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D irichlet Riesz
]
( , 100080)
Dirichlet Salamon-W eiss
JL.Lions Hilbert
Riesz
; Riesz

1
{x(t): Ax() + Bu(®, x(0)=xo H,
(1)
y () = 1Cx (1).
A Hilbert H Co- , B Hilbert U H
, IC H Hilbert Y . B, IC
(1) : : ,
( [4]). B, IC : : (1)
Salamon-W eiss
H.= [D (A)] B P(RH), H. H
el o= 1 (Bo- B) =l
Hilbert . [12] H. Hilbert [D(A7)]
[DOAT)T, A’ A . A P(A),R(AA)= (A- A) !
H. R(AA): H -H x H R A)x=R(A A)x A
H
Ax,y = x,A’y, x H,y DA
A H H. . [12] 3.3, L LMH,L A , L
H. L
L'= R(Bo, A) LR (o, A).
SalamonW eiss B L U,H ), IC L (H:,Y).
D IPs Li(0, ©; U) -L?(0, T U):
(P (= ¢ VW 10D G 0w ), 0
0, t= T,
: 2002-10-31
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(1) :
0 At ! A (t- s)B 0
[TP“’J =3 [ J - = e U ®
tYy tU Iceht IF. tU
IF ¢
t> 0( t> 0) uL2(0,1), J’e< I8 u (9 ds
H, B L U,H) ( Co- et). [12] B
C.> 0, u L2010,
“";e'“ “9IBu(s)ds : < CI ;II u(s)ll 3ds, (4)
0o , . B Xo H,u L0, tU)
x(t) = Ax(t) + Bu(t),
{X (0) = xo, 5
x (1) = € %o +J';e“" Ju(s)ds H () H.
x(t) = Ax(t) + Bu(t),
{X (0) = Xo (6)
, I x @) & I x ()l u
. B , , (5 H
(6) H.
o , c L (H+,Y), y (1) = ICe"'xo Xo
D (Bn) ) xo H, y (1) = ICe*'xo
Xo, SalamonW eiss IC : t> 0( t> 0)
D:> 0
J';n y(OI 3ds< Dl xoll & Vxo H 7)
0 ,IC
o , 0, IC
1 (1) Salanoni eiss , B L U,H), IC L (H+,Y)
et t> 0( t> 0) E.> O,
I;u y (9l 2ds < EJ’;n u(9ll 3ds, Yu L2(0,tU) 8)
y(9 = H (9u(s), Res (9)
n L aplace , H (s (1) ,H(s) Res>a R

, (8) B> w«([6]),
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R%.c'j:pﬁ” H (S) Il Ly < 0, (10)
, (8 (10
([s5D:
(Fuw) (s) = |CA[|’Ze““’Bu(1)dT- (B- A)'lsu(s)]
+ H (Bu(s), s [01t] (11)
ICa ic A :
ICaXo = mm(A- A) o, (12)
) (A,B,IC) , H (s)
H'(s) ( [13]).
H—‘H—cﬁlL C(s- R) “(B- A) 'B. (13)
2 () SalamonW eiss : (1)
S[i;an (Su= Du, Vu U (14)
D L U,Y)
, (A, B, IC) , ,
H (s) = ICa(s- A) 'B + D, (15)
(1) ([5D):
x(t) = Ax(t) + Bu(t), x(0) = xo H,
y(t) = ICax (1) + Du(b). (16)
(5) ) Xo, X1 H, T>0,u L%0,T;U)
x (0) = xo, x(T) = xa A Co- x1= Q
) . (A!B) [O!T] (' A*,
B') [0,T] ([10]), Cr>0
IZII B e " ‘zoll dt> Crll zoll 2, Vzo Y. (17)
(17) z()=- A z(), z(0) = zo
: (17), 0
u , w , u®=Be" 20 L2(0,T).
x(t) = Ax() + Bu (1),
x(T) =0, x(0) = xo (18)
(18) z
fjit x(®, z() = u (.8 z() .
0 T

i
- Xo, Zo :Ion B z(t)ll 2dt = Crll zoll 2
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Nzo= - Xo,

Azo, zo = Crll zoll 2

L axM ilgran , A H H . , Xo H,
zo= - N %o, (18) x(T) =0, (5 H [0,T] :
u” (1) . , u” (1) L2 , (5)
u L2(0,T;U) x(T)=10 ,
I:u u (I Zdt < ;n u(t)ll dt
Lions Hilbert (1oD. (5)
- A",B"). T:H - E (- TA'TYLB'T Y, E
H ilbert , (5) :
, Dirichlet
Salanon-W eiss ;
Hilbert ,
Riesz
2 ;
, Dirichlet :
wel(x,t) - ww(x,t) = 0, 0< x< 1, t> 0,
w (0, 1) = 0, (19)
w (1,1 = u(b).
(19) [6] [6] ,
H=H %01 Sobolev H (0, 1)
A H3 H ;
Af.g w ti= alfg) :I:f'(x)mdx, Vi, g Hb0,1). (20)
L axM ilgram A D@A)=H3s H ' . f H?n
Ho, Af=- Af=- " - A L aplace . g L?0,1),A ‘g
= (- A g A L aplace H 3(0, 1)
DAY =1%01). H H' , DAY]cHCDAY]. A
A L(MmAa"™] Dpa"™1):
Af, g parpad = AV, AYg wen, Vi,g L2(0,1). (21)
(19)
wal, )+ Alw(,t) - xu(t)]=wu(,t) + Aw (*,1) - u()Ax = Q (22)

Bu=- uAx [DQAY]. (23)
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(22) [6] H
wel(®, t) + Aw (s, t) + Bu(t) = Q (24)
U =C
(61 (24) : (24)
cu(t) = B 'w, (24)
y(t) = B 'w: (25)
B D@Y)=1L1L%01) Y=U .
B'f,u= f,BUpa@xpadr= A 7, A YBu> 2.2
= - T:Xf (x)dx, Vi L2(0,1). (26)
B'f = -J’;xf (x)dx, Vi L?(0,1). (27)
[6] , B , (24), (25)
H()= 8 (+ A) B. (28)
H (s) . [13] [11] B> 0
rﬁ.ip,;" H@Il < o, (29)
B H=D@AY) x H=L2x H * , (24), (25)

) u C, p= (f+ A)Bu, p
{szp(x) - p"(x)=0, x (01,

30
p(0) =0 p@=u (30)
(30),
p(x) = esx—e_sxu
e- e
(27),
H(s)u:ss*(§+A~)-1Bu:[- ﬁ—+ﬁu (31)
(29)
Sl@mH (u=- u, Yu U= C (32
1 (24), (25) H, U= C, Y=2C
D= -
Dirichlet
1 . [1] . , [7]
(24) . (24), (25)
(24) .
{Wn(-,t) + AW =0 -
y(t) = B 'w:
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27) (33) . (33)

i

o —
=
e

1
Wy

(34)

w
L

0,B
- 1
0
f 0 - A Y |f - A
T ' = = I HixL? V(g LPxH'L (3
g I 0 g f

TAT '= A, (0B")T '= (- B'A,0).

f H?’nHs ,Af=- f"(x),
- B'Af = £'(2).
(33) H H=HéxL?
Wn(',t)' A\N(',t): 0,
{y(t) - w. (1,9, (30
Lions [9] Dirichlet
wel(x,t) - Aw(x,t)= 0, x Q t> 0,
w((x,t) = 0, x To t> 0, (37)
w(x,t) = u(x,t), x T, t> 0,
QcC R", To i= &, To T , int (T1) # Q, H
= H3(Q x L*(Q
wel(x,t) - Aw(x,t) =0, x Q t> 0,
wi(x,)= 0, x & t> 0, (38)
y (D) = ja]aw |r..
n , ) , (33)
, (36) x=1 , .
(36) (39) H . [9]
(36)
E(t) = ‘g;[wf(x,t) + wi(x,t)]dx
E (1) (36) , w,wo) H ,E(M) = E(0), Vt=Q
(36) XW x 0 1
O:I:[XWtht' XW W xx Jdx = éT:xwxwtdx 'lwf(l t) + E (). (39)
C+r>0
J’;wf(l,t)dt: f:XWxdex 5 + j’:E(t)dt<cTE(o).

wx(1,t)  L%*0,T), VT > Q (36) (hidden-
regulartiy).  (39), :
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E() < m;wf(l,t)dt, VT > 2

(36) [0,T], T> 2 .
T=2 (36)
3 Riex
(24), (25) u(t) = ky (1)
we(X,t) - we(Xx,t) = 0, 0< x< 1, t> 0,
w (0,t) = O, (40)
WL = - ﬂ’:xwt(x,t)dx
H=L?xH * Riesz
, (20) A L aplace H5(0, 1)
H3(0,1) H *(0,1) . , f L?(0,1),
A =Ij'2f (1) ddly - {jzf () ddly. (41)
H
(f 1, gl), (f 2, gz) H= f1, f2 1200+ A lg1, A lgz H30 D,
V(f 1, gl), (f 2, gz) H. (42)
H n
An(f,g) = (g.f", V(f,g) ©(n)),
D(A)= {(f,g) L2(0,1) x H (0,1 |f(0)= 0, f (1) = - j-:xg(x)dx (43)
(g,f" L?0,1) x H '(0,1)}.
(40) H
éit{WJ - A{WJ, Vx  [0,1], t> Q (44)
W ¢ W ¢
[6]1 A H CO' .
(40) . A C, (P H,
A (DY) = A(PY) (45)
AZCRX) - ¢(x) = 0,
%o) = o, K1) = - ﬁxz\dzx)dx, (46)
U(x) = Adtx).
(46) A :
(1+ Ke'- (1- ke - J)f(et €Y= aq (a7)

k#z 1 A , A , - 1 A
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Al o . (48)
k> 0, k# 1

M =
k-1 I 1
Ink+ 1+ [n+ 2}m+dﬂ}, k> 1, (49)
sinhA x
= . Z.
ASinhAnx
2 (40), .
(i) k>0, kz 1 , A H Risez
A Co et ;o owr)=sMB), wn) e
, S(Rn) A . A , w> 0
et w=Me“ (50)
/\_ - A
(ii) k=1 |, f()= 2¢- e_e_)\
V={u H 01 |u(0)= 0},
1 P
f,g V:IOf'(x) g’ (x)dx, Vf,g V. (51)
Lk, nm, 0< k< 1,
2 1+ k
A= 1 i (52)
2Ink_lk+ 1+ [n+ ZJ m, k> 1
[14]
1 .
- sinhAux
F.= | A , (53)
Sinhxx n z
Vv x L%(0,1) Riesz
sinhAx - xsinhA
=, = A , (54)
sinh Aix n oz
T: TFa= En,
1] : 2
I TF ﬁé(o,l)xLz(o,l)ZJ’o[ coshAx - ﬂ%h'& + |sinhAx H dx
_ sinh2Rek 1. 2Rek | sinhA|?
T 2Reh sinh 2Reh | A '
_p ey 2 _2Rek m‘
- " Fn" VXLZ(O,l)[l' Slnh ZREX; E J (55)
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- okin 1k
kr 1 0< k< 1
2 3 l
_ e (2nm)?
2Reh |sinhA|? k+ 1 (56)
sinh 2Reld | A - -1
- 2kin
k+ 1 K> 1
2 )
Inﬁ;—i + (2n+ 1)
n Z. k> 0, k# 1
2Rek | sinhA|? 2k
0< snh Rev | & < - s <1 Vn 2z (57)
1- k

1_ I J+_k " FNn" GXLZ(O,DS ” TFNn" ﬁ%(o,l)xLz(O,l)
n
1- k
1+ ~
< | ‘1+_K I Eall vai20n, ¥n Z (58)
n
1- k
T . {En}n 2z H3(0,1) x L?(0,1) Riesz
(35) H4(0,1) x L?(0,1) H
i - i -
L 0 I sinhd x - xsinh sinhXx
T ', = A = _ = E, (59)
- A0 . Arsinh Aox
sinhAs x
{En}n z H Riesz . N > 0,
1
I En- Fall &= dJ<oo. 60
" = 2.0 (60
[8] 6.3, {Fn}ne1 H Riesz
k=1 |, (47) k= 1, (40)
A - A
f(N) = 2€- E—Ae— (61)
f (N . [15] 147 3.2.4, f (A
, Riesz
H ) N eumann ,
(ii) : ([3D.
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irichlet Boundary Stabilization and Riesz Basis Proper ty
of One-D mensional String Equation

XIE Yu, GUO Bap-zhu

(Institute of Systems Science, A cadamy of M athematics and Systam Sciences,
A cadem ia Sinica, Beijing 100080, China)

Abstract:  Thispaper studiesaone-dimensionalw ave equationw ith one end fixed and D irichlet
boundary feedback control at another. The system is show n to bew ell-posed and regular in the
class of Salanon‘W eiss systen theory. This explains rigorously that the H ilbert-U niqueness
M ethod introduced by J L. lions in studying the exact controllability of hyperbolic systans is
thew ell-know n D uality-Principle in control theory. The Riesz basis property, ectrun-deter-
mined grow th condition and exponential stability for the closed-loop systen are concluded
Through this example, one can catch a glmpseof a newv trend agppeared very recently in Partial
D ifferential Equation control theory.

Keywords distributed systam; riesz basis stability; regular; well-posed; ectrum-deter-
m ined grow th condition



