Downloaded 01/13/18 to 218.76.29.114. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SIAM J. CONTROL OPTIM. (© 2018 Society for Industrial and Applied Mathematics
Vol. 56, No. 1, pp. 75-101

BOUNDARY FEEDBACK STABILIZATION FOR AN UNSTABLE
TIME FRACTIONAL REACTION DIFFUSION EQUATION*

HUA-CHENG ZHOU!T AND BAO-ZHU GUOf

Abstract. In this paper, we consider boundary feedback stabilization for unstable time fractional
reaction diffusion equations. New state feedback controls with actuation on one end are designed
by the backstepping method for both Dirichlet and Neumann boundary controls. By the Riesz
basis approach and the fractional Lyapunov method, we prove the existence and uniqueness and the
Mittag—Leffler stability for the closed-loop systems. For both cases, the observers and the observer-
based output feedback are designed to stabilize the systems.
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1. Introduction. Output feedback stabilization is one of the fundamental is-
sues in control theory. The key idea in output feedback design is that the control and
output should be as few in number as possible. For stabilization purpose, the control
should make the system stabilizable, and the output should make the system de-
tectable. However, stabilizability and detectability are very difficult to be checked for
systems described by partial differential equations (PDEs). They are replaced usually
by controllability and observability in PDEs. There are extensive studies on output
feedback stabilization for PDEs, yet few results are available even on state feedback
stabilization for fractional differential equations. In [22, 29], output feedback controls
are designed for finite dimensional fractional order systems by linear matrix inequal-
ity and the direct Lyapunov approach. For controllability and observability aspects,
there are some results for fractional PDEs. In [7], approximate controllability for frac-
tional diffusion equations with Dirichlet boundary control was considered. In [17, 21],
approximate controllability for abstract fractional equations was discussed, which can
be applied to fractional diffusion equations but is not applicable to boundary control
because the control operator there was supposed to be bounded while the boundary
control leads usually unbounded control operator. A first attempt on boundary sta-
bilization for time fractional diffusion-wave equations was investigated in [19], where
mainly numerical simulations were presented to illustrate the effectiveness of bound-
ary control and no rigorous mathematical proof was presented. The backstepping
method was first applied to control of fractional ordinary differential equations in [6].
In this respect, a recent development can be found in [5]. In [25], stabilization for
a one-dimensional wave equation via boundary fractional derivative control was dis-
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cussed. Recently, stabilization for a fractional order linear system subject to input
saturation has been discussed in [24]. However, to the best of our knowledge, the
backstepping method has not been applied for fractional PDEs. In this paper, we
adopt the backstepping approach to achieve output feedback stabilization for a class
of unstable time fractional reaction diffusion equations.

We begin with the Mittag—Leffer function E,(z) with o > 0, which is defined by
the following series representation, valid in the whole complex plane:

o ;

2J
1.1 E,( _—E - 0, C,
(1.1) J:OFO‘J 1) a > FAS]

where I'(+) is the gamma function. The two-parameter Mittag—Leffler function E, 5(z),
«, 3 > 0 is defined by the following series representation:

(1.2) Eqop(z) = a>0, zeC.

Fozj+5

ng

The most interesting properties of the Mittag—Leffer function are associated with
its asymptotic property as z — oo in various sectors of the complex plane. These
properties can be summarized as follows (see, e.g., [16, p. 41]). For 0 < a <1,

1 1/a = 277 am
= 27 am
1.4 E,(z) ~— -, y o A <.
(1.4 =3 gyl oo < Al <

The following Lemma 1.1 is brought from [27, Chapter 1, Theorem 1.6].

LEmMA 1.1. For « € (0,2), arbitrary real number 3, and Fa < n < min{r, ra},
there exists an M > 0 such that

M
1+ 2|

(1.5) |Eap(2)] < » 0 < larg(z)] <,z > 0.

In this paper, we consider stabilization for the following time fractional reaction
diffusion equation (TFRDE) with Dirichlet boundary control and Neumann boundary
control, respectively:

6 Diw(,t) = ewgs(z,) + A(@)w(,t) + g(z)w(0,t)

+/’ﬂaww@¢m%memﬂxt2m
0

(1.6) wy(0,t) = —qw(0,t), t >0,
w(l,t) = u(t), t >0,
w(z,0) = wo(z), 0 <z <1,
Yo(t) = w(0,t), t >0,
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and
§ Dfw(2,t) = cwge (2, ) + Az )w(z, t) + g(x)w(0,t)
+ [ s e, se 0.0, 120
0
(17) wl’(o’t) = —qw(O,t), t Z 0;
we(1,t) = u(t), t >0,
w(z,0) = wo(x), 0 <z <1,
Yo(t) = w(l,t), t >0,

where ¢ > 0, o € (0,1] is the order of the fractional derivative, u(t) is the input
(control), y,(t) is the output (measurement), w(x,t) is the state, € > 0 is the dif-
fusion coefficient, and g,\ € C[0,1] and f € C(F), where F := {(x,y) € R? :
0 <y <a <1} The §Dfw(x,t) is the Caputo derivative, which is also called
Caputo-Dzhrbashyan derivative, and is a regularized fractional derivative of w(z,t)
with respect to time variable ¢, that is,

1 t
§Dw(x,t) = Ti—a) {gt/o (t—s) “w(x,s)ds —t~%w(x,0)] .
The time fractional reaction diffusion equation is perhaps one of the most important
fractional order linear PDEs for description of the “memory” occurring in physics such
as plasma turbulence [4], where Caputo—Dzhrbashyan derivative accounts for the trap-
ping effect of the turbulent eddies. Fractional diffusion can also arise in finance [26]
and hydrology [3] and in the context of levy flights [32]. In a physical model presented
in [32], the fractional diffusion corresponds to a diverging jump length variance in the
random walk, and a fractional time derivative arises when the characteristic waiting
time diverges. It is well known that

ow(z,t

In other words, when a = 1, the systems (1.6) and (1.7) are reduced to the classic
reaction diffusion equations. For more about fractional calculus and fractional PDEs,
we refer to the monographs [16, 20, 27] and the references therein. For notational sim-
plicity, we drop the domains of time ¢ and spatial variable x for associated equations
in the rest of the paper.

The objective of this paper is to design output feedback controls to stabilize
systems (1.6) and (1.7), respectively. First of all, we present examples to show that
systems (1.6) and (1.7) can be unstable without control.

Ezample 1.2. Let g(z) = 0 on [0,1], f(z,y) = 0 on F, A(z) = ”726, and ¢ = 0.

Let the initial value be wo(z) = sin(F(z — 1)). Then, system (1.6) without control

1.
admits a solution w(x,t) = Ea(%‘st“) sin(5 (z — 1)) satisfying [|w(-, 1) z2(0,1) = o0 as
t — oo.

Ezample 1.3. Let g(x) = 0 on [0,1], f(z,y) = 0 on F, A(z) = 57:125, and ¢ = 0.

Let the initial value be wo(x) = cos(mz). Then, system (1.7) without control admits

a solution w(x,t) = Ea(’%sta) cos(mx) satisfying also [|w(-, )| z2(0,1) = o0 as t — oo.

In general, for large positive ¢, A(x), g(z), or f(x,y), the systems (1.6) and (1.7)
are unstable. This is because the operator A given by
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(A6)(x) = e¢"(z) + Ax)é(2) + g(x)$(0) + / " e 9)é()d,

D(A) = {¢ € H*(0,1)|¢'(0) = —¢(0), ¢(1) = 0}, or

D(A) = {¢ € H*(0,1)|¢'(0) = —q¢(0), ¢'(1) = 0}
has at least one positive eigenvalue whenever ¢, A(x), g(x), or f(z,y) are sufficiently
large.

DEFINITION 1.4. (Mittag-Leffler stability). The solution of (1.6) or (1.7) is said
to be Mittag—Leffler stable if
[w(- )l 20,1y < {m(lw(:,0)[L2(0,1)) Ba(=At)}°,

where o € (0,1), A >0, b > 0, m(0) =0, m(s) >0, and m(s) is locally Lipschitz on
s € R with Lipschitz constant myg.

The Mittag—Leffler stability implies the asymptotic stability. This is because by (1.4)
and Lemma 1.1,

1. B (M%) <
(18) (=M%) < 9 va

1
for all t > 0 and E,(—\t*) = O ()\t") as t — oo.
Thus, the Mittag—Leffler stability is actually polynomial stability when a € (0,1).
From (1.8), we can see that the parameter A can be used to regulate the convergence
speed.
Consider the following Cauchy problem in a Banach space H:

{ 6Dy X (t) = Ao X (1),

(1.9) X0 — o

where Ay is a closed linear operator in H.

DEFINITION 1.5. A function X € C(R'; H) is called a strong solution to (1.9) if
X € C(RT;D(Ap)), [1(X(s) — X(0))/(t — s)*ds € C'(R*; H), and (1.9) holds on
R*. The problem (1.9) is called well-posed if for any x € D(Ag) there exists a unique
strong solution X (t,x) of (1.9), and x, — 0 as n — oo implies X (t,z,) — 0 as
n — oo in H, uniformly on compact intervals.

The following lemma which can be found in [2] plays an important role in estab-
lishing the well-posedness of fractional PDEs.

LEMMA 1.6. Suppose that o € (0,1). Let Ag be a closed linear operator densely
defined in a Banach space H. If Ay generates a Cy-semigroup on H, then Cauchy
problem (1.9) admits a unique strong solution X € C(0,00; H).

The study of the stabilization of fractional time derivative PDEs has just begun
to catch researchers’ attention. This paper provides one of the early results. Precisely,
the main contributions of this paper are (1) to introduce a backstepping method for
fractional reaction and diffusion equations which has potential applications to other
equations and (2) to achieve the Mittag—Leffler stability for the closed-loop systems
for both the Dirichlet control and the Neumann control problems by utilizing the
measured outputs only. We proceed as follows. In section 2, we consider stabilization
for an unstable time fractional reaction diffusion equation with the Dirichlet boundary
control. Section 3 is about the stabilization via the Neumann boundary control. Some
concluding remarks are presented in section 4.
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Original TFRDE system

u(t)

Controller wz(0,1) = —qu(0,)
w(l,t) = u(t)
w(0,t)
w(z,1) Observer TFRDE system

w(zx,t) to be designed

Fic. 1. Block diagram of output feedback for time fractional reaction diffusion equation with
Dirichlet boundary control (1.6).

2. Backstepping with Dirichlet boundary control. In this section, we ap-
ply the backstepping approach to design an output feedback stabilizing for system
(1.6) as depicted in Figure 1 in the sense of Mittag—Leffler stability.

2.1. Target system. We introduce a target system,
§ DY z(x,t) = e2g0(z,t) — c2(x, 1),
(2.1) 2(0,1) = 2(1,£) = 0,
z(z,0) = 2zo(2),

where the parameter c is used to regulate the convergence speed, which is seen from
Lemma 2.1.

LEMMA 2.1. For any initial value zo € L%(0,1), system (2.1) admits a unique
solution z € C(0,00; L%(0,1)). Moreover, the solution is Mittag-Leffler stable in
L?(0,1):

2
(22 el < B2 (= e+ e | ) Bl
Proof. Define the operator Ap : D(Ap)(C L?(0,1)) — L?(0,1) as follows:
{ [Apfl(x) =ef"(x) — cf(x),
D(Ap) ={f € H*(0,1)|f"(0) = 0, f(1) = 0}.

It is well known that Ap is a generator of Cy-semigroup. By Lemma 1.6, we know
that (2.1) has a unique solution z € C(0,00; L?(0,1)). Moreover, a simple compu-
tation shows that Ap is self-adjoint in L?(0,1) with the eigenvalues {u;} and the
corresponding eigenfunctions {e;(x)} given by

(2.3)

(2.4) :—c—5<j+%)2772, ej(a;):ﬂsin(<j+;> ﬂ(m—l)) L j=0,1,2,....

Moreover, {e;(z)} forms an orthnormal basis for L?(0,1). Therefore, the solution of
(2.1) can be represented as

z(z,t) = Z w;(t)e;(z) with zo(x) = Z ajei(z),

720 =0
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where {a;} € I? and p; € C(0, oo; R) satisfies the following linear fractional differential
equation:

6 Dp;(t) = pjpi(t), ©;(0) = a;.
By [16, Chapter 4, Theorem 4.3], ¢;(t) = a; Eqo(p;t*). Thus,

(2.5) 2(r1) = 3 a5 Balust®)e; ().

320

Moreover, since {e;j(x)} is an orthonormal basis for L?(0, 1), it follows from (2.5) that

[+l 0= B2 st Bt E =B (= |ere | ) ol

Jj=0 Jj=0

This completes the proof of the lemma. 0

Remark 2.2. For stability of system (2.1), we can also apply alternatively frac-
tional version of the Lyapunov method without solving equation (2.1). Actually, by
following inequality [1, Lemma 1],

§De22(t) < 22(t)§ D2 2(t) for all z € C(0, 00)
and Wirtinger’s inequality [15, p. 182]
1
/ f(z)dz < (f'(x))*da for f € H'(0,1) with f'(0) = f(1) = 0,
0
we have
1 1
ng‘/ 22(x,t)dx < 2/ 2(z,t)§ DY 2(x, t)dx
0 0
1
= 2/ z(x,t)[e2ge (2, 1) — cz(z,t)]dx
0

1 1 2 1
= —25/ 22(x,t)da — 20/ 22(z,t)dz < -2 (c—l—el) / 22 (x,t)dx.
0 0 0

It follows from the fractional Lyapunov method [23, Theorem 5] that the solution of
(2.1) is Mittag—Leffler stable with

71—2 o
(2. I+ 00 < Ba (=2 e+ e ) Haaliacn

By (1.8), for sufficiently large ¢, we have

(- [eeem]e) < (2fer )

This shows that, comparing to (2.6), the estimation (2.2) is better and cannot be
improved since for zp(x) = e1(x),

7T2 a
Il = B2 (= [e+ <] ) Deollsconr
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Remark 2.3. When o = 1, the target system (2.1) becomes a classic heat equa-
tion, which is exponentially stable. This is because by (1.1) and (2.2),

772 —2|c+ =2 t
oD < B2 (= [e 22| ) Baallaion = 14V ol

However, when o € (0,1), the system (2.1) is never exponentially stable but only
Mittag—Leffler stable. Furthermore, by Lemma 1.1,

2 o 1
I+ < B2 (= |et < | ) lanliaon <

(1+ [e+em]te)

51120013201y

This is exactly the polynomial stability, and the parameter c is used to regulate the
speed of convergence.

Remark 2.4. Generally speaking, we cannot expect exponential stability for a
fractional PDE. Actually, even for fractional ordinary differential equations, since
there is a memory effect in the equation due to the tail of time fractional derivative,
there is no exponential stability. A typically example can be constructed as

(2.7) §D&x(t) = —Ax(t), z(0) = xo

with A > 0. The solution of (2.7) is explicitly found to be x(t) = x¢E,(—At*), which,
by (1.8), is asymptotically stable but not exponentially stable when a € (0,1).

2.2. Backstepping transform via state feedback. To find a state feedback
control law for system (1.6), we introduce a transformation w — z [31],

(2.8) z(x,t) = w(zx, t) — /Om k(z,y)w(y, t)dy,

to transform system (1.6) into the target system (2.1), for which the stability is clearly
presented in Lemma 2.1. When the transformation is invertible, stability for original
system (1.6) can be obtained from the target system (2.1).

Taking Caputo’s fractional derivative for (2.8) and using the first equation of
(1.6), through performing the integration by parts, we obtain

§Df2(z,t) = § Dfw(a, ) - / " k(e y)S D wly. t)dy
—§Dtutnn - [ “ke,y) (ewyy@, )+ M)l t) + gy)w(0,1)

+ [ 10t ae)ay
= §Dw(x, t) — e(k(z, x)wy(z,t) — k(z,0)w, (0, t)

- [ky(x’ x)w(x’ t)_ky($> O)’LU((L t)]) _/Om(kyy(x7 y)-i—)\(y)k‘(.%‘, y))w(y, t)dy

(2.9) —w0.0) [ kepatdy - [l ( / k@6 f (€. y)ds) dy

and
d

Zow (T, 1) = Wee (x,1) — %(k(a:,x))w(x,t) — k(z, z)wy(x,t)

(2.10) .
~ oozt = [ her( oty
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Substituting (2.9) and (2.10) into (2.1), it follows that the kernel function k(z,y)
should satisfy the following PDE:

ekaa (2, y) —ekyy (2, 9) = (A(y) + k(. y) — f(z, y)+/zk(x, §)f(& y)ds,

(2.11) < ek, (x,0) + eqk(z,0) = g(z) — /OI k(z,y)g(y)dy,

1 x
k(z,2) = —q— o
0

(A(y) +o)dy.

By [30, Theorem 2.1], the PDE (2.11) has a unique solution k € C?(F).
To find the inverse of transform (2.8), suppose

(2.12) w(z,t) = z(z,t) + /:l(x,y)z(y,t)dy.

Similarly, taking Caputo’s fractional derivative for (2.12) and using the first equation
of (2.1) through performing the integration by parts, we have

§Dpule.) =§DEx(e0)+ [ e )§ DEsty. 0y
= $D2(x,t) + /01 Uz, y)(e220(y, 1) — c2(y, t))dy
= 6(1(13, x)zg(z,t) — U(2,0)25(0,8) — [ly(z,x)2(x,t) — ly(z,O)z(O,t)])

(2.13) + /m(lyy(x, y) — 0)z(y, t)dy + ez40(z,t) — cz(z, 1)
0
and

W (1) = 20, 1) + (U, )20, 1) 1, )21

(2.14) + U (z, 2)z(x,t) + /O-T Loz (2, 9)2(y, t)dy.

Substituting (2.12), (2.13), and (2.14) into (1.6), it follows that the kernel function
I(x,y) satisfies the following PDE:

claali,) = ey 5) = —(&) + o)~ )~ [ U601 )

(2.15) ely(x,0) + eql(x,0) = g(x),

Mo 0) = —q— [ (\w)+ o).

2e Jo

Once again, by [30, Theorem 2.2], the PDE (2.15) has a unique solution | € C2(F).
Now, we design a state feedback for system (1.6) as follows:

1
(2.16) u(t) = /0 k(1 y)w(y, £)dy.
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Under this state feedback, the closed loop of system (1.6) is
(2.17)
T
D (e t) = e (o,t) + A@hulet) + g(@)u(0.0) + [ flag)ule iy,
0
wz(07 t) = 7qw(07 t)a
1
w(t,) = [ KL g)u(. 0,
0

w(z,0) = wo(x),

which is shown to be equivalent to the target system (2.1). We thus have
Proposition 2.5.

PROPOSITION 2.5. For any initial value wy € L?(0,1), the closed-loop system
(2.17) admits a unique solution w € C(0,00; L?(0,1)) given by

w(et) =Y a;Fa <_ cte (j + ;)27#] t“) 6:(),
where

J=0
0 =V2 [ 1 (oo = [ Kompntay)sin ((5+ 3 ) o= 1) ) @z =0,
oyt) = Vasin ( (i3 ) mo-1)) +2 [itesin ( (43 ) wto-1)) dns 20

and hence is Mittag—Leffler stable in L*(0,1).

2.3. Observer design. To design an output feedback control, we need to recover
the state w(x,t) of system (1.6), which is used in the feedback control (2.16), through
an observer.

We design the following observer for system (1.6):

ng‘f&(x, t) = eWye(x,t) + Az)W(z, t) + p1(2)(W(0,t) — yo(t))
To(@)o(t) + / f(, y) (e, y)dy,

{Dz(ov t) = _qyo(t) +p0(@(03 t) - yo(t))v
w(1,t) = u(t),

w(z,0) = wo(x).

(2.18)

This observer is designed similarly as that in [31] for a parabolic system.
Let w(x,t) = W(x,t) — w(x,t) be the observer error. Then w(x,t) is governed by
the following fractional PDE:

(2.19)
S D w(x,t) = ey (x,t) + M)W (2, ) + p1(x)w(0,t) + /0 f(z,y)w(x,y)dy,

W, (0,t) = pow(0,t), w(l,t) =0,

w(z,0) = wo(x) —wo(x).
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It is noticed that the observer gains p;(z) and pp should be designed to stabilize
system (2.19).

We investigate the stability of (2.19) by similar integral transformation for the
state feedback. The difference is that here we introduce z — w by

(2.20) 1) = Hart) / " p(z,y)E(w, 1)y,

which is expected to transform (2.19) into the following Mittag—Leffler stable system
for ¢ > —5%2:
§DeZ(x,t) = 5:5”(1 t) —cz(x,t),
(2.21) Z.(0,t) = z(1,t) =
Z(x,0) = Zo(z).

The parameter ¢ is set to regulate the observer convergence speed, which is seen from
Lemma 2.1 and is generally different from the analogous coeflicient ¢ in control design
if one expects convergence of the closed-loop system via output feedback to be as
good as via state feedback, referred to by (2.31) later.

Substituting (2.20) into (2.19), we obtain the following fractional PDE for Z(z, t):

xT

§opzen) = [ by DEE(y, )y + ¢ (ax,t) - p(w)z(y,t)dy) )

<>(<x,t> / p(a, )(y,t>dy)+p1<x>z<o,t>
— Mooz, t)ds)

O

= 244 (2, 1) +€/ p(,y)Zyy(y, t)dy — € (/ p(x,y)z(yvt)dy>
0 xrT

0

- / @+ M))p( 1) E(y, t)dy
+f =) (f@c,y) / mf(x,é‘)p(s,y)d€> Ay M @) 3z, £)+p (2) 30, )

(=)

T / Sy ( s~ [ zf(x,f)p(f,y)dﬁ) dy+(epy (2, 0)+p1 (2))3(0, 1)
(2.22) + ()\ - 25— (x,x)) Z(x,t) — e2,(0,t)p(x,0)

and

Z5(0,t) = w,(0,¢) + p(0,0)2(0,t) = w,(0,¢) + p(0,0)w(0, t)
= (pO + p(O, 0))75(07 t)7

(2.23) E(l,t):/o p(1,4)z(y, t)dy.
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Comparing the fractional PDE (2.22) and boundary conditions (2.23) with (2.21), it
follows that p(z,y) needs to satisfy the following PDE:

EPyy(T,Y) — Pz (w,y) = (€ + AN(@))p(2,y) — f(z,y) + /xf(x, §)p(€,y)d¢,

(224) 25%}9(%, x)=XMz)+¢
p(Ly) =0,

and the observer gains should be chosen as

(225) Y4 (.’E) = _5py(xa O)a Po = _p(070)'
Once again we seek the inverse of transformation (2.20) by setting
T
(2.26) Hant) =@l t) + [ rle)ly.dy.
0
Notice that the form of system (2.1) and (2.21) and the form of system (1.6) and
(2.19) are similar to the system (2.1) converting into system (1.6) by replacing g(x),

q, and ¢ in (2.15) with p;(z), —po, and ¢, respectively. We then have that r(z,y)
satisfies the following PDE:

eraa (2,y) —eryy (v, y) =—(A(@) + O)r(z,y) — f(z,9) —/mf(ﬁ,y)f(ﬂfyf)dﬁ,
(2.27) < ery(z,0) — epor(z,0) = p1(z),

r(z, 0—*/ y) + o)dy,

where py(x) and pg are given by (2.25).

It is shown in [30, Theorem 4.1] that (2.24) and (2.27) have a unique solution
p,r € C*(F). With the transforms (2.20) and (2.26), system (2.19) is equivalent
to system (2.21). Thus, we have immediately the following convergence for observer
(2.18).

THEOREM 2.6. For any control input u € L} (0,00) and initial value (wo, Wo) €
L?(0,1) x L?(0,1), the observer error system (2.19) admits a unique solution W €

C(0,00; L?(0,1)) given by
1\ 2
Ct+e <j + 2) 72] ta> oi(z),
where

(2.28) w(x,t) =Y a;Eq (
Jj=20

=2 [ (@@ + [ e 0) @) o Jsin (343 ) 1),

oyt =asin (743 ) wla=1)) V2 [ ptegysin ( (35 ) wl-1) ) g =0,

and hence is Mittag-Leffler stable in L?(0,1).
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2.4. Observer-based output feedback. Since we obtain an approximated
state W(z,t) from the output by observer (2.18), it follows from the state feedback
(2.16) that an observer-based feedback should be designed naturally as

1

(2.29) u(t) = ; k(1,y)w(y, t)dy.

Under feedback (2.29), we have the closed-loop system of (1.6):

(2.30)

§ DFw(e.0) = el t) 4 Ao, t) + g(a)ul0.0) + [ Fapyute)dy,

w4 (0,t) = —qu(0,t),

w@w—A%@wm%mm

§Dib(a,1) = ez (.8) + A@)d(a, 1) + i () @0, 1) = yolt)
+o(@h0)+ [ fa)ate ),

Wy (0,1) = —qyo(t) + po(W(0,1) — yo(t)),

@@wzéﬁumw%mm

w(z,0) = wo(x), wW(x,0)=wp(z).

L2(0,1), the

THEOREM 2.7. For any initial value (wq,Wo) € H := L*(0,1) x t
(0,1)xL2(0,1)).

1
closed-loop system (2.30) admits a unique solution (w,w) € C(0,00; L
Moreover, there exists a constant C > 0 such that

)
2

(2.31) 2 2
[(w(-,8), @(, )| < CEq <—min { {c + 51] , {'E—i— 51] } t“) | (wo, @o) |3

Proof. Since w(x,t) = w(x,t) — w(x,t) is an observer error, it is obvious that
system (2.30) is equivalent to the following system:

(2.32)
6 Difw(a,t) = cwey (z, 1) + Mz)w(z, t) + g(z)w(0,t) + /O [z, y)w(z, y)dy,

’UJI(O, t) = _qw(oa t),
Msz/k@wwwﬁ+@@ﬁM%
0

S Dw(x,t) = eWag(x,t) + Na)W(2, ) + p1(x)w(0,t) + /Or f(z,y)w(x,y)dy,

W, (0,t) = pow(0,t), w(l,t) =0,

~

w(z,0) = wo(x), w(x,0)=wo(z)— wo(x).
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Under transforms (2.8) and (2.26), (2.32) is equivalent to the following system:
§D2(x,t) = e240 (2, 1) — c2(m, 1),

)
2:(0,t) =0,

(2.33)

) (:v) ( 0) = Zo(x).

Define the operator Ap : D(Ap)(H) — H as follows:

[Ap(f,9)l(z) = (ef"(z) — cf (2), 29" (x) — Cg()),

D(Ap) = {(f, g) € H*(0,1) x H?(0,1) : f'(0) = 0,9'(0) = 0,9(1) =0,

= | k(L) (g<y> - yp(y,@g(s)ds) dy}.

We compute the eigenvalues and the corresponding eigenfunctions of Ap. Solve
AD(fa g) = /’L(.fv g)v where JIES U(AD) and (f7g) € D(AD)a to obtain

Ef”( ) —cf(x) = pf(z),

g"(x) —¢g(x) = pg(x),
(2.35) f1(0)=0, ¢'(0) =0, g(1) =0,

)= | k(L) (g(y) -/ yp(y,@g(s)dg) dy

There are two cases.
Case I: g(x) = 0. In this case, (2.35) becomes

{ ef"(w) = cf (z) = nf(x),
flo)y=o0, f(1)=

which has nontrivial solutions (u1n, fin(z)):

(2.34)

(2.36)

(2.37) uln:—c—s(nﬂ'—i— ) , fin(x )—cos(nﬁ—kg)x,n:0,1,2,....

Hence, (ft1n, Fin(x)) = (ft1n, (f1n,0)) is an eigenpair of Ap.
Case II: g(x) # 0. In this case,

{ eg"(z) — ¢g(x) = pg(x),
g'(0)=0, g(1) =0,

which has nontrivial solutions (uay,, gan(z)):

(2.38)

™

2 s
*) 792n(33)=COS(n7T+§)x, n=20,1,2,....

(2.39)  pon =—C—¢ (mr +3
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Substituting (uan, gon(z)) into the equation
ef"(@) — cf(x) = panf(2),

2.40 1 y
(240 f'(0) =0, f(1)=/0 k(1,y) (g2n(y)_/0 p(yﬁ)gzn(&)df) dy,

we have the solution fa,(z) given by

o) /01 k(1,y) <cos (mr + g) y— /Oy p(y, &) cos (mr + g) gdg) dy
(2.41) cos (\/(mr +I)2 4 E€c>

(\/ T\ 2 Ec)
X COS (nﬂ'—|— —) + x.
2 €

We thus have another eigenpair: (pon, Fon () = (f2n, (fon(2), g2n(2))) of Ap.

Now we show that {Fy, (), Fa,(z)} forms a Riesz basis for L?(0,1) x L?(0,1).
First, since {cos(n+ %)z, n = 0,1,2,...} forms a Riesz (orthogonal) basis for L*(0,1),
{F},(z) = (cos(n+%)x,0),n =0,1,2,.. JU{Fo,(x) = (0,cos(n+%)r),n=0,1,2,...}
forms a Riesz basis for L?(0,1) x L2(0,1). Moreover,

L) o0
S 1 Fine) — Fru@)B+ 3 [ Fone) — 5, () 1B,
n=0 n=0

/o1 k(1,y) <00s (”w + g) Y- /pr(yf) cos (m * g) §d§> w

2

2

oo
n=0

cos/(nm+ 3)2 + E<x

)2 c—c
COs \/(mr—i— 5) + = £2(0.1)

0o 2 /01 k(1,y) (cos (mr + g) y— /pr(y,f) cos (mr + g) fdf) dy
<
—Z‘) 1+ cos (2\/(m+g)2+556>

/01 k(1,y) cos (mr-i-g) ydy—/o1 (/yl k(l,g)p(g,y)dg) oS (mﬂrg) ydy

1+ cos (2\/(n7r +I)2 4 Egc)

2

2
2

00
n=0

Since

1+ cos (2\/(n7r +5)2+ E?)

. ™2 c¢c—c
,}Lnéo5<2\/(””+z> T ”27””)) iE—0)

1+ cos (2\/(n77 + )74 550)

2 (n7r+§)2+@—(2n77+77)

£

= lim =2,
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there exists a positive integer N > % such that for all n > N +1,

™2 ¢-—c¢ 4(c—c)
cos( nw+ — ) > .
1+ 2\/( + 2) + € > 5(2\/(n7r+72r)2+626+(2n71'+’ﬂ'))

It follows that

i | Pin () — F, ()13, + i [ Fan () — F3,, ()13

- 1 "_; 2 1/ p1 2

/Ok(l,y)cos (n7r+§) ydy‘ + /0 (/y k(l,f)p(f,y)df) cos (mrJr 2) ydy‘

= 1+ cos (2\/(m+g)2+5;)
1 - 2 1/ p1

/Ok(l,y)cos <n7r+§) ydy‘ + ‘/0 (/ﬂ k(1,8&)p(E, )df)cos (mrJr )ydy

n=0 1+ cos (2\/(m+g)2+ CE“’>
2
—Q—snzN:HS(mr—i— ‘/ (1,y) cos (mr—i— )ydy’
1 1 -
(/y k(lvﬁ)p(ﬁ,y)d£> cos (nﬂ' + 5) ydy

Since k,p € C2(F), k(1,-) € C'[0,1] and [} k(L E)p(&, y)de € C1[0, 1], by [18, p. 25,
Theorem],

o 4

2

2

te Y 5(n7r—|—§>

n=N+1

oo

{(m5) [ Wwpeos (on 4 T)uts}

n=0

and

oo

{(m + g) /01 (/yl k(1,5)p(§,y)d§> cos (mr + 2) ydy} €2

n=0

By the classical Bari theorem, {Fi,(z), Fon(x),n =0,1,2,...} forms a Riesz basis for
L?(0,1) x L?(0,1). So Ap generates a Cp-semigroup in L?(0,1) x L?(0,1). Next, the
solution of (2.33) can be expressed as

(2.42) (2(z,1), =Y O10(t)Fin(@) + 20 (t) Fan()
n>0

and the initial value

(2.43) (20(x =Y a1, F1n(2) + agn Fan (),

n>0
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where {a1,}, {az.} € 12, and p1,, 92, € C(0,00;R) satisfy the following linear frac-
tional differential equations

(2.44) § D o1n(t) = pin1n(t),  §Df@an(t) = pon@an(t), n=10,1,2,...,
with the initial values
(245) 90177,(0) = Q1n, 902n(0) = Q2p, N = 0, 1, 27 e

By [16, Theorem 4.3], the solutions of (2.44) with the initial values (2.45) are found to
be v1,(t) = a1nEa(1,t*) and won (t) = agnEo(p2,t*). Thus, the solution of (2.33)
is finally represented by

(246) ( (I t Z aln ,Uln Fln( ) + aJQnEa(,UQnta)F%L(z)-
n>0
Since {F1,,(x), Fon(z),n =0,1,2,...} forms a Riesz basis for L?(0,1) x L?(0, 1), there
exists constants C7,Cy > 0 such that for all &1,,, &2, € R,
(2.47) C1 Y (€1 +63,) < [1€nFin(@) + LonFan(@)|3, < C2 Y (6, + &,)-

n>0 n>0

It then follows from (2.46) and (2.47) that

12,0, 20, 0) I < C2 ) (ot Ba(pant®) + ad, BA (p20t™))

n>0
< Co B3 (max {pu10, 2o } £*) Z (a3, + a3,)
n>0

Cy a2 =2

(2.48) < aEa (max{p10, 20 }t*)" [|(20, Z0|%-
Since

w\ (I 0\ (w\ (I 0\ /[I+P 0 z

w) \I I)J\w) \I I 0 I+Py) \z
(2.49)

T \I+P, I+DPy)\Z)

where Py and Py are Volterra transformations, which, in terms of (2.12) and (2.20),
are given by

]P)lf(x) = A£l($,t)f($)d$, ]P)Zf(m) = —/pr(%t)f(m)d@ Vf € L2(07 l)u

the inequality (2.31) then follows from (2.48) for some constant C > 0. ad

Remark 2.8. In the proof of Theorem 2.7, we actually give an explicit expression
of solution of the closed-loop system (2.30). Indeed, by (2.46) and (2.49), we have

w(z,t) = Z(alnEa(Nlnta)(I +P1) fin (%) + a2n Ea(p2nt®) (I +P1) fon()),

n>0
fﬁ(x, t) = Z(alnEa(Nlnta)(I + Pl)fln(x) + a2nEa(.U2ntOé)(I + Pl)an(m))
n>0
+ Z a2n /14271 (I + ]P)Q)g2n( )
n>0

where f1,(x), gon(z), and fo,(x) are given in (2.37), (2.39), and (2.41), respectively.
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Original TFRDE system

u(t)

Controller wz(0,t) = —quw(0,t)
wz(1,t) = u(t)

w(l,t)

w(z,1) Observer TFRDE system

w(zx,t) to be designed

Fic. 2. Block diagram of output feedback for time fractional reaction diffusion equations with
Neumann boundary control (1.7).

3. Backstepping with Neumann boundary control. In this section, we
apply the backstepping approach to design an output feedback stabilizer for system
(1.7) as depicted in Figure 2.

3.1. Target system. We introduce a target system,
§Dgz(x,t) = e2g0(x,t) — cz(,t),
(3.1) 22(0,1) = z,(1,8) = 0,
2(x,0) = zo(),

where the parameter c is used to regulate the convergence speed, which is seen from
Lemma 3.1.

LEMMA 3.1. For any initial value zg € L%(0,1), system (3.1) admits a unique
solution z(-,t) € C(0,00; L?(0,1)). Moreover, the solution is Mittag-Leffler stable in
L?(0,1):

(3-2) 12C,B)l1E20,1) < Ea (=ct™) 120l 20,1y
Proof. Define the operator Ay : D(Ay)(C L?(0,1)) — L?(0,1) as follows:

[An fl(z) = ef"(x) — cf(2),
(3.3) ) , )
D(An) = {f € H*(0,1)[f'(0) = 0, f'(1) = 0}.

A simple computation shows that Ay is self-adjoint in L2?(0,1) with the eigenpairs
{15, ¢5(x)} given by

(3.4) po=—c, eg(z) =1, and p; = —c — 572, e;(x) = V2cos jrz,j =1,2,....

Since {e;(z)} forms an orthnormal basis for L?(0,1), we can express the solution of
(2.1) as

(3.5) z2(x,t) = Z w;(t)e;(x) with zo(x) = Z ajei(z),

J=0 Jj=0

where {a;} € I? and p; € C(0, oo; R) satisfies the following linear fractional differential
equation:

(3.6) 6 Do (t) = pip (1), ©;(0) = aj.
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By [16, Theorem 4.3], the solution of (3.6) is found to be ¢;(t) = a; Eq(p;t*). Thus,
the solution of (3.1) is finally given by

2w, t) =) ajEa(ut®)e;(x).

>0
Therefore,
12Ct)l|72(0,0) = D a3 Ba(ugt®) < Ex(mit®) Y af = Ex(—ct)|zol72(0,)-
320 720
This proves (3.2). d

Remark 3.2. Since for zo(z) = ey (),

12C 20,1y = Eal=ct)lz0llZ2(0,1)-
So (3.2) gives the optimal estimation for the solution of (3.1).

By the backstepping transforms (2.8) and (2.12) and the analysis in subsection
2.2 as well, we can design a state feedback control for system (1.7) as follows:

(3.7) uw(t) = k(1,1)w(1,t) —l—/o ko (1, 9)w(y,t)dy.

Under the feedback control (3.7), the closed-loop of system (3.7) is
(3.8)

C DRw(, t) = ewse(z,£) + Az)w(z, ) + g(z)w(0,1) + / " f e gy, y)dy,
w,(0,t) = —qw(0,1),

1
wa(1,1) = k(1 Du(L, 1) + / (1, y)w(y, H)dy,

w(z,0) = wo(x).

Since the transforms (2.8) and (2.12) are invertible, system (1.7) is equivalent to the
target system (3.1). Thus, we have Proposition 3.3.

PROPOSITION 3.3. For any initial value wy € L2(0,1), the closed-loop system
(3.8) admits a unique solution w € C(0,00; L%(0,1)) given by

(3.9) w(zx,t) = Zaan (= [e+ 5j27r2] t*) ¢;(z),

720

= | 1 <wo<x> -/ ) k(x,wwo(y)dy) dz.

bola) =1+ /O “U( )y,

where

1 x
a; = \/5/ (wo(x) — / k(x,y)wo(y)dy> cosjmxdz,j > 1,
0 0
6)(2) = VEcosjnz + V2 [ iy cos mdy. = 1,
0

and hence is Mittag-Leffler stable in L?(0,1).
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3.2. Observer design. In this section, we design an observer for system (1.7)
to recover the state w(z,t) by the output y,(¢) = w(1,t). To do this we suppose that
flz,y) =0, g(x) = 0. The general case seems complicated to find the corresponding
kernel functions in what follows.

The model we consider in this section is described by the fractional PDE of the
following:

S Dew(x,t) = ewgs(z,t) + Mx)w(z,t), z € (0,1), t >0,
w,(0,t) = —qw(0,t), t >0,

(3.10) wy(1,t) = u(t), t >0,

w(z,0) = wo(x), 0 <z <1,

Yo(t) = w(1,t), t > 0.

We design the following observer:

6 Dy () = elige (2, ) + A@)B(, t) + pr(2)(@(1, ) = yo(t)),
o .(0,1) = g0 (0, 1),

we(1,t) = po(wW(1,1) — yo(t)) + u(t),

w(z,0) = wo(z).
Let
(3.12) w(x,t) = w(zr,t) — w(z,t)

be the observer error. Then, by (3.10) and (3.11), w(x,t) satisfies

6 Difw(z,t) = eag(,t) + Ma)i(z, 1) + pr(z)w(1,1),
Wy (0,t) = —qw(0, 1),

W (1,t) = pow(L, 1),

w(z,0) = Wo(x) — wo(x).

(3.13)

We look for the transformation,

1
Bl Bt = (Pt = 3wt - [ ple )3 0
that transforms (3.13) into the following Mittag—Leffler stable system for ¢ > 0:

§DeZ(w,t) = €2y (2, t) — C2(x, 1),
(3.15) Z5(0,t) = Z,(1,t) = 0,
Z(z,0) = Zo(x).
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Substituting (3.14) into (3.13) gives the equation satisfied by z(z, t):

€ Dei(a, t) = /

x

1 1

P )§ D E(y, 1)y + 2 (ax,t) - [ vt y)z(yi)dy)

rxr

+ Ax) (%mt) - /;p(x,y)?(yvt)dy> + p1(z)z(1, )

1 1

= €2y (,t) + s/

€T

P, 1)Fay (0, Dy — € ( | et t)dy)

T

1
- / @+ (@) ple, 9)3(w, )y + Ma)3(w, 1) + pr ()31, 1)

= Ea(at) + / [£Pyy (2, 4)—EPas (3, 4) (2, 1) — A(2)p(a )] 2y, H)dy

+ (M) + 26 oplen2) ) B )+ <501 Ol )
(3.16) + (p1(z) — epy(z,1))z(0,1)
and
1
%,(0,1) = —(p(0,0) + )3(0,1) + / (p=(0.9) + qp(0,9))3(y. £)dy,
Ze(1,t) = we(1,t) — p(1,1)2(1,t) = w,(0,t) — p(1, D)w(1,t)
(3.17) ~ (po— p(1,1)@(1,1).

Comparing (3.16) and boundary conditions (3.17) with (3.15), it follows that p(z,y)
satisfies the following PDE:

Epyy(x,y) - Epww(xvy) = (E+ )\(x))p(a?,y),
(3.15) paa) = —a+ 3 [ O+

P=(0,9) = —qp(0, ).
The observer gains should be chosen as
(3.19) pi(z) = epy(x, 1), po=p(1,1).

To give existence of the solution of (3.18) and the invertibility of transform (3.14), we
introduce new variables:

(3.20) T=y, y=uz,
Then (3.18) becomes

(:ﬂzj) = p(iU, y)'

b1

Pzz(Z,9) — ebyy(Z,y) = (¢ + A(H))P(Z, 1),
1 T
(3.21) pa) =+ 5 [ Q)+
0
Py(2,0) = —qp(z,0).
It is noticed that (3.21) is exactly the same as (2.11) for k(x,y) with f(z,y) = 0,
g(z) = 0, and ¢ being replaced by ¢. Thus, (3.18) admits a unique solution p € C?(F),

and the transformation (3.14) is invertible. With this invertible transform (3.14), we
have immediately the following convergence for observer (3.11).
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THEOREM 3.4. For any control input u € L?, (0,00) and initial value (wq,@o) €

L2(0,1)x L?(0,1), the closed-loop system (3.13) admits a unique solution w € C(0, oo;
L?(0,1)) given by

(3.22) W(z,t) =Y ajEq (= [¢+e2m?] ) ¢;(2),
j=0

where

ao = /0 (I + P3)~" (o (x) — wo(w))dz, ¢o(z) =1— / p(z,y)dy,
a; = \/5/ (I +Ps)~" (to(x) — wo(x)) cos jrada, j > 1,
0
1
¢j(z) = V2cos jmx — \@/ p(x,y) cos jrydy, j > 1.

Moreover, the solutions is Mittag—Leffler stable:
(3.23) [, 8) 12200y < CE2 (=) |l |22 0.0) for some C > 0.

3.3. Observer-based output feedback. In this section, we discuss output
feedback stabilization of system (3.10). Since by observer (3.11) we obtain an approx-

imate w(z,t) of the state w(x,t), a natural output feedback control, inspired by state
feedback (3.7), should be

1
(3.24) uw(t) = k(1,1)w(1,t) +/ ke (1, y)w(y, t)dy.
0
Under feedback (3.24), we have the following closed loop of (3.10):

S Dw(x,t) = cwge(x,t) + Az)w(z, t),
wx(07 t) = _qw(07 t)v

wa(1,1) = k(L 1)@(1,1) + / k(L) (y, D)y,

(3.25) OCD?@(QU, t) = gy (x,t) + Mz)W (2, t) + p1(z)(W(1,t) — yo(t)),
ﬂ)\x(oat) = 7(1@(0’”7

@I(17t) = pO(ﬁ}(Lt) - yo(t)) + k(1> 1)’&}\(17” + /0 kz(lv y)@(yﬂf)dy,

UJ(.T,O) - wo(.T), @(IE,O) = ﬁ)\O(SU)

THEOREM 3.5. For any initial value (wo, @) € L?(0,1) x L?(0,1), the closed-
loop system (3.25) admits a unique solution (w,w) € C(0,00; L?*(0,1) x L%*(0,1)).
Moreover, there exist two positive constants C,u > 0 such that

(3.26) [(w(-52), W ) z20,1)x22(0,1) < CEa(—pt®)|[(wo, @Wo) | £2(0,1)x £2(0,1)-
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Proof. Using the error variables w(z,t) defined in (3.12), we can write an equiv-
alent system of (3.25) as follows:
S DEW(x,t) = eWan (x, 1) + AM2)D(x, 1) + pr(2)(D(1,1) — yo(t)),
7//3;1: (Oa t) = _q’&;(oa t)?

'ﬁ}z(lvt) = pO(ﬁ}\(l?t) - yo(t)) + k(]-? 1){0\(1vt) + /0 kz(l’ y)@(y,t)dy,

B20) 4 C Dot 1) = et () + A2)i(2, ) + p1 (2)(1, 1),

I[Dx(o7t) = _q@(07t)7
{Dx(l’t) :Poﬁ)(lat)v
w(z,0) = Wo(x), w(x,0)=wy(z)— wo(x).

Under the transformation (3.14) and

(3.28) Z(x,t) = w(x,t) — /03? k(x,y)w(y,t)dy,

system (3.27) is transformed into the following system:

§D82(z,t) = €Zpn(w,t) — c2(,t) + G (2)Z(1, 1),
z:(0,t) =0,
ze(1,t) = poz(1,1),
(3.29) o N -
o Dy Z(x,t) = €2y (2, t) — c2(2, 1),
2.(0,t) = 2 (1,t) = 0,
z(z,0) = zo(x), z(z,0) = Zp(x),
where

G1(x) = pa(z) - / " k(e y)p ()dy.

To show well-posedness and Mittag—LefHler stability for system (3.29), let us introduce
a new variable, z(z,t) = Z(z,t) — pox®(z — 1)Z(z,t). The purpose of this change of
variables is to make boundary conditions be homogeneous. In this way, zZ(x, t) satisfies

§D8z(z,t) = €20 (w,t) — c2(x,t) + Gy (2)2(1, 1)
+Go(z)z(x,t) + Ga(x)Zz(x, t),

Z2(0,t) = Z,(1,t) = 0,

Z(x,0) = Zg(x),

(3.30)

where
Go(x) = epo(6x — 2) — pox?(z — 1)(c — ©), Gs(x) = epo (322 — 2z).

We now prove the well-posedness and the Mittag—Leffler stability for system (3.30)
coupled with “Z-part” of (3.29). To this end, we introduce an equivalent inner product
induced norm in H = L?(0,1) x L%(0,1):

1 1
I 92 = / fa)ds + 5 / ¢ (x)dz,
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where k > 0 is a constant to be determined later in (3.37). Define operators A and
B as follows:

[A(f, 9))(x) = (—ef"(z) — cf(x), —eg"(x) — cg(x)),

D(A) = {(f,9) € [H*(0, )]* : f'(0) = f'(1) = g'(0) = g'(1) = 0},
[B(f, 9)l(z) = (G1(x)g(1) + Ga(x)g(x) + Gs(z)g'(x),0),

D(B) = H'(0,1) x H*(0,1).

(3.31)

We claim that for any given sufficiently small a > 0, there exists positive constant
bq > 0 such that

(3.32) IB(f, )l < allA(S, 9)ll + ball(f, 9)[1-

Actually,
1B(f.g)|% = / (G (2)g(1) + Gala)g(x) + Gs(x)g (x))” d
1 1
< 3G, lg(1)[? + 362, / ¢ (x)dz +3G2, / (¢ (x))2dx

1 1
(3.33) < (663 +36%) [ P@)dn+ (663, +36%) [ (¢/@)Pax,
0 0

where G1o=max,¢[0,1]|G1(2)|, G20 =max,c[0,1)|G2(2)|, and G3p = max,e(o,1)[po (32—
2z)|. Since for any given o > 0 there exists C, > 0 such that for all g € H?(0,1),

1(9’(»’6))2dw <o 1(9”(93))2dx +Cs 1 g*(z)dx
/ / /
and

1 1
A ) 2 — 1 2d 1 ~ 2d
1A 9) I3 /0[6f tef] +/ eg” + EPda

2 1 1
> w5 [ (@) - [ g,
0 0

we have

1

1
IB(f. 9|2 < (662, +3G%,) o / (¢ () dz + (6G2, + 3G, + C.) / ¢ (2)dz
0 0

_ (12G%) + 6G3)

< ST, g)

2 2 1
+ (GG%O +3G3, +Co + (12(;1();_66'20)052> / g*(z)dz.
0

This, together with (3.33), shows that (3.32) holds by arbitrariness of o. Since A
generates an analytic Cp-semigroup on H, it follows from [28, Theorem 2.1] that
A + B generates an analytic Cy-semigroup on H as well. By Lemma 1.6, the system
(3.30) coupled with “Z-part” of (3.29) is well-posed.

Next, we show that system (3.30) coupled with “Z-part” of (3.29) is Mittag—Leffler
stable. Let

1
Vit) = %/0 72 (x, t)dx.
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Then

1 1 1
ng‘Vl(t):i/o g‘Dng(x,t)da:g/O Z(2,t)§ D8 Z(x, t)dz

_ /0 (1) [eZas () — c2(, £) + G (2)3(1, 1)
+ Ga(x)Z(w,t) + Gs(2) 2, (2, 1) | da

1 1
= —5/ 22 (x, t)dx — c/ 72 (x,t)da
0 0

1
(3.34) + /0 Z(x, t)[G1(2)Z(1,t) + Ga(2)Z(x, t) + G3(x)Z,(z, t)]dx.
Since

1 1
/ (2, )Gy (2)3(1, t)da gGm/ 22z, t)da|3(1, 1)
0 0

1
<= [ 2ot 3G 501, 1)
6/, %

1 1
< E/ 7% (x, t)dx + 710 ( 22 (2, t)dx + ?(x,t)dx)
6./o € 0 0

and
1 e 1
/ 2 1)Galw) 3, t)da| < & / 2(p t)da + 2 20 / 2(z, )dz,
0 0
1 1
/ ()G, | < & / (g, 1)d 3G3° / 2(2,4)d
0 0

we estimate the solution of (3.34) as

1
SDaVi(t) < —%/ Z(z,t)dx —c [ Z*(x,t)dz
0 0

2 2 1 2 2 1
(3.35) 1 (0 4 355 / 2z, t)de + 2210 4 3050 / 2 (x,t)da
€ 2e 0 € 2e 0
Let
1
Vao(t) = = [ Z*(z,t)dx
0
Then,
1 1
(3.36) §D2Vy(t) < 5/ Z2(x,t)dx —E/ 22 (x,t)dx.
0 0

Let V(t) = Vi(t) + xV2(t) be the Lyapunov function, where x > 0 is the design
parameter. It follows from (3.35) and (3.36) that

1
OCD?V(t) < — / 22(93 t)da — c/ Zz(x,t)d:c
0

<
2
Glo 3G ['

2 1
3Gt - 32:?)/ 22 (x, t)dz.
0
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Choose k > 0 so that

_ 3G? 3G2 3G? 3G2
(3.37) KE> —10 L 30 e 10 220
€ 2¢e € 2e

Then § DXV (t) < —C,V (t), where

2 2
Clzmin{Qc,Q(mg_%_%))}.
K € 2¢e

By fractional version of the Lyapunov method [23, Theorem 5], we can obtain that
V(t) < V(0)Ey(—Ct®). Since z(x,t) = Z(z,t) — por?(x — 1)Z(z,t) and system (3.29)
is equivalent to system (3.25), there exist two constants C,p > 0 such that (3.26)
holds. This completes the proof of the theorem. 0

Remark 3.6. From the explicit expression of the solution of closed-loop system
(2.30), it is clearly seen how the parameters ¢ and ¢ influence the convergence speed
of system energy. However, in Theorem 3.5, we use operator method and Lyapunov
method instead of the Riesz basis method to show stability for the closed-loop system
(3.25). This is because it seems hard to prove that the operator A defined by (3.31)
is a Riesz spectral operator, and hence the explicit expression of the solution is not
available.

Remark 3.7. From the analysis, we see that to stabilize an unstable time frac-
tional reaction diffusion system, the control design can be borrowed from those for
the classical reaction diffusion equations in [30] and [31]. However, the stability anal-
yses rely on the Riesz basis method for (1.6) and the fractional Lyapunov method for
(1.7), which are very different from those of [30] and [31]. The Riesz basis method
leads to an optimal decay estimation which was not given in [30] and [31]. The derived
asymptotic stability for the closed-loop system is of polynomial type with respect to
time and cannot be exponential. It is worth noting that due to the memory effect
and complexity of the fractional derivative, the fractional Lyapunov method, which
is different from the classical Lyapunov method, was not developed until 2009 in [23],
and the applicability of the fractional Lyapunov method was not available until 2014
in [1]. The results here could provide some insights into the qualitative analysis of
fractional PDEs. Finally, when the fractional order o« = 1, our results recover the re-
sults of [30] and [31]. In particular, our results provide the optimal decay estimation
for the case @ = 1, which was not available in [30] and [31].

Remark 3.8. As indicated in Remark 3.7, when the parameters in (1.6) and (1.7)
are known, the design used in [30] and [31] can be applied. However, the design method
of [30] and [31] is not always applicable for the time fractional reaction diffusion
equations. This happens when the parameters in (1.6) and (1.7) are uncertain. In
this case, the computation of the fractional derivatives for composite functions is
complicated, and boundary control for (1.6) and (1.7) with uncertainty is never trivial
and should be considered in further study.

To end this paper, we mention the physical feasibility of feedback control pre-
sented in the closed-loop systems (2.30) and (3.25). Since in both (1.6) and (1.7)
only the boundary temperature w(0,t) or w(1,t) is measured, it is easily physically
implementable. The observers (2.18) and (3.11) can be implemented by discretization
technique presented in [33].
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4. Concluding remarks. This paper is a first effort to attempt boundary feed-
back stabilization for fractional PDE systems. Both Dirichlet and Neumann boundary
controls are discussed. In the Neumann case, we use collocated control and observa-
tion to showcase the different technique with the Dirichlet case. The backstepping
transformation is used in designing the state feedback laws. The observers are de-
signed and the observer-based feedback control is obtained based on the stabilizing
state feedback. However, the observer for the Neumann control is only considered
for a simplified model. The Mittag—Leffler stability is concluded in each case for the
closed loop. The idea is potentially promising for treating other fractional PDEs.
There are some other interesting problems that are not touched in the field. One of
them is stabilization for uncertain fractional PDE systems, which has been discussed
for classic PDE systems in [8, 9, 10, 11, 12, 13, 14, 34, 35] and the abundant references
therein.
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