nn) are ap-

proximately normalized in H in the sense that there exist positive constants
c1, ¢ independent of n such that

c1 < lnllzz.) IAadnllzz.): Il < c2 (2.43)
for all integers n.

Proof. We only need show the first two equalities of (2.42) because if they
are valid, then

M = T And,(0) = k¢ (0) + O(n ™)
= (14 e*)er [(k + Igv)e’” — (k—~yIg)e | + O(n~ ') = O(n™1h).

In the last step, we used (2.38).
From (2.14), Lemma 2.6, and linear algebra theory, we have the eigen-
function ¢ corresponding to the eigenvalue A = yp given by

Us(¢1)  Us(¢2) Us(¢s)  Us(ga)e?
bz, p) =erp-t| U2(01) Us(da) Unlds)  Un(ea)e’
’ Ui(¢1)  Ui(¢2) Ui(gs) Ui(ga)e?
le(x’p) ¢2($7p) gbg(x,p) ¢4 x,p)ep
1
0

1 1 ef
0 ep 1 -1
=e —ve?’ veT7 0 0 +0(p)
e’yx e_'yx epx ep(l_x)
1 e’ 1 e’
0 0 e’ 1

=V e 1 o o |TOWTY
e"/x eV(lfx) €p33 ep(]-*x)
By (2.38), it follows that

_ k—~Ig k—~Ig _
1 _ |1 M EH yx | M H |y y(1-x)
7@ p) [1 k+7]H}e [1 k+7]H]e ©
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+(14€e2)el” — (14 e2)efe!1=2) L O(p7h). (2.44)
Similarly, by

1 1 1 1
0 e’ e P _
1 — Ot 1
p ¢ (z,p) =€ vl et 0 o | TOPT)
0 0 err  —eP%
and
1 1 1 1
0 e e’ _
2 M1 _ _vt+p 1
p 9z, p) =€ vt et 0 o | TOWT)
0 0 ePr e P
we can obtain
p 1L+ ) Iy (2, p) = e + P!+ O(p7Y) (2.45)
and
P21+ )N (2, p) = €7 — eI L O(pT). (2.46)

Expression (2.42) then follows from (2.44)-(2.46) by setting

on(x) = pr v (2, pp)

in (2.44), (2.45), and (2.46), respectively. Finally, in order to prove (2.43),
we notice (2.41), to obtain

1 1
€212 30,1) = 57 (€1 = 1)+ O 1), e @2, 1) = (el —1)+O(n ).

€] €l
These together with (2.42) yield (2.43). O

To end this section, we remark that the same process can be carried over
to A*, the adjoint operator of A, which is given by
-

AT —g+ 7-[k = §1IBf(0) — f"(0)]= AT
A [g] = — AL V9| €DAY),
BF'(0) — £"(0) :
D(A™) == {(f,g,z) e (H3x H®x C)NH: f'(1) = 0,

2 = Ing'(0) — KIBF'(0) = f"(0)]}.

(2.47)
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First, since A is a discrete operator, so is .A* ([4], page 2354). Second, since
the eigenvalues of A are symmetric about the real axis, A* will have the
same eigenvalues as A (][9], page 26) with the same algebraic multiplicity
([4], page 2354). Finally, the exact same proof as in Theorem 2.2 will yield
the counterpart of Theorem 2.2 for A*.

Theorem 2.3. Assumek # yIg. Let o(A*)= {\n, \n} be the eigenvalues of
A*, let Ay, = ypn, with N, and p, being given by (2.32) and (2.41) respectively.
Then the corresponding eigenfunctions {(Vn, Ma¥ns &n)y (Vns Ay, €,)} have
the following asymptotics:

Antiy(z) = (1 +e*)er ™ + (1 + e?)elrer (170 + O(1),
Wi x) = (1+e)eP® — (14 e2)elrer (170 L O(n~Y),  (2.48)

&n = O(n_l)
for sufficiently large positive integers n. Moreover, (Vn, Antn,&n) are ap-
proximately normalized in H. O

3. COMPLETENESS OF THE ROOT SUBSPACE

Theorem 3.1. Suppose k # vIy. Let A be defined as in (2.5) and (2.6)
and {\p,n € J} be a numeration of all eigenvalues of A, where J is a subset
of all integers. Let § > 0. Then there exists a constant M > 0 such that for
any X € p(A) with |]A—X,| > 9 for alln € J, it holds that

IROLA) < M(1+ A7) (3.1)
where M is independent of \.
Proof. Let A € p(A) and (f, g,c) € H. We solve the resolvent equation

o\ [\
7’] C

which is the same as
{ Ap = =f, Wp— A" = g, n= I’ (0) — k¢"(0) + g’ (0),
An— [¢"(0) = B4/ (0)] =,
to obtain ¢ = A\¢ — f with ¢ satisfying
ATIY = N2 =\ f — g,
{ ¢"(0) — X215/ (0) + Ak (0) — Aag(0) — B¢/ (0) + A1 f(0) + ¢ =0
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or

¢ (x ) SN (x) + N(z) = F(x, ),

9(0) = ) (3.2)
¢"(0) — A Ind'(0) + Ak¢"(0) — Aag’(0) — B¢'(0) = Fi(N),
¢"(1) =0, ¢"(1) = SN*¢(1) = Fa())
where
{ F(z,A) = =SAf"(z) — S¢"(z) + Mf(z) + g(2),
Fi(A) == =Apuf'(0) —c, (33)
Fy(A) == —=SAf(1) — Sg'(1).
Set
Oz, \) = p(x) + V(x, \) (3.4)
where
W, \) = Céi”&?)pl(x) + Cgff&?) ), (3.5)
C*(\) == (SA2 +2) (N2 + Aa + B) + SA?(2 + 2)k),
{ Ci(x,\) = (SA? + 2)z — SA222(1 — 1a), (3.6)
C3(z,A) = (24 20k)z + (N2 + Ao + B)2?(1 — 32).

We may assume without loss of generality that C*(\) # 0. Then, ®(x, \)
satisfies

DM (2, \) = SN2 (2, \) + X2 (2, \) = F (2, \) = SA2U" (2, \) + X2 (z, \),
®(0,)\) =0,
O”"(0, ) — A2Ig®'(0, ) + AED”(0, \) — Aa®’ (0, \) — 8P’ (0,\) = 0,
O"(1,)) =0, @"(1,\) — SA2P/(1,)) =
(3.7)
Instead of ¢;(z), we use ¢;(x,\),j = 1,2,3,4, to denote the fundamental

solutions of the first equation of (2.8) relative to A. Then every solution
®(xz, A) of (3.7) can be represented as (see, e.g., Theorem 2 of [11], page 31)

(z,)) / G2, &,)) [F(&,X) — SA2U(E,0) + NPT (E,N)]dE. (3.8)
Hence in light of (3.4) and (3.8), the solution of (3.2) can be represented as

_ /1 Gz, €N [F(g, A) — SA2U” (€, \) + A2, A)] d¢ —W(z,\) (3.9)
0
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where G(x,&, \) is the Green’s function:

1
G(x, & N) = mH(:ﬂ,{,)\)
with
¢1($7)‘) (1)2(.%',)\) ¢3($7)‘) ¢4($7/\) 77(1'757)‘)
Ui(¢r) Uil(g2) Ui(gs) Ui(da)  Ui(n)
H(z,&,X):=| Ua(¢1) Ua(ga) Ua(¢s) Ua(és)  Ua(n) |, (3.10)
Us(¢1) Us(p2) Us(gs) Us(da)  Us(n)
Us(¢1)  Uis(p2) Us(gs) Us(da)  Uiln)
4
1, 6.2) 1= gsign(s — €) D 65 Y56 ) (311)
7=1
where ¥;(z,\) = VV‘[/}'((;,’A/\)), W(x,\) is the Wronskian determinant deter-

mined by ¢; (i = 1,2,3,4), and Wj(z, \) is the cofactor determinant of ¢;
in W(z, A).

We may assume without loss of generality that A = vp with p € S. Then
substituting (2.19)-(2.21) and (2.24)-(2.27) into (3.10) and (3.11), respec-
tively, we have, for A € p(A) with |\| large enough, that there exists a
constant M independent of z,£ € [0,1] so that

Ha,e ) < MAT, | L He e, 0] < Miaper,
Oz (3.12)

‘a SH (.6, 0)] < MMl

Since k # I, this together with the assumption that |A — A, | > § for all
n € J and (2.31) gives

62
Gl €N < Mi, | 5-Gle, 0| < MiAL| 3G, € 3)| < MiIN2), (313)

d
dx
where M is some constant independent of x,& € [0.1]. These will in turn
yield estimates for ¢(x) and its derivatives

619 (2)]
/ )a (2,£2) (F(E,A) — SA2B/(€, M) + A2T(E, \)) ‘d£+\\11(j)(x,)\)|

<] [ FE8) ~ SWEN) + (N + 190 ),
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7 =0,1,2,3. Combining all these estimates, we obtain eventually that
1 1 1
(& . m)I* =Bl () + / " (2)Pdz + / [ (@) + S| (@) e + ——[n]?
0 0 H
1 1
_ / 2 " 2 o 2
= A OF + [ 1@+ [ Mol - fa)
1
+ 510 () — £'(2) P o+ - (0) = £(0) — ke (0)

1
< M7y + lgllE + olel?]. (3.14)

where My is some constant independent of A. Therefore, || R(A, A)|| < My(1+
A[%). O

Recall that a nonzero Y € H is called a generalized eigenvector of A,
corresponding to an eigenvalue A (with finite algebraic multiplicity) of A,
if there is a positive integer n such that (A — A)"Y = 0. Let Sp(A) be
the root subspace of A that is a closed subspace spanned by all generalized
eigenfunctions of A. A sequence in H is said to be complete in H, if its
linear span is dense in H.

Corollary 3.1. Under the hypotheses of Theorem 3.1, for sufficiently large
n, each eigenvalue X\, of A is algebraically simple.

Proof. From (3.9), the multiplicity of each A € o(.A) with sufficiently large
modulus, as a pole of R(\, A), is less than or equal to the multiplicity of A
as a zero of the entire function A(p) with respect to p. On the other hand,
it is a routine exercise to verify that A is geometrically simple. Since, from
(2.38), all zeros of A(p) = 0 with large moduli are simple, the result then
follows from the general formula: mq < p-my (see e.g. [7], page 148), where
p denotes the order of the pole of the resolvent operator and mg, my denote
the algebraic and geometric multiplicities respectively. (]

Theorem 3.2. Suppose k # vIg. Let A be defined as in (2.5) and (2.6).
Then the root subspaces of both A and A* are complete in H; that is, Sp(A) =
Sp(A*) =H.

Proof. We prove Sp(A) = H only because the proof for the other part
is similar. From Lemma 5 on page 2355 of [4], the following orthogonal
decomposition holds:

H = 000(A") © Sp(A)
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where oo (A*) consists of those Y € H such that R(), A*)Y is an analytic
function of A in the whole complex plane. Hence Sp(A) = H if and only
if 050(A*) = {0}. Now suppose that Y € 0o(A*). Since R(\, A*)Y is an
analytic function of )\, it is analytic as a function of p. By the maximum
modulus principle (or the Phragmén-Lindel6f theorem) of analytic functions
and the fact that || R(A, A*)|| = [|[R(X, A)]], it follows from Theorem 3.1 that

IR, ANY || < M3+ PIY], YA eC,

for some constant M > 0. By Theorem 1 on page 3 of [8], we conclude that
R(A\, A*)Y is a polynomial in X of degree less or equal to 3; i.e.,

R\, ANY =Yy + AY] + \2Ys + A%Y3 for some Yy, Y7, Ys, Y3 € H.
Thus, for all A € C,
Y = (A — AN)(Yy + AY1 + A2V + APY3)
= —AYy + AYy — A*Y)) + N2(Y1 — A'Ya) + A3 (Ya — A*Y3) + \1Ys.

Comparing the coefficients of M, we see that Yy = Y7 = Y5 = Y3 = 0, proving
the result. I

4. RIESZ BASIS GENERATION AND STABILITY

Let us recall that a sequence in a Hilbert space H is called minimal if each
element of this sequence lies outside the closed linear span of the remaining
elements. Two sequences {e;} and {e]} are said to be biorthogonal in H if

1, i=j

N — 8. = ’ ’

i) = _{ 0, i#]
for every ¢ and j. It is well known that for a given sequence {e;} a biorthog-
onal sequence {e}} exists if and only if {e;} is minimal, and {e}} is uniquely
determined if and only if {e;} is complete. A sequence {e;}°; is called a

Bessel sequence in H if for any = € H, the series {(z,e;)}2, € £2.
A sequence {e;}9°, is called a basis for H if any element x € H has a

unique representation
o0
x = Z a;e; (4.1)
i=1

and the convergence of the series is in the norm of H. A sequence {e;}3°,
with biorthogonal sequence {ef}°; is called a Riesz basis for H if {e;}?°,
is an approximately normalized basis of H and the series in (4.1) converges
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unconditionally in the norm of H. An equivalent definition of Riesz basis is
that {e;}°, satisfies the following two conditions ([17], page 27):

a) both {e;}3°, and {e}}°, are complete in H; and

b) both {e;}2, and {e}}°, are Bessel sequences in H.

It is also well known that {e;}3°, is a Riesz basis for H if and only if its
biorthogonal sequence {e}}2°; is a Riesz basis for H.

In a Hilbert space, the most important bases are orthonormal bases. The
second most important ones are Riesz bases, which are bases that are equiv-
alent to some orthonormal bases ([17]).

In order to establish the Riesz basis property of the root subspace of A,
we need the following Lemma 3.2 of [13].

Lemma 4.1. Suppose that a sequence {un} has asymptotics
tn = ag(n+ifolnn) +O(1), ayg#0, n=1,2,3, - (4.2)

where By is a real number and sup,>; Rep, < oo. Then the sequence
{ern®1>0 | s a Bessel sequence in L*(0,1).

Lemma 4.2. Let p,, be given by (2.40). Then {e’*}°° ;| is a Bessel sequence
in L2(0,1).

Proof. If we set p, = pn, then we can take fp = 0 and a9 = wi. The result
then follows from (2.33) and Lemma 4.1 directly. O

By Theorem 2.1 and the assumption that k # v, we may assume with-
out loss of generality that o(A) = o(A*) = {\n, \n}5;. Corollary 3.1
and Theorem 2.1 tell us that there exists an integer N > 0 such that all
AnsAn, n > N, are algebraically simple. Furthermore, for n < N assume
that the algebraic multiplicity of each A, is m,. We say that &, is the

highest-order generalized eigenvector of A if
(A=Xp)™®,1 =0 but (A— X)) '®,;1 #0.

Then the other lower-order linearly independent generalized eigenvectors
associated with A, can be found through ®,; = (A — )\n)j_lén,l, j =
2,3, -+ ,my. Assume ®,, is an eigenfunction of A corresponding to A, with
n > N. Then {{{‘I’n,j};n:’ﬁ}mN U{®p}n>n } U{their conjugates} are all lin-

early independent generalized eigenfunctions of A. Let {{¥,; T tpen Y
{W¥,,}n>n be the bi-orthogonal sequence of {{(I)"J}yzl}n<N U A{®y}n>n-
Then {{{¥,; i tnen U {¥,}n>n } U {their conjugates} are all linearly in-

dependent generalized eigenfunctions of A*. It is well known that these two
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sequences are minimal in H and, from Theorem 3.2, they are also complete
in H. We now come to the main result of this paper.

Theorem 4.1. Assume k # vIg. Then the generalized eigenfunctions of A
form a Riesz basis for H.

Proof. From the discussion above and the definition of a Riesz basis, it
suffices to show that both {®,},>y and {¥,},>n are Bessel sequences in
H. Since 1 < ||D,]|||¥,]| < M for some constant M independent of n ([17],
page 19), we may assume without loss of generality that ®,, = (¢n, A\ndn, M)
given by (2.42) and ¥,, = (¢, Antn, &) given by (2.48) for all n > N. Then
it follows from Lemma 4.2 and the expansions of (2.42) and (2.48) that
all sequences {¢) 122 v, {And),}0° v, and {¥) 122 v, { Aty 122\ are Bessel
sequences in L?(0,1), and {n,}°° 5 and {&,}5° , are Bessel sequences in C.
So {®p}n>n and {¥,},>n are also Bessel sequences in H and the result
follows. ([l

Corollary 4.1. Suppose k # ~Ig. Let A be defined as in (2.5) and (2.6).
Then A generates a Co-semigroup e** on H and the spectrum-determined
growth condition holds true for the semigroup e; that is to say, s(A) =
w(A), where s(A) is the spectral bound of A and w(A) is the growth order
of et : w(A) = inf {w : there exists M > 1 such that ||e?|| < Me*! for all
t>0}.

Proof. This is the direct consequence of Theorem 4.1 and Corollary 3.1. [J

Corollary 4.2. Assume that o« > Gk > 0, k # ~vIg. Let A be defined
as in (2.5) and (2.6). Then the system (2.7) is exponentially stable; i.e.,
there exist constants M,w > 0 such that any mild solution ([12]) Y (t) to the
equation (2.7) with initial value Yo € H satisfies

Y ()] < Me™"|Yo].

Proof. From Lemma 2.4, Re\ < 0 for all A\ € o(A). This together with
the assumption and Theorem 2.1 gives that s(A) < 0. The result then
follows from the spectrum-determined growth condition claimed by Corollary
4.1. O

Corollary 4.3. Assume thatk =0,a > 0, and 8 > 0. Let A be defined as in
(2.5) and (2.6). Then the system (2.7) is not exponentially stable but asymp-
totically stable and for any given integer m > 1 the following polynomial
decay holds true

| A Yo |

tm

letYo|| < C , Vt>0,Yy € D(A*™) (4.3)
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for some constant C' > 0 depending on m.

Proof. By (2.35), it follows that £ = i and
Dg + Dqg

So the system is not exponentially stable. A straightforward computation

shows that Dg + D1g > 0. On the other hand, Theorem 2.1 tells us that

Re{ )\, A\n} = — +0(n™3). (4.4)

An = (n+ %)’ym’ +0(n™h. (4.5)

By Corollary 3.1, we may suppose without loss of generality that o(A) =
{An, A\n}22,. Corollary 3.1 and Theorem 2.1 tell us that there exists an in-
teger N > 0 such that all A\,,\,, n > N, are algebraically simple. Fur-
thermore, for n < N assume that the algebraic multiplicity of each A,
is m,. Let ®,; be the highest-order generalized eigenvector of 4 and
other lower-order linearly independent generalized eigenvectors associated
with A, can be found through @, ; = (A — )\n)j_1<l>n71, J=2,3,-- ,my.
Assume ®,, is a normalized eigenfunction of A corresponding to A, with
n > N (ie., ||®,] = 1). Denote by ®,;,7 = 1,2,--- ,m, the generalized
eigenfunctions relative to A, with n < N and ®, the normalized gener-
alized eigenfunction relative to A, with n > N. Then by Theorem 4.1,
{{{®, g e N U{ @ b s FU{{{®n; g b N U{ @ b s v } formsaRlesz
basis for 7—( Hence for any initial value Yo of equation (2.7), we can expand
Yy in terms of eigenpairs of A as follows

N mp N my
=3 an; o+ Z an @+ by + Z b, ®, (4.6)
n=1 j=1 n=N+1 n=1 j=1 n=N+1

where ap, @y j, by, by ; are constants. Therefore,

1t2 1 o
SUBEI SO ot D mete,
n=1 ! n=N+1
.A A ) 1tz71 0 —
.S wzbﬁz i_>1), Tt > b, (A7)
n=1 ’ n=N+1

Let
Dg + Dy + ( 1)n+1D11
—2y

t+0(n 3
fn(t) — t2m (n + )
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where O(n~3) is the same as in (4.4). Then it is easily seen that f,(0) =
fn(400) =0 and f,(t) attains its unique maximum at
m(n + §)2n?

t= +0O(nY;
(D9 4 D1g + (=1)"+1Dyy) (=)

that is to say,

m(n + §)?n? _]2m
sup fn(?) < + O(n .
tzg)f ( ) ’Y(Dg + D1o + (—1)”+1D11) ( )}
By (2.32), it follows that
sup fn(t) < Cp|Aa|™" (4.8)
>0

for some constant C; > 0 independent of n. By (4.4)-(4.8), there exist
positive constants w, Cy, C3 such that for all ¢ > 0

N my 00

I < Co S5 llans P hogP) 4 Co S a4 120
n=1j=1 n=N+1
N mp 00 |A ’4m
< Coe 3 N lang? + a1+ C1C2 Y [lanl? + \bn|2]t7;—m
n=1 j=1 n=N+1
AQmYb 2
< cg”tT”. (4.9)
Therefore,
2mY
Jetvoll < o T s 0w € prar)
This is (4.3). O
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