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The optimal birth control of an age-dependent population model with
unbounded time interval is considered. The mimmum principle which must be
satisfied by the overtaking optimal control is established. Large time behaviour and
the turnpike property of the overtaking optimal trajectory are studied. Existence
results are also presented. 'C' 1990 Academic Press, Inc

1. INTRODUCTION

The problem of controlling and managing age-dependent biological
populations has been studied in an optimal control setting by the authors
in [1,2] with a finite or infinite time horizon and various terminal
conditions (see also [3,4]). The aim of this paper is to study conditions
under which the optimal birth control over an infinite time horizon of the
McKendrick model has a stabilizing effect. As opposed to [17], here, we do
not a priori assume that the cost functional, an improper integral,
converges. This leads us to consider a weaker type of optimality, known as
the overtaking optimality. Such a concept has a long history in the
economic and operation research literature. It is hoped that our study will
lead to a proper understanding of the open-endedness of the future in
age-dependent population management.

Recently in [5], the overtaking optimal control of an infinite dimen-
sional linear control system with unbounded time interval has been
considered. However, the results there cannot be applied directly to our
situation since the McKendrick model involves a bilinear (nonlinear)
boundary birth control of a distributed system discribed by a first-order
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differential equation. We are, in fact, extending some of the results of [5]
to a nonlinear case.

The paper is organized as follows. In Section 2 the optimal birth control
problem is formulated. In Section 3 the minimum principle which must be
satisfied by the overtaking optimal control is established via an associated
finite horizon optimal control problem. Section 4 deals with the large time
behaviour of the overtaking optimal trajectory, i.e., the turnpike property.
Generally speaking, this property says that an optimal trajectory on any
finite horizon will stay most of the time in the vicinity of an extremal
steady state and will ultimately converge to it if the time interval becomes
unbounded. Finally in Section 5, some existence results for overtaking
optimal control are presented.

2. PROBLEM STATEMENT

We consider the population evolution system described by the following
first-order partial differential equation with boundary control

op(r,t)y Op(r,t
.p_(r._).p.—‘—pﬁ——): —u(r) p(r, 1), O<r<r,, t>0,
ot or

P(ra0)=P0(r)7 Oérérm, (1)

p(0.0)=p(0) [ k() W(r) plr, D, 10

in which p(r, 1) is the population density, r denotes age, ¢ represents time;
r,, is the maximum age; p(¢), the control variable, is the specific fertility
rate of females at time ¢; k(r) and A(r) denote, respectively, the female ratio
and the fertility pattern; [r,, r,] is the fertility interval with {72 a(r) dr=1.
The initial population density p(r) is a nonnegative function and the
mortality rate u(r) satisfies

f'u(p)dp< +00,  r<r,,
0
fo ulp) dp = +oo0.

Assume that the population parameters in Eq. (1) are nonnegative and
measurable functions. Furthermore, let 8, 4, and k be bounded functions
whose values outside their domain of definitions are zero.
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By the method of characteristics, the solution of Eq. (1) can be written
{(formally) as

pO(r __ t) e‘!‘,’-*ﬂ‘(ﬂ)dp, r 2 t,
plr, )= (2)

B(t—r) j" k(s) h(s) p(s, t—r) ds e~ Som@de, <y
ri

The classical solution of (1) is a solution of (2). Under certain smoothness
conditions on the population parameters, the two are equivalent. For a
detailed discussion, see [6].

For an arbitrary po(r)e L*(0,r,,), Eq.(2) in L*0,r,) has a unique
solution p(r, t)e C(0, oo ; L*(0, r,,)).

Because of the above reasons, we call the solution of Eq. (2) as a weak
solution of Eq. (1). Unless otherwise stated, in what follows when we speak
of solution of Eq. (1) we shall mean the weak solution.

Consider now the optimal control problem. The performance of the
system on any interval [0, t] is evaluated by the cost functional

5B p0=[ [ Liptr o) By dr s 3

where L:L*0,r,)x[0,0)— L*0,r,) is a continuously differentiable
function. We call «/( p,) the set of pairs (5, p) which satisfy

(1) B(-)eUu={BOIO<B<P()<P,, te[0,00) ae, B(r) is

measurable on [0, c0)}.
(2) p(-,-)is given by (2).

Then B(-) is called an admissible control at py, and p(-, -) is the associated
trajectory.

In this paper, we consider our problem on an infinite horizon, and we do
not a priori assume the convergence of (3) as # — c0. Hence we need to
consider the following weaker notions of optimality.

DeriNITION 1. (B*, p*)e #(p,) is overtaking optimal at p, if for any
other pair (B, p)e &/ (po)

lim [J(B, p, 1) —J(B*, p* 1)]20. (4)

1 00

In other words, for every (p, 8)e &/ (p,), any fixed T>0, and every ¢ >0,
there exists ¢ with ¢ = T such that

J(B*, p*, )< J(B, p, 1) +e. (5)



44 CHAN AND GUO

For any fixed T and an overtaking optimal control pair ($*, p*), define
the finite horizon optimal control problem:

Minimize J(8, p. T')

subject to
op(r, op(r, t
p(r I)+ p(r ) _ —u(r) p(r, t), 0<r,, >0,
ot or
(6)
p(r, 0) = po(r), OSr<rm

pO.0=B(0) [ kr)hir) p(r 0y dr, 120,

r1

p(r’ T)=P*(r» T)» B()E Uad'

For notational convenience, we denote the infinite horizon problem the
IHP problem, and the associate finite horizon problem the FHP problem.
First, we have the following apparent result:

PrROPOSITION 1. If (B*, p*) is optimal for IHP, then it is optimal for
FHP.
Proof. If (B*, p*) is not FHP optimal for IHP, then for some (f, p)

P

satisfying (6), B(-)e U,,, and some ¢ >0 we have
T prm ~ T rrm
[ 7 2t 0, foyarar<[ " [ Lip*(r, 1), p*1)) dr dt .
o Yo 0 Y0

Let (8, p) be defined by
(B(2), ptr, 1)) = (B*(1). p*(r, 1)) forall te(T, o),
= (1), p(r. 1)) forall re[0, T].

We then have (f, p)e o/ (p,) and
[ Lt o funarde<{ [7 LG 01, po(e)) ar de—e
0°0 0°0

for all ¢ = T. This last statement contradicts the optimality of (f*, p*). This
concludes the proof of the proposition.
We proved minimum principle for FHP problem in [1].

THEOREM 1. Let (B*, p*) be the solution of FHP; then there exist
Aor=0, ar(r)e L*(0, r,,), not both zero, such that the following minimum
principle holds,

B*(1) Hy(B*, p*)= max BHg(*, p*), Vie [0, T]ae, (7a)

Bos <y
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where
H(B, p)=2(t) B [ k() hr) pir, 1) dr = dor L p, B),
GH(B*, p*)
Hy(p, p) =,
q+(2) is the solution of the adjoint equation
oq(r, dq(r, OL(p*, B*
e+ L ) 400~ 20 K ) 00+ 2or P,

q(r, T)=ar(r),
q(0, 1) =g ().

As with Eq. (1), we call solutions (weak solutions) of Eq. (7) to be the
solutions of

grit)=e=R "Mooy (T_p)

+ '[Te”fa_"‘(”’d”ﬁ*(s) k(s—t)h(s—1t) g(s) ds

ds,

(s~ 1,3)

T s OL(p*, B*)

) —fo ‘upydp _0F 2 F
OTJI € ap
gr,t)y=e T Doy (o4 T 1)

T
+J‘ e-l"+s—ly(p)dpﬁ*(s) k(r+s—t)h(r+s— t)qr(s)ds
t

ds,

(r+s—1t,s)

T pas- OL(p*, B*)
—2 —f s —tu(p)dp
OTJI € 6]7
0<1<T, 0<r<r,, (8)

Proposition 1 tells us that if (8*, p*) is optimal for THP, then it must
satisfy the minimum principle (7) on [0, T']. Equation (7a) is equivalent to

[ar0 [" k) o = [ R 4]

0 op
[B—B*()]1<0,  VBe[Bo, B,],te[0, T]ae. 9)

Since Aoy, ar(r) cannot vanish simultaneously, we may assume that
1(Zo7> pr,(r, 0)ll, as T;— oo to be a monotone increasing series, such that

409/150/1-4
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Aor,— Ao and pr.(r)—a(r) (in the weak sense). By (8), it can be shown
easily that

qr,—4q(1),
a(0)=[ " e o (5) ks — 1) s = ) () ds

ds

(s—ts)

i, fmme—fmmp OL(p*, B*)
‘ op

q(r, t) = JH " e 7T oo X () fe(r 4+ 5 — 1) h(r + s — 1) g(s) ds

. i Jur,,,-r I oo OL(p*, B*)
H

. 10
2 ds (10)

(r+s—t,s)

Under the assumption that

Assumption 1.
OL(p*, B*)

rm e ~Jonlp)dp
op

0

dr < oo, Vie [0, 0)ae., (11)

(r.r}

Eq. (10) has a unique solution and ¢(r, ¢) is the mild solution of adjoint
system

,) , 24051
or ot
= r) gl )= B0 k() W) gt0)+ 2 T
(0, 1) =q(2). (12)
Furthermore, if we assume
Assumption 2.
;]ingo L’"’ ¢ —Jomtprap a_Lﬁ%*p’_ﬁQ o dr=0, (13)
then there is a transversality condition
q(r, 0)=0. (14)

THEOREM 2 (Minimum Principle). Under Assumptionsl and 2, the
overtaking optimal control (B*, p*) satisfies

B*(t) Hy(B*, p*)= ,max BH4(B*, p*),  Vte[0,0]ae,

<B<h
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where

H(B, p)=a(t) B() | klr) h(r) plr, 1) dr — 2 L(p, B),

OH(B*, p*)
* *y
Hﬁ(ﬁ > D ) 6/3 )
and q(t) is the solution of the adjoint equation
og(r,t) Og(r, 1) _ e oL(p*, B*)
G = D9 0= FHO K K g0+ A
q(r, (X))=0,

q(os t)=q(t)a

where A, =0, q(t) are not both zero.

3. THE TURNPIKE PROPERTY
In this part we investigate the asymptotic convergence properties of
overtaking optimal trajectory. In the literature these are the so-called
turnpike properties. We assume the following:

Assumption 3. L(p(-), B) satisfies the following growth condition: there
exist K, >0 and K> 0 such that

1POV2+ 82> K= [ Lip(r), B) dr > K0P+ ) (15)

and L(p(-), B) is convex on L2(0, r,,) x [Bo, B1].

Assumption 4. There is an unique constant ¢ >0, B, < f < B, such that

j'”L(ae—IBHWP, f)dr= min j'”L(ce—féu(ﬂ)dﬂ, Bydr.  (16)
c<0
° Bo<B<h 0

We can now establish the weak turnpike theorem

THEOREM 3. Under Assumptions 3 and 4 if (p(r, t), B(t)) € S (p,) is such
that

T prm
B[] "L 0, B0) - L(p(n), Pl dr di=a <o, (1)
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then necessarily

b prm 17,
7B 0 dr~ )3 [ B di B (18)

where p(r) = e ~Jom(o)d,

Proof. First we show that there exists a constant M >0 such that
er p(r,t)dr<M, Vi=0. (19)
]
In fact, by (2) for T>r,,

frmﬁ(r, T) dr = f’m B’(T_ r) '(’2 k(s) h(s) ﬁ(s, T— r) ds e-j‘gp(p)dp dr
0 0 "
T " T~—1
:j ﬂ(t)f k(r) h(r) p(r, t) dre Yo eI gy
T—ry r
= T By e B woras [ " k(r) K(r) B(r, 1) dr dt
T—rm 0

T 'm

M| ["prrydra,
T—rp*0

where M is a constant. If T, — oo such that j{,'" Plr, Ty} dr - oo, then the

above expression says that

Tk 'm
f‘ [T o ndrdt> +0 a5 koo (20)

Tr—rm Y0
Using Jensen’s inequality on L

1 o7
=

fo"' L(3(r, 1), B(2)) dr dt

m Th—rm
m 1 T; 1 T}
> L(——fk pr e~ B’(t)dt)dr
0 P YT — 1 T VT —rm
1 m 2
= - p s d
KI: T '[Tk"m p(r t) f J

- 00, as k- oo,

ie, lim,_ 7 _, o L(p(r, 1), B(2)) drdt = +o0. This contradicts (17),
and hence (19) holds.
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Second, we show that there exists a constant M such that
1T N
” ?f 3(r, 1) d:” <M, VT>o. 1)
0
Suppose the contrary, that there exists a sequence {7}, T, ~ co such that
1%
H——J p(r, t)dtH—» +a0, as t-— 0.
Ty
Using Jensen’s inequality again on L

1 Ty rrm
j jo L(p(r, t), B(2)) dr dt

T, o
m 1 7 . 1 T
> JO mL(E L r, 1) dt, - L B(t)dt) dr

1 % 2
ZKU?JO B(r, 1) dt ]
we obtain
1 Ty 2 m
k| |7 [ aoal |- Lo b

1 (T prm . m )
sﬁfo Uo L(p(r, 1), E(t))—L L(p(r), [}C,)] dr dt.

This contradicts (17) and so (21) holds.
Finally, for every z(r)e C'(0, r,,), z(r)=0 on (r,, r,,), for some r.<r,,,
it can be shown that

CB(r, 1) = polr), z(r)>

= [ 50,2y dez(0) = [ Cutr) Bl 21, 20)Y e+ [ <t 2), 2(0)) e
(22)

SO

<ﬁ(r’ t)_pO(r)’ Z(r)>

|-

LT em
=?Io B’(t)f k(r) h(r) p(r, t) dr dt - z(0)

1,7 1,7
~7 ), WOV BN de [ <A 2 d (23)
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Suppose (p*(r), f*) is a weak cluster point of the set

{(lTjol plr, 1) dt, inor B dt)}.

When T goes to infinite in (23), we have

<ulr) p*(r), z(r)y + {p*(r), 2'(r) > =0

for all z(r)e CL(0,r). So p*(r)y=ce lor®¥% >0. By (17), Jensen’s
inequality, and the continuity of [* L(p(r), B) dr, we see that

|7 Loy gy ar<[ " Lip(r), ) ar.

Therefore, by the uniqueness of (j, ), we have
p*(r)=p(r),  B*=4,
and this completes the proof.
Define the operator A: L*(0, r,,) » L*(0, r,,) by
Ag(r)=¢'(r) + u(r) ¢(r),
D(A) = {$(r)|4(r), Ag(r) € L*(0,,,) }; (24)
then it follows that
AN(r)= —y'(r) + ulr) Y(r),
D(A*)={y(r)[¥(r), A*y(r)e L*0, r,,)}. (25)
By the assumptions already made on L, we know that there exists a

Y(r)e D(A*) such that

" Lty Brar<[ " L(p(r), B) dr = Cplo), A%
forall p(r)>0, Be[Bo, By 1. (26)
Let Lo(p(-), B): L*(0, r,,) x R' = [0, o0) be defined by
;" Lepr) By dr = [ Li(r). B) dr = < p(r), A%(r)>

Lo(P()’ ﬁ)‘—‘ forall p(r)>09 ﬁe[ﬁos ﬂl]y

+ 00, otherwise.
(28)
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Then Lo( 5(-), f) = 0. Furthermore, L, also satisfies the growth condition:

I p(N* + B> Ky = Lo( p(-), B) = K (Il p(r)II* + B7). (28)

LeMMA 1. If an admissible pair ((-, ), B(-)) € (p,) satisfies
7 Lot By di< o0 (29)

then necessarily || p(-, t)|| is bounded for t > 0.
Proof. As in [5], we define
Qr={t=T||p(-, D*>K,}
for each T>0 and similar arguments show that

lim mes(2;)=0.

T— o
Choose ¢ > 1 sufficiently large so that

mes(Q2,)< 1.

Then for each re,, there exists he[0,1] so that t—h¢Q,. Let
o=1t—h, then

p(r, o+ h)y=S(h) p(r, o)

P(r—h, o) e fr-wuo)de, r=h,

B(r, 1)

Blh—r) f” k(s) h(s)[ S(h —r) j(s, 6)] dse~Somo e 1< p.

By this we can show easily that

WA, DI <M p(-, o), M=const.

This is the desired result.

Remark. It can be shown that under the condition (17) and the
assumption of Theorem 2 it follows that

J, Lotp 0. By di < oo

and therefore || p(-, ¢)|| is bounded for ¢ >0.
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We introduce the set
G={p(r)e L*0,r,) 3 Be[Bo, 115t Lo(p(-), B)=0} (30)
and the following
DerFINITION 2. Let & be the family of all trajectories p(r, -) =0 such

that
p(-,t)eGae.  on [0, ).

We say that G has property ¢ (for convergence) if p(-, ¢) e p(-)ast—»
uniformly in £.

The following results are true.

THEOREM 4. Under Assumptiond, if G has the property 9 and if a
feasible pair (p, B) is such that

| Lo(p 0 By di < oo, (31)
then, necessarily, p(-, t) converges weakly to p(-) as t > .

COROLLARY. In addition to the hypotheses given in Theorem 3, let us
suppose that there exists a pair (p, B) e o/ (po) such that (31) holds; then if
in the class of all bounded irajectories there exists an overtaking optimal
solution, say (p, B), it follows that

lim p(-.t)=p(-) in the weak sense.

>0

Remark. 1If the system (1) is controllable, ie., there exist §(t)e U and
T>0, such that the corresponding trajectory p(r, t) satisfy

p(r, T)=p(r)
and define
(p(r, 1), B(1)), 0<1<T,

(M““m”zﬂﬂaﬂx (>T,

then condition (31) is satisfied.

3. EXISTENCE OF OVERTAKING OPTIMAL SOLUTIONS

Assumption 5. There exists (j(r, t), B(t)) e #(p,) such that

[ [ 2 0. ey dr<oo. (32)
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THEOREM 5. Under Assumption5 there exists an overtaking optimal
solution (p, B).

Proof. Let

®=inf { 717 Lot 0. g ar e, (5, ) ed(po)}.

By assumption, ¢ is finite. Let (p,, §,) € #(p,) be a minimizing sequence.
For any fixed T>0, since B,(1)e[fo, B,] for >0, we may extract, if
necessary, a subsequence f(¢) such that

B.(t)— B(t)  weaklyin L0, T).

Since {f(¢)|B(z)e [Bo, B,] for 1[0, T] ae.} is a closed convex subset of
L*0, T), it is weakly closed, and hence f(¢) e [ B, §,] for re [0, T] a.e. By
(2) pu(-, )= p(-, 1) weakly in L*0, T; L*(0,r,) and (5, f)e #(po). By
convexity

LT Lm L(p(r, 1), B(1)) dr dt

is weak Ls.c. over L*(0, T; L*(0, r,,)) x L*(0, T). This shows that

[ Lot o, By drar< o

and (p, f) is an overtaking optimal solution.
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