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a b s t r a c t 

In this paper, we consider performance output tracking for a boundary controlled one-dimensional wave 

equation with possibly unknown internal nonlinear uncertainty and external disturbance. We first show 

that the open-loop system is well-posed and then propose a disturbance estimator. It is shown that the 

disturbance estimator can estimate successfully the total disturbance that consists of internal uncertainty 

and external disturbance. An servomechanism based on the estimated total disturbance is then designed. 

It is shown that the closed-loop system is well-posed. Three control objectives are achieved: (a) the out- 

put is tracking the reference signal; (b) all the internal signals are uniformly bounded; (c) the closed-loop 

system is internally asymptotically stable if both the reference signal and the disturbance vanish or be- 

long to the space H 

2 (0, ∞ ) and L 2 (0, ∞ ), respectively. The unmatched performance output tracking con- 

trol is first time applied to a system described by the partial differential equation for complete general 

disturbance rejection and reference tracking purpose. Another key feature of this paper is that we do not 

use the high-gain to estimate total disturbance for unmatched system. The numerical experiments are 

carried out to illustrate effectiveness of the proposed control law. 

© 2017 European Control Association. Published by Elsevier Ltd. All rights reserved. 
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. Introduction 

In this paper, we consider performance output tracking for a

ne-dimensional wave equation with Neumann boundary control

nd unknown internal nonlinear uncertainty and external distur-

ance. The system is governed by the following partial differential

quation: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

w tt (x, t) = w xx (x, t) , x ∈ (0 , 1) , t > 0 , 

w x (0 , t) = qw t (0 , t) + f (w (·, t)) + d(t) , t ≥ 0 , 

w x (1 , t) = u (t) , t ≥ 0 , 

w (x, 0) = w 0 (x ) , w t (x, 0) = w 1 (x ) , x ∈ (0 , 1) , 

y m 

(t) = { w (0 , t) , w t (1 , t) } , t ≥ 0 , 

y o (t) = w (1 , t) , t ≥ 0 , 

(1.1) 
� This work was carried out with the support of the National Natural Science 

oundation of China , and grant No. 800/14 of the Israel Science Foundation. 
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here we denote by w 

′ (x, t) or w x (x, t) the derivative of w (x, t)

ith respect to x and by ˙ w (x, t) or w t (x, t) the derivative of

 (x, t) with respect to t . The u ( t ) is the control input, y m 

( t ) the

easured output, y o ( t ) the performance output signal to be reg-

lated, f : H 

1 (0 , 1) → R an unknown possibly nonlinear mapping

hat represents internal uncertainty. Examples include like f (w ) =
in (w 

2 (0 , t)) , f (w ) = sin ( 
∫ 1 / 2 

1 / 3 w (x, t) dx ) . These nonlocal boundary

ondition arises mainly when the data on the boundary can-

ot be measured directly [1] . The d ( t ) is the unknown external

isturbance which is only supposed to satisfy d ∈ L ∞ (0, ∞ ), and

 > 0( � = 1) is a constant. 

For a given reference signal r ( t ), we are expected to design an

utput feedback control for uncertain system (1.1) to reject the ex-

ernal disturbance so that 

 (t) = y o (t) − r(t) → 0 as t → ∞ . (1.2)

System (1.1) is a typical non-collocated Neumann control prob-

em: Control is on the one end and the disturbance is on the other

nd, which was first investigated in [12] where no internal uncer-

ainty is concerned and the external disturbance is of harmonic

isturbance only, i.e., d(t) = 

∑ m 

j=1 (θ j sin (α j t) + ϑ j cos (α j t)) .
rved. 
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Except the general external disturbance, another point that is

different from [12] is that for asymptotic stability of the closed-

loop system, we only assume that the disturbance and reference

signal belong to L 2 (0, ∞ ) and H 

2 (0, ∞ ), respectively, which does

not necessarily vanish at infinity required in [12] . This paper is a

non-trivial generalization of the results from [12] . The boundary

condition in (1.1) implies that system (1.1) suffers from the exter-

nal disturbance and the internal uncertainty and system (1.1) is

exponentially stable when there are no disturbance and control

input involved. 

The above problem is a special kind of output regulation prob-

lem where the disturbance is not limited to special class. It is well

known that the output regulation is one of the fundamental is-

sues in control theory. There are many works dedicated to the

output regulation for finite-dimensional systems since from [3,4,9] ,

and the related results have been generalized to the infinite-

dimensional systems, see, for instance, [2,5,6,14,17–20] , among

many others. These results are based on the internal model prin-

ciple where reference signal and disturbance are generated by ex-

osystem. For finite harmonic signals, this requires the frequencies

to be known. A few surveys are contributed to estimate the fre-

quencies [16] where the order of parameter update law is huge as

the number of frequencies increase. A first attempt on an infinite-

dimensional signal is [13] where a general periodic signal that

has infinitely many frequencies is considered. However, it does not

cover general disturbance considered in this paper. A recent inter-

esting work is [15] where output tracking problem is considered

for a general 2 × 2 system of first order linear hyperbolic PDEs but

no uncertainty and disturbance are taken into consideration. 

To the best of our knowledge, the general disturbance signals

are not considered in output tracking problems for PDEs. In this

paper, we solve the performance output tracking problem with

general disturbance by designing a new disturbance estimator that

can estimate the total disturbance yet does not use high-gain in es-

timation. For external disturbance estimation/cancellation only, we

refer to [10,11] via active disturbance rejection control. 

We consider system (1.1) in the state Hilbert space H =
H 

1 (0 , 1) × L 2 (0 , 1) with the inner product given by 

〈 (φ1 , ψ 1 ) 

 , (φ2 , ψ 2 ) 


 〉 H = 

∫ 1 

0 

[ φ′ 
1 (x ) φ′ 

2 
(x ) + ψ 1 (x ) ψ 2 (x ) ] dx 

+ φ1 (0) φ2 (0) , ∀ (φi , ψ i ) 

 ∈ H , i = 1 , 2 . (1.3)

Define the operators A : D (A )(⊂ H ) → H and B 1 , B 2 : R → H as ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

A (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A ) , 

D (A ) = 

{
(φ, ψ) 
 ∈ H 

2 (0 , 1) × H 

1 (0 , 1) 

: φ′ (0) = qψ(0) + φ(0) , φ′ (1) = 0 

}
, 

B 1 = (0 , δ0 ) 

 , B 2 = (0 , δ1 ) 


 , D (B 1 ) = D (B 2 ) = R , 

(1.4)

where δa is the Dirac distribution which satisfies δa (φ) = φ(a ) for

all φ ∈ H 

1 (0, 1). It is readily found that ⎧ ⎨ ⎩ 

A 

∗(φ, ψ) 
 = (−ψ, −φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A 

∗) , 

D (A 

∗) = 

{
(φ, ψ) 
 ∈ H 

2 (0 , 1) × H 

1 (0 , 1) 

: φ′ (0) = −qψ(0) + φ(0) , φ′ (1) = 0 

}
. 

(1.5)

The system (1.1) can be rewritten as 

d 

dt 

(
w (·, t) 
w t (·, t) 

)
= A 

(
w (·, t) 
w t (·, t) 

)
+ B 1 ( f (w (·, t)) 

− w (0 , t) + d(t)) + B 2 u (t) . (1.6)

Before stating Proposition 1.1 , we introduce some terminology. Let

X and U be Hilbert spaces. Suppose that A generate a C 0 -semigroup

e At on X . Let X −1 be the completion of X with respect to the norm

‖ x ‖ −1 = ‖ (βI − A ) −1 x ‖ , where β is some element in the resolvent
et ρ( A ). An operator B ∈ L (U, X −1 ) is an admissible control opera-

or to e At if for some (hence for any) τ > 0 and for every u ∈ L 2 ([0,

 ); U ), 

τ u = 

∫ τ

0 

e A (τ−σ ) Bu (σ ) dσ ∈ X 

the integral is computed in X −1 ). Then, this integral gives the

trong solution of ˙ z (t) = Az(t) + Bu (t) in the space X , correspond-

ng to z(0) = 0 , evaluated at the time τ . B is called bounded if

 ∈ L ( U , X ), and unbounded otherwise. If B is admissible and α > 0,

hen there exists M α ≥ 0 such that 

 (sI − A ) −1 B ‖ L (U,X ) ≤
M α√ 

Re s − α
for Re s > α. 

or more admissibility and its properties, we refer the reader to

21, Chapter 4] . 

roposition 1.1. The operator A defined by (1.4) generates a C 0 -

roup e A t on H and B 1 and B 2 are admissible to e A t . Suppose that

f : H 

1 (0 , 1) → R is continuous and satisfies local Lipschitz condi-

ion in H 

1 (0, 1) . Then, for any (w 0 , w 1 ) 

 ∈ H , u ∈ L 2 

loc 
(0 , ∞ ) , and

 ∈ L 2 
loc 

(0 , ∞ ) , there exists a unique local solution to (1.1) such that

(w (·, t) , ˙ w (·, t)) 
 ∈ C(0 , T ; H ) for some T > 0 and for t ∈ [0, T ), 

w (·, t) 
w t (·, t) 

)
= e A t 

(
w 0 (·) 
w 1 (·) 

)
+ 

∫ t 

0 

e A (t−s ) 
B 1 [ f (w (·, s )) − w (0 , t) + d (s )] d s 

+ 

∫ t 

0 

e A (t−s ) 
B 2 u (s ) ds. (1.7)

oreover, if f : H 

1 (0 , 1) → R satisfies the uniform Lipschitz condi-

ion 

 f (w 1 ) − f (w 2 ) | ≤ L ‖ w 1 − w 2 ‖ H 1 (0 , 1) , ∀ w 1 , w 2 ∈ H 

1 (0 , 1) , 

or some L > 0 or f : H 

1 (0 , 1) → R is bounded. Then, there ex-

sts a unique global solution (w, ˙ w ) 
 ∈ C(0 , ∞; H ) to (1.1) satisfying

1.7) with T = + ∞ . 

roof. By Lemma 6.1 in Appendix , A generates a C 0 -group e A t on

 . We now show that B 1 and B 2 are admissible to e A t . By [21, The-

rem 4.4.3] , it suffices to show that B 

∗
1 

and B 

∗
2 

are admissible ob-

ervation operators for the adjoint semigroup e A 
∗t . This is equiva-

ent to showing that a) B 

∗
1 A 

∗−1 and B 

∗
2 A 

∗−1 are bounded from H

o C , and b) for every T ∗ > 0, there exists M T ∗ > 0 depending on T ∗
nly such that the system of the following: 
 

 

 

 

 

 

 

 

 

 

 

w 

∗
tt (x, t) = w 

∗
xx (x, t) , x ∈ (0 , 1) , t > 0 , 

w 

∗
x (0 , t) = −qw 

∗
t (0 , t) + w 

∗(0 , t) , t ≥ 0 , 

w 

∗
x (1 , t) = 0 , t ≥ 0 , 

w 

∗(x, 0) = w 

∗
0 (x ) , w 

∗
t (x, 0) = w 

∗
1 (x ) , x ∈ (0 , 1) , 

y w 

= (w 

∗
t (0 , t) , w 

∗
t (1 , t)) , t ≥ 0 , 

(1.8)

atisfies 
 T ∗

0 

[(w 

∗
t (0 , t)) 2 + (w 

∗
t (1 , t)) 2 ] dt ≤ M T ∗‖ (w 

∗
0 , w 

∗
1 ) 


 ‖ H . (1.9)

y Lemma 6.1 in Appendix , it is easy to see that (1.8) admits

 unique solution (w 

∗(·, t) , w 

∗
t (·, t)) 
 ∈ C(0 , ∞; H ) and there exist

wo constants M 

∗ > 0, and ω ∗ ∈ R such that for all t ≥ 0, 

 1 

0 

[(w 

∗
x (x, t)) 2 +(w 

∗
t (x, t)) 2 ] dx + (w 

∗(0 , t)) 2 ≤M ∗e ω ∗t ‖ (w 

∗
0 , w 

∗
1 ) 


 ‖ 

2
H

(1.10)

et 

∗(t) = 

∫ 1 

(2 x − 1) w 

∗
x (x, t) w 

∗
t (x, t) dx. (1.11)
0 
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hen 

 ρ∗(t) | ≤ 1 

2 

∫ 1 

0 

[(w 

∗
x (x, t)) 2 + (w 

∗
t (x, t)) 2 ] dx. (1.12)

inding the derivative of ρ∗ ( t ) along the solution of (1.8) , we ob-

ain 

˙ ∗(t) = (w 

∗
t (0 , t)) 2 + (w 

∗
t (1 , t)) 2 + (w 

∗
x (0 , t)) 2 + (w 

∗
x (1 , t)) 2 

−
∫ 1 

0 

[(w 

∗
x (x, t)) 2 + (w 

∗
t (x, t)) 2 ] dx, (1.13) 

hich, together with (1.10) and (1.12) , gives 
 T ∗

0 

[(w 

∗
t (0 , t)) 2 + (w 

∗
t (1 , t)) 2 ] dt ≤ ρ∗(t) − ρ∗(0) 

+ 

∫ T ∗

0 

∫ 1 

0 

[(w 

∗
x (x, t)) 2 + (w 

∗
t (x, t)) 2 ] dx 

≤
(

1 

2 

+ 

(
1 

2 

+ T ∗
))

M ∗e ω ∗T ∗‖ (w 

∗
0 , w 

∗
1 ) 


 ‖ 

2 
H 
. (1.14) 

 direct computation shows that 
 

 

 

 

 

 

 

A 

∗−1 (φ, ψ) 
 = 

(
qφ(0) + (1 + x ) 

∫ 1 

0 

ψ(x ) dx 

−
∫ x 

0 

(x − ξ ) ψ(ξ ) dξ , −φ(x ) 
)


 , 

B 

∗
1 A 

∗−1 (φ, ψ) 
 = −φ(0) , B 

∗
2 A 

∗−1 (φ, ψ) 
 = −φ(1) 

(1.15) 

y the Sobolev embedding theorem, H 

1 (0, 1) ↪→ C (0, 1). By

∈ H 

1 (0, 1) and (1.15) , we know that B 

∗
1 A 

∗−1 and B 

∗
2 A 

∗−1 are

ounded from H to C , which, together with (1.14) , implies that B 1 

nd B 2 are admissible to e A t . Therefore, for any fixed T > 0, and for

ny given u, d ∈ L 2 
loc 

(0 , ∞ ) , we have 

 t 

0 

e A (t−s ) 
B 1 d (s ) d s ∈ C(0 , T ; H ) , and 

 t 

0 

e A (t−s ) 
B 2 u (s ) ds ∈ C(0 , T ; H ) . (1.16) 

enote by F (w (·, t)) = f (w (·, t)) − w (0 , t) . Since f : H 

1 (0 , 1) → R

atisfies the local Lipschitz condition, so does F . For any initial

alue (w 0 , w 1 ) 

 ∈ H , let (η1 (t) , η2 (t)) 
 = e A t (w 0 (·) , w 1 (·)) 
 . For

ny given σ > max 0 ≤t≤1 ‖ η1 (t) ‖ H 1 (0 , 1) > 0 and for t ∈ [0, 1], define

 set �t given by 

t = { z : (z, z t ) ∈ H , ‖ z − η1 (t) ‖ H 1 (0 , 1) ≤ σ } . 
hen there exists a constant L σ > 0 independent of t such that 

 F (z 1 ) − F (z 2 ) | ≤ L σ‖ z 1 − z 2 ‖ H 1 (0 , 1) , ∀ z 1 , z 2 ∈ �t . (1.17)

he admissibility of B 1 implies that for all t > 0, ∫ t 

0 

e A (τ−s ) 
B 1 ζ (s ) ds 

∥∥∥
H 

≤ C t ‖ ζ‖ L 2 (0 ,t) ≤ C t t‖ ζ‖ L ∞ (0 ,t) (1.18)

or some constant C t which is independent of ζ . By [22, Proposi-

ion 2.3] , we know that C t is nondecreasing with respect to t . Let

≤ 1. Then C τ ≤ C 1 . Choose τ > 0 so that C 1 τ L σ < 1 and 

 1 τ L σ

(
σ + 

∥∥∥∥e A t 
(

w 0 (·) 
w 1 (·) 

)
+ 

∫ t 

0 

e A (t−s ) 
B 1 d (s ) d s 

+ 

∫ t 

0 

e A (t−s ) 
B 2 u (s ) ds 

∥∥∥∥
C(0 , 1 ;H ) 

) 

< σ. (1.19) 

et 

= 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

(ϕ(·, t) , ϕ t (·, t)) 
 ∈ C(0 , τ ; H ) : ϕ(·, 0) = w 0 (·) , 
ϕ t (·, 0) = w 1 (·) ∥∥∥∥(

ϕ 1 (·, t) 
ϕ 1 t (·, t) 

)
− e A t 

(
w 0 (·) 
w 1 (·) 

)
− ∫ t 

0 e 
A (t−s ) 

B 1 d (s ) d s 

− ∫ t 
0 e 

A (t−s ) 
B 2 u (s ) ds 

∥∥
H 

≤ σ

⎫ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎭ 
e a closed subset of C(0 , τ ; H ) . Define the nonlinear map F from

to C(0 , T ; H ) by 

 

(
ϕ(·, t) 
ϕ t (·, t) 

)
= e A t 

(
w 0 (·) 
w 1 (·) 

)
+ 

∫ t 

0 

e A (t−s ) 
B 1 d (s ) d s 

+ 

∫ t 

0 

e A (t−s ) 
B 2 u (s ) ds 

+ 

∫ t 

0 

e A (t−s ) 
B 1 F (ϕ(·, s )) ds. (1.20) 

t follows from (1.17), (1.18) , and (1.20) that for any ( ϕ 1 , ϕ 1 t ) 

 , ( ϕ 2 ,

2 t ) 

 ∈ �, 

F 

(
ϕ 1 (·, t) 
ϕ 1 t (·, t) 

)
− F 

(
ϕ 2 (·, t) 
ϕ 2 t (·, t) 

)∥∥∥∥
H 

= 

∥∥∥∥∫ t 

0 

e A (t−s ) 
B 1 [ F (ϕ 1 (·, s )) − F (ϕ 2 (·, s ))] ds 

∥∥∥∥
H 

≤ C t t‖ F (ϕ 1 (·, s )) − F (ϕ 2 (·, s )) ‖ L ∞ (0 ,t) 

≤ C 1 τ‖ F (ϕ 1 (·, s )) − F (ϕ 2 (·, s )) ‖ L ∞ (0 ,τ ) 

≤ C 1 τ L σ‖ ϕ 1 (·, s ) − ϕ 2 (·, s ) ‖ L ∞ (0 ,τ ;H 1 (0 , 1)) 

≤ C 1 τ L σ

∥∥∥∥(
ϕ 1 (·, s ) 
ϕ 1 t (·, s ) 

)
−

(
ϕ 2 (·, s ) 
ϕ 2 t (·, s ) 

)∥∥∥∥
C(0 ,τ ;H ) 

, (1.21) 

hich, together with C 1 τ L σ < 1, implies that F is a strict contrac-

ion on �. Letting (ϕ 2 , ϕ 2 t ) 

 = (0 , 0) 
 in (1.21) , by (1.19) , we can

ee that F � ⊂ �. By the contraction mapping theorem, (1.20) has

 unique fixed point (w, ˙ w ) 
 ∈ C(0 , T ; H ) , which is a solution of

1.7) . 

Now, we claim the second assertion. Suppose that f ( · ) satisfies

he uniform Lipschitz condition with constant L . So does F ( · ) with

onstant L + 1 . Let [0, T ) be the maximal interval of existence of

he solution of (1.1) . Obviously, it suffices to show that T = + ∞ .

ssuming T < ∞ , it follows from (1.18) that for t ∈ [0, T ), ∫ t 

0 

e A (t−s ) 
B 1 F (w (·, s )) ds 

∥∥∥2 

H 

≤ C 2 t ‖ F (w (·, s )) ‖ 

2 
L 2 (0 ,t) 

≤ C 2 T ‖ F (w (·, s )) ‖ 

2 
L 2 (0 ,t) 

≤ C 2 T (L + 1) 2 ‖ w (·, s ) ‖ 

2 
L 2 (0 ,t;H 1 (0 , 1)) 

= C 2 T (L + 1) 2 
∫ t 

0 

‖ w (·, s ) ‖ 

2 
H 1 (0 , 1) ds 

≤ C 2 T (L + 1) 2 
∫ t 

0 

∥∥∥(
w (·, s ) 
w t (·, s ) 

)∥∥∥2 

H 

ds. 

(1.22) 

ince the solution on [0, T ) satisfies (1.7) , by (1.22) , we have (
w (·, t) 
w t (·, t) 

)∥∥∥∥2 

H 

≤ 2 

∥∥∥∥e A t 
(

w 0 (·) 
w 1 (·) 

)
+ 

∫ t 

0 

e A (t−s ) 
B 1 d (s ) d s 

+ 

∫ t 

0 

e A (t−s ) 
B 2 u (s ) ds 

∥∥∥∥2 

H 

+ 2 

∥∥∥∥∫ t 

0 

e A (t−s ) 
B 1 F (w (·, s )) ds 

∥∥∥∥2 

H 

≤ 2 max 
t∈ [0 ,T ] 

∥∥∥∥e A t 
(

w 0 (·) 
w 1 (·) 

)
+ 

∫ t 

0 

e A (t−s ) 
B 1 d (s ) d s 

+ 

∫ t 

0 

e A (t−s ) 
B 2 u (s ) ds 

∥∥∥∥2 

H 

+ 2 C 2 T (L + 1) 2 
∫ t 

0 

∥∥∥(
w (·, s ) 
w t (·, s ) 

)∥∥∥2 

H 

ds, 
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which, by using Gronwall’s inequality, yields ∥∥∥∥(
w (·, t) 
w t (·, t) 

)∥∥∥∥2 

H 

≤ 2 max 
t∈ [0 ,T ] 

∥∥∥∥e A t 
(

w 0 (·) 
w 1 (·) 

)
+ 

∫ t 

0 

e A (t−s ) 
B 1 d (s ) d s 

+ 

∫ t 

0 

e A (t−s ) 
B 2 u (s ) ds 

∥∥∥∥2 

H 

e 2 C 
2 
T (L +1) 2 T , 

that is, (w, ˙ w ) 
 is uniformly bounded on H over [0, T ]. Thus, if

T < ∞ , similar to the proof of the existence of local solution, we

can prove that (1.1) has a unique solution on [0 , T + σ0 ) for some

σ 0 > 0. This is a contradiction. When f : H 

1 (0 , 1) → R is bounded,

similar contradiction also happens. Therefore, (1.1) admits a unique

global solution. �

Remark 1.1. By Proposition 1.1 , we can assume that f : H 

1 (0 , 1) →
R is continuous, and system (1.1) admits a unique solution

(w, ˙ w ) 
 ∈ C(0 , ∞; H ) . 

The next Lemma 1.1 is well-known and is not difficult to prove

by using the results of [21] and [22] . For the reader’s convenience,

we give a simple proof. 

Lemma 1.1. Let A be the generator of exponentially stable C 0 -

semigroup e At on the Hilbert space X. Assume that B ∈ L (U, X −1 ) is an

admissible control operator for e At . Then, the initial value problem 

˙ x (t) = Ax (t) + Bu (t) , x (0) = x 0 , 

admits a unique solution x ∈ C (0, ∞ ; X ), which tends to zeros as

t → ∞ if u ∈ L 2 (0, ∞ ; U ) or lim t→∞ 

‖ u (t) ‖ U = 0 , and is bounded if

u ∈ L ∞ (0, ∞ ; U ) . 

Proof. Since B ∈ L (U, X −1 ) is an admissible control operator, by

[21, Proposition 4.2.5.] , the solution can be represented as 

x (t) = e At x 0 + 

∫ t 

0 

e A (t−s ) Bu (s ) ds ∈ X. (1.23)

Since A generates an exponentially stable C 0 -semigroup e At , there

exist two constants M , μ> 0 such that ‖ e At ‖ ≤ Me −μt . Suppose

that u ∈ L ∞ (0, ∞ ; U ). By [22, Remark 4.7] , the admissibility of B

implies that there exists a constant L 1 > 0 independent of u ( s ) such

that ∥∥∥∫ t 

0 

e A (t−s ) Bu (s ) ds 

∥∥∥
X 

≤ L 1 ‖ u ‖ L ∞ (0 , ∞;U) , (1.24)

which, together with (1.23) and the exponential stability of e At , im-

plies that the solution x ( t ) is bounded. Next, suppose that u ∈ L 2 (0,

∞ ; U ). For any given σ > 0, there exists t 0 > 0 such that 

‖ u ‖ L 2 (t 0 , ∞;U) ≤ σ. (1.25)

It follows from the admissibility of B and [22, Remark 2.6] that ∥∥∥∥∫ t 

t 0 

e A (t−s ) Bu (s ) ds 

∥∥∥∥
X 

≤
∥∥∥∥∫ t 

0 

e A (t−s ) B (0 ♦
t 0 

u (s )) ds 

∥∥∥∥
X 

≤ L 2 ‖ u ‖ L 2 (t 0 , ∞;U) ≤ L 2 σ, (1.26)

where L 2 is a constant that is independent of u ( s ), and 

(u ♦
τ

v )(t) = 

{
u (t) , 0 ≤ t ≤ τ, 

v (t) , t > τ. 

Using the exponential stability of e At again, we have ∥∥∥e A (t−t 0 ) 

∫ t 0 

0 

e A (t 0 −s ) Bu (s ) ds 

∥∥∥
X 

≤ ‖ e A (t−t 0 ) ‖ 

∥∥∥∫ t 0 

0 

e A (t 0 −s ) Bu (s ) ds 

∥∥∥
X 

≤ Me −μ(t−t 0 ) 

∥∥∥∫ t 0 

0 

e A (t 0 −s ) Bu (s ) ds 

∥∥∥
X 

. (1.27)

Rewriting (1.23) as 

x (t) = e At x 0 + e A (t−t 0 ) 

∫ t 0 

0 

e A (t 0 −s ) Bu (s ) ds + 

∫ t 

t 

e A (t−s ) Bu (s ) ds, (1.28)

0 
t follows from (1.26) and (1.27) that 

 x (t) ‖ ≤ Me −μt ‖ x 0 ‖ + Me −μ(t−t 0 ) 

∥∥∥∫ t 0 

0 

e A (t 0 −s ) Bu (s ) ds 

∥∥∥
X 

+ L 2 σ. 

(1.29)

his shows that lim t → ∞ 

‖ x ( t ) ‖ ≤ L 2 σ . By the arbitrariness of σ ,

 ( t ) → 0 as t → ∞ . 

Finally, suppose that lim t→∞ 

‖ u (t) ‖ U = 0 . For any given σ > 0,

here exists t 0 > 0 such that 

 u ‖ L ∞ (t 0 , ∞;U) ≤ σ. (1.30)

t follows from the admissibility of B and [22, Remark 4.7] that ∫ t 

t 0 

e A (t−s ) Bu (s ) ds 

∥∥∥∥
X 

≤
∥∥∥∥∫ t 

0 

e A (t−s ) B (0 ♦
t 0 

u (s )) ds 

∥∥∥∥
X 

≤ L 1 ‖ u ‖ L ∞ (t 0 , ∞;U) ≤ L 1 σ. (1.31)

he rest of the proof is similar to (1.27) –(1.29) . This ends the proof

f the lemma. �

emark 1.2. Consider the control problem: ˙ x (t) = Ax (t) + B (u (t) +
(t)) , x (0) = x 0 , where d ( t ) is the disturbance. By Lemma 1.1 , if

 ∈ L 2 (0, ∞ ; U ), it does not affect the asymptotic stability of the

ystem. When d �∈ L 2 (0, ∞ ; U ), if we can find estimate ̂ d (t) of d ( t )

o that ( ̂  d − d) ∈ L 2 (0 , ∞;U) , we do not need to construct distur-

ance estimator likewise [10,11] such that ‖ ̂  d (t) − d(t) ‖ U → 0 as

 → ∞ which is usually stronger than ( ̂  d − d) ∈ L 2 (0 , ∞;U) . 

We proceed as follows. In Section 2 , we design a total distur-

ance estimator which estimates the total disturbance that consists

f internal uncertainty and the external disturbance. Section 3 is

evoted to design of servomechanism and output tracking of the

losed-loop system. Some numerical simulations are presented in

ection 4 for illustration. 

. Estimator design 

In this section, we design a disturbance estimator in terms of

nput and output ( u ( t ), y m 

( t )) for system (1.1) : 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

z tt (x, t) = z xx (x, t) , x ∈ (0 , 1) , t > 0 , 

z x (0 , t) = qz t (0 , t) + c 1 [ z(0 , t) − w (0 , t)] , t ≥ 0 , 

z x (1 , t) = u (t) , t ≥ 0 , ̂ d tt (x, t) = 

̂ d xx (x, t) , x ∈ (0 , 1) , t > 0 , ̂ d (0 , t) = z(0 , t) − w (0 , t) , t ≥ 0 , ̂ d x (1 , t) = −c 2 [ ̂
 d t (1 , t) − z t (1 , t) + w t (1 , t)] , t ≥ 0 , 

z(x, 0) = z 0 (x ) , z t (x, 0) = z 1 (x ) , x ∈ [0 , 1] , ̂ d (x, 0) = 

̂ d 0 (x ) , ̂ d t (x, 0) = 

̂ d 1 (x ) , x ∈ [0 , 1] , 

(2.1)

here c 1 , c 2 > 0 are the design parameters. We will show that this

stimator can estimate the total disturbance f (w (·, t)) + d(t) . It is

een that system (2.1) is completely determined by the measured

utput y m 

( t ) of system (1.1) and the control input u ( t ). 

Let ̂  z (x, t) = z(x, t) − w (x, t) . Then ̂

 z (x, t) is governed by 

 

 

 

 

 

 

 

̂ z tt (x, t) = ̂

 z xx (x, t) , x ∈ (0 , 1) , t > 0 , ̂ z x (0 , t) = c 1 ̂  z (0 , t) + q ̂  z t (0 , t) − f (w (·, t)) − d(t) , t ≥ 0 , ̂ z x (1 , t) = 0 , t ≥ 0 , ̂ z (x, 0) = ̂

 z 0 (x ) , ̂ z t (x, 0) = ̂

 z 1 (x ) , x ∈ [0 , 1] . 

(2.2)
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e consider system (2.2) in the state space H = H 

1 (0 , 1) × L 2 (0 , 1)

ith the inner product given by 

 (φ1 , ψ 1 ) 

 , (φ2 , ψ 2 ) 


 〉 = 

∫ 1 

0 

[ φ′ 
1 (x ) φ′ 

2 
(x ) + ψ 1 (x ) ψ 2 (x ) ] dx 

+ c 1 φ1 (0) φ2 (0) , ∀ (φi , ψ i ) 

 ∈ H , i = 1 , 2 . 

ystem (2.2) can be written as an evolutionary equation in H : 

d 

dt 

(̂ z (·, t) ̂ z t (·, t) 

)
= A z 

(̂ z (·, t) ̂ z t (·, t) 

)
+ B 1 (− f (w (·, t)) − d(t)) , (2.3)

here the operator B 1 is given by (1.4) and A z given by 

 

 

 

 

 

 

 

A z (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A z ) , 

D (A z ) = 

{ 

(φ, ψ) 
 ∈ H 

2 (0 , 1) × H 

1 (0 , 1) 

: φ′ (0) = c 1 φ(0) + qψ(0) , φ′ (1) = 0 

} 

. 

(2.4) 

emma 2.1. Suppose that d ∈ L ∞ (0, ∞ ), f : H 

1 (0 , 1) → R is contin-

ous and that (1.1) admits a unique solution (w, ˙ w ) 
 ∈ C(0 , ∞; H )

hich is bounded. For any initial value ( ̂  z 0 , ̂  z 1 ) 

 ∈ H 

1 (0 , 1) ×
 

2 (0 , 1) , there exists a unique solution ( ̂  z , ̂  z t ) 

 ∈ C(0 , ∞; H 

1 (0 , 1) ×
 

2 (0 , 1)) to (2.2) such that 

up 

t≥0 

‖ ( ̂  z (·, t) , ̂  z t (·, t)) 
 ‖ H 1 (0 , 1) ×L 2 (0 , 1) < + ∞ . (2.5)

roof. By Lemma 6.1 in Appendix , A z generates an exponentially

table C 0 -semigroup e A z t . By Proposition 1.1 , B 1 is admissible to

 

A z t . Since f : H 

1 (0 , 1) → R is continuous and (w, ˙ w ) 
 ∈ C(0 , ∞; H )

s bounded, f (w ) ∈ L ∞ (0 , ∞ ) and hence ( f (w ) + d) ∈ L ∞ (0 , ∞ ) .

hus, it follows from Lemma 1.1 that system (2.2) admits a unique

ounded solution. �

Let ˜ d (x, t) = 

̂ d (x, t) −̂ z (x, t) = 

̂ d (x, t) − z(x, t) + w (x, t) . We can

ee that ˜ d (x, t) satisfies 
 

 

 

 

 

 

 

 

 

˜ d tt (x, t) = 

˜ d xx (x, t) , x ∈ (0 , 1) , t > 0 , ˜ d (0 , t) = 0 , t ≥ 0 , ˜ d x (1 , t) = −c 2 ̃
 d t (1 , t) , t ≥ 0 , ˜ d (x, 0) = 

˜ d 0 (x ) , ˜ d t (x, 0) = 

˜ d 1 (x ) , x ∈ [0 , 1] . 

(2.6) 

e consider (2.6) in the energy space H 

1 
L (0 , 1) × L 2 (0 , 1) , where

 

1 
L 
(0 , 1) = { φ ∈ H 

1 (0 , 1) : φ(0) = 0 } . It is well known that for any

nitial value ( ̃  d 0 , ̃
 d 1 ) ∈ H 

1 
L (0 , 1) × L 2 (0 , 1) , system (2.6) admits a

nique solution and there exist two constants M d , μd > 0 such that

 1 

0 

[( ̃  d x (x, t)) 2 + ( ̃  d t (x, t)) 2 ] dx ≤ M d ‖ ( ̃  d 0 , ̃
 d 1 ) ‖ 

2 
H 1 

L 
(0 , 1) ×L 2 (0 , 1) 

e −μd t . 

(2.7) 

emma 2.2. For any initial value ( ̃  d 0 , ̃
 d 1 ) ∈ H 

1 
L 
(0 , 1) × L 2 (0 , 1) , the

olution of (2.6) satisfies 
 ∞ 

0 

˜ d 2 x (0 , t) dt < + ∞ . (2.8)

roof. Let 

(t) = 

∫ 1 

0 

(x − 1) ̃  d t (x, t) ̃  d x (x, t) dx. (2.9)

hen, 

 �(t) | ≤ 1 

2 

∫ 1 

0 

[ ̃  d 2 x (x, t) + 

˜ d 2 t (x, t)] dx 

≤ 1 

M d ‖ ( ̃  d 0 , ̃
 d 1 ) ‖ 

2 
H 1 

L 
(0 , 1) ×L 2 (0 , 1) 

e −μd t . (2.10) 

2 
inding the derivative of ϱ( t ) along the solution of (2.6) yields 

˙  (t) = 

1 

2 ̃

 d 2 x (0 , t) − 1 

2 

∫ 1 

0 

[ ̃  d 2 t (x, t) + 

˜ d 2 x (x, t)] dx. (2.11)

ntegrating from 0 to T with respect to t for (2.11) , we have 

1 

2 

∫ T 

0 

˜ d 2 x (0 , t) dt = 

1 

2 

∫ T 

0 

∫ 1 

0 

[ ̃  d 2 t (x, t) + ̃

 d 2 x (x, t)] d x d t + �(T ) −�(0) 

≤ 1 

2 μd 

M d ‖ ( ̃  d 0 , ̃
 d 1 ) ‖ H 1 

L 
(0 , 1) ×L 2 (0 , 1) (1 − e −μd T ) 

+ 

1 

2 

M d ‖ ( ̃  d 0 , ̃
 d 1 ) ‖ 

2 
H 1 

L 
(0 , 1) ×L 2 (0 , 1) 

e −μd T − �(0) , 

(2.12) 

hich, passing to the limit as T → ∞ , yields ˜ d x (0 , ·) ∈ L 2 (0 , ∞ ) . �

emark 2.1. If we take c 2 = 1 , then ( ̃  d (x, t) , ̃  d t (x, t)) = (0 , 0) for

 ≥ 2. Thus, ˜ d x (0 , t) ≡ 0 for t ≥ 2. In this case, the total disturbance

s exactly estimated. 

emark 2.2. By (2.2) and (2.6) , a simple computation shows that

˜ 

 x (0 , t) = f (w (·, t)) + d(t) − (−̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t)) . 

(2.13) 

y Lemma 2.2 , −̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t) can be regarded as

n estimate of the total disturbance f (w (·, t)) + d(t) . 

. Servomechanism design 

Denote W 

2 , ∞ (0 , ∞ ) = { φ : φ ∈ L ∞ (0 , ∞ ) , φ′ ∈ L ∞ (0 , ∞ ) , φ′′ ∈
 

∞ (0 , ∞ ) } . For the reference signal r ( t ), we design the following

eference model: 

 

 

 

 

 

 

 

v tt (x, t) = v xx (x, t) , x ∈ (0 , 1) , t > 0 , 

v x (0 , t) = q v t (0 , t) − ̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t) , t ≥ 0 , 

v (1 , t) = r(t) , t ≥ 0 , 

v (x, 0) = v 0 (x ) , v t (x, 0) = v 1 (x ) , x ∈ [0 , 1] . 

(3.1) 

t is seen that system (3.1) is completely determined by the mea-

ured output of system (1.1) , the output of estimator (2.1) , and the

eference signal r ( t ) only. 

Let ε(x, t) = w (x, t) − v (x, t) be the error between system

1.1) and state reference system (3.1) . Then ε( x , t ) is governed by 

 

 

 

 

 

 

 

ε tt (x, t) = ε xx (x, t) , x ∈ (0 , 1) , t > 0 , 

ε x (0 , t) = qε t (0 , t) + 

˜ d x (0 , t) , t ≥ 0 , 

ε x (1 , t) = u (t) − v x (1 , t) , t ≥ 0 , 

ε(x, 0) = w 0 (x ) −v 0 (x ) , ε t (x, 0) = w 1 (x ) −v 1 (x ) , x ∈ [0 , 1] , 

(3.2) 

here ε(1 , t) = w (1 , t) − r(t) = e (t) is the performance output

racking error. We propose the following output feedback con-

rol: 

 (t) = v x (1 , t) − c 3 ε(1 , t) = v x (1 , t) − c 3 (w (1 , t) − r(t)) 

= v x (1 , t) − c 3 e (t) , (3.3) 

here c 3 > 0 is a design parameter. 

Under control (3.3) , the resulting closed-loop of (3.2) is 
 

 

 

 

 

 

 

ε tt (x, t) = ε xx (x, t) , x ∈ (0 , 1) , t > 0 , 

ε x (0 , t) = qε t (0 , t) + 

˜ d x (0 , t) , t ≥ 0 , 

ε x (1 , t) = −c 3 ε(1 , t) , t ≥ 0 , 

ε(x, 0) = ε 0 (x ) , ε t (x, 0) = ε 1 (x ) , x ∈ [0 , 1] . 

(3.4) 
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We consider system (3.4) in the state space H = H 

1 (0 , 1) × L 2 (0 , 1)

with the inner product given by 

〈 (φ1 , ψ 1 ) 

 , (φ2 , ψ 2 ) 


 〉 = 

∫ 1 

0 

[ φ′ 
1 (x ) φ′ 

2 
(x ) + ψ 1 (x ) ψ 2 (x ) ] dx 

+ c 3 φ1 (1) φ2 (1) , ∀ (φi , ψ i ) 

 ∈ H , i = 1 , 2 . 

Theorem 3.1. Suppose that ˜ d x (0 , ·) ∈ L 2 (0 , ∞ ) . For any initial value

(ε(·, 0) , ε t (·, 0)) 
 ∈ H , there exists a unique solution to (3.4) such

that (ε, ε t ) 
 ∈ C(0 , ∞; H ) satisfying 

lim 

→∞ 

(∫ 1 

0 

[ ε 2 x (x, t) + ε 2 t (x, t)] dx + ε 2 (1 , t) 

)
= 0 . (3.5)

Proof. Define an operator A ε : D (A ε )(⊂ H ) → H by ⎧ ⎨ ⎩ 

A ε (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A ε ) , 

D (A ε ) = 

{
(φ, ψ) 
 ∈ H ∩ H 

2 (0 , 1) × H 

1 (0 , 1) 

: φ′ (0) = qψ(0) , φ′ (1) = −c 3 φ(1) } . 
(3.6)

We can write (3.4) into operator form of the following: 

d 

dt 
(ε(·, t) , ε t (·, t)) 
 = A ε (ε(·, t) , ε t (·, t)) 
 + B 1 ̃

 d x (0 , t) , (3.7)

where B 1 is given by (1.4) . It is readily found that ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

A 

∗
ε (φ, ψ) 
 = (−ψ, −φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A 

∗
ε ) , 

D (A 

∗
ε ) = 

{ 

(φ, ψ) 
 ∈ H ∩ (H 

2 (0 , 1) × H 

1 (0 , 1)) 

: φ′ (0) = −qψ(0) , φ′ (1) = −c 3 φ(1) 
} 

. 

(3.8)

By Lemma 6.2 in Appendix , A ε generates an exponentially stable

C 0 -semigroup e A ε t on H . Now we show that B 1 is admissible to

e A ε t . Once again, this is equivalent to showing that a) B 

∗
1 A 

∗
ε 
−1 is

bounded from H to C , and b) for every T ∗ > 0, there exists M T ∗ > 0

depending on T ∗ only such that the system of the following: ⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

ε ∗tt (x, t) = ε ∗xx (x, t) , x ∈ (0 , 1) , t > 0 , 

ε ∗x (0 , t) = −q v ∗t (0 , t) , t ≥ 0 , 

ε ∗x (1 , t) = −c 3 ε 
∗(1 , t) , t ≥ 0 , 

ε ∗(x, 0) = ε ∗0 (x ) , ε ∗t (x, 0) = ε ∗1 (x ) , x ∈ [0 , 1] , 

y ε = ε ∗t (0 , t) , 

(3.9)

satisfies ∫ T ∗

0 

(ε ∗t (0 , t)) 2 dt ≤ M T ∗‖ (ε ∗0 , ε 
∗
1 ) 


 ‖ 

2 
H 
. (3.10)

A direct computation shows that ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

A 

∗
ε 
−1 (φ, ψ) 
 = 

(
1 

c 3 

(
−qφ(0)(c 3 + 1) + 

∫ 1 

0 

ψ(ξ ) dξ

+ c 3 
∫ 1 

0 (1 − ξ ) ψ(ξ ) dξ
)

+ qφ(0) x − ∫ x 
0 (x − ξ ) ψ(ξ ) dξ , −φ(x ) 

)
 , 

B 

∗
1 A 

∗
ε 
−1 (φ, ψ) 
 = −φ(0) . 

(3.11)

Thus, B 

∗
1 
A 

∗
ε 
−1 is bounded from H to C . By Lemma 6.2 in Appendix ,

it is easy to see that (3.9) admits a unique solution (ε ∗, ε ∗t ) 

 ∈

(0 , ∞; H ) and there exist two constants M 

∗ > 0 and ω ∗ ∈ R such

that for all t ≥ 0, 

E ∗ε (t) : = 

∫ 1 

0 

[(ε ∗x (x, t)) 2 + (ε ∗t (x, t)) 2 ] dx + c 3 (ε 
∗(1 , t)) 2 

≤ M ∗e ω ∗t ‖ (ε ∗0 , ε 
∗
1 ) 


 ‖ 

2 
H 
. (3.12)

On the other hand, differentiating E ∗v (t) with respect to t along the

solution to (3.9) gives 

˙ E ∗ε (t) = 2 q (ε ∗t (0 , t)) 2 . (3.13)
ntegrating from 0 to T ∗ with respect to t and by (3.12) , we

btain 

 q 

∫ T ∗

0 

(ε ∗t (0 , t)) 2 dt = E ∗ε ( T ∗) −E ∗ε (0) ≤ M ∗(e ω ∗T ∗ +1) ‖ (ε ∗0 , ε 
∗
1 ) 


 ‖ 

2 
H 
. 

(3.14)

his, together with (3.11) , implies that B 1 is admissible to e A ε t .

herefore, (3.7) admits a unique solution. Since ˜ d x (0 , ·) ∈ L 2 (0 , ∞ ) ,

t follows from Lemma 1.1 that system (3.7) admits a unique solu-

ion that tends to zeros as t goes to infinity, i.e., (3.5) holds. �

emark 3.1. By Remark 2.1 , if we take c 2 = 1 in (2.1) , then sys-

em (3.4) is exponentially stable. In this case, we can see that the

erformance output tracking is exponentially convergent. 

Now we consider the reference model (3.1) in the state space

 = H 

1 (0 , 1) × L 2 (0 , 1) with the inner product given by 

 (φ1 , ψ 1 ) 

 , (φ2 , ψ 2 ) 


 〉 = 

∫ 1 

0 

[ φ′ 
1 (x ) φ′ 

2 
(x ) + ψ 1 (x ) ψ 2 (x ) ] dx 

+ φ1 (1) φ2 (1) , ∀ (φi , ψ i ) 

 ∈ H , i = 1 , 2 . 

emma 3.1. Suppose that d ∈ L ∞ (0 , + ∞ ) , r ∈ W 

2, ∞ (0, ∞ ), f :

 

1 (0 , 1) → R is continuous and bounded, and system (1.1) admits a

nique solution (w, w t ) ∈ C(0 , ∞; H ) . For any initial value (v 0 , v 1 ) 
 ∈
 , there exists a unique solution to (3.1) such that (v , v t ) 
 ∈
(0 , ∞; H ) . Moreover, there exists a constant M > 0 such that 

up 

t≥0 

(∫ 1 

0 

[ v 2 x (x, t) + v 2 t (x, t)] dx + v 2 (1 , t) 
)

≤ M. (3.15)

uppose additionally that f (w ) + d ∈ L 2 (0 , ∞ ) and r ∈ H 

2 (0, ∞ ) .

hen, 

lim 

→∞ 

(∫ 1 

0 

[ v 2 x (x, t) + v 2 t (x, t)] dx + v 2 (1 , t) 

)
= 0 . (3.16)

roof. Introducing the transformation ̂

 v (x, t) = v (x, t) − x 2 r(t) , we

an transform system (3.1) into an equivalent system: 

 

 

 

 

 

 

 

̂ v tt (x, t) = ̂

 v xx (x, t) − x 2 r̈ (t) + 2 r(t) , x ∈ (0 , 1) , t > 0 , ̂ v x (0 , t) = q ̂  v t (0 , t) − ̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t) , t ≥ 0 , ̂ v (1 , t) = 0 , t ≥ 0 , ̂ v (x, 0) = v 0 (x ) −x 2 r(0) , ̂ v t (x, 0) = v 1 (x ) −x 2 ˙ r (0) , x ∈ [0 , 1] .

(3.17)

ince r ∈ W 

2, ∞ (0, ∞ ), it suffices to prove that there exists a con-

tant M > 0 such that 

up 

t≥0 

∫ 1 

0 

[ ̂  v 2 x (x, t) + ̂

 v 2 t (x, t)] dx ≤ M. (3.18)

e consider system (3.17) in the state space H = H 

1 
R (0 , 1) ×

 

2 (0 , 1) , where H 

1 
R (0 , 1) = { φ ∈ H 

1 (0 , 1) : φ(1) = 0 } , with the in-

er product given by 

 (φ1 , ψ 1 ) 

 , (φ2 , ψ 2 ) 


 〉 = 

∫ 1 

0 

[ φ′ 
1 (x ) φ′ 

2 
(x ) + ψ 1 (x ) ψ 2 (x ) ] dx, 

∀ (φi , ψ i ) 

 ∈ H , i = 1 , 2 . (3.19)

efine the operator A v : D (A v )(⊂ H ) → H by 
 

 

 

A v (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A v ) , 

D (A v ) = 

{
(φ, ψ) 
 ∈ H 

2 (0 , 1) × H 

1 (0 , 1) 

: φ′ (0) = qψ(0) , φ(1) = 0 } . 
(3.20)
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e can write (3.17) into an operator form of the following: 

d 

dt 
( ̂  v (·, t) , ̂  v t (·, t)) 
 = A v ( ̂  v (·, t) , ̂  v t (·, t)) 
 + I(0 , −x 2 r̈ (t) 

+ 2 r(t)) 
 + B 1 g(t) , (3.21) 

here I is an identity operator and g(t) = −̂ d x (0 , t) + c 2 ̂
 d (0 , t) +

 ̂

 d t (0 , t) . It is readily found that 
 

 

 

A 

∗
v (φ, ψ) 
 = (−ψ, −φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A 

∗
v ) , 

D (A 

∗
v ) = { (φ, ψ) 
 ∈ H 

2 (0 , 1) × H 

1 (0 , 1) 
: φ′ (0) = −qψ(0) , φ(1) = 0 } . 

(3.22) 

y Lemma 6.3 in Appendix , A v generates an exponentially stable

 0 -semigroup e A v t on H . Since I is a bounded operator, I is admis-

ible to e A v t . Now we show that B 1 is admissible to e A v t . This is

quivalent to showing that a) B 

∗
1 
A 

∗
v 
−1 is bounded from H to C ,

nd b) for any T ∗ > 0, there exists M T ∗ > 0 depending on T ∗ only

uch that the system of the following: 
 

 

 

 

 

 

 

 

 

 

 

v ∗tt (x, t) = v ∗xx (x, t) , x ∈ (0 , 1) , t > 0 , 

v ∗x (0 , t) = −q v ∗t (0 , t) , t ≥ 0 , 

v ∗(1 , t) = 0 , t ≥ 0 , 

v ∗(x, 0) = v ∗0 (x ) , v t (x, 0) = v ∗1 (x ) , x ∈ [0 , 1] , 

y v = v ∗t (0 , t) , t ≥ 0 , 

(3.23) 

atisfies 
 T ∗

0 

(v ∗t (0 , t)) 2 dt ≤ M T ∗‖ (v ∗0 , v 
∗
1 ) 


 ‖ 

2 
H 

. (3.24)

 direct computation shows that 
 

 

 

 

 

 

 

 

 

 

 

A 

∗
v 
−1 (φ, ψ) 
 = 

(
qφ(0)(x − 1) + 

∫ 1 

0 

(1 − ξ ) ψ(ξ ) dξ

−
∫ x 

0 

(x − ξ ) ψ(ξ ) dξ , −φ(x ) 

)

 , 

B 

∗
1 A 

∗
v 
−1 (φ, ψ) 
 = −φ(0) . 

(3.25) 

hus, B 

∗
1 
A 

∗
v 
−1 is bounded from H to C . By Lemma 6.3 in Appendix ,

t is easy to see that (3.23) admits a unique solution (v ∗, v ∗t ) 
 ∈
(0 , ∞;H) and there exist two constants M 

∗ > 0, and ω ∗ ∈ R such

hat for all t ≥ 0, 

 

∗
v (t) := 

∫ 1 

0 

[(v ∗x (x, t)) 2 + (v ∗t (x, t)) 2 ] dx ≤ M ∗e ω ∗t ‖ (v ∗0 , v 
∗
1 ) 


 ‖ 

2 
H 

. 

(3.26) 

n the other hand, differentiating E ∗v (t) with respect to t along the

olution to (3.23) , we obtain 

˙ 
 

∗
v (t) = 2 q (v ∗t (0 , t)) 2 . (3.27)

ntegrating from 0 to T ∗ with respect to t and by (3.26) , we have 

 q 

∫ T ∗

0 

(v ∗t (0 , t)) 2 dt = E ∗v ( T ∗) −E ∗v (0) ≤ M ∗(e ω ∗T ∗ + 1) ‖ (v ∗0 , v 
∗
1 ) 


 ‖ 

2 
H 

. 

(3.28) 

his, together with (3.25) , implies that B 1 is admissible to e A v t .

herefore, the solution of (3.17) can be written as 

( ̂  v (·, t) , ̂  v t (·, t)) 
 = e A v t ( ̂  v (·, 0) , ̂  v t (·, 0)) 
 

+ 

∫ t 

0 

e A v (t−s ) I(0 , −x 2 r̈ (s ) + 2 r(s )) 
 ds 

+ 

∫ t 

0 

e A v (t−s ) 
B 1 g(s ) ds (3.29) 

ince r ∈ W 

2, ∞ (0, ∞ ), we have (−x 2 r̈ + 2 r) ∈ L ∞ (0 , ∞ ) and since I

s admissible control operator to e A v t , by Lemma 1.1 , 

up 

t≥0 

∥∥∥∫ t 

0 

e A v (t−s ) I(0 , −x 2 r̈ (s ) + 2 r(s )) 
 ds 

∥∥∥ < + ∞ . (3.30)
y assumption d ∈ L ∞ (0 , + ∞ ) and f (w ) being bounded on [0, ∞ ),

t follows from the admissibility of B 1 and Lemma 1.1 that 

up 

t≥0 

∥∥∥∥∫ t 

0 

e A v (t−s ) 
B 1 ( f (w (·, s )) + d (s )) d s 

∥∥∥∥ < + ∞ . (3.31) 

rom Lemma 2.2 , ˜ d x (0 , ·) ∈ L 2 (0 , ∞ ) , and by Lemma 1.1 , 

lim 

→∞ 

∥∥∥∫ t 

0 

e A v (t−s ) 
B 1 (−˜ d x (0 , ·)) ds 

∥∥∥ = 0 . (3.32)

n the other hand, by Remark 2.2 , g(t) = f (w (·, t)) + d(t) −˜ 

 x (0 , t) . This, together with (3.31) and (3.32) , yields 

up 

t≥0 

∥∥∥∫ t 

0 

e A v (t−s ) 
B 1 g(s ) ds 

∥∥∥ < + ∞ . (3.33)

t then follows from (3.29), (3.30) , and (3.33) that ( ̂  v (·, t) , ̂  v t (·, t)) 
 
s bounded on H , that is, (3.15) holds. 

Suppose that ( f (w ) + d) ∈ L 2 (0 , ∞ ) and r ∈ H 

2 (0, ∞ ). It is ob-

erved that (−x 2 r̈ + 2 r) ∈ L 2 (0 , ∞ ) . By Lemma 1.1 , 

lim 

→∞ 

(∫ 1 

0 

[ ̂  v 2 x (x, t) + ̂

 v 2 t (x, t)] dx + ̂

 v 2 (1 , t) 

)
= 0 . (3.34) 

ow, we show that (3.16) can be reduced to (3.34) . To do this,

e claim that ˙ r ∈ H 

1 (0 , ∞ ) will lead to lim t→∞ 

| ̇ r (t) | = 0 . Actually,

ince ˙ r ∈ L 2 (0 , ∞ ) , r̈ ∈ L 2 (0 , ∞ ) , for any t 1 , t 2 ≥ 0, 

 ̇

 r 2 (t 1 ) − ˙ r 2 (t 2 ) | = 2 

∣∣∣∣∫ t 2 

t 1 

˙ r (t ) ̈r (t ) dt 

∣∣∣∣
≤ 2 

√ ∫ t 2 

t 1 

˙ r 2 (t) dt 

√ ∫ t 2 

t 1 

r̈ 2 (t) dt → 0 as t 1 , t 2 → ∞ . 

o for any given ε > 0, there exists a T > 0 such that for all t 1 ,

 2 > T , 

 ̇

 r 2 (t 1 ) − ˙ r 2 (t 2 ) | ≤ ε. 

his shows that lim t→∞ 

˙ r 2 (t) exists. But since ˙ r ∈ L 2 (0 , ∞ ) , this

imit must be zero. Hence, lim t→∞ 

˙ r 2 (t) = 0 and so lim t→∞ 

| ̇ r (t) | =
 . In an analogue way, we can obtain lim t→∞ 

| r(t) | = 0 . Since

 (x, t) = ̂

 v (x, t) + x 2 r(t) , 

lim 

→∞ 

(∫ 1 

0 

[ v 2 x (x, t) + v 2 t (x, t)] dx + v 2 (1 , t) 

)
≤ 2 lim 

t→∞ 

(∫ 1 

0 

[ ̂  v 2 x (x, t) + ̂

 v 2 t (x, t)] dx + ̂

 v 2 (1 , t) 

)
+ 2 lim 

t→∞ 

(∫ 1 

0 

[4 x 2 r 2 (t) + x 4 ˙ r 2 (t)] dx + r 2 (1 , t) 

)
= 0 . 

.e., (3.16) holds. This ends the proof of the lemma. �
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Now we turn to the closed-loop which is composed of (1.1),

(2.1) , and (3.1) as follows: ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

w tt (x, t) = w xx (x, t) , x ∈ (0 , 1) , t > 0 , 

w x (0 , t) = qw t (0 , t) + f (w (x, t)) + d(t) , t ≥ 0 , 

w x (1 , t) = v x (1 , t) − c 3 (w (1 , t) − r(t)) , t ≥ 0 , 

z tt (x, t) = z xx (x, t) , x ∈ (0 , 1) , t > 0 , 

z x (0 , t) = qz t (0 , t) + c 2 [ z(0 , t) − w (0 , t)] , t ≥ 0 , 

z x (1 , t) = v x (1 , t) − c 3 (w (1 , t) − r(t)) , t ≥ 0 , ̂ d tt (x, t) = 

̂ d xx (x, t) , x ∈ (0 , 1) , t > 0 , ̂ d (0 , t) = z(0 , t) − w (0 , t) , t ≥ 0 , ̂ d x (1 , t) = −c 3 [ ̂
 d t (1 , t) − z t (1 , t) + w t (1 , t)] , t ≥ 0 , 

v tt (x, t) = v xx (x, t) , x ∈ (0 , 1) , t > 0 , 

v x (0 , t) = q v t (0 , t) − ̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t) , t ≥ 0 , 

v (1 , t) = r(t) , t ≥ 0 , 

w (x, 0) = w 0 (x ) , w t (x, 0) = w 1 (x ) , x ∈ [0 , 1] , 

z(x, 0) = z 0 (x ) , z t (x, 0) = z 1 (x ) , x ∈ [0 , 1] , ̂ d (x, 0) = 

̂ d 0 (x ) , ̂ d t (x, 0) = 

̂ d 1 (x ) , x ∈ [0 , 1] , 

v (x, 0) = v 0 (x ) , v t (x, 0) = v 1 (x ) , x ∈ [0 , 1] . 

(3.35)

We consider system (3.35) in the state space X = (H 

1 (0 , 1) ×
L 2 (0 , 1)) 4 . 

Theorem 3.2. Let c 1 , c 3 > 0 and c 2 = 1 . Suppose that d ∈
L ∞ (0 , + ∞ ) , r ∈ W 

2, ∞ (0, ∞ ), f : H 

1 (0 , 1) → R is continuous,

bounded, and satisfies the local Lipschitz condition in H 

1 (0, 1) .

Then, for any initial value (w 0 , w 1 , z 0 , z 1 , ̂
 d 0 , ̂

 d 1 , v 0 , v 1 ) ∈ X with

compatible boundary conditions ̂ d 0 (0) − z 0 (0) + w 0 (0) = 0 , v 0 (1) = r(0) , (3.36)

There exists a unique solution to (3.35) such that

(w, w t , z, z t , ̂
 d , ̂  d t , v , v t ) ∈ C(0 , ∞;X ) . Moreover, the closed-loop

system solution has the following properties: 

(i) 

sup 

t≥0 

(∫ 1 

0 

[ w 

2 
x (x, t) + w 

2 
t (x, t) + z 2 x (x, t) + z 2 t (x, t) + 

̂ d 2 x (x, t) 

+ ̂

 d 2 t (x, t)] dx + 

∫ 1 

0 

[ v 2 x (x, t) + v 2 t (x, t)] dx + w 

2 (0 , t) 

+ z 2 (0 , t) + 

̂ d 2 (0 , t) + v 2 (1 , t) 

)
< + ∞;

(ii) There exist two constants M , μ> 0 such that ∫ 1 

0 

(
[ v x (x, t) − w x (x, t)] 2 + [ v t (x, t) − w t (x, t)] 2 

)
dx 

+ [ v (0 , t) − w (0 , t)] 2 ≤ Me −μt , ∀ t ≥ 0 ;
(iii) There exist two constants M , μ> 0 such that 

| e (t) | = | w (1 , t) − r(t) | ≤ Me −μt , ∀ t ≥ 0 ;
(iv) When f ≡ 0, d ∈ L 2 (0, ∞ ), r ∈ H 

2 (0, ∞ ), especially when d ( t ) ≡ 0,

r ( t ) ≡ 0, 

lim 

→∞ 

(∫ 1 

0 

[ w 

2 
x (x, t) + w 

2 
t (x, t) + z 2 x (x, t) + z 2 t (x, t) + 

̂ d 2 x (x, t) 

+ ̂

 d 2 t (x, t)] dx + 

∫ 1 

0 

[ v 2 x (x, t) + v 2 t (x, t)] dx + w 

2 (0 , t) + z 2 (0 , t) 

+ ̂

 d 2 (0 , t) + v 2 (1 , t) 

)
= 0 . 
roof. Let ̂ z (x, t) = z(x, t) − w (x, t) , ˜ d (x, t) = 

̂ d (x, t) − z(x, t) +
 (x, t) , ε(x, t) = w (x, t) − v (x, t) , ̂ v (x, t) = v (x, t) − x 2 r(t) , and

p(x, t) = ̂

 v (x, t) − w (x, t) . It is easy to verify that ( ̂  z (x, t) ,˜ 

 (x, t) , ε(x, t)) satisfies 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

̂ z tt (x, t) = ̂

 z xx (x, t) , x ∈ (0 , 1) , t > 0 , ̂ z x (0 , t) = c 1 ̂  z (0 , t) + q ̂  z t (0 , t) − f (w (x, t)) − d(t) , t ≥ 0 , ̂ z x (1 , t) = 0 , t ≥ 0 , ˜ d tt (x, t) = 

˜ d xx (x, t) , x ∈ (0 , 1) , t > 0 , ˜ d (0 , t) = 0 , t ≥ 0 , ˜ d x (1 , t) = −c 2 ̃
 d t (1 , t) , t ≥ 0 , 

ε tt (x, t) = ε xx (x, t) , x ∈ (0 , 1) , t > 0 , 

ε x (0 , t) = qε t (0 , t) + 

˜ d x (0 , t) , t ≥ 0 , 

ε x (1 , t) = −c 3 ε(1 , t) , t ≥ 0 , 

(3.37)

nd (p(x, t) , ̂  v (x, t)) is governed by 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p tt (x, t) = p xx (x, t) − x 2 r̈ (t) + 2 r(t) , x ∈ (0 , 1) , t > 0 , 

p x (0 , t) = qp t (0 , t) − ˜ d x (0 , t) , t ≥ 0 , 

p x (1 , t) = −c 3 p(1 , t) − (c 3 + 2) r(t) , t ≥ 0 , ̂ v tt (x, t) = ̂

 v xx (x, t) − x 2 r̈ (t) + 2 r(t) , x ∈ (0 , 1) , t > 0 , ̂ v x (0 , t) = q ̂  v t (0 , t) − ˜ d x (0 , t) + f ( ̂  v (·, t) −p(·, t)) + d(t) , t ≥ 0 , ̂ v (1 , t) = 0 , t ≥ 0 . 

(3.38)

ote that c 2 = 1 . By the compatible boundary condition (3.36),

2.7) , Lemma 2.2, Theorem 3.1 and Remark 3.1 , the “( ̃  d , ε) -part”

f (3.37) admits a unique solution such that 
 1 

0 

[( ̃  d x (x, t)) 2 + ( ̃  d t (x, t)) 2 + ε 2 x (x, t) + ε 2 t (x, t)] dx 

+ ε 2 (1 , t) ≤ M 0 e 
−μ0 t , ∀ t ≥ 0 , (3.39)

ith some M 0 , μ1 > 0. Moreover, By Lemma 2.2 , ˜ d x (0 , t) ∈
 

2 (0 , ∞ ) . Next, we rewrite “p -part” and “̂  v -part” of (3.38) into op-

rator form of the following: 

d 

dt 
(p(·, t) , p t (·, t)) 
 = A ε (p(·, t) , p t (·, t)) 
 + B 1 (−˜ d x (0 , t)) 

+ (c 3 + 2) B 2 (−r(t)) + g(t) , (3.40)

here A ε is given by (3.6) , B 1 and B 2 are given by (1.4) , and g(t) =
(0 , −x 2 r̈ (t) + 2 r(t)) . 

d 

dt 
( ̂  v (·, t) , ̂  v t (·, t)) 
 = A v ( ̂  v (·, t) , ̂  v t (·, t)) 
 +B 1 ( f ( ̂  v (·, t) −p(·, t)))

+ d(t) − ˜ d x (0 , t)) + g(t) , (3.41)

here A v is given by (3.20) . Similar to the proof of Lemma 3.1 ,

e can prove that system (3.40) admits a unique solution (p, p t ) ∈
(0 , ∞; H ) and 

up 

t≥0 

‖ (p(·, t) , p t (·, t)) 
 ‖ H < + ∞ . (3.42)

oreover, similar to the proof of Proposition 1.1 , by the assump-

ion on f ( · ), we know that system (3.41) admits a unique solution

( ̂  v , ̂  v t ) ∈ C(0 , ∞; H ) . By w (x, t) = ̂

 v (x, t) − p(x, t) , it follows that

he “w -part” of (3.35) has a unique solution (w, w t ) ∈ C(0 , ∞; H ) ,

hich, together with Lemma 2.1 , implies that the “̂  z -part” of

3.35) has a unique solution ( ̂  z , ̂  z t ) ∈ C(0 , ∞; H ) and satisfies 

up 

t≥0 

‖ ( ̂  z (·, t) , ̂  z t (·, t)) 
 ‖ H < + ∞ . (3.43)

ince v (x, t) = ̂

 v (x, t) + x 2 r(t ) , z(x, t ) = ̂

 z (x, t) + ε(x, t) + v (x, t) ,

nd 

̂ d (x, t) = 

˜ d (x, t) + ̂

 z (x, t) , we know that system (3.35) is well-

osed. Obviously, (ii) and (iii) follow from the second equation
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Fig. 1. The state w (x, t) . 

Fig. 2. The state z ( x , t ). 
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s  
f (3.39) . Since r ∈ W 

2, ∞ (0, ∞ ), by (3.39), (3.42) , and (3.43) , we

an conclude (i) and from Theorem 3.1 , (iv) is concluded as

ell. �

emark 3.2. In Theorem 3.2 , we have supposed c 2 = 1 . When

 2 > 0( � = 1), by virtue of Lemmas 1.1 and 2.2 , it is easy to verify

hat the expressions in (ii) and (iii) are asymptotically convergent

o zero. By Theorem 3.2 , the reference model (3.1) can be regarded

s a state observer of (1.1) . Alteratively, based on estimation of the

otal disturbance, we can also design the following state observer

f (1.1) : 

 

 

 

 

 

 

 

 

 

 

 

̂ w tt (x, t) = 

̂ w xx (x, t) , x ∈ (0 , 1) , t > 0 , ̂ w x (0 , t) = q ̂  w t (0 , t) + c 1 [ ̂  w (0 , t) − w (0 , t)] t ≥ 0 , 

− ̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t) , ̂ w x (1 , t) = u (t) , t ≥ 0 , ̂ w (x, 0) = 

̂ w 0 (x ) , ̂ w t (x, 0) = 

̂ w 1 (x ) , x ∈ [0 , 1] . 

(3.44) 
ndeed, let ˜ w (x, t) = 

̂ w (x, t) − w (x, t) . A direct computation shows

hat ˜ w (x, t) satisfies 

 

 

 

 

 

 

 

˜ w tt (x, t) = 

˜ w xx (x, t) , x ∈ (0 , 1) , t > 0 , ˜ w x (0 , t) = q ̃  w t (0 , t) + c 1 ̃  w (0 , t) − ˜ d x (0 , t) , t ≥ 0 , ˜ w x (1 , t) = 0 , t ≥ 0 , ˜ w (x, 0) = 

̂ w 0 (x ) −w 0 (x ) , ˜ w t (x, 0) = 

̂ w 1 (x ) −w 1 (0) , x ∈ [0 , 1]

(3.45) 

imilarly to the proof in Theorem 3.1 , and by Lemmas 6.1 and 1.1 ,

e can obtain 

 1 

0 

[ ̃  w 

2 
x (x, t) + ̃

 w 

2 
t (x, t)] dx + ̃

 w 

2 (0 , t) → 0 as t → ∞ . 

hus, (3.44) is a state observer of (1.1) . 

. Numerical simulation 

In this section, we present some numerical simulations for

ystem (3.35) for illustration. For numerical computations, we
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Fig. 3. The state ̂ d (x, t) . 

Fig. 4. The state v (x, t) . 
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t  

t  

(  

s  

s  

t  

t  

e  

c  

u  

t  

t  

e  

d  

c  

t  
choose reference signal r(t) = 2 sin (t) − 0 . 45 cos (2 πt) + 1 , the in-

ternal nonlinear uncertainty f (w (·, t)) = sin (w 

2 (0 , t)) and the ex-

ternal disturbance d(t) = 2 sin (t) + 0 . 7 cos (2 πt) − 1 . The other pa-

rameters are taken as q = 1 . 1 , c 1 = 1 , c 2 = 1 . 1 , c 3 = 1 . The initial

values are taken as: 

w (x, 0) = 2 x − x 2 , w t (x, 0) = −2 x + x 2 , z(x, 0) = x − x 2 , 

z t (x, 0) = −x + x 2 , ̂ d (x, 0) = x, ̂ d t (x, 0) = −x, v (x, 0) = 2 x − x 2 − 0 . 45 , 

v t (x, 0) = 2 x − x 2 . (4.1)

It is clear that the above initial value satisfies the compatible con-

dition (3.36) . The backward Euler method in time and the Chebv-

shev spectral method for space variable are used to discretize sys-

tem (3.35) . Here, we take the grid size N = 20 for x and the time

step dt = 5 × 0 . 001 . The solution of system is plotted in Figs. 1 –4 .

Fig. 5 shows that the reference model (3.1) can be regarded

as a state observer of (1.1) . Fig. 6 shows that the total distur-

bance F (w, t) = sin (w 

2 (0 , t)) + 2 sin (t) + 0 . 7 cos (2 πt) − 1 and its

estimate −̂ d x (0 , t) + c 1 ̂
 d (0 , t) + q ̂  d t (0 , t) . It is seen that the distur-

bance is estimated effectively. The convergence is very fast and

smoothly. Fig. 7 shows that w (1 , t) tracks asymptotically the ref-

erence signal r ( t ). Fig. 8 displays the feedback control in time. 
c
. Concluding remarks 

In this paper, we present a new infinite-dimensional distur-

ance estimator to estimate unknown nonlinear internal uncer-

ainty and external disturbance for a one-dimensional wave equa-

ion. An servomechanism is designed by the measured output and

he reference signal where the estimation mechanism of unknown

otal disturbance is presented. Five control objectives are achieved:

a) The performance output tracks exponentially the reference

ignal; (b) All the internal-loops are bounded; (c) The system

tate is recovered from input and output; d) The unknown to-

al disturbance can be estimated in the sense that the estima-

ion error belongs to L 2 (0, ∞ ); (e) When the disturbance and ref-

rence signal belong to L 2 (0, ∞ ) and H 

2 (0, ∞ ), respectively, the

losed-loop is asymptotically stable. The last point shows partic-

larly that when the disturbance and reference are disconnected

o the system, the closed-loop is asymptotically stable, that is,

he system is internally asymptotically stable. This paper is a gen-

ralization of a recent work [24] where only boundary external

isturbance was considered. Here we use a different estimator

ompared with [24] to deal with the nonlinearity for which the

reatment for output tracking is different to stabilization like a re-

ent paper [8] . 
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Fig. 5. The error ε(x, t) = w (x, t) − v (x, t) . 

Fig. 6. The total disturbance and its estimation. 
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ppendix 

In this appendix , we present several lemmas concerning the

perators being able to generate C 0 -groups on the state space.

hese results are crucial to establishment of the main results of

he present paper. 

Let H := H 

1 (0 , 1) × L 2 (0 , 1) with the inner product given by

1.3) . Define the operator A 1 : D (A 1 )(⊂ H ) → H as follows: 

 

 

 

 

 

 

 

A 1 (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A 1 ) , 

D (A 1 ) = 

{ 

(φ, ψ) 
 ∈ H ∩ (H 

2 (0 , 1) × H 

1 (0 , 1)) 

: φ′ (0) = cψ(0) + φ(0) , φ′ (1) = 0 

} 

. 

(6.1) 

emma 6.1. For any c ∈ R and c � = ± 1, A 1 generates a C 0 -group on

 . Moreover, if c > 0 and c � = 1, then A 1 generates an exponentially

table C -semigroup on H . 
0 
roof. We first show that A 1 generates a C 0 -group on H . A direct

omputation shows that 

 

−1 
1 (φ, ψ) 
 = 

(
cφ(0) + (1 + x ) 

∫ 1 

0 

ψ(x ) dx 

−
∫ x 

0 

(x − ξ ) ψ(ξ ) dξ , −φ(x ) 
)


 , (6.2) 

y the Sobolev embedding theorem, A 

−1 
1 

is compact on H , and

hus σ ( A 1 ) consists of eigenvalues of A 1 only. It is easily seen that

∈ σ ( A 1 ) if and only if there exists φ( x ) � = 0 satisfying 

φ′′ (x ) = λ2 φ(x ) , 

φ′ (0) = λcφ(0) + φ(0) , φ′ (1) = 0 , 
(6.3) 

nd the associated eigenfunction is (λ−1 φ(x ) , φ(x )) . Solving

6.3) gives 

(x ) = cosh (λ(x −1)) with λ satisfying e 2 λ = 

1 −c− 1 
λ

1 + c + 

1 
λ

. (6.4)
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Fig. 7. The reference signal r ( t ) and the output w (1 , t) . 

Fig. 8. The control law u ( t ). 
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Furthermore, the eigen-pairs are found to have the following

asymptotic expression: 

(μ−1 
n φn , φn ) = (μ−1 

n cosh (μn (x − 1)) , cosh (μn (x − 1))) 

+ O (n 

−1 ) , λn = μn + O (n 

−1 ) , 

where μn is given by 

μn = 

1 

2 

ln 

∣∣∣1 − c 

1 + c 

∣∣∣ + jπ

{
n, | c| < 1 , 

n + 

1 
2 
, | c| > 1 

where j 2 = −1 . By the method in [23, Section 4] , one can show

that { (μ−1 
n φn , φn ) 
 : n = 0 , 1 , 2 , . . . } forms a Riesz basis for H . Thus,

A 1 with D ( A 1 ) generates a C 0 -semigroup on H . Noticing that

the eigenvalues and corresponding eigenfunctions of −A 1 are just

{−λn : n = 0 , 1 , 2 , . . . } and (μ−1 
n φn , φn ) 
 . So, −A 1 with D (−A 1 ) =

D (A 1 ) is also a generator of a C 0 -semigroup. It follows from [7,

Page 79] that A generates a C -group on H . 
1 0 
Next, we show that if c > 0 satisfying c � = 1, A 1 generates an ex-

onentially stable C 0 -semigroup on H . Since the eigenfunctions of

 1 form a Riesz basis for H , the spectrum-determined growth con-

ition holds. In order to show that e A 1 t is an exponentially stable

emigroup, it suffices to prove that Re λ< 0 for any λ∈ σ ( A 1 ). Ac-

ually, a simple computation gives, for any (φ, ψ) 
 ∈ H , that 

e 〈 A 1 (φ, ψ) 
 , (φ, ψ ) 
 〉 H = −c| ψ (0) | 2 ≤ 0 , (6.5)

hich implies that for any λ∈ σ ( A 1 ) must satisfy Re λ≤ 0. Since

 

−1 
1 

is compact, we only need to show that there is no eigenvalue

n the imaginary axis. Let λ = jτ 2 ∈ σ (A 1 ) with τ ∈ R 

+ and the

orresponding eigenfunction ( φ, ψ) 
 ∈ D ( A 1 ), by (6.5) , we have 

e 〈 A 1 (φ, ψ) 
 , (φ, ψ) 
 〉 H = Re 〈 jτ 2 (φ, ψ) 
 , (φ, ψ) 
 〉 H 
= −c| ψ(0) | 2 = 0 , (6.6)
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nd hence ψ(0) = 0 . Furthermore, A 1 (φ, ψ) 
 = jτ 2 (φ, ψ) 
 gives

hat ψ = jτ 2 φ with φ satisfying 

φ′′ (x ) = −τ 4 φ(x ) , 

φ(0) = φ′ (0) = 0 , φ′ (1) = 0 , 
(6.7) 

t is clear that the above equation admits only zero solution. Thus,

here is no eigenvalue on the imaginary axis. �

Let H := H 

1 (0 , 1) × L 2 (0 , 1) with the inner product given by 

 (φ1 , ψ 1 ) 

 , (φ2 , ψ 2 ) 


 〉 = 

∫ 1 

0 

[ φ′ 
1 (x ) φ′ 

2 
(x ) + ψ 1 (x ) ψ 2 (x ) ] dx 

+ c 2 φ1 (1) φ2 (1) , ∀ (φi , ψ i ) 

 ∈ H , i = 1 , 2 . 

efine the operator A 2 : D (A 2 )(⊂ H ) → H as follows: 
 

 

 

 

 

 

 

A 2 (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A 2 ) , 

D (A 2 ) = 

{ 

(φ, ψ) 
 ∈ H ∩ (H 

2 (0 , 1) × H 

1 (0 , 1)) 

: φ′ (0) = c 1 ψ(0) , φ′ (1) = −c 2 φ(1) 
} 

, 

(6.8) 

emma 6.2. For any c 1 , c 2 ∈ R and c 1 � = ± 1, c 2 � = 0, A 2 generates a

 0 -group on H . Moreover, if c 1 , c 2 > 0 and c 1 � = 1, A 2 generates an

xponentially stable C 0 -semigroup on H . 

roof. We first show that A 2 generates a C 0 -group on H . A direct

omputation shows that 

 

−1 
2 (φ, ψ) 
 = 

(
1 

c 2 
( c 1 φ(0)(c 2 + 1) 

+ 

∫ 1 

0 

ψ(ξ ) dξ + c 2 

∫ 1 

0 

(1 − ξ ) ψ(ξ ) dξ

)
− c 1 φ(0) x 

−
∫ x 

0 

(x − ξ ) ψ(ξ ) dξ , −φ(x ) 

)

 , (6.9) 

y the Sobolev embedding theorem, A 

−1 
2 

is compact on H , and

hus σ ( A 2 ) consists of eigenvalues of A 2 only. Let λ be any eigen-

alue of σ ( A 2 ) and the associated eigenfunction is (λ−1 φ, φ) . Sim-

lar to the proof in Lemma 6.1 , we derive 

(x ) = cosh (λx ) + c 1 sinh (λx ) , (6.10)

nd λ satisfies 

 

2 λ = 

(λ − c 2 )(1 − c 1 ) 

(λ + c 2 )(1 + c 1 ) 
. (6.11) 

urther, we obtain the eigenfunctions and eigenvalues with the fol-

owing asymptotic expression: 
 

 

 

(μ−1 
n φn , φn ) = (μ−1 

n [ cosh (μn x ) + c 1 sinh (μn x )] , 

cosh (μn x ) + c 1 sinh (μn x )) + O(n 

−1 ) , 

λn = μn + O(n 

−1 ) , 

here μn is given by 

n = 

1 

2 

ln 

∣∣∣1 − c 1 
1 + c 1 

∣∣∣ + jπ

{
n, | c 1 | < 1 , 

n + 

1 
2 
, | c 1 | > 1 . 

y the method in [23, Section 4] , one can show that

 (μ−1 
n φn , φn ) 
 : n = 0 , 1 , 2 , . . . } forms a Riesz basis for H . By

he asymptotic expression of eigenvalues, A 2 generates a C 0 -group

n H as well. 

Next, we show that if c 1 , c 2 > 0 and c 1 � = 1, A 2 generates an ex-

onentially stable C 0 -semigroup on H . Since the eigenfunctions of

 2 form a Riesz basis for H , the spectrum-determined growth con-

ition holds. In order to show that e A 2 t is a exponentially stable

emigroup, it suffices to prove that Re λ< 0 for any λ∈ σ ( A 2 ). Ac-

ually, a simple computation gives 

e 〈 A 2 (φ, ψ) 
 , (φ, ψ ) 
 〉 H = −c 1 | ψ (0) | 2 ≤ 0 , (6.12)
hich implies that for any λ∈ σ ( A 2 ) must satisfy Re λ≤ 0. Since

 

−1 
2 

is compact, we only need to show that there is no eigenvalue

n the imaginary axis. Let λ = jτ 2 ∈ σ (A 2 ) with τ ∈ R 

+ and the

orresponding eigenfunction ( φ, ψ) 
 ∈ D ( A 2 ). By (6.12) , 

e 〈 A 2 (φ, ψ) 
 , (φ, ψ) 
 〉 H = Re 〈 jτ 2 (φ, ψ) 
 , (φ, ψ) 
 〉 H 
= −c 1 | ψ(0) | 2 = 0 , (6.13) 

nd hence ψ(0) = 0 . Furthermore, A 2 (φ, ψ) 
 = jτ 2 (φ, ψ) 
 gives

hat ψ = jτ 2 φ with φ satisfying 

φ′′ (x ) = −τ 4 φ(x ) , 

φ(0) = φ′ (0) = 0 , φ′ (1) = −c 2 φ(1) , 
(6.14) 

t is clear that the above equation admits only zero solution. Thus,

here is no eigenvalue on the imaginary axis. �

Let H := H 

1 (0 , 1) × L 2 (0 , 1) with the inter product given by

3.19) . Define the operator A 3 : D (A 3 )(⊂ H ) → H as follows: 
 

 

 

 

 

 

 

A 3 (φ, ψ) 
 = (ψ, φ′′ ) 
 , ∀ (φ, ψ) 
 ∈ D (A 3 ) , 

D (A 3 ) = 

{ 

(φ, ψ) 
 ∈ H ∩ (H 

2 (0 , 1) × H 

1 (0 , 1)) 

: φ′ (0) = cψ(0) , φ(1) = 0 

} 

, 

(6.15) 

emma 6.3. For any c ∈ R and c � = ± 1, A 3 generates a C 0 -group on

. Moreover, if c > 0 satisfying c � = 1, A 2 generates an exponentially

table C 0 -semigroup on H. 

roof. We first show that A 3 generates a C 0 -group on H. A direct

omputation shows that the eigenvalues λn of A 3 is given by 

n = 

1 

2 

ln 

∣∣∣1 − c 

1 + c 

∣∣∣ + jπ

{
n + 

1 
2 
, | c| < 1 , 

n, | c| > 1 , 
n = 0 , ±1 , ±2 , . . . , 

nd the corresponding eigenfunctions ( f n ( x ), g n ( x )) 

 of A 3 are given

y 

( f n , g n ) 

 = 

(
sinh λn (x − 1) 

λn 
, sinh λn (x − 1) 

)
 
. 

t follows from [23, Section 4] that { ( f n , g n ) 
 : n = 0 , 1 , 2 , . . . }
orms a Riesz basis for H. Thus, A 3 with D ( A 3 ) generates a C 0 -

emigroup on H. By the asymptotic expression of eigenvalues, A 3 

enerates a C 0 -group on H as well. 

Next, we show that if c > 0, A 3 generates an exponentially sta-

le C 0 -semigroup on H. Since the eigenfunctions of A 3 form a Riesz

asis for H, the spectrum-determined growth condition holds.

oticing c > 0 and c � = 1, Re λ< 0 for all λ∈ σ ( A 3 ), we conclude that

 

A 3 t is an exponentially stable C 0 -semigroup. �
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