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Performance Output Tracking for
Multidimensional Heat Equation
Subject to Unmatched Disturbance
and Noncollocated Control

Hua-Cheng Zhou”, Member, IEEE, Bao-Zhu Guo

Abstract—This paper investigates performance output
tracking for a boundary controlled multidimensional heat
equation. It is assumed that the so-called total disturbance
(which is composed of internal possibly nonlinear uncer-
tainty and external disturbance) the equation is subject to is
on one part of the boundary, and that the control is applied
on the rest of the boundary. Using only partial boundary
measurement, we first propose an extended state observer
to estimate both system state and the total disturbance. This
allows us to design a servomechanism and then an output
feedback controller.Under the condition that both the refer-
ence signhal and the disturbance vanish or belong to spaces
H'(0,00; L'(T'y)) and L?(0, oo; L?(Ty)), respectively. We
show that the over-all control strategy achieves three objec-
tives on the system performance: first, exponentially output
tracking for arbitrary given reference signal; second, uni-
formly boundedness of all internal signals; and, third, the
internal asymptotic stability of the closed-loop system. In
addition, the control strategy turns out to be robust to the
measurement noise. We provide numerical experiments to
illustrate the effectiveness of the proposed control strategy.

Index Terms—Active disturbance rejection control
(ADRC), disturbance rejection, heat equation, output track-

ing.
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|. INTRODUCTION

UTPUT tracking is one of the fundamental issues in con-
O trol theory. In many situations, output tracking is the only
major concern for a control system. For this purpose, it is also
required that all loops are uniformly bounded and the system is
internally asymptotically stable. The problem of output tracking
has been studied systematically for lumped parameter systems
under the title of output regulation with modeled disturbance
since from [2], [3], and [6]. Part of the results (notably the
internal model principle) have been generalized to the infinite-
dimensional systems, see, for instance, [1], [4], [5], [16], [21],
[25]-[27], among many others. In these output regulation re-
sults, the reference signal and disturbance are limited to out-
puts generated by exosystems. And in the case of finite number
of harmonic signals, it is also required that the frequencies are
known or determined a priori. This requirement seems quite nat-
ural in the sense that for nonminimal phase systems, arbitrary
reference tracking is not possible unless noncausal feedback
is used. Several surveys dedicates to the frequencies estima-
tion [19] where the order of parameter update law is set to be
the same as the number of frequencies. A first attempt on han-
dling infinite-dimensional signal is [15] where general periodic
signals that has infinitely many frequencies were considered. A
recent interesting work is [22] where the output tracking prob-
lem was considered for a general 2 x 2 system of first-order
linear hyperbolic partial differential equations (PDEs), though
no uncertainty or disturbance were taken into consideration. To
the best of our knowledge, very few work considered general
disturbance rejection in the context of output tracking for PDEs.
In [32], performance output tracking for a one-dimensional (1-
D) wave equation with a general boundary disturbance was
studied, which has been generalized to include both internal
uncertainty and external disturbance in our recent work [34].
In both [32] and [34], a new control method called active dis-
turbance rejection control (ADRC) has been used in achieving
output tracking. In the ADRC, the disturbance is first estimated
by an extended state observer (ESO) and is then compensated in
the feedback loop. A remarkable characteristic of [32] and [34]
is that the control and disturbance can be unmatched. This is
very different from the stabilization using ADRC, where the
control and disturbance need to be matched [8], [9]. Very re-

0018-9286 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science. Downloaded on April 27,2020 at 10:17:03 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0001-6856-2358
https://orcid.org/0000-0001-9078-0001
https://orcid.org/0000-0002-6727-6170
mailto:hczhou@amss.ac.cn
mailto:hczhou@amss.ac.cn
mailto:bzguo@iss.ac.cn
mailto:xiangsh@mail.csu.edu.cn
mailto:xiangsh@mail.csu.edu.cn

ZHOU et al.: PERFORMANCE OUTPUT TRACKING FOR MULTIDIMENSIONAL HEAT EQUATION SUBJECT TO UNMATCHED DISTURBANCE

1941

cently, a noncollocated output tracking problem was investi-
gated in [12]-[14] by the adaptive control method, which has
also been used in an early effortin [11]. Note that all these works
are limited to 1-D PDEs only.

In this paper, we solve the performance output tracking prob-
lem with general disturbance and reference for an uncertain
multidimensional heat equation by the ADRC approach. This
is a first fruitful effort on output tracking for multidimensional
PDE with arbitrary given reference signal and general uncer-
tainty including internal uncertainty and external disturbance.
In the same spirit of [7] on stabilization of uncertain PDE via
ADRC, here, we do not use high gain for disturbance estimation
and the output feedback control is shown to be robust to mea-
surement noise. This paper is motivated from a recent paper [17],
which considered a similar problem for 1-D heat equation with
general external disturbance only (without internal uncertainty).
We confine ourselves to the case where the control and the per-
formance output are on the same part of the boundary (another
collocated case).

The system we consider in this paper is described by a mul-
tidimensional heat equation with Neumann boundary control
and unknown noncollocated internal nonlinear uncertainty and
external disturbance

wy(x,t) = Aw(z,t), 2 €Q, t >0

ule )| = flw(-, 1)) + d(x,t), t >0

Oua(it ‘ r, :u(z,t) tZO (1)
( ) wg(m)

Yu (2,t) = w(z,t)[r,, t >0

Yo(x,t) = w(z,t)|r,, t >0

where we denote by w'(x, t) or w, (z, t) the derivative of w(z, t)
with respect to 2 and w(x, t) or wy (x, t) the derivative of w(z, t)
with respect to ¢, and wy () the initial state;  C R"(n > 2)
is an open bounded domain with a smooth C?-boundary T' =
Ty UT; with Ty and I'; subsets of I" satisfying int(I'y) # ,
int(Ty) #0, Ty NTy = 0; v is the unit normal vector of T’
pointing the exterior of Q. u(x,t) is the control input, yy, (2, t)
is the measured output, y, (, t) is the performance output signal
to be regulated, f : L?(Q) — L*(Tg) is a possibly unknown
nonlinear mapping, which represents internal uncertainty

A typical example is f(w fQ x)dx where v €
L? (I‘U) and w e L? (Q) By the state for this example we have
Flw(-,t ) [o, w?(z,t)dz, which depends on the value
of the state in the whole spatlal domain, explaining why we
call it the “internal uncertainty.” d(x, t) is the unknown external
disturbance, which comes from outside of the system and is
supposed to satisfy d € L>(0,00; L*(T)). Note that the left
boundary side 2 |1“(J represents physically the heat flux on
the boundary Ty and the d(x,t) may represents physically the
ambient temperature that affects the heat flux from the boundary
T'y. For the sake of simplicity, we denote

F(wv t) = f(w(’t)) + d(ﬂ?,t) (2

as the “total disturbance.” System (1) will be discussed in the
usual state space L?(€2) and the control space U = L?(T'y).

Let W1>(0,00; L*(T1)) = {¢: ¢ € L=(0,00; L*(T)),
¢ € L>(0,00; L*(I'1))}. Our problem can be stated as fol-
lows: For a given reference signal

re VVLOQ(O7 oo; L (Th))

design an output feedback control for uncertain system (1) to
reject the external disturbance and achieve output tracking
y — 0ast — oo.

leCollzz o) = llyo (5 8) = (5 Dl
3

We proceed as follows. In Section II, we design for system (1)
an ESO, which serves as an unknown input observer. We show
that this ESO gives an asymptotical approximation of the total
disturbance. This spirit of ADRC can be found in many other
papers [8]-[10], [33] on stabilization of PDEs via ADRC ap-
proach. In Section I1I, we design a servo system in terms of mea-
sured output and state of ESO, which is used to make the state
of the original system track the state of the servo system. This
results in the boundedness of all-loops while achieving output
tracking (a big challenge in output tracking for PDEs). An out-
put feedback control is then designed after compensation of the
disturbance in the performance output. Section IV is devoted to
well posedness and convergence of the closed-loop system. All
mathematical proofs are arranged in Section V. Some numerical
simulations are presented in Section VI to demonstrate the ef-
fectiveness of the proposed control. Some concluding remarks
are given in Section VII. The well posedness of the open-loop
system is presented in the Appendix.

Il. EXTENDED STATE OBSERVER

In this section, we design an ESO that can estimate not only
the state w(x, t) of the controlled system (1) but also the total
disturbance F'(w,t). This ESO can, thus, serve as a natural
unknown input observer for system (1). The ESO is designed as
follows:

Wy (z,t) = Aw(z,t), €, t >0
w(x,t =ym(z,t), t>0
8. Olr, =t (5 “
()V |1:u(x,t)7t20
w(z,0) = Wy (z)

where @, € L*(£2) is an arbitrary given initial value of (4). It is
seen that system (4) is completely determined by the measured
output y, (, ) and the control input u(z, t) of system (1). The
well posedness of (4) is presented in the Appendix.

Let w(x,t) = W(x,t) — w(x,t) be the error, which is gov-

erned by
wi(x,t) = Aw(z,t), ©€Q, t >0
w(z,t)fr, =0, >0 )
ﬁw z,t)

p, =0, t>0.

We consider (5) in the state space L*(£2) as well.

Lemma II.1: For any initial value w(-,0) € L?(£2), system
(5) admits a unique solution w € C(0,00; L?(2)) such that
(-, t)||L2 (o) < e 'f|w(-,0)||r2(n). Moreover, for any given
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positive integer m, there exist constants M, , 1+ > 0 such that

1250 < (B e Oy ¥ >0
v L2(Ty) t

(6)
and
~ M,, _
Il < (G + M) 1Ol ¥ 0.

(7
In addition, for any fixed 7" > 0, there exist two constants
My, pio > 0 depending on 1" such that

Ow(-.t -
Hid,) < Moe "'l (-,0)|r2 @) VE=T (8)
aV LZ(FO)
and
1@, )]z, < Moe ™ |G(,0)ll 2@y V2T, (9)

Remark 1: In general, forafunctionw € L?(2), the Sobolev
trace theorem does notimply 0? L e L*(Ty) and w(-) € L2 (Ty),

v

au w(-) do not make sense in L? (T ). However,
t) € L*(Q) is the (weak) solution of (5), it has some
smoothness for ¢ > 0, which leads to 2201 ¢ L*(Ty) and w
(-,t) € L*(Ty) for t >0 except t = 0 (hldden regularity).
Moreover, the norms L*(T'g) and L*(T';) in (6)~(9) can be
replaced by the stronger norms L>(T'y) and L*>(T";), respec-
tively. Actually, take m > n. By (27), the Sobolev embedding

when w(-,

theorem, and the trace theorem, we have |[w(-,?)||r~(r), ||V
('7t)||L”(F) < Cullw ()| grzm 12 r)<C4 w(, )HH’m ()
forsome Cy, Cs > 0. SinceI’ = T'y UT'; and d“(f) =Vu-v,
by (27), we have furthermore that
a~ '7t Mm — ~
|20 (B e ) Ol Ve 0
Vo llpewg
and

~ M, _ ~
||w(?t)HL°°(F1) < (tm m ’t) Hw( )”LZ Vt > 0.

From Lemma II.1, system (4) can be regarded as an unknown
input observer of system (1), and from the fact

= — = —F t
ov ov ov ov (w,?)
(6) and (8), we have, for sufficient large ¢, that
ow(x,t)
T‘Fo ~ F(w’t)'
Therefore, ama(.:,t) Ir, is an asymptotical estimation of the total

disturbance F'(w, t). In other words, system (4) is an ESO for
system (1).

[ll. SERVOMECHANISM

In this section, we design the following servomechanism
for system (1) in terms of the reference signal r(z,t) and the

boundary values of ESO (4)
v(x,t) = Av(z,t), € Q, t >0
P, = —co(v(@, t) — D(@, 1))Ir, +

v(z,t)|r, =r(x,t), t >0

dw(r t) | (10)

To

where ¢y > 0 is a tuning design parameter. It is seen that sys-
tem (10) is completely determined by the measured output of
system (1), the output of ESO (4), and the reference signal r(z, t)
only. The term aﬁgz’” Ir, in (10) is used as a compensation to
the total disturbance F'(w, t) in the original system (1). Design
of system (10) is motivated by the facts: 1) it enables us to find
an output feedback control law that allows its perfect tracking
by ESO (4); and 2) once ESO (4) converges asymptotically (or
exponentially) to servo system (10), then, by

e(xat) = yo(x,t) - T‘(l’,t) = w(x’t)‘rl - U(wvt)h‘l
= [w(x’t)|rl - @(‘T7t)‘rl] + [@\(x7t)|1"1 - U(‘/L.’t)|rl}

we can expect that [le(-,)||z>(p,) converges to zero as t —
oo because both [w(z,t)|r, — W(z,t)|r,] and [W(x,t)|r, —
v(x,t)|r,] are expected to converge to zero on L?(T;). Fur-
thermore, we can show that system (10) is uniformly bounded
for all time ¢ > 0, which guarantees in turn the uniform bound-
edness of ESO (4) and, hence, (1). The last point is crucial in
output regulation for PDEs.

Let e(z,t) = v(x, t) — w(x,t) be the error between the state
w(z,t) of ESO (4) and the state of servo system (10). Then,
e(z,t) is governed by

er(x,t) = Ae(z,t), 2€Q, t >0
Olr )| = —eoe(, t)|ry, £ >0

Qolet) | — y(z,t), t > 0.

(1)

3:T1‘

|F1 -
We propose the following output feedback control law

ov(x,t
(e, 1) = 20,

12)
under which, the resulting closed loop of (11) becomes

5t(xvt)
%| ro = —coe(z,t)|r,, t >0

85Tt||70 t>0

= Ae(z,t), € Q, t>0
(13)

Lemma II.1: For any initial value &(-,0) € L?(Q), sys-
tem (13) admits a unique solution € € C(0,00; L?(12)) and
there exist two constants M, 1 > 0 such that |[e(-,2)||2(q) <
Me #|e(-,0)||2(0) ande € L*(0, 00; L*(Ty)). Moreover, for
any given positive integer m, there exists a constant L,, > 0
such that

L — b
||€(~,t)||L2(pl) < (t'" + L, e lt> ||€(~’0)||L2(Q> Vi>0.
(14)
II} addition, for any fixed 7" > 0, there exist two constants
M, iz > 0 depending on 7T’ such that

leC Oz e,y < Me ™ le(,0)lz2 ) VE=T. (15
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In the rest of this section, we show that the solution of system
(10) is uniformly bounded for all time ¢ > 0. To this end, we
separate system (10) into two subsystems p and ¢, which are
described, respectively, by

pi(x,t) = Ap(x,t), x€Q, t >0

op(x ow (x,t

péyf Ir, = —coe(z, t)|r, + a(y f)|ro (16)

+F(p+q—e—w,t), t>0
p(z,t)lr, =0, t=>0
and

g (z,t) = Aq(z,t), €Q, t >0
Oqéi,t) b, =0, t>0 a7

q(z,t)|r, = r(x,t), t >0.

Clearly, the relation among the solution of (10) and the solutions
of (16) and (17) is v(x,t) = p(x,t) + q(x,t) and system (17)
is independent of system (16).

Lemma II1.2: Suppose that r € W1>°(0, 00; L*(T';)). Then,
for any initial value ¢(-,0)) € L?(Q), system (17) ad-
mits a unique solution g € C(0,00; L*(f2)), which is uni-
formly bounded for all ¢ >0, ie, sup,> [lq(-,)|[z2(0) <
oo. Moreover, lim; .o [|q(-,t)|[z2(0) =0 whenever r €
H'(0,00; L*(T'y)).

Now, we claim that system (16) is uniformly bounded for all
time £ > 0. To this end, we consider the coupled systems, which
are composed of (16) and (5) as follows:

wy(x,t) = Aw(z,t), € Q, t>0
@(x, ), =0, 222D =0, t>0
pe(x,t) = Ap(amt), e, t>0 (18)
25, = —coe(, )l + T,
+F(p+q—ec—w,t), t>0
p(z,t)|p, =0, t >0.

Let us consider system (18) in the energy Hilbert state space
[L*(Q)]? with the usual inner product. System (18) can be
rewritten as an evolution equation in [L?()]?

+B[F(p+q—¢e—w,t)— cpe(z,t)]
(19)

where B = (0, d|p, ) with d|r, being the Dirac function and the
operator A is given by

A(g, ) = (Ap, Av)  V (¢,9) € D(A)
&¢WeH%>:¢m:mgin=o(M)
81] |ru - ()]/ |F07 w|rl - 0}

D(A)

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science. Downloaded on April 27,2020 at 10:17:03 UTC from IEEE Xplore. Restrictions apply.

It is readily found that B*(¢,v) = v|p, for all (¢,v) € [H*

(2))* and
A*(¢,0) = (Ap, Ay) ¥V (¢,%) € D(AY)
DM%=%¢@eH%m:¢m=—wm

g%hl =0, ([))Z Ir, =0, ¥|r, —0}-

2y

Lemma I11.3: The operator A given by (20) generates an ex-
ponentially stable Cj-semigroup e*!. Moreover, B is admissible
for et

Now we give the existence and boundedness of the solution
to (16).

Lemma II1.4: Suppose that € W1*°(0,00; L*(T'1)), d €
L>®(0, +00; L2(Ty)), f:L*(Q) — L?(Ty) is continuous,
bounded, and satisfies the local Lipschitz condition in L?((2).
Let e(x,t) be the solution of (13). Then, for any initial value
q(-,0) € L*(£2), system (16) admits a unique solution p(-, ) € C
(0, 00; L*(€2)), which is uniformly bounded for all ¢ > 0, i.e,
sup;sq [|P(- t)][ 22 (0) <oo. Moreover, limy .o [|p(-, 1) L2 (0)
= 0 whenever f = 0and d € L*(0,00; L*(T)).

Next we state the well posedness and boundedness of servo
system (10).

Lemma II1.5: Suppose that 7 € W1>(0, 00; L*(T'y)), d €
L>®(0, +00; L2(Ty)), f:L*(Q) — L?(Ty) is continuous,
bounded, and satisfies the local Lipschitz condition in L?((2),
and S5 a“ (.0) || "is determined by (4). Then, for any initial value

v(-,0) 6 L2 (€2), system (10) admits a unique solution v € C(0,
oo,LQ(Q)), which is uniformly bounded for all ¢ > 0, i.e.,
sup; > [[v(+,t)|| 22 (@) < 4+00. Moreover, lim; . [|[v(-, )] 12 (o)
=0 whenever f =0, d € L*(0,00; L*(Ty)), and r € H'(0,
o0; L*(Tp)).

IV. CLOSED-LOOP SYSTEM

In this section, we establish the well posedness and perfor-
mance output tracking of the closed-loop system of (1). Under
the control law (12), the closed-loop system is composed of (1),
(4), and (10) as follows:

wy(z,t) = Aw(z,t), € Q, t >0
2ol = fw(- ) +d(x,b), t >0
watll ﬁvditlrl7t>0
W (2, t) = Aw(x,t), z€Q, t >0
A(x t)‘Fo :ym(xat)v t>0
E)w x,t) _ Ovu(w,t) (22)

| ' = 7o |F17 t>0
vt(x,t) = Av(z,t), €Q, t>0
ov(x, —~
ﬁ%%m:—%<@w—w@¢mm

ow(z,
+ v ‘ Ty

v(x,t)|r, =r(z,t), t >0.

We consider system (22) in the state space [L?(2)]* with the
usual inner product.
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Theorem IV.1: Let ¢y > 0. Suppose that d € L*°(0, +oo;
L*(Ty)), r € WH>(0,00; L*(T4)), and f : L?(Q) — L*(Ty)
is continuous, bounded, and satisfies the local Lipschitz con-
dition in L?(€2). Then, for any initial value (w(-,0),@(,0),
v(+,0)) € [L*(Q)]?, the closed-loop system (22) admits a
unique solution (w, @, v) € C(0, 00; [L*(2)]*), which has the
following properties:

i)
sup (/Q [w?(z,t) + @ (2, t) + vz(a:,t)]dx) < +o0.

t=>0

ii) There exist two constants My, which depends on the

initial value (w(-,0),@(-,0)) only and g, > 0, which is
independent of initial value, such that

/[@(m,t) —w(z,t)]*de < Mpe ™"t Vt>0.
Q

iii) For any given positive integer m, there exist two constants
M, , pt,, > 0 such that

leCo )2y = lyo (1) = (5 )l )

M,
= Tr: + Mye !

vVit>0

and for any fixed T' > 0, there exist two constants M’
which depends on initial value (w(-,0),@(+,0),v(,0))
only, and ¢/ > 0 which is independent of initial value,

such that

leC 2y = llvo (1) = (Dl r)
<MeH"t Vt>T

where M, and M’ depend on the initial value (w(-,0),
’&}('7 0)7 U('a 0))

iv) When f =0, d € L?(0,00; L*(Iy)), r € H(0, 00; L?
(T'1)), system (22) is internally asymptotically stable:

flim (/ [w? (z,t) + @ (2, t) +v*(, t)]da:) =0.

L — 00 Q

v) When f =0,d =0, and r = 0, system (22) is internally
exponentially stable, i.e., there exists two constants M”,
which depends on initial value only and p”/ > 0, which is
independent of initial value, such that

/ [w? (1) + @ (x, t) + v* (2, t)]de < M"e ",
0

Remark 2: From Remark 1, it is seen that the norm L*(T';)
in (iii) of Theorem IV.1 can be replaced by the stronger norm
L>(Ty).

Remark 3: From Lemmas II.1 and III.1, and the fact w(z, t)
=w(z,t) —w(z,t), e(z,t) = v(z,t) — w(z,t), in the closed-
loop system (22), both the w-part and the v-part are regarded
as the state observer of (1). However, their roles are different in
that the w-part is used to estimate the total disturbance whereas
the v-part is used to be a servo system, which is essentially a
duplicate of the original system.

We point out that in Theorem IV.1, the boundary (surface)
temperature measurement yy, (z,t) = w(zx,t)|p, is assumed to
be error-free, which is a (part) boundary spatially distributed
noise-free measurement. Note that the surface temperature mea-
surement which in today’s industrial environment encompasses
a wide variety of needs and applications. To meet this wide ar-
ray of needs, the process controls industry has developed a large
number of sensors and devices to handle this demand. Actually,
there are a wide variety of temperature measurement probes
in use today, which include thermometers (such as thermome-
ters), temperature probe (such as thermocouples), and noncon-
tact temperature sensor (such as optical devices). For instance,
the surface temperature of a concrete wall can be measured by
inserting half of a thermocouple into the wall, which is proba-
bly the most-often-used and least-understood of the temperature
measuring device.

The temperature measurement error is often unavoidable.
When the measurement is corrupted by noise, we write ¥y,
(z,t) = w(z, t)|r, bY ym (x,t) = w(x,t)|r, + o(x,t) with the
noise o € W%>(0,00; L?(Ty))). Here, we denote W?2°(0,
50 2(Ty)) i= {¢ : ¢ € L®(0, 003 L*(Ty)), 1 € L*(0, 003
L*(Ty)), ¢ € L>®(0,00; L*(T))} with the norm given by
[@llw2. (0,002 (1)) = 10l L (0,00;2.2 (1)) F 1Dt L (0,00;2.2 (1))
+ [|#¢¢ || 2o (0,00:£2 (1)) - Then, it turns out that our control is still
working with small tracking error as long as o (z, t) is small.

Theorem IV.2: Let ¢y > 0. Suppose that d € L*°(0, +oo;
L*(Ty)), r € Wh>(0,00; L*(Ty)), and f : L?(Q) — L*(Ty)
is continuous, bounded, and satisfies the local Lipschitz con-
dition in L?(Q). Suppose that yy, (x,t) = w(x,t)|p, + o(x,t)
with the noise o € W*>(0, 00; L?(Ty)). Then, for any ini-
tial value (w(-,0),@(-,0),v(-,0)) € [L*(Q)]3, the closed-
loop system (22) admits a unique solution (w,w,v) €
C(0, 00; [L?(2)]?). Moreover, the output tracking is robust with
respect to o in the sense that for any fixed T" > 0, there exist two
constants My, Ms > 0, which depend only on initial value and
T, and p > 0, which is independent of initial value, such that

leCo )2,y = lyo (5 8) =70z (ry)
< Mye " + My|o|

W2:%(0,00:L2(Ty)) Vit>T. (23)

V. PROOF OF MAIN RESULTS

Proof of Lemma Il.1 Let A = A be the usual Laplacian with
D(A) = {¢ € H*(Q) : ¢|r, =0, 22|r, =0}. It is easy to
verify that —A is a strongly elliptic operator. It follows from
[24, Th. 2.7, Ch. 7] that A generates an analytic semigroup
S(t), which implies that system (5) admits a unique solution
{5('3 t) = S(t)@(v 0) € 0(07 03 L (Q))

Next, we claim that S(¢) is exponentially stable, for which it
suffices to prove that the solution of (5) is exponentially conver-
gent to zero (we consider the real solution only without loss the
generality). Indeed, let
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Differentiating V' (¢) along the solution of (5), and using Green’s
formula and Poincare’s inequality yield

Vo (t) :/Q w(z, ) Aw(x,t)d / |V (z,t)|>d

< —/ @? (x,t)dr = -2V, (t)
Q
which gives the exponential stability of S(t), i.e

[@(z, t)l[z2(@) = [S@)D(,0)llr2 0y < e "[lw(-,

Ollz2 ()
(24)
Since S(t) is an analytic semigroup, by [24, Corollary 4.4
and Th. 5.2, Ch. 2], for any positive integer m, S(t)w(-,0) €
D(A™) for all t > 0, and there exists a constant C; > 0 such

that

1AS(1)] < % for all £ > 0. (25)

Since A™S(t)w(-,0) =
lows that
[A™ @ (@, )22 () = [|A™ w(z, |2 2)
= [[A"S(B)w (-, 0)[| 2 (o) = [[(AS(t/m))" w(.,
< IIAS(t/m)II"”II@(-,O)Ilmm

C ~
L . 0)llz2 (@)

- t’”L
Since w(-,t) € L*(£2), it follows from (24), (26), and the
Sobolev embedding theorem that w(-,t) € H?™ (£2) and there

exist a constant Cy > 0 such that

(AS(t/m))"@(-,0), by (25), it fol-

0)|lz2(0)

(26)

()2 (@)

< Co[[|A™ w(z, )| 2 (0) + |0(2, )| 22(0)]

CoCT'm™ _ .
< (2;7 + M) [T 0) 120y @)
with ¢ = 1. The Sobolev trace theorem implies that
ow(-,t) ~
— < Gsllw(, )| om0
H ov L2(Ty) @
[ O)llzz gy < Callwl8)llmzn (o) (28)

for some constant C3 > 0. Therefore, (6) and (7) follow from
(27) and (28). It remains to show (8) and (9). By (24)

A" w(z,t)| 12 0) = [|A" w(x,t)|| 12 (0)
= |A" S(t)w(-,0)| 12 q) =St = T)A™ S(T)w(-,0
< Me DA™ S(T)iw (-, 0)| 2 (q)

which, together with (24), (28), and the Sobolev embedding
theorem, gives (8) and (9). |

Proof of Lemma II.1: Let Ay = A be the usual Laplacian
with D AO {¢EH2(Q) : g%lFo Z—Co¢|r0, g%lrl ZO}
It is easy to verify that — A is a strongly elliptic operator. It
follows from [24, Th. 2.7, Ch. 7] that A, generates an analytic
semigroup Sy (), which implies that system (5) admits a unique
solution £(+, ) = Sy(t)e(+,0) € C(0, 00; L*(R)).

)z2 (o)

Next, we claim that Sy () is exponentially stable for which
it suffices to prove that the solution of (13) is exponentially
convergent to zero. Indeed, let (again we only consider the real
solution without loss of generality)

Vit) = %/Qe%z,t)dx.

Differentiating V' (¢) along the solution of (5) and using Green’s
formula yield

Vi(t) = / e(x,t)Ac(x, t)da
Q
=—c |5(:c,t)|2dx—/ |Ve(z,t)|*de.  (29)
Ty Q

Since

18] = o / () Pde + / Vé(z)dz

||¢H2=/Q|¢>(w)\2dw+/9\v¢(x)\2dx

are two equivalent norms on H'(f), there exists a constant
C > 0 such that

and

C*/Qﬂs(x,t)\Z + |Ve(z, t)*]dx

gco/F |5(:v,t)|2d:v+/ﬂ|V5(a:,t)\2dac. (30)
It follows from (290) and (30) that
Vi(t) < —C. /[|5(x )2 + |Ve(a, t)*]dz
< —-C, / (z,t)dz = =2C. Vi (t)
which gives the exponential stability of Sy (t), i.e.,
le(@, D)l (o) = 190 ()e(-, 0)|| < Me*”t||8('70)||L2(52231)

with M =1, u = C. From (29) and (31), we obtain

co/ /F (2, )d < VA (0) —

which gives e(+, ) € L?(0,00; L*(Ty)). The rest of the proof is
exactly the same as the proof of Lemma II.1. We thus omit the
details. |

Proof of Lemma I11.2: In order to prove this lemma, we first
introduce the Dirichletmap Y € . (H*(Ty), H'/?>**(2)) ([20,
pp. 188-189]), i.e., T(r) = z if and only if

{Az:OinQ

=0, zlp, =7

Vi(t) < Vi(0)

P (32)
v ’ro

Since r € W1*°(0, 00; L*(T'1)), itis obvious that z € W1>°(0,
oo; H'/2(Q2)) and

12Co ) e 0y

Nz o)z ) < Cyllre (s

< Cyllr( D2y

Oz ry) (33)
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for some constant C;, > 0. By the Sobolev embedding theorem,
there exists a constant C,, > 0 such that

12 (o )l 2 o) < Cpllz(-t

Wiz

(34)

= |z (s )l o (a)

< CyGpliri (5 D)2 -

Using the Dirichlet map (32) and letting ¢(z,t) = g(x,t) —
z(x,t), we can verify from (17) that ¢(x, t) is governed by

G (x,t) = Aq(z,t) — z (2, t), z€Q, t >0
Qalet) ) =0, ¢ >0 35)
gz, t)lr, =0, £ = 0.
System (35) is then written as
d . ~
%q('vt) = Alq('at) + Blzt('7t) (36)
where B; = —1I and the operator A; is given by
Aip=A0¢ Ve DA
9 96 (37)
D(Ay) = {o € B*(Q)] 2Ir, =0, dlr, =0}

It is well known that A; generates an exponentially stable
Cp-semigroup et which, together with (34), r € W1’°°(0,
oo; L?(Ty)), and [34, Lemma 1.1] implies that system (36) ad-
mits a unique solution that is uniformly bounded for all ¢ > 0.
In particular when r € H'(0, c0; L*(T'y)), by [34, Lemma 1.1],
limt*,oo ||q(‘at)||L2(Q) =0. ]

Proof of Lemma II1.3: We first show the first assertion. For
this purpose, we define a new inner product in [L*(£2)]?

((Pr,01) ", (B2, 92) ")
-/ [w 162 @) + 1 (282 @)
9]

— SRe(6) ()77 + b (@) () | de

(2)]%, i = 1,2. The induced norm is given

for (¢i, ;)" € [L?
by
(e, )2 = /Q [[p(x)* + [(z)]* — Re(p(x)¢(x))] da
(38)
forall (¢, ) € [L?(Q)]?. Since |[Re(op(z)¢(z))| < |p(x)[> /2 +
[¢(z)[? /2, it follows that

1 2
Sl w)

IA
S~

[|<75(33)|2 +[(@)]* — Re(¢(2)v(w))] dz

w

< (. 0)|? (39)

[\)

which implies that (38) is well-defined and is equivalent to the
original norm. For any (¢,v) € D(A), by Green’s formula,

Poincare’s inequality, and (39), we have

_ Re( [ 803+ Ao - A¢<x>w<x>]dx)

S AORE / V(@) Pz

- Re/Q Vo(z) - Vipdr

<=5 [ Vol - [ Vol

<=5 [ 1o@Pdr - [ el

< (&, )l /3. (40)
This shows that A + I/3 is dissipative in [L?(£2)]?. Now we
show that A~! € Z([L?(2)]?). Solve the equation

A6 0) = (Ad, M) = (6,9) € [L* ()

to obtain

{ Ad(z) = (@) )

¢|r0 =0, 01/ |F1 =0

and

A -

{ Aj(2) = V() @)
5 |Fn a,, |F07 ¢|F1 =0.

By the elliptic partial differential equation theory, we know that
(41) admits a unique solution ¢ € H?((2) and there exists a
constant C';, > 0 such that

10ll12(2) < Crllollze (o)

By the trace theorem, g‘f € H'/?(Ty) and there exists a constant
C'yy > 0 such that

26
8V o/

By the elliptic partial differential equation theory again, equation
(42) admits a unique solution ¢ € H?(2) and there exists a
constant C'y > 0 such that

H 1/2 (F 0 )‘|

<Cy {H"ZHLZ(Q) + CICQ“$||L2(Q)} .

Hence A~} ((E, zZ) = (¢, ). It follows from the Lumer—Phillips
theorem [24, Th. 1.4.3] that A + /3 generates a Cy-semigroup
of contractions e(A*!/3)* on [L?(2)]?, which implies that eA!
is an exponentially stable Cp-semigroup on [L*(£2)]?.

Next, we show that B is admissible for eA? (see [31]). By [29,
Th. 4.4.3], it suffices to show that B* is admissible observation
operator for the adjoint semigroup ™. This amounts to show-

ing that a) B*A* ! is bounded from [L?(2)])? to L?(T';), and

< COu ol o)
(To)

99

20y < Cn |l =
[¥ll(o) < Ca [nwmm + |5
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b) for every T, > 0, there exists M7, > 0 depending on T only
such that the system of the following:

Wi (z,t) = Aw*(z,t), 2 €Q, >0
@ (2, )|, = —p* (@ )|, L5, =0, >0
F(x,t) = Ap*(x,t), 2€Q, t >0
pf( ) p*(w,1) )
‘ _0 p*(x7t)|rl :Ovtzo
( 0) = wy(z), p*(x,0) = py(x), v € Q
yu =0 (z,t)p,, t >0
satisfies
T,
/0 / (" (1)) ddt < M ||, 50) 2o e (44
0

According to the first assertion, A generates a Cj-semigroup
on [L?(Q)]?. Thus, the same is true for A*. As a result, sys-
tem (43) admits a unique solution (w*, p*) € C(0, oo; [L2(Q)]?)
and there exist two constants M J > 0 such that

/Q (@ (. 0))? + (" ()}

< Nreh / (@ (,0)° + (" (2,0)]de. (45)
Q
Define
o) = | G@)T @y @ nde o)
Q
where G(z) is the solution of the following PDE
AG(z) =
{G|rn ~1, Glr, =0. “7)

Since 1 € H"*3/%(T'y) and 0 € H"+3/2(Ty), it follows from
the elliptic partial differential equation theory that (47) has a
unique solution G € H"*2(Q). By the Sobolev embedding the-
orem, G € C!(Q) and there exists a constant C; > 0 such that

AIVG L)} < Cy. (48)

Thus, (46) is well-defined. Since p*(z, t)|r, = 0, by Poincare’s
inequality, there exists a constant C5 > 0 such that

/ (@t < G / V" (2, 1) da.
Q Q

From the Sobolev embedding theorem and the trace theorem,
there exist constants Cg, C'; > 0 such that

[ @) e < Call Ol
0

max{HGHLoc(Q)

(49)

< CoCr 5" (DI o) = CoCr / V' (2, 1) 2dz. (50)
Q
Since
162 = / () [2da + /Q Vo(o)|2da

and

1] = / () [2da + / Vé(z)dx

are two equivalent norms on H'((2), there exists a constant
Cs > 0 such that

/[|w*(a;,t)|2 +|VE (@, 8)[2]da
Q

<y
Ty

By (48)—(51), using the fact that w*(z,t)|r, = p*(z,t)|p,, we
have

/Q[Zlaw(c:(x) (@, )7 + 8|V (G (z)w* (x, 1)) ]dw

|ﬁ*(x,t)|2d:v+08/ \Va* (z,t)*dz.  (51)
Q

+ 8@ (2, ) VG (@) + G(z) Vi (z, t)ﬂ dz
Ci

< [Ip* (2, ) + |Vp* (2, t)]*)dx
2 J,

+ 2035/ [[@* (z,t)|* + |V (x,t)*]dz

1
<%/ Vp* (2, 1) + 2C2Cs

Ip*(, t)|*dx + 207 Cs 6 / \Va@* (z, ) |* da
Ty

< (04(05 +1)

< +20§cec7085>/ IV (o, ) 2dee
Q

+2C§(185/ \Vw* (z,t)|* dz. (52)
Q

By the boundary conditions of (43) and (47), differentiating p(t)
along the solution of (43) and using the Green’s formula yield

p(t):/QA@*(x,t)G(x)p*(m,t)dx
/Ap (z,t)G(x)w* (z,t)dx

V(G(z)p"(x,t))dx

op*(z,t) -
+/ — = G(x)w" (x, t)dx
for 0w (@)w”(z, t)

—/ Vuw*(z,t) - V(G(x)p*(z,t))dx

/Vp (x,t)

+ /F #p*(x, t)dx

V(G(z)w" (z,t))de
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1 Differentiating V5 (t) along the solution of (43) and by (53),
/ [6|v~( 2+ |Vp*(x,t)|2}d$ (54), (56), and (57), we obtain

/ IV (G(2)p* (x, t) Pdac Va () 1
/\V Dd S/Q [5Vw*(x,t)2+45|Vp*(a:,t)|2} dx
+9 Vi (x, 1)) > da

w*(@,t) .
+/F0 o P (x,t)dz. (53)

2 5 1
+ (04(025+) n 2030607085> / VP (2,1)[*dx
Q

ow* (x,t ow*(x,t) -
i [ Oyt [ T i
In the last step of (53), the inequality ab < da? + 7+b? was used b to

and 0 was chosen so that _ / [|V@*(x,t)|2 + Co|Vp(z, t)|2}dx
Q

0<dc—t (54)

322, +1) + 2042085/ VT (2, )2
Q

Denote —<1 —(202Cy +1)5)/ V@ (2, t)|*de
Q
1
Bt = L / (@ (2,0 + Co(p (@, )2)dz (55 a1 .
2 Jo ey — (GG e+ L
20 46
where the constant Cy is chosen so that
/ |Vp*(x, 1) dx
2
s+ 1
Cg > M

26

L OCRCCCs6 + 1. (56) L
40 < —7/ V™ (z,t)

\2dx—/ \Vp*(2,t)|*dx (59)
0

Differentiating p(t) along the solution of (43) gives which, together with (58) and (45), gives

B(t) /O 19" (2, 0)Pdadt < V5(0) = Va)
= /Q[A@*(:c,t)ﬁ*(x,t) + CyAp™(z,t)p*(x, t)]dx o . . ,
<(3 +Co ) (I(w* (1), p (@ )2 (o)

=— [ [IV@" (2, 1)) + Cy|Vp*(x,1)|*]dz ., .
/Q + (@, 0), " (, 0)) [P (02

ow* (x,t) _, C
Al < (5 o) RO+ @ (000 O -
* 60
+Cg/ Mp*(m,t)dm (60)
To I Combining with (50) and (60), we obtain
ow*(x,t) - t
) * C
+/F1 73]} w (-Tyt)dJJ / / (p*(l‘,t))Zd.T < CsC- (24 —|—Cg)
0 JTg
op*(x,t) , « R, .
+Cy / %p (2, t)da X M(1+ e)||(@*(2,0), p"(2,0) P2 @y~ (61)

A direct computation shows that

= [1V@ @0 + 0|9 (2, )da o P

+ / %{E* (z,t)dx. (57) where (¢, ) satisfies the following PDEs:
Iy v ~
Ap(x) = ¢(x) 63
Let V4 (t) = p(t) + E(t), where p(t) and E(t) are given by (46) Slr, = —| 2 _g (63)
and (55), respectively. Since Cy > 1, by Cauchy’s inequality and to For avily
(48), it follows that and
Ag(z) = P(x)
G o 2 (s 2 (64)
< -
ato)] < (G + o) [ (@ @007 + 0 (w0 58) 2. —q. yie =0
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By the elliptic partial differential equation theory, we know that
(64) admits a unique solution v € H?*(£2) and that there exists a
constant Cjg > 0 such that ||| 52 ) < C’lonHLz )- By the
trace theorem, 1) € H*/?(Ty) and there exists a constant Cn >
0 such that [[¢[| gs/2(r,) < Cl[¥llmz (@) < CriCrallPllp2 (a)

By the elliptic partial differential equation theory again, we
have that (63) admits a unique solution ¢ € H?({2) and that
there exists a constant C'15 > 0 such that

6]l m2 ) < Cra[8llma/2ry) + 10122 (0)]
<Cip [”CIICIQH'&;HL?(Q) + ||<$HL2(Q)]

By the Sobolev embedding theorem and the trace theorem,
H?(Q) — L*(Ty). Since ¢ € H*(Q) and (62), we know that
B*A* ! is bounded from [L?(Q)]? to L*(Ty), which, together
with (61), implies that B is admissible for eAt, [ |

Proof of Lemma I11.4: By Lemma IIL3, eA! is exponen-
tially stable and B is admissible for eA’. Note that F =
f(p+q—e—w,t)+d(x,t) satisfies the local Lipschitz con-
dition with respect to (w, p). By the same argument used in [34,
Proposition 1.1], we know that (19) has a global solu-
tion (w,p) € C(0,00;[L*(Q)]?). Thus, F = f(p+q—¢c —
w,t) + d(x,t) makes sense for all ¢ > 0. Since f(+) is bounded
and d € L>*(0, +oo; L?(Ty)), F € L>*(0, 4+o0; L3(Ty)).
Rewrite (19) as

D1 1),p(- 1)) = A 1) 0,

+ B(—coe(z,1)).

0)+BF(p+q—c -,
(65)

Since (-, t) € L?(0,00; L?(T)) by virtue of Lemma IIL1, it
follows from [34, Lemma 1.1] or [35, Lemma 2.1] that the so-
lution of (65) is uniformly bounded for all ¢ > 0. Next, suppose
f=0and de L?(0,00; L?(Ty)). Then, F € L?(0, 00; L?(Ty))
and by [34, Lemma 1.1] again, we know that lim; . ||(w
("t)7p('7t))||[L2(Q)]2 = 0. u
Proof of Lemma I11.5: Since system (10) can be written as
the sum of p-system (16) and g-system (17), the result follows
immediately from Lemmas III.2 and II1.4. |
Proof of Theorem IV.1: Let  w(x,t) = w(x,t) — w(zx,t),
e(z,t) = v(z,t) — w(x,t). Then, it is readily shown that the
closed-loop system (22) is equivalent to the one following:

Wy (x,t) = Aw(z,t), 2 €Q, >0
@@JmmzaﬁTH =0,t>0

ez, t) = Ae(x,t), 2 €Q, t >0
0 x

01/ |FU = _Cog(th)h‘o, yt) |F1 =Y > (66)
v(z,t) = Av(z,t), 2€Q, t >0
()loi Ir, = —co(v(x,t) — w(z,t))[r,

+_QE;LL¢FO

v(z, ), =r(z,t), t > 0.

By Lemmas II.1 and III.1, the “(w, £)-part” of (66) has a unique
solution and for any fixed 7" > 0 and integer m > 0, there exist

six constants My, My, M3, iy, p1o, 13 > 0 such that

/ [@? (x,t) + e*(z,t)]de < Mie ™' Vt>0  (67)
Q

~ M.
/[wQ(m,t)+€2(x7t)]dx§t—ﬂ?—i—Mge_”“ Vt>0

'y
(68)
and

/ [@%(z,t) + 2 (x,t)]de < Mze ™' Vt>T. (69)
T

It is seen from Lemmas II.1 and III.1 that M;, M,, and
M depend on (w(-,0),e(-,0)) yet p;, i =1,2,3, do not. By
Lemma IIL.5, the “v-part” of (66) has a unique solution and
there exists a constant A/, > 0 depending on (v(-,0), @(-,0))
such that

/ v?(z,t)de < My Vt>0. (70)
Q
Note that
w(x,t) -1 I I w(x,t)
dzt) | = 0 -1 1| e (71)
v(x,t) 0 0 I v(x,t
The (w(x,t),w(x,t),v(z,t)) is well-defined for all ¢ > 0.

Thus, (22) admits a unique solution. The claim (i) follows from
(67) and (71). The claim (ii) follows from (67). Since e(z,t) =
Yo(z,t) — r(z,t) = —w(z,t)|r, —e(x,t)|r,, the claim (iii)
follows from (68) and (69). By the last assertion of Lemma IIL.5,
(67), (68), and (71), we can see that (iv) holds as well.

Now suppose f =0, d =0, and » = 0. Since A; given by
(37) and A given by (20) generate two exponentially stable
C-semigroups e'* and eA?, respectively, which are proved in
Lemmas I11.2 and III.3, we see that when r = 0, the “v-part” of
(66) is exponentially stable, which, together with (67) and (71),
implies that (v) holds. [ |

Proof of Theorem IV.2: Let w(z,t) = w(x,t) — w(z,t) be
the error, which is governed by
we(x,t) = Aw(x,t), x€Q, t >0
w(z,t)[r, =o(z,t), t =0 (72)

dur (z,t)

p, =0, t>0.

Then, e(x,t) = v(x,t) — w(x,t) satisfies (13). Clearly, the
closed-loop system (22) is equivalent to a coupled system com-
posed of (10), (13), and (72). Since the proof of well posedness
of the closed-loop system is similar to that of Theorem IV.1,
we only prove the robustness of the output tracking. For
this purpose, we introduce a Dirichlet map Yy € Z(H*(Ty),
H'Y?%5(Q)) (120, pp. 188-189]): T (0’) = z if and only if

(73)

Az:OinQ
=0.

zlr, =0, dz/ |F1
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Since o € W2:°°(0, 00; L*(Ty)), it is obvious that z € W?2>
(0,00; H'/%(9)) and

12( ) a2 ) < Cillo(, Ol ry)
e ()12 ) < Culloe (D)2 )
26t 5 ) a2 0y < Chllowe ()] L2 (ry) (74)

for some constant C'; > 0. By the Sobolev embedding theorem,
there exists a constant Cy > 0 such that

2, O20) = Izt (D)o ) < Coll2e () 1172 (0
< CiCalloy (-, )22 (1)
< C1Callollw2.=(0,00:02 (10 )) (75)
and
2 t1) = 2 (5 t2)ll L2 ) = [t — t2lll2e (5 )l o o)
< Golty = tolllzee (5 172 (@)
< CiGalty — tolllowe (5 ) L2 1)
< C1Colty — talllo w2 (0,002 (T )) - (76)

Using the Dirichlet map (73) and setting W (x,t) = w(x,t) —
z(x,t), we can verify from (72) that W (z,t) is governed by

Wi(x,t) = AW (z,t) — z(z,t), x €Q, t >0
W(z,t)|r, =0, >0 7
WD |k, =0, t>0.
System (77) is then written as
FWCt) = AW (1) = 2 (1) (78)
where A = A is the usual Laplacian with D(A) = {¢ €

H*(Q) : dlr, =0, L|r, =0}. FromtheproofofLemmaHl
A generates an analytic semigroup S(¢) and there exist
My, po > 0 such that [|S(¢)|| < Mye #o'. By [24, Th. 3.2,
p. 111] and its proof, it follows from (75) and (76) that for
any W (-,0) € L?(12), the mild solution of (78) given by

/St—szs,)

= SE)W(-,0) + Wi(t) (719)
is the classical solution, that is, W1 (t) € D(A) and AW, () is

continuous in ¢ over (0, +00). From (75), we obtain

WA ()12 (o / Moe =) |2,(-, )| 2y ds
M,C,C:
< %Haﬂwrx(o,m;n(ro)) (80)

and

t
AW (t)[| L2 () < H/} AS(t — s)zs(-, 8)ds
(

L2(9)

= H /Ot S(t —T — s)AS(T)2 (-, s)ds

L2(Q)
t

S/ Mye #o T AS(T)| |25 (-5 5) | 22 () ds
0

< M()@MUT”AS(T)”CICQ

o llw 2. (0,00,L2 (7)) - (81)

Ho
Since forany t > T'
[AGSEOW (02 (@) = [ASEW(, 0)l|22 ()
=I5 =T)AST)W (-, 0)l| 2 ()
< Moe " AS(T)[[W (-, 022 o)

it follows from (79), (80), (81) and the Sobolev embedding
theorem that W (-,t) € H?({2) and that there exist a constant
C'3 > 0 such that

W ()l a2 o)
< G[|AW (2, 8) |22 o) + W (@, 1)l 22 ()]
< Cue W (-, 0) |22 0) + Csllollw2x(0,00:12 (1))

with Cy =C5 M, +03M06“0T ||AS(T)||, Cy5= (MgClC’QC%, +
Myet T ||AS(T)||C1CyCs) / o Furthermore, by the Sobolev
trace theorem, it follows from (82) that

”W('at)HLZ(Fl) < CGHW(';t
< CyCse MM |W (-0

(82)

IVEIY

)HL?(Q) + Cscﬁ||0||W2~°C(0,OC;L2(F0))
(83)

for some Cg > 0. Since z € W(0,00; H'/?(2)), by the
Sobolev trace theorem and (74), we obtain

l2(, )2,y < CrllzC )iz o)
< CiCrllollw2.=(0,00:L2 (1o )) (34)
for some constant C7 > 0. Since
e(x,t) = yo(z,t) — r(x,t) = —w(x,t)|r, —e(z,t)|r,
=Wz, ), —z(@,t)lr, —e(@,8)lr,
the (23) then follows from (83), (84), and (15). |

From the proof of Theorem IV.2, we see that the assumption
that the measurement noise o (x,t) is in W2°°(0, oo; L*(T))
is used to guarantee (76) so that the mild solution of (78) is the
classical solution (see [24, Th. 3.2, p. 111]).

VI. NUMERICAL SIMULATION

In this section, we present numerical simulations for the
closed-loop system (22) to illustrate the effectiveness of the
proposed feedback control. For numerical computations, we
take Q) = {(l’l,xg) € ]R2| 1< (E% +$% < 4}, I' =09, I'y =
{(z1,22) € R?| 22 + 22 =1}, = '\ I'y. The parameter is
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taken as ¢y = 1. The external disturbance, the internal uncer-
tainty, and the reference signal are taken, as d(xy,x,t) =
sin(z1t), f(w)=0.1sin(f, w(z,t)dr), and r(z;,zs,t) =
sin(xot). The initial values are taken as

495? 3z,
w(T1,%9,0) = —vs — A
( ’ ’ ) (Lf+£§)l \/{I,‘ff#’{b‘é

D1, 2,0) = 2L — I (85)

\/TS%+T§5 (ziJrsz)
123 4z, 30,431,

v(x1,22,0) = =5 + .
( ’ ? ) ("3{""“’;)3/2 \/szrl%

where (71, 15) € R? satisfies 1 < 2% + 23 < 4. Since the spa-
tial domain consists of a 2-D annulus, it is easier to solve (22)
in the polar coordinate (-, 8). The results can then be converted
back to the original coordinate for some figures if necessary.
Under the polar coordinate, system (22) can be written as

F)w(’y,&,t) _ azw(’y,e,w + l(?w(","ﬂ’t)
ot 072 ~ v
92,0 (~
+ L0wOl <y <2, 0<0<2n

QuCBD = f(w(-,t)) + d(cos(B), sin(6), )
ow(2,0,t) _ é)v(?ﬂ,t)7 0<p< 27, >0

dv oy
QW (y,0,t) _ 0*w(y,0,t) + 1 9w(y,0,t)
ot - 972 v 0y
+ 7%78%5;56’”, 1<y<2,0<0<2n
@(1,0,t) = w(1,0,t), 0< O <2m, t>0
QU200 = 2BBD g <f<2m, t>0
Ov(v,0,t) _ 9%v(v,0,t) 1 0v(v,0,t)
- — oty o
2, (~
+ L ey <2, 0<0<2n
DGR = ey (0(1,0,) — (1,6,)) + TG0

v(2,0,t) = r(2cos(),2sin(h),t), 0 <O < 2w, t >0

(36)
where we still use w, W, and v to denote the states under the polar
coordinate for notation simplicity (the exact coordinate should
be clear from the context). The corresponding initial value (85)
is transformed into

w(7,0,0) = cos(36),1 <~
@(77 0, 0) = Sin(30)ﬂ I<~<
v(7,0,0) = cos(30) + sin(30),1 < v < 2,0 <0 < 27.

The backward Euler method in time and the Chebyshev spectral
method for polar variables are used to discretize system (86).
Here, we take the grid sizes vy = 30 for v and 8y = 50 for 6,
and dt =5 x 107 for the time step. The numerical algorithm
is programmed in MATLAB [28] and the numerical results are
plotted in Figs. 1-5.

Fig. 1 plots the tracking errors for the output signal to be
regulated and the reference for 6 € [0, 2]. The convergence of
tracking error is clearly observed from the particular direction
6 = 7 /4 in the polar coordinate in Fig. 2. The numerical results
for w(x,t), w(x,t), and v(x,t) are shown in Figs. 3-5 for
direction § = 7 /4. It is seen that states w(z,t), W(x,t), and
v(z, t) are all bounded.

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science.
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Fig. 1. Tracking error e(x,t) = yo (x,t) — r(z,t) (for interpretation of
the references to color of the figure’s legend in this section, we refer to
the PDF version of this paper).

Fig. 2. Tracking error e(x,t) = yo (z,t) — r(x,t) in the radial direction
of § = %Tf (for interpretation of the references to color of the figure’s
legend in this section, we refer to the PDF version of this paper).

Fig. 3. Evolution of w(y, +,t) under the polar coordinate (for inter-
pretation of the references to color of the figure’s legend in this section,
we refer to the PDF version of this paper).
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Fig. 4. Evolution of w(y, %w,t) under the polar coordinate (for inter-
pretation of the references to color of the figure’s legend in this section,
we refer to the PDF version of this paper).

Fig. 5. Evolution of v(~, iw, t) under the polar coordinate (for interpre-
tation of the references to color of the figure’s legend in this section, we
refer to the PDF version of this paper).

VIl. CONCLUDING REMARKS

In this paper, we present for the first time the ADRC for
performance output tracking to a boundary controlled multidi-
mensional PDE. A new infinite-dimensional ESO is proposed to
asymptotically estimates both unknown nonlinear internal un-
certainty and external disturbance for a multidimensional heat
equation. The speciality of this problem lies in the following
three points:

1) the uncertainty and control are not matched;

2) the boundary observation is almost minimal in the sense
that the signal makes system approximately observable
only;

3) the performance output is not used in the control design.

A servomechanism is designed by virtue of the measured
output and the reference signal after compensation of the total
disturbance from its estimation obtained from the ESO. The
following three major control objectives are achieved.

1) The performance output exponentially tracks the refer-
ence signal.

2) All internal-loops are bounded.

3) When the disturbance and reference signal belong to
L?(0,00; L*(T'y)) and H' (0, 00; L*(T'1)), respectively,
the closed-loop is asymptotically stable.

In particular, The last point states that in the absence of dis-
turbance and reference, the closed loop is exponentially stable,
that is, the overall system is internally asymptotically stable.
In addition, the feedback control is shown to be robust to the
measurement noise.

An related important problem in the ADRC control of PDEs
arises when the control and the performance output are not
on the same part of the boundary (noncollocated). This is a
difficult problem because the control must go through the whole
spatial domain to exert its force from one part to another part of
the boundary. A possible approach could be the backstepping
design, which has been applied systematically to 1-D problems
in [18] and to the domain of R™ balls in [30]. Moreover it would
be more intriguing to develop ADRC configuration for general
framework of state-space representation of uncertain infinite-
dimensional systems to cover more 1-D and multidimensional
PDEs.

APPENDIX
WELL POSEDNESS OF OBSERVER (4)

Theorem A.1: Suppose that the input and measured output
of system (1) satisfy the following smoothness conditions:

u € HllOC(O,oo;L2 (T1)), ym € HIIOC(O7 oo;LZ(FO)).

Then, for any @(-,0) € L*(Q), there exists a unique solution
w € C(0,00; L*(2)) to (4). Furthermore, if u € W1>(0, oo;
L*(T1)), ym € WH>(0, 00; L*(Ty)), then

sup [|w(-,1)]| 2 () < oo
>0
Proof: Let w(z,t) denote the solution of (4) and write

w(x,t) =Y (x,t) + Z(x,t), where Y (x,t) and Z(x,t) are de-
scribed, respectively, by

Yi(z,t) = AY (z,t), x € Q, t >0
Y(z,t)lr, = ym (2, 8)Ir,, t =0 (87)
W =0,t>0
and
Zi(z,t) = AZ(x,t), €Q, t>0
Z(x,t)|r, =0,t>0 (88)

V2D | = u(x,t), t > 0.

First, by Lemma III.2 and exchanging I'; and I';, we can
obtain the well posedness of system (87): For any Y'(-,0) €
L*(€), system (87) admits a unique solution Y € C(0, co; L*
(Q)) whence y,, € HL_(0,00; L?(Ty)), which is uniformly
bounded for all £ > 0, i.e, sup;>q [|Y'(-,)[|12 () < o0 if Y €
W1¢(0, 00; L2(T)).

Next we discuss the well posedness of system (88). To
this purpose, we introduce a Neumann map Yy € Z(H*(T'1),
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H?3/2+5(0Q))) (see[23, p. 668]): To(r) = z if and only if
Az=0in
= u.

z[r, =0, g%‘rl

Since u € W>(0, 00; L*(I'y)), itis obvious that z € W'>°(0,

oo; H3/2(2)) and
12C, Ol a2 o) < Crllul, D2 0
Iz (-t < Oyl (-,t

for some constant C'; > 0. By the Sobolev embedding theorem,
there exists a constant Cy > 0 such that

Ollao0) < Callze (-5t
)z r

Using the Neumann map Y((r) = z and setting Z (z,t) =
Z(x,t) — z(x,t), we can verify that Z(x, t) is governed by

Zy(x,t) = AZ(z,t) — z(x,1), 1€ Q, t >0
Z(x,t)|r, =0, t>0

Masr2 ) M2y

Oz ) = 2, sz @)

< C1 Oy ||lue (-,

Hzt('7

Dip, =0, t>0

which can be written as

d 5
G )= (1)

where A=A is the usual Laplacian with D(A) = {¢ €
H*(Q) : ¢|r, =0, 8:/ olp, = 0}. The rest proof is exactly the
same as the proof of Lemma III.2, from which we can conclude
that for u € H}, (0,00; L*(I'1)) and Z(-,0) € L*(12), the sys-
tem (87) admits a unique solution Z € C(0, oo; L*(£2)), which
is uniformly bounded for all t > 0if u € W°(0, 00; L?(T)),
Le, sup; o [|Z(+1)[|22 (@) < oo u

In Theorem A.l, the output smoothness condition 1, €
H! (0,00; L*(T)) for open-loop system (1) can be further
guaranteed by some conditions of system (1), which is a pure
mathematical problem, less relevant to control problem dis-
cussed in this paper. We only address this problem for linear
case of f = 0. The nonlinear case is much complicated.

Theorem A.2: Suppose that u € L} (0,00; L*(T'y)), d €
L% (0,00 L*(Ty)), f:L*(Q) — L*(Ty) is continuous,
bounded, and satisfies the local Lipschitz condition in L?((2).
Then, for any wy € L*(f2), the open-loop system (1) ad-
mits a unique local solution w € C(0,7; L?(Q2)) for some
7 > 0. Moreover, if f(-) satisfies the global Lipschitz condi-
tion, then (1) admits a global solution w € C(0, 00; L*(Q))
and y, € Lloc((),oo;L2 (T'y)). For the linear case of f =0,
if uwe H} (0,00; L*(T'y)) and d € H. (0, 00; L*(Ty)), then
Ym € HI{)C(O, (oo L? (F()))

Proof: We first write system (1) as

—Z(-t) = AZ(.,

=dw(-,t)+ % [f(w)+d(-,t)] + Bou(-, 1)
(89)

where ./ = A is the Laplacian with domain D (&) = {¢ €

H?(Q) : %‘09 =0},and %) = d|r,, P> = d]r, aretwo Dirac

functions. It is well known that &/ = &/* and ./ generates

dtw("t)

a Cy-semigroup e”! =e“"". Now we show that %, and
B, are admissible for e”?. By [29, Th. 4.4.3], it suffices to
show that ] and Z; are admissible observation operators
for the adjoint semigroup e *. This amounts to showing that
a) Bi(*—1)": L2(Q) — L2(Ty) and By(/* — 1)
L*(Q2) — L?(Ty) are bounded, respectively; and b) for every
T* > 0, there exists Mr- > 0 depending on 7™ only such that
the system of the following:

wi(z,t) = Aw*(z,t), € Q, t >0
dw*(z,t) o
7J|8Q 0,t=0 (90)
w*(z,0) = wj(x), €
Yo = W (2,)]o0, t =0
satisfies
e
| [ o) dode < b - o
0o Joo
A simple computation shows that («7* — I )715 = ¢, and
B 1) 6 =dln,, Bl 1) o=0lr, O
where ¢ satisfies the following PDEs
_3 9| _
Ad(z) — ¢(z) = ¢(z), z € Q, ol = 0. (92
Voo

From the elliptic partial differential equation theory, it is seen
that (92) admits a unique solution ¢ € H> (Q) and there exists
a constant C; > 0 such that Nl ) < C ||¢>||Lz )- By the
trace theorem, ¢ € H'/?(Ty), ¢ € H1/2(F1), and there exists
a constant Cy > 0 such that max{|[[l g1/2(ry), 1912y}
< Cz”(ﬁ”;p(g) < 01C2||¢)||L2(Q). This implies that %T(ﬂ*
—I)"' and & («7* — I)"" are bounded.

Since «7* generates a Cp-semigroup on L?(£2), system (90)
admits a unique solution w* € C(0, 0o; L?(£2)) and there exist
two constants M, it > 0 such that

/Q(w*(x,t))de < Meﬁf/ﬂ(w

Let E(t) = [, (w
lution of (90) gives E

-
/ / |Vw* (x,t)|*dzdt < E(0).
0 Q

Since by the Sobolev embedding theorem and the trace theorem

“(x,0))*dz.  (93)
Differentiating £'(t) along the so-
=— fQ |Vw*(z,t)|?dx, which yields

(94)

[ w2 @)de < Qe 0

< C1Go|| ¥l (o) = CLOa(lW1172 ) + IIVYIZ2 (o))

(95)
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for some Cy, Cy > 0, it follows from (93) and (94) that

/OT* /asz (w*(@,t))*dwdt
GG {/OT*/Q(W*(x,t))dedt + /OT/Q T

< O Co[MT e + T w72 0

Hence, %, and %, are admissible for e?*. Therefore, similar to
the proof of [33, Proposition 1.2], one can get the local solution
and global solution of system (89).

Next, we claim y, € L} (0,00; L?(Ty)). Since w €
C(0, 00; L*(92)), forany fixed T' > 0, [|w(-, t)|| 2 (o) < My for
some My > 0. Since f( ) is bounded | f(w)]| 2 F[)) < M, for

some My > 0.LetV(t) = £ [, w?(z, t)dx. Finding V(t) along
the solution of (1) glves

V()= - / [Vaw(e, )2de + / e, t)(f(w) + d(z, 1)) de

Jr/Fl w(x, t)u(z, t)de

< —/HVw(x,t)\?da:Jrn/ w?(z,t)dx
Q o0

1 1
+ — [ [ME+ d?(x,t)]dx + —

2
t)d
2K Iy 4 T, (x’ ) *

where x > 0 is chosen so that kC;Cy = 1/2. This produces

/ |Vwa:t\dx<n// 2(z,t)d
0 29

+V(0)+ Mo ||d||L2 (0,712 (I'y))

EHUHZLZ(OA,T;LZ(H))

which, together with (95) and [|w (-, t)||2 (o

[
< 0102[/0 /Q(w(z,t))dedt—F/oT i |Vw(x,t)2dxdt]

T
< CCy M3 + %/ / w? (z, t)dx + C,C,V (0)
00

) < My, yields

(z,t)dzdt

0102 CCy
o —— M + o 1d]l7 (0,T:L2(Ty))
CCy

+ P ||U||2L2(0,T;L2(r1))~
This implies w|pn € L2 (0, 00; L2(0€))) and, hence, vy, €
L3,.(0,00; L*(Ty)).

Finally, we claim the last assertion. When f =0, u €
H .(0,00; L*(I'y)), and d € H}. (0, 00; L*(Ty)), we can see

loc

that w(z, t) is governed by

W (z,t) = Aw(x,t), x€Q, t>0
Yiled) | = d(a,t), t >0 6
Q0L = (1), > 0

ym = ’d)(l‘, t)lFo

where @ € L2 (0,00; L*(T})) and d € L3, (0, 00; L*(Ty)).
However, for system (96), we have shown that ¢, €
LIOC(O,oo;LQ(I‘O)). This gives y,, € Hlloc(O,oo;LQ(I‘o)). |
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