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Boundary Controllability and Observability of a
One-Dimensional Nonuniform SCOLE System1
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Abstract. A hybrid system, composed of an elastic beam governed
by an Euler-Bernoulli beam equation with variable coefficients and
a linked rigid body governed by an ordinary differential equation, is
considered. Various controllability/observability properties of the sys-
tem under bounday control/observation are studied. It is shown that
an open-loop smooth/singular controller of either torque control or
force control is sufficient to make the system exactly controllable in
arbitrarily short time duration.
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1. Introduction

Among the variety of large-scale flexible space structures, a prototype
model is the NASA spacecraft control laboratory experiment (SCOLE,
Ref. 1). The SCOLE model consists of a long flexible mast M, described
by a partial differential equation, clamped at one end to a massive
spaceship S at rest after completing some space maneuver and fastened
at the other end to a rigid antenna A, governed by an ordinary differen-
tial equation, upon which the control is imposed by means of gas jet. For
the SCOLE model that is uniform, the exact controllability of the system
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in the smooth state space was studied first in Ref. 2 based on the theory
of semi-infinite beams. The existence of a smooth open-loop controller
of both force and torque is proved by a constructive cutoff approach.
The exact controllability for the nonuniform SCOLE model in the smooth
state space was developed in Ref. 3 via the Riesz basis approach. In the
usual energy state space, the exact controllability of the uniform SCOLE
model imposing simultaneously both smooth force control and singular
torque control was obtained in Ref. 4 by virtue of the HUM (Hilbert
uniqueness method), based on the existence and continuity of the weak
solution of the hybrid system. Under the limitation of the beam length,
the same result was presented also in Ref. 4 for singular torque control.
On the other hand, the output feedback stabilization for both the uni-
form and nonuniform SCOLE models in the smooth state space have been
developed in Refs. 5, 6 and Ref. 3, respectively.

In this paper, we study further the controllability and observability
properties of the SCOLE model. The contributions of this paper are: (a)
our model is nonuniform, hence different from the uniform models for
which the same problems are considered in th literature; (b) we obtain a
complete description of the reachable set and observability properties for
force or torque control in the smooth space or energy state space; (c) the
limitation on the beam length, assumed in Ref. 4 for one control in deriv-
ing the exact controllability in the energy state space, is removed; (d) the
limitation for control time is removed.

The moment approach (Ref. 7) is adopted in this investigation.
Torque control case is explained in details in Section 2. The case of force
control is discussed briefly in Section 3, since there is no essential tech-
nical difference for the two cases. The main idea of the apporach can be
explained as follows. The dynamic system is written in the form

Ẏ =AY +Bu,

with a scalar control u. The approach reduces the controllability problem
to the study of the geometrical properties of the exponential family

E ={B∗�ne
λnt },

where �n are the eigenfunctions of the system operator A correspond-
ing to the eigenvalues λn and B∗ is the adjoint of the control operator
B. The asymptotic expansions for λn and �n developed in Ref. 3 allow
us to obtain a complete description of the controllability and observabil-
ity of the system. Concretely, based on the asymptotic behaviour of the
eigenpairs of A, it is shown that, for any time T >0, the family E is mini-
mal and forms a Riesz basis for its span in H 1(0, T ), but an unconditional
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basis (rather than a Riesz basis) for its span in L2(0, T ). This leads to the
spectral controllability in the energy space and to the exact controllability
in the smoother space D(A), the graph space of A. Moreover, if u is the
control with minimal energy (L2 norm) that steers the zero initial state to
� at time T , then the map u→� is an isomorphism form L2(0, T ) onto
D(A).

The controllability of the system using the singular control u ∈
H−1(0, T ) is also discussed. It is shown that, when the singular torque
control is imposed, the exact controllability in the energy space can be for-
mulated formally, but the solution to the system is usually not continuous
in time, which is contrary to the claim of Ref. 4. However, the dual prob-
lem of the observation in H 1(0, T ) space is found to be well-posed and we
obtain the exact observability of the system with singular control in the
energy state space. A similar problem exists for the force control case, but
in this case the exact observability is valid only in the space H 1/2(0, T ).

1.1. System Operator. Consider the following nonuniform SCOLE
model with boundary control:

ρ(x)ytt (x, t)+ (EI (x)yxx(x, t))xx =0, 0<x <1, t >0, (1a)

y(0, t)=yx(0, t)=0, (1b)

mytt (1, t)− (EIyxx)x(1, t)=0, (1c)

Jyxtt (1, t)+EI (1)yxx(1, t)=v(t), (1d)

where x stands for the position and t for the time, EI (x) is the flexural
rigidity of the beam, ρ(x) the mass density at x,m is the mass of the
antenna A, and J the moment of inertia of A about its centroid, the point
of attachment of the mast M, v(t) is the control torque applied to A. We
refer to Refs. 2 and 5 for the necessary physical background of the model.
In what follows, we assume always that

ρ(x),EI (x)∈C4[0,1], EI, ρ,m,J >0. (2)

The natural energy state space for the hybrid system (1) is the Hilbert
space

H =H 2
E(0,1)⊕L2(0,1)⊕C2, H 2

E(0,1)=
{
f ∈H 2(0,1)|f (0)=f ′(0)=0

}
,

in which the inner product induced norm is defined by

‖(f, g, ξ, η)‖2 =
∫ 1

0
[EI (x)|f ′′(x)|2 +ρ(x) |g(x)|2]dx +m−1|ξ |2 +J−1|η|2,
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for any (f, g, ξ, η)∈H . Define the system operator A : H ⊃D(A)→H as
follows:

A(f, g, ξ, η)= [
g,−(1/ρ(x))(EI (x)f ′′(x))′′, (EIf ′′)′(1),−EI (1)f ′′(1)

]
,

(3a)

D(A)={
(f, g, ξ, η)∈ (H 2

E ∩H 4)⊕H 2
E ⊕C2, ξ =mg(1), η=Jg′(1)

}
.

(3b)

With the operator A at hand, we can write equations (1) as

(d/dt)Y (t)=AY (t)+Bv(t), B = (0,0,0,1), (4a)

Y (t)= (y(·, t), yt (·, t),myt (1, t), Jyxt (1, t)). (4b)

The following propositions come from Ref. 3.

Proposition 1.1.

(i) The operator A is skew-adjoint and its spectrum consists of
only simple eigenvalues {λn}.

(ii) By almost normalized eigenfunctions �n corresponding to λn,
that we represent as �n 	 1, we mean that there are constants
c1, c2 independent of n such that 0<c1 ≤‖�n‖≤ c2.

(iii) �n takes the form

�n = (λ−1
n φn,φn,mφn(1), Jφ′

n(1)),

where φn �=0 satisfies

λ2
nρ(x)φn(x)+ (EI (x)φ′′

n(x))′′ =0, 0<x <1, (5a)

φn(0)=φ′
n(0)=0, (5b)

mλ2
nφn(1)− (EIφ′′

n)′(1)=0, (5c)

Jλ2
nφ

′
n(1)+EI (1)φ′′

n(1)=0. (5d)

Proposition 1.2. The following asymptotic formulas are valid:

λn = i(n+1/2)2π2sign(n)/h2 +O(1), (6)
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ep(x)φn(x)= sin(n+π/2)z− cos(n+π/2)z

+e−(n+1/2)πz − (−1)ne−(n+1/2)π(1−z) +O(n−1), (7)

where

p(x)= (1/4)

∫ z(x)

0
a(τ)dτ, (8a)

z= (1/h)

∫ x

0
[ρ(τ)/EI (τ)]1/4dτ, h=

∫ 1

0
[ρ(τ)/EI (τ)]1/4dτ, (8b)

a(z)= (3h/2)[ρ(x)/EI (x)]−5/4(d/dx)[ρ(x)/EI (x)]

+h[2EI ′(x)/EI (x)](ρ(x)/EI (x))−1/4. (8c)

|φ′
n(1)|	1/n2, n∈Z, n �=0. (9)

2. Control/Observation Formulation

Because the system (4) is a linear time-invertible system, the general
controllability problem is equivalent to the reachability problem of the fol-
lowing system with zero intial state;

Y (t)=AY (t)+Bv(t), Y (0)=0, (10)

where B is an operator from the real line to the state space. We consider
the torque control only in this section. In this case, B is defined as

Bα = (0,0,0, α), ∀ α ∈R.

The state space is taken to be either the energy space H or D(A), depend-
ing on the context.

The dual observation problem is

Ż =AZ, Z(0)=Z0, (11a)

w(t)=B∗Z(t)=Z4(t), (11b)
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where

B∗ :H �→B∗�= (�)4 ∈C

and (�)4 denotes the last component of the vector �∈R4.
By reachable set R(T ) at time T >0, we mean the set of all states Y ∗

in the state space such that there is at least one control v such that the
solution to (10) satisfies Y (T )=Y ∗.

Definition 2.1.

(i) The system (10) is called spectrally controllable on [0, T ] for the
time T >0 if the reachable set R(T ) contains all the eigenmodes
�n.

(ii) The system (10) is called approximately controllable on [0, T ]
for the time T >0 if the reachable set R(T ) is dense in the state
space.

(iii) The system (10) is called exactly controllable on [0, T ] for the
time T > 0 if the reachable set R(T ) coincides with the state
space.

Definition 2.2.

(i) The system (11) is called approximately observable on [0, T ] for
the time T > 0 if the knowledge of the output w(t) on [0, T ]
determines the initial state Z0 uniquely.

(ii) The system (11) is called exactly observable on [0, T ] for the time
T > 0 if the initial state Z0 can be uniquely and continuously
constructed from the knowledge of the output w(t) on [0, T ].

2.1. Exponential Family. In order to study the controllability/obser-
vabibility problems via the moment approach, we need to investigate the
geometric properties of the associated exponential family. Set

E0 :={eλnt }n∈Z.

Introduce the upper density D for a real sequence M={µn},
D := lim

r→∞ sup
x∈R

[n(x + r)−n(x)]/r,

where n(x) is the number of µn in [0, x] if x ≥0 or [x,0] if x <0.
Since iλn ∈ R and |λn| 	 n2, it follows that n(x)	√|x|; hence, D = 0

when M={iλn}.
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Proposition 2.1. See Ref. 8. Let M={µn}⊂R. If the set M is sepa-
rable, i.e., infm�=n|µn −µm|> 0 and D(M)<T/2π , then there exists a set

={ξn} such that the family

EM ∪E
, E
 :={eξnt }, EM :={eµnt }
forms a Riesz basis for L2(0, T ).

Definition 2.3. A Riesz basis for its span is called an L-basis.

Corollary 2.1. For any T > 0, the family E0 forms an L-basis for
L2(0, T ).

Proof. For any given T >0, it follows from Proposition 2.1 that there
exists a family E
 such that E0 ∪E
 forms a Riesz basis for L2(0, T ). The
result then follows from the fact that part of the Riesz basis is an L–basis
too.

Let

�={θn(t)}
be the family biorthogonal to E0 in L2(0, T ). Since the family of expo-
nentials {eλnt } is not complete in L2(0, T ), the biorthogonal family is not
unique. Indeed, if {θn} is a biorthogonal family and if θ̃n − θn ⊥ E for
all n, then evidently {θn} also forms a biorthogonal family. In what fol-
lows, we consider the biorthogonal family of E0 in span E0. Note that this
choice is such that the norms of θn of this family are minimal. It can be
seen also that the biorthogonal family to {qne

λnt }, where qn are scalars, is
{θn(t)/qn}.

Theorem 2.1. For any T > 0 and any s > 0, E0 forms an uncondi-
tional basis for its span in the Sobolev space Hs(0, T ).

In order to prove Theorem 2.1, we need the following result.

Proposition 2.2. See Ref. 9. Suppose that the family EM := {eµnt }n∈N
forms a Riesz basis for L2(0, T ) for some time T > 0. Then, for any m ∈
N and any number of different points ξ1, ξ2, . . . , ξm satisfying µn �= ξm for
all n,m ∈ N, the family EM ∪ {eeiξnt }m

n=1 forms an unconditional basis for
Hm(0, T ).

Proof of Theorem 2.1. The proof for the case of integer m > 0 can
be obtained easily from Proposition 2.2. Indeed, since there exists a set 
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such that the joint family E0 ∪ {eξnt } forms a Riesz basis for L2(0, T ), it
follows from Proposition 2.2 that E0 forms an unconditional basis for its
span in Hm(0, T ) as part of an unconditional basis.

Next, we give a sketch of the proof for the case of noninteger m.
Without loss of generality, we limit ourselves to the case 0 < s < 1 and
T =1. Take the reference family


̃={ξ̃n}, ξ̃n =n− (q/2)sign(n),

with

q �= s −1/2 and |q|<1/4.

Then (see e.g. Ref. 10), the family E
 forms an unconditional basis for
Hp(0,1) for any p < 1/2 − q and unconditional basis for its span in
Hp(0,1) for p >1/2−q.

For any λn, take the closest point ξmn of 
̃. If there are two closest
points, we take any one of them. Now, we remove ξ̃mn from 
̃ and denote
the remaining set as 
̂. We compare 
̃ and 
̂. The difference is only that
the point ξ̃mn is replaced by λn. We see that

mn 	n2 and |λn − ξ̃mn |<1.

Lemma 4.5 and Theorem 4.7 of Ref. 10 give that the basis property in Hs

of the disturbed family 
̂ coincides with one of 
̃. The result follows.

2.2. L2-Control/Observation in Energy Space. In this section, we
consider the reachability problem for the system (10) in the energy space
H : for the given final state � ∈ H and time T > 0, find the control v ∈
L2(0, T ) such that

Y (T )=�. (12)

Since the eigenfunctions {�n}n∈Z form a Riesz basis for H , we can write
the solution of (10) and � as

Y (t)=
∑
n∈Z

cn(t)�n, �=
∑
n∈Z

c0
n�n.

The control term Bv(t) is represented also in terms of {�n} as follows:

Bv(t)=v(t)B1=v(t)
∑
n∈Z

bn�n,
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bn = (B1,�n)/‖�n‖2 = (�n)4 =Jφ′
n(1)/‖�n‖2.

By (10), we have

ċn(t)�n =
∑
n∈Z

λncn(t)�n +
∑
n∈Z

v(t)bn�n. (13)

Since Y (0) = 0, the coefficients cn(t) satisfy the following first-order ordi-
nary differential equations:

ċn(t)=λncn(t)+bn, cn(0)=0, ∀n∈Z.

Therefore,

cn(T )=
∫ T

0
bne

λn(T −t)v(t)dt.

Set

E ={bne
λnt }, ṽ = v̄(T − t).

We have the following moment problem with respect to E :

cn(T )= (bne
λnt , ṽ)L2(0, T ). (14)

It is seen that the reachable set R(T ) is isomorphic to the set of all
sequences {cn(T )} ∈ 2 such that the moment problem (14) possesses a
solution v∈L2(0, T ). This means that there exists a solution to (12) if and
only if, for any sequence {cn(T )} ∈ 2, there exists a control v ∈ L2(0, T )

that solves the moment problem (14). A general discussion on the moment
approach can be found in Ref. 7.

Let us introduce the control operator

W :L2(0, T )v →Y (T )=
∑
n∈Z

(bne
λnt , ṽ)�n ∈H. (15)

As usual, the observation operator O is defined as the adjoint of W ,

H Z0 =
∑
n∈Z

zn�n →w(t)=B∗Z(t)=Z4(t)=
∑
n∈Z

znbne
λnt ∈L2(0, T ). (16)

It is well known (see e.g. Definitions 4.1.3. and 4.1.12 of Ref. 11) that
(i) the system (10) is exactly [resp. approximately] controllable on [0, T ] in
H if and only if W is an isomorphism [resp. injection] from the control
space onto the state space and that (ii) the system (11) is exactly [resp.
approximately] observable on [0, T ] in H if and only if O is an isomor-
phism [resp. injection] from the state space to the control space.
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Theorem 2.2. For any T > 0, let the state space be H and let the
control v ∈ L2(0, T ). Then, the system (10) is spectrally but not exactly
controllable on [0, T ].

Proof. The result on the exact controllability is a consequence of
general results for infinite-dimensional systems with finite-rank control
operator; see e.g. Theorem 4.1.5 of Ref. 11. Here, we give a simple proof
of this claim by the moment approach. Indeed, the system is exactly con-
trollable if and only if the family E forms an L-basis for H . Now, it is
seen that the family E differs from the L-basis family E0 by the factors

bn =Jφ′
n(1)/‖�n‖2.

In view of (9),

|bn|	 |n|−2,

for sufficiently large integers |n|. Together with the fact that bn �=0, due to
φ′

n(1) �=0, this claims that the family E is not almost normalized,

‖bne
λnt‖→0, as |n|→∞.

Hence, E is not an L-basis for H , proving the claim.
By the moment approach, the spectral controllability is equivalent to

the minimality of the family E . Because the target state now is �m, the
corresponding moment problem becomes

(bne
λnt , ṽ)=0, for n �=m, (bmeλmt , ṽ)=1. (17)

Since E0 is an L-basis for L2(0, T ) for any T >0, it follows that E is mini-
mal. The family that is biorthogonal to E is nothing but {θn(t)/bn}. Thus,
the control ṽ that solves the moment problem (17) can be taken as

ṽ(t)= θn(t)/bn,

where bn is the conjugate of bn. It is well-known that such a control has
minimal L2 norm. The proof is complete.

For the dual system, we have the following theorem.

Corollary 2.2. Let H be the state space. For any T > 0, the system
(11) is approximately, but not exactly, observable on [0, T ].
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Proof. By Theorem 2.2, the system (10) is spectrally controllable;
hence, it is approximately controllable because the reachable set contains
all the eigenmodes. Furthermore, since A∗ =−A, it follows from the well-
known duality principle on the cotrollability and observability of linear
systems (see e.g. Ref. 11, p.157) that the system (11) is approximately
observable in the space H on [0, T ] for any T > 0. The exact observabil-
ity of the system (11) follows from similar arguments.

We indicate that Corollary 2.2 can be explained simply via the
moment approach by showing that the observation operator O is invert-
ible, but its inverse is not bounded. Let us observe the operator O acting
on the eigenmodes. Let

Z(0)=Z0 =�n.

Then, the solution of (11) is

Z(t)= eλnt�n,

B∗Z(t)=Jφ′
n(1)eλnt .

Hence,

�n‖	 |n|−2. (18)

Finally we indicate that, for the system (10) in the state space H, the
control v = vn ∈ L2(0, T ) of minimal L2 norm that steers the rest initial
state to �n has the estimates

C−1(T )|n|2 ≤‖vn‖L2(0,T ) ≤C(T )|n|2, for all n∈Z, (19)

where the constant C(T) depends only on T. Indeed, from (17),

ṽn(t)= θn(t)/bn.

Since the biorthogonal system � forms a Riesz basis for spanE0, the
norms of the elements of � are uniformly bounded with respect to n.
Therefore,

‖vn‖L2(0,T ) 	|bn|.

(19) then follows from (9).
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2.3. L2-Control/Observation in Smooth Space. From the discussions
of the last section, we see that the reason that the control operator is not
an isomorphism from the control space onto the energy space is attributed
to the fact that the map from the control space to the state space is not
balanced in the sense that the control space L2 is too small and the state
space H is too large. To balance the situation, we may expand the con-
trol space L2 or reduce the state space H . Some efforts have been made
in Ref. 4 with additional conditions on the length of the beam.

From the previous section, we see that the solution Y (T ) is smoother
than an arbitrary element of H in the sense of Y (T )∈D(A), specifically,

AY (T )=A
∑
n∈Z

bn(e
λnt , ṽ)L2(0,T )�n

=
∑
n∈Z

bnλn(e
λnt , ṽ)L2(0,T )�n.

Since |bnλn| 	 1 and E0 is a L-basis for L2(0,T ), it follows that
{bnλn(e

λnt , ṽ)L2(0,T )}∈ 2. Moreover the control sequence operator W acts
L2(0, T ) onto D(A), which is valid because that E0 is a L-basis for
L2(0, T ); the following moment problem:

bnλn(e
λnt , ṽ)L2(0,T ) = cn

has a solution ṽ ∈L2(0, T ) for any sequence {cn}∈2. This suggests that a
natural state space for L2 control is D(A). Let us discuss this in a slightly
more general setting.

Set

|A| :=√−AA∗,

which is a self-adjoint operator with the eigenvalues |λn| and the eigen-
functions {�n}. Define

Hs :=D(|A|s)=
{

f
∑
n∈Z

fn�n

∣∣ ∑
n∈Z

|λn|2s |fn|2
∣∣<∞

}
, s ≥0.

It is easy to check that {|λn|−s�n} is a Riesz basis for Hs . Roughly speak-
ing,

Hs =H4s ⊕H2s ⊕C2

upon the boundary conditions. In particular, H1 =D(A).
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Control in Smooth Space. Consider the control system (10) in the
state space Hs . Again, we find the solution of (10) in terms of the Riesz
basis |λn|−s�n,

Y (t)=
∑
nεZ

cn(t)|λn|−s�n ∈Hs ,

where cn(t) satisfies

ċn(t)=λncn(t)+bn|λn|sv(t), cn(0)=0.

Therefore,

cn(T )=
∫ T

0
bn|λn|seλn(T −t)v(t) dt.

Set

E1 ={bn|λn|seλnt }.
We have the following moment problem with respect to E1:

cn(T )= (bn|λn|seλnt , ṽ)L2(0,T ). (20)

By virtue of (9),

|bn‖λn|s 	|λn|s−1.

If we take s=1, then the family {bn|λn|seλnt } is almost normalized. Since it
is an unconditional basis for L2(0, T ), it follows that {bn|λn|seλnt } forms a
Riesz basis for L2(0, T ). This leads to the exact controllability of the sys-
tem (10) in H1 = D(A) on [0,T] for any T > 0. This result removes the
limitation of T for the result of the exact controllability obtained in Ref. 3
via the Riesz basis approach and the Ingham inequality.

Now, the control operator for the space H1 is

W1 :L2(0, T )v −→Y (T )=
∑
n∈Z

(bn|λn|eλnt , ṽ)�n ∈H1

and the observation operator O1 =W ∗
1 is

O1 :H1 Z0 −→w(t)=B∗Z0(t)=
∑
nεZ

znbn|λn|eλnt ∈L2(0, T ).

In view of the Riesz basis property,

‖Wv‖H1 	‖v‖L2(0,T ), ‖OZ0‖L2(0,T ) 	‖Z0‖H1 . (21)

Thus, we have proved the following theorem.
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Theorem 2.3. For any time T > 0:

(i) The system (10) with control υ ∈L2(0, T ) is exactly controllable
on [0,T ] in H1.

(ii) The system (11) is exactly observable on [0, T ] in H1 with the
observation

B∗Z(t)=Z4(t)∈L2(0, T ).

Observation in Smooth Space. The observation operator introduced
in (16) has the form

OZ0 =
∑
nεZ

znbne
λnt .

Since bn is decreasing, the inverse of O is not bounded in L2(0, T ). On the
other hand, since the exponential family {bne

λnt } forms an unconditional
basis for any Sobolev space Hs(0, T ), s ≥ 0 and ‖bne

λnt‖H 1(0,T ) 	 1, it fol-
lows that {bne

λnt } forms an L-basis for H 1(0, T ). Therefore [compare with
(21)]

‖OZ0‖H 1(0,T ) 	‖Z0‖H ,

which implies that O : H 1 −→H is bounded invertible in H 1(0, T ). Thus,
we have the following observability result.

Theorem 2.4. For any T > 0, the system (11) with the observation
B∗Z(t)=Z4(t)∈H 1(0, T ) is exactly observable in H1 =D(A).

Results on Singular Control. We consider the following singular con-
trol problem of the system (10) with υ ∈ (H 1(0, T ))′:

Ẏ =AY +Bv, Y (0)=0, v ∈ (H 1(0, T ))′. (22)

The control operator now becomes

W : (H 1(0, T ))′ v −→H.

We are still interested in the same exact controllability problem with sin-
gular control in the energy space H as we have done for L2 control. The
representation (15) is still used by the moment approach in this case.

Now, the inner product (f, g)L2(0,T ) is extended to the dual prod-
uct 〈f, g〉 for f ∈ H 1(0, T ) and g ∈ (H 1(0, T ))′. That is to say, 〈f, g〉 is
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the complex conjugate value of the functional g acting on the element f .
Thus, we may write the moment problem as follows:

Cn(T )=〈bne
λnt , ṽ〉, v ∈ (H 1(0, T ))′. (23)

From Theorem 2.3, the family E = {bne
λnt } form a Riesz basis for

H 1(0, T ). So does the biorthogonal family � of E for (H 1(0, T ))′. Hence,
the formal solution to the moment problem (23) is

ṽ =
∑
n∈Z

cnθn ∈ (H 1(0, T ))′.

In other words, the moment problem (23) admits always a solution for any
{cn(T )}∈2.

Thus, if we understand that the solution (22) at t =T is

Y (T )=
∑
n∈Z

〈bne
λnt , ṽ〉�n,

then we can say, as for usual L2 control problem, that the system (10) is
exactly controllable on [0, T ] for any T > 0 in the energy space H with
singular control v ∈ (H1(0, T ))′. Unfortunately, the control problem (22) is
not well-posed, in the sense that the solution to (22) is not continuous in
time, which is contrary to the claim of Ref. 4. For example, if we take

v(t)= δ(t −T )∈ (H 1(0, T ))′,

the Dirac function, then the solution to (22) is zero before t =T and

Y (T )=
∑
n∈Z

〈bne
λnt , δ(t)〉�n =

∑
n∈Z

bn�n =B1= (0,0,0,1).

The same thing takes place for the delta function inside (0, T ), v(t) =
δ(t − t0).

The claim that the solution to (22) is not continuous in time can
be justified also by the limit process. Suppose that {υm} ∈ L2(0, T ) is a
sequence of smooth functions approaching υ(t)= δ(t − t0) in (H 1(0, T ))′,

vm(t)→ δ(t − t0)∈ (H 1(0, T ))′.

Then, the following moment equalities hold for all m:

Cn(t)= (bne
λnτ , υ̃m)L2(0,t) =〈bne

λnτ , ṽn〉. (24)
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Letting m→∞, we obtain

cn(t)=0, as t < t0,

cn(υm, t)=bn, as t > t0.

However, the limit solution Y (t) has a jump B1 = (0,0,0,1) at t0. Hence,
for singular control, the meaning of exact controllability is not in clear in
the sense of usual understanding and needs further investigation.

Remark 2.1. In Ref. 4, the author claimed that the solution to prob-
lem (22) is continuous in time in H . In the proof of this claim, the author
used the following identity:

〈f, g′〉=−(f ′, g)L2(0,t),

for all f ∈ H 1(0, t) and g ∈ (H 1(0, t))′. This does not appear to be the
classical definition of generalized derivative in the Sobolev space H 1(0, t).

Moreover, this relation is not true for all t ∈ (0, T ), even for smooth func-
tions f and g. In fact, if f and g′ are both in L2(0, T ), then the dual
product 〈f, g′〉 coincides with the inner product (f, g′)L2(0,t).

3. Force Control/Observation

In this section, we list the results for the force control case without
going to the proof in details, since the proofs can be given along the same
line as for the case of torque control. The control problem that we con-
sider in this section is

Ẏ =AY +Buυ, Y (0)=0, Bυα = (0,0, α,0). (25)

The dual system is

Ż =AZ, Z(0)=Z0, w(t)=B∗
uZ(t)=Z3(t), (26)

where Z3 is the third component of the vector Z ∈R4.

3.1. L2-Control/Observation in Energy Space. Write

bu
n = (Bu1,�n)/‖�n‖2 = (�n)3/‖�n‖2 =mφn(1)/‖�n‖2.

Then,

Buu(t)=u(t)Bu1=
∑
n∈Z

bu
n�n.
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For any T >0, apply the moment approach to obtain the moment equal-
ities

Cn(T )= (bu
neλnt , ũ)L2(0,T ), (27)

with respect to Eu ={bu
neλnt }. The only difference between (27) and (14) is

that the coefficients bn in (14) are replaced by

bu
n =mφn(1)/‖�n‖2,

where φn(1) has the asymptotic expansion

|φn(1)|	1/|n|, n∈Z, n �=0. (28)

(28) does not appear explicitly in Ref. 3, but can be obtained easily after a
straightforward computation used there. Also, φn(1) is not identically zero
for all n.

Now, the control is

Wu :L2(0, T )u→Y (T )=
∑
n∈Z

(bu
neλnt , ũ)�n ∈H

and the observation operator becomes

Ou :H Z0 →w(t)=B∗
uZ0(t)=

∑
n∈Z

znb
u
neλnt ∈L2(0, T ), (29)

where

B∗
u :H �→B∗

u�= (�)3 ∈C. (30)

Theorem 3.1. For any T > 0, the system (25) with the control u ∈
L2(0, T ) and the state space H is spectrally but not exactly controllable
on [0, T ].

Proof. The proof is similar to that of Theorem 2.2.

For the exact controllability, it is noted that the family Eu differs from
the L-basis family E0 by the factors bu

n =mφn(1)/‖�n‖2. By virtue of (9),
|bu

n| 	 |n|−1 for all sufficiently large integers |n|. Together with φn(1) �= 0,

this gives bn �=0. Hence, the family Eu is not almost normalized,

‖bu
neλnt‖→0, as |n|→∞.

Therefore, the system (25) is not exactly controllable on any [0, T ] in H .
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Next, for the target state �m, the corresponding moment problem
becomes

(bu
neλnt , ũ)=0, as n �=m, (bmeλmt , ũ)=1.

Therefore, ũ can be chosen as the mth element of the biorthogonal family
Eu. Since the family biorthogonal to Eu is {θn(t)/bu

n}, the control of mini-
mal L2 norm that steers the system (25) to �n is just θn(t)/bu

n. This shows
that the system (25) is spectrally controllable on [0, T ].

For the dual system, we have the following result parallel to Corollary
2.2.

Corollary 3.1. For any T > 0, the system (26), with the observation
B∗

uZ =Z3(t)∈L2(0, T ), is approximately but not exactly observable in H .

In this case, we also have the estimate for the observation operator on
the eigenmodes. In other words, for Z(0)=�n, the solution to (26) is

Z(t)= eλnt�n;

hence,

B∗
uZ(t)=nφn(1)eλnt .

This yields

‖Ou�n‖	 |n|−1.

3.2. Smooth Observation/Singular Control in Energy Space. By (28),

|bu
n||λn|s 	|λn|s−1/2.

Take s = 1/2. Then, the family {bu
n|λn|seλnt } is almost normalized. Since

the family {bu
n|λn|seλnt } is an unconditional basis for H 1/2(0, T ) for any

T >0 by Theorem 2.3, so it is a Riesz basis for H1/2(0, T ). This leads to
the exact controllability of the system (25) in H1/2 =D(

√|A|) on [0, T ] for
any T >0.

Now, the control operator is

Wu :L2(0, T )u→Y (T )=
∑
n∈Z

(bu
n|λn|1/2eλnt , υ̃)�n ∈H1/2
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and the observation operator is

Ou :H1/2 Z0 →w(t)=B∗
uZ0(t)=

∑
n∈Z

znb
u
n|λn|1/2eλnt ∈L2(0, T ).

In view of the Riesz basis property,

‖Wuu‖H 1/2(0,T ) 	‖υ‖L2(0,T ), ‖OuZ0‖L2(0,T ) 	‖Z0‖H1/2(0,T ).

Thus, we have obtained the following result.

Theorem 3.2. For any T > 0, the system (25) with the control u ∈
L2(0, T ) is exactly controllable in the Sobolev space H1/2(0, T ); the sys-
tem (26), with the observation B∗

uZ=Z3 ∈H 1/2(0, T ), is exactly observable
in the energy space H on [0, T ].

Finally, we can find the estimates of the control and observations (18)
and (19). Actually, in a way parallel to (19), we have

C−1(T )|n|≤‖un‖L2(0,T ) ≤C(T )|n|, n∈Z, (31)

where the constant C(T ) depends on only T and un is the control with
minimal norm that steers the rest initial state of the system (25) to �n.
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