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A Novel Extended State Observer for Output Tracking of MIMO Systems
With Mismatched Uncertainty

Zhi-Liang Zhao and Bao-Zhu Guo

Abstract—In this paper, we develop a novel extended state
observer (ESO), in terms of tracking error only, for output track-
ing of a class of multi-input multioutput systems with mismatched
uncertainty. A novel ESO is constructed from the nonsmooth func-
tion “fal” to estimate both uncertainty and state of the system.
An ESO-based output feedback controller is then designed to com-
pensate (cancel) the uncertainty and to achieve the output tracking.
The convergence of the closed-loop system is proved. The effec-
tiveness of the proposed method is demonstrated by numerical
results of trajectory tracking for a practical autonomous underwa-
ter vehicle model. We show that in the presence of measurement
noise, this novel ESO leads to better performance than the linear
ESO. Moreover, this type of ESO has much smaller peaking value
than the linear ESO under the same tuning gain.

Index Terms—Extended state observer (ESO), multi-input mul-
tioutput (MIMO) systems, nonlinear systems, output tracking,
uncertainty.

I. INTRODUCTION

As an emerging control technology, the active disturbance rejection
control (ADRC), which was originally proposed by Han as an alterna-
tive of PID control [4], can effectively cope with vast uncertainty in
control systems. The uncertainty, which is also referred to as “total dis-
turbance” in ADRC, can include various internal uncertainties, external
disturbances, and even complicated time-varying and nonlinear parts,
which are hard to be dealt with by practitioners. This makes ADRC an
almost model-free control strategy for many systems. Control practices
in the last two decades show that in many situations ADRC may replace
the dominant PID control in engineering [11].

It was indicated in [16] that the ADRC had been strictly tested by
Parker Hannifin Parflex hose extrusion plant, where ADRC solution had
been used to replace the well-tuned PID controller for eight months.
It turned out that the product performance capability index (Cpk) was
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improved by more than 30% and the energy consumption was reduced
by more than 50%. Very recently, some chips manufactures such as
Texas Instruments and Freescale Semiconductor have replaced the PID
by ADRC in their DSP control chips [17], [18]. In the last two decades,
many industry applications by ADRC have been carried out in different
contexts. Some important progresses leading to theoretical foundation
of ADRC have also been made. We refer to a recent monography [6]
and references therein.

The main feature of ADRC lies in its nature in dealing with uncer-
tainty: an estimation and cancelation strategy. The key idea is to use an
extended state observer (ESO) to estimate the total disturbance, which
is then compensated (or canceled) in the feedback loop.

The big challenge for theoretical analysis of ADRC stems from
the nonlinear ESO. As believed by Han [4], the properly designed
nonlinear ESO would yield better performance than the linear ESO.
Following numerous simulations, Han found the following nonlinear
function “fal” for the ESO design:

fal(τ ) =

⎧
⎨

⎩

τ

δ1−θ , |τ | ≤ δ

|τ |θ sign(τ ) = [τ ]θ , |τ | > δ
(1.1)

where 0 < θ < 1 and δ > 0 are constants.
For a class of second-order nonlinear systems, Han [4] constructed a

fal-based triple-parameter-tuning ESO, a third-order system. This kind
of ESO has been shown by numerical experiments that it is effective
for system state and total disturbance estimation, with additional merits
including peaking value reduction compared with the linear ESO. Very
recently, we have proved the convergence of fal-based ESO for a class
of nonlinear open-loop systems with uncertainty [14]. However, the
convergence of the fal-based ESO in the feedback closed loop remains
open. In this paper, we take up this challenge by developing a fal-based
single-parameter-tuning ESO on output tracking for a class of multi-
input multioutput (MIMO) systems with mismatched uncertainties,
and by providing a convergence proof for the ESO-based closed-loop
system.

The system considered in this paper is the following MIMO system
with vast uncertainties:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi1 (t) = xi2 (t) + fi1 (xi1 (t), wi1 (t))

...

ẋi(n i −1) (t) = xin i (t)

+ fi(n i −1) (xi1 (t), . . . , xi(n i −1) (t), wi(n i −1) (t))

ẋin i (t) = fin i (x(t), ζ(t), win i (t)) +
∑m

j=1
bij uj (t)

ζ̇(t) = F0 (x(t), ζ(t), w(t))

yi (t) = Cn i xi (t) = xi1 (t), i = 1, 2, . . . , m

(1.2)

where
(
x�(t), ζ�(t)

)�
is the system state with ζ(t) ∈ Rs represent-

ing the zero dynamics, x(t) =
(
x�

1 (t), . . . , x�
m (t)

)� ∈ Rn sum , xi (t) =
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(xi1 (t), . . . , xin i (t))
� ∈ Rn i ; u(t) = (u1 (t), . . . , um (t))� ∈ Rm is

the control input; y(t) = (y1 (t), . . . , ym (t))� is the output; w(t)
and wij (t) (j = 1, . . . , ni , i = 1, . . . , m) are the external distur-
bances; the nonlinear functions F0 ∈ C1 (Rn sum+ s+1 ,R) and fij ∈
Cn i +1−j (Rj+1 ,R) (j = 1, . . . , ni , i = 1, . . . , m) are unknown func-
tions; bij s are constants such that matrix B = (bij )m×m is invertible.
The matrix Cn i is defined as

Cn i = (1, 0, . . . , 0)1×n i , i = 1, 2, · · · , m.

From the above-mentioned assumption, we see that almost all of the
system functions of (1.2), which cover the matched and mismatched
vast uncertainties, are unknown. The purpose of control is to render the
output y(t) to track a reference signal V (t) = (v1 (t), . . . , vm (t))�,
i.e., y(t) → V (t) as t → ∞, and to guarantee the boundedness of the
system state as well.

The main contribution of this paper is on the convergence of the fal-
based ADRC for system (1.2), a long standing problem. We proceed
as follows. In Section II, we construct a single-parameter-tuning fal-
based ESO and an ESO-based output feedback controller. Section III
is devoted to the proof of the convergence. In Section IV, we discuss a
three-dimensional (3-D) trajectory tracking of autonomous underwater
vehicles (AUV) to show the effectiveness of the proposed scheme. The
numerical simulations are carried out to show the tracking performance
of the proposed ADRC. It is shown that the proposed scheme is better
than the linear ESO under the same tuning gain and measurement noise.

The following notation will be used throughout the paper:

nsum =
m∑

i=1

ni , nm ax = max
1≤i≤m

ni

n∗ = nsum +m, ñ = 2nsum + 1

(xi )j (t) = (xi1 (t), . . . , xij (t))

wij
k (t) =

(
wij (t), ẇij (t), . . . , w

(k−1)
ij (t)

)

ṽ(t) =
(
v1 (t), . . . , v

(n 1 −1)
1 (t), . . . , v(nm −1)

m (t)
)

w̃i (t) = (wi1
n i (t), . . . , win i (t))

�

w̃(t) =
(
w̃�

1 (t), . . . , w̃�
m (t)

)�

v̂(t) = (ṽ�(t), ˙̃v�(t))�, ŵ(t) = (w̃�(t), ˙̃w�(t), w(t))�.

II. CONTROL DESIGN AND MAIN RESULT

As indicated in Section I, all system functions in system (1.2) are
supposed to be unknown. The output feedback controller is designed by
using the error between the output and the reference only. We design
this error-based feedback controller in three steps. The first step is
to derive the tracking error equation, by using the system structure.
The second step is to design a single-parameter-tuning fal-based ESO
to estimate the state and the total disturbance. The output feedback
controller is then designed in terms of ESO in the last step, where the
total disturbance is canceled by its estimate.

Let the measured errors be denoted by

ei1 (t) = yi (t) − vi (t), i = 1, . . . , m

eij (t) = xij (t) − v
(j−1)
i (t)

+ φij

(
(xi )j (t), wi1

j (t), . . . , wij (t)
)

(2.1)

where j = 2, . . . , ni , i = 1, 2, . . . , m, φij (·) = fij (·) + φ̃ij (·) −
v(j ) (t), and

φ̃ij

(
(xi )j (t), wi1

j (t), . . . , wij (t)
)

=
j−1∑

k=1

∂φi(j−1)

(
(xi )j−1 (t), wi1

j−1 (t), . . . , wi(j−1) (t)
)

∂xik

·
(
xi(k+1) (t) + fik

(
(xi )k (t), wi(k ) (t)

) )

+
j−1∑

k=1

j−1−k∑

h=0

w
(h+1)
ik (t)

·
∂φi(j−1)

(
(xi )j−1 (t), wi1

j−1 (t), . . . , wi(j−1) (t)
)

∂w
(h )
ik

. (2.2)

Let

Φi (e(t), ṽ(t), ζ(t), w̃i (t)) = φin i
(
x(t), ζ(t), w̃i (t), v(j ) (t)

)

= φin i
(
e(t) + ṽ(t), ζ(t), w̃i (t), v(j ) (t)

)
(2.3)

and

ei (t) = (ei1 (t), . . . , ein i (t))
�, e(t) =

(
e�1 (t), . . . , e�m (t)

)�
. (2.4)

Then,
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ėi (t) = Ani ei (t) + Bni

[
Φi (e(t), ṽ(t), ζ(t), w̃i (t))

+
∑m

j=1
bij uj (t)

]
, i = 1, 2, . . . , m

ζ̇(t) = F0 (e(t) + ṽ(t), ζ(t), w(t))

ye (t) = (e11 (t), . . . , em 1 (t))�

(2.5)

where

Ani =

(
0 I(n i −1)×(n i −1)

0 0

)

, Bn i = (0, . . . , 0, 1)� (2.6)

and I(n i −1)×(n i −1) denotes the (ni − 1)-dimensional identity matrix.
Other notations are presented at the end of Section I. By this for-
mulation, the output tracking of (1.2) can be achieved by the output
stabilization of e-subsystem of (2.5) with the measured output ye (t).

Now, the control objective is therefore to (practically) stabilize
the e-subsystem of (2.5) while maintaining the ζ-subsystem being
bounded. As previously mentioned, only the measured output er-
ror ye (t) = (e11 (t), . . . , em 1 (t)) could be used to construct the fal-
based ESO in the feedback design in order to estimate the other
states (ei2 (t), . . . , ein i (t)) for 1 ≤ i ≤ m and the total disturbances
defined by

ei(n i +1) (t) � Φi (e(t), ṽ(t), ζ(t), w̃i (t)), i = 1, , 2, . . . , m. (2.7)

The fal-based single-parameter-tuning ESO is designed as follows:

˙̂ei (t; r) = Ani +1 êi (t; r)

+

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ki1
rn i −1 g1 (rn i (ei1 (t) − êi1 (t; r)))

ki2
rn i −2 g2 (rn i (ei1 (t) − êi1 (t; r)))

...
ki(n+1)rgn i +1 (rn i (ei1 (t) − êi1 (t; r)))

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

�

,

i = 1, 2, . . . , m (2.8)



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 63, NO. 1, JANUARY 2018 213

where êi (t; r) = (êi1 (t; r), . . . , êi(n i +1) (t; r)) ∈ Rn i +1

gj (τ ) = fal(τ, θj , 1), 1 ≤ j ≤ nm ax (2.9)

the fal(·) is given in (1.1) with positive constant θj ∈ (0, 1) to be
specified later, and the design constants kij s are chosen so that the
following matrices are Hurwitz:

Ki =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ki1 1 0 · · · 0

ki2 0 1 · · · 0

...
...

...
. . .

...

kin i 0 0 · · · 1

ki(n i +1) 0 0 · · · 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, i = 1, 2, . . . , m. (2.10)

We expect that for any 1 ≤ j ≤ ni + 1, 1 ≤ i ≤ m, êij (t; r) approx-
imates eij (t) as accurate as expected when r is tuned to be large
enough. In particular, êi(n i +1) (t; r) gives an estimate of the total dis-
turbance ei(n i +1) (t). There is only one parameter r in (2.8) to be tuned
according to the accuracy requirement and the variation of the total
disturbance. Generally speaking, the more accurate the convergence of
ESO needs to be and the faster the total disturbance changes, the larger
the parameter r is required to be.

The ESO-based feedback controller is then designed as
{
u∗
i (t; r) = SatM i

(
α�
i ēi (t; r) − êi(n i +1) (t; r)

)

u(t; r) = B−1u∗(t) = B−1 (u∗
1 (t; r), . . . , u

∗
m (t; r))�

(2.11)

with B = (bij )m×m
{
ēi (t; r) = (êi1 (t; r), . . . , êin i (t; r))

� ∈ Rn i

αi = (αi1 , . . . , αin i )
� ∈ Rn i , i = 1, 2 . . . , m

(2.12)

and

SatM i
(τ ) =

{
τ, |τ | ≤Mi

Mi sign(τ ), |τ | > Mi.
(2.13)

The constants αij s are chosen so that the following matrices are
Hurwitz:

Ãn i = Ani + Bni α
�
i , i = 1, . . . , m (2.14)

andMi s are specified later in (2.26). To emphasis the r-dependence of
the controller, we shall denote the feedback controller as u(t; r) after
(2.11).

The following Lyapunov function is constructed for specifying the
constants Mi in (2.11). Let

V (z) =
m∑

i=1

Vi (zi ), Vi (zi ) = z�i Pi zi (2.15)

where z =
(
z�1 , . . . , z

�
m

)� ∈ Rn sum , zi ∈ Rn i , and Pi is the positive
definite matrix solution to the Lyapunov equation

Ã�
i Pi + Pi Ãi = −In i ×n i . (2.16)

The matrices Ãn i s are given in (2.14). We can verify that

λ̄m in‖z‖2 ≤ V (z) ≤ λ̄m ax‖z‖2 (2.17)

where λ̄m in = min1≤i≤m λm in (Pi ), λ̄m ax = max1≤i≤m λm ax (Pi ),
λm in (·), and λm ax (·) are the minimal and maximal eigenvalues of
the corresponding matrix, respectively. This renders the following sets
compact:

A1 =
{
z ∈ Rn sum

∣
∣ V (z) ≤ R∗}

A2 =
{
z ∈ Rn sum

∣
∣ V (z) ≤ R∗ + 1

}
(2.18)

where R∗ = supz∈H V (z), z =
(
z�1 , . . . , z

�
m

)� ∈ Rn sum , and zi =
(zi1 , . . . , zin i )

� ∈ Rn i . Let H be an nsum-dimensional closed hyper-
cube

H = {z ∈ Rnsum
∣
∣ |zij | ≤ βij + 1} (2.19)

where βij > 0 is an upbound of the initial value |eij (0)| of (2.5), which
are r-independent constants. It is easy to verify that H ⊂ A1 ⊂ A2 .

Assumption A1: For the external disturbances and reference signal,
we assume that there exist constants M̃1 , M̃2 > 0 such that

sup
t∈[0 ,∞)

‖v̂(t)‖ ≤ M̃1 , sup
t∈[0 ,∞)

‖ŵ(t)‖ ≤ M̃2 (2.20)

where v̂(t) and ŵ(t) are defined at the end of Section I.
Assumption A2: There exist positive definite function V0 : Rs →

R and class K∞ function χ : Rñ → R such that if V0 (ν) ≥ χ(z, η, μ),
then LF̃ 0 (z ,η , ,ν ,μ )V0 (ν) ≤ 0, and

V0 (ζ(0)) ≤ sup
(z ,η ,μ )∈C1

χ(z, η, μ) (2.21)

where

C1 = A2 × Un sum(M̃1 ) × U1 (M̃2 ) (2.22)

and

Un (R) = {ν ∈ Rn | ‖ν‖ ≤ R} , n ∈ N+ , R > 0. (2.23)

Assumption A1 means that the external disturbances, reference sig-
nal, and their derivatives are all bounded, which are common as-
sumption in control practice. This assumption can be relaxed to
cover piecewise smooth reference signal and external disturbance.
Assumption A2 means that the ζ-subsystem is input-to-state bounded,
which is quite general.

Let

B =

{

ν ∈ Rs
∣
∣
∣ V0 (ζ) ≤ sup

(z ,η ,μ )∈C1

χ(z, η, μ)

}

(2.24)

and

C2 = A2 × Un sum(M̃1 ) × B × U1 (M̃2 ) (2.25)

where Un sum(M̃1 ) is defined in (2.23).
The constants Mi in (2.11) can now be specified as

Mi1 =
n i∑

j=1

|αij |(β̃ij + 1), β̃ij = sup
z∈A2

|zij |

Mi2 = sup
(z ,ξ ,η ,μ )∈C2

Φi (z, ξ, η, μ) + 1, Mi = Mi1 +Mi2 . (2.26)

Now, we state Theorem II.1, the main result of this paper.
Theorem II.1: In ESO (2.8), let θj = jθ − (j − 1), j =

1, 2, . . . , nmax + 1. Suppose that Assumptions A1 and A2 are satisfied
and αij s are chosen such that the matrices Ãn i s defined in (2.14) are
Hurwitz. Then, there exist θ∗ ∈ (0, 1) and r∗ > 1, so that if θ ∈ (θ∗, 1)
and r ∈ (r∗,∞), then

∣
∣
∣êij (t; r) − eij (t; r)

∣
∣
∣ ≤ Γ1 (1/r)n i +2−j (2.27)

for any t > tr , where tr is an r-dependent constant with limt→∞ tr =
0, and

∣
∣
∣eij (t; r)

∣
∣
∣ ≤ Γ2/r (2.28)

for any t > t̄r , where t̄r is an r-dependent constant and Γ1 and Γ2 are r-
independent constants. Furthermore, the system state (x(t; r), ζ(t; r))
is uniformly bounded, independent of r.
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We point out that the condition on the nonlinear functions in system
(1.2) is no more than smoothness: All these functions are continuously
differentiable in defined domains. Under additional assumptions like
all fij (·) being Lipachitz continuous, other control methods such as
high-gain observer based high-gain control [7, pp. 189–194], [12] can
also make the error as small as expected after transient time. However,
when some ei(n i +1) (t) are large (even for large constant), both the
gains in observer and controller must be large enough to suppress the
uncertainty in high-gain control. The large tuning gains in observer
and controller cause serious peaking value problem. This results in
large control input in some time interval (usually near initial stage,
or when the reference signal jumps), which may not be feasible in
practical actuator. In this paper, although a large gain may be needed
in fal-based ESO, the gain in controller is not required. Due to the
saturation-like behavior of fal(·), the peaking value of switching ESO
is much small even for large tuning gain. This fact will be illustrated
in Section IV. In addition, the saturated controller can guarantee the
control not exceeding the given value. Moreover, the switching ESO
also enjoys merit of good performance under measurement noise, which
is also illustrated at the end of Section IV.

III. PROOF OF MAIN RESULT

Since the proof is lengthy, we first briefly explain the main steps of the
proof. First, in Section III-A, we show that the state (e(t; r), ζ(t; r))
of system (2.5) lies in an r-independent compact set for t ∈ [0, T ],
where T is independent of r as well. Also, some Lyapunov func-
tions are constructed in this section. Second, a weighted error sys-
tem is constructed and a bound of this weighted error system’s initial
state is found in Section III-B. Third, the ultimately boundedness of
system state is analyzed in Section III-C, where the convergence of
error eij (t; r) − êij (t; r) is therefore established. Finally, the proof
of Theorem II.1 is presented in Section III-D.

A. Lyapunov Functions and Inequalities

In this section, we first show in the following Lemma III.1 that there
exists T > 0, which is independent of r such that for all t ∈ [0, T ], the
state of error (2.5) stays in a compact set A1 × B defined in (2.18) and
(2.24), which is also independent of r. The details are omitted.

Lemma III.1: Let T = 1/(M̄1 + 2M̄2 ) with

M̄1 = max
1≤j≤n i , 1≤i≤m

β̃ij , M̄2 = max
1≤i≤m

Mi (3.1)

where β̃ij and Mi are defined in (2.26). Then, for any r > 1

{e(t; r)|t ∈ [0, T ]} ⊂ A1 , {ζ(t; r)|t ∈ [0, T ]} ⊂ B (3.2)

where A1 andB are defined in (2.18) and (2.24), respectively.
In what follows, we present some Lyapunov functions and inequali-

ties for analyzing the dynamic behavior of the error system later. The
following auxiliary vector fields and systems are useful for later inves-
tigation. Let

Fi (z̃i ) =
(
Fi1 (z̃i ), . . . , Fin i (z̃i ), Fi(n i +1) (z̃i )

)�

Fij (z̃i ) = z̃i(j+1) − kij [z̃i1 ]θj , j = 1, 2, . . . , ni

Fi(n i +1) (z̃i ) = −ki(n i +1) [z̃i1 ]θn i + 1

F (z̃) =
(
(Fi (z̃))�, . . . , (Fm (z̃m ))�

)�

z̃ =
(
z̃�1 , . . . , z̃

�
m

) ∈ Rn ∗
(3.3)

and consider the system

˙̃zi (t) = Fi (z̃i (t)), z̃i ∈ Rn i +1 , i = 1, . . . , m. (3.4)

It can be verified thatFi (·) and system (3.4) are homogeneous of degree
d = θ − 1 with weights {rj = (j − 1)θ − (j − 2)}n i +1

j=1 . The details
of weighted homogeneity can be found in [3].

Since the matrices Ki s given in (2.10) are Hurwitz, it follows from
[9] that there exists θ∗1 ∈ (nm ax/(nm ax + 1), 1) such that for any
(θ∗1 , 1), the system ˙̃zi (t) = Fi (z̃i (t)) is finite-time stable. The fol-
lowing Lemma III.2 is concluded from [10, Th. 2] and [3, Th. 6.2].

Lemma III.2: Let matricesKi s defined in (2.10) be Hurwitz. Then,
for each 1 ≤ i ≤ m, there exists a positive definite, and radially un-
bounded Lyapunov function Viθ : Rn i +1 → R, which is homogenous
of degree γ > 1 with weights {rj }n i +1

j=1 , such that the Lie derivative of
Viθ (z̃) along the vector field Fi (z̃) is negative definite.

By [3, Lemma 4.2] and the homogeneity of ∂ V i θ ( z̃ i )
∂ z̃ i j

, LFi Viθ (z̃i ),

and |z̃ij |, we have
∣
∣
∣
∣
∂Viθ (z̃i )
∂z̃ij

∣
∣
∣
∣ ≤ B̄1 (Viθ (z̃i ))

γ −r j
γ

LFi Viθ (z̃i ) ≤ −B̄2 (Viθ (z̃i ))
γ + d
γ

|z̃ij | ≤ B̄3 (Viθ (z̃))
r j
γ , z̃i ∈ Rn i +1 , B̄1 , B̄2 , B̄3 > 0. (3.5)

Let further

Vθ (z̃1 , . . . , z̃m ) =
m∑

i=1

Viθ (z̃i ), z̃i ∈ Rn i +1 (3.6)

and

ṼL (z̃) =
m∑

i=1

ṼiL (z̃i ), ṼiL (z̃i ) = z̃�i P̃i z̃i

z̃ =
(
z̃�1 , . . . , z̃

�
m

)� ∈ Rn ∗
, z̃i ∈ Ri (3.7)

where P̃i is the positive definite matrix solution to the Lyapunov equa-
tion

K�
i P̃i + P̃Ki = −I(n i +1)×(n i +1) . (3.8)

It is easy to verify that ṼL (z̃) is continuous, positive definite. Further-
more, for all z̃ ∈ Rn ∗

λm in‖z̃‖2 ≤ ṼL (z̃) ≤ λm ax‖z̃‖2 (3.9)

where

λm in = min
1≤i≤m

λm in (P̃i ), λm ax = max
1≤i≤m

λm ax (P̃i ). (3.10)

B. Bounds of Initial Value of the Weighted Error System

In this section, we construct a weighted error system and establish
the initial state bounds for this error system.

Let

ẽij (t; r) = rn i +1−j (eij (t; r) − êij (t; r)) (3.11)

for j = 1, 2, . . . , ni + 1, i = 1, . . . , m, and set

ẽi (t; r) =
(
ẽi1 (t, r), . . . , ẽi(n i +1) (t; r)

)�

ẽ(t; r) =
(
(ẽ1 (t; r))�, . . . , (ẽm (t; r))�

)�
. (3.12)

A straightforward computation shows that ẽ(t; r) satisfies the following
equation:

dẽ(t; r)
dt

= rG(ẽ(t; r)) +
(
(Bn 1 +1Δ1 (t; r))

� ,

. . . , (Bnm +1Δm (t; r))�
)�

(3.13)
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where

Gi (z̃i ) = (Gi1 (z̃i ), . . . , Gin i (z̃i ), Gi(n i +1) (z̃i ))�

Gij (z̃i ) = z̃i(j+1) − kij gj (z̃i1 ), j = 1, . . . , ni

Gi(n i +1) (z̃i ) = −ki(n i +1)gn i +1 (z̃i1 )

z̃ =
(
z̃�1 , . . . , z̃

�
m

)�
, z̃i ∈ Rn i +1 . (3.14)

By (3.13)

˙̃e(t; r) = rF (ẽ(t; r)) + r(G(ẽ(t; r)) − F (ẽ(t; r)))

+
(
(Bn 1 +1Δ1 (t; r))

� , . . . ,
(
Bnm +1Δm (t; r)

)�)�
(3.15)

where Δi (t; r) is the derivative of the total disturbance ei(n i +1) (t; r),
which will be specified in (3.31) later. Now we estimate a bound of
‖F (·) −G(·)‖. By the definitions of F (·) defined in (3.3) and G(·)
defined in (3.14), for any z̃i = (z̃i1 , . . . , z̃i(n i +1) ) ∈ Rn i +1 , if |z̃i1 | >
1, then Gi (z̃) = Fi (z̃), and when |z̃i1 | ≤ 1

|Gij (z̃i ) − Fij (z̃i )| = kij (z̃i1 − [z̃i1 ]θj )

j = 1, 2, . . . , ni , i = 1, 2, . . . , m. (3.16)

Now, we suppose that θj satisfies condition of Theorem II.1. Then, we
can verify that

lim
θ→1

θj = lim
θ→1

(jθ − (j − 1)) = 1

j = 1, 2, . . . , ni + 1, i = 1, 2, . . . , m. (3.17)

This yields

lim
θ→1

max
τ ∈[−1 ,1]

∣
∣[τ ]θ i − τ

∣
∣ = 0. (3.18)

Let

δ̃1 = B̄2/

(

2B̄1

m∑

i=1

n i +1∑

j=1

|kij |
)

. (3.19)

By (3.18), there exists θ∗2 ∈ [θ∗1 , 1) such that for any θ ∈ [θ∗2 , 1)

max
1≤i≤nm a x +1 , |τ |≤1

∣
∣τ − [τ ]θ i

∣
∣ < δ̃1 . (3.20)

Define

Vm in (z̃) = min
θ∈[θ ∗2 ,1]

Vθ (z̃), z̃ ∈ Rn ∗
. (3.21)

By the properties of Vθ (·), Vm in (·) is continuous, positive definite,
and radially unbounded. Therefore, there exist class K∞ functions [2]
κj (j = 1, 2) : [0,∞) → [0,∞), such that for all z̃ ∈ Rn ∗

κ1 (‖z̃‖) ≤ Vm in (z̃) ≤ κ2 (‖z̃‖). (3.22)

Now we introduce auxiliary weighted homogeneous functions Υi :
Rn i +1 → R(i = 1, 2, . . . , m) to estimate an initial state bound of sys-
tem (3.13)

Υ(z̃i1 , . . . , z̃i(n i +1) ) = |z̃i1 |
γ
r 1 + · · · + |zi(n i +1) |

γ
r n i + 1 . (3.23)

It is easy to verify that Υi (z̃i ) is positive definite, homogeneous of
degree γ with weights {rj }n i +1

j=1 . By [3, Lemma 4.2], there exists
c1 > 0 such that Viθ (z̃i ) ≤ c1Υi (z̃i ) for all z̃i ∈ Rn i +1 . This together
with (3.11) and (3.23) yields

Viθ (ẽi (0; r)) ≤ c1
∑n i +1

j=1 |eij (0) − êij (0)|
γ
r j r

(n i + 1−j )γ
r j (3.24)

where eij (0) and êij (0) (j = 1, 2, . . . , ni + 1, i = 1, 2, . . . , m) are
r-independent initial values.

For any θ > nmax/(nmax + 1), we have

ni ≥ ni − (j − 1)
rj

≥ ni − j

rj+1
, j = 2, . . . , ni − 1.

Hence, for any r ≥ 1

r
(n i + 1−j )γ

r j ≤ rn i γ ≤ rnmaxγ , i = 2, . . . , m. (3.25)

Therefore, for any r ≥ 1

Vθ (ẽ(0; r)) ≤ Arnmaxγ

A = c1

m∑

i=1

n i∑

j=1

|eij (0) − êij (0)|
γ
r j . (3.26)

Let

Cr θ =
{
z̃ ∈ Rn ∗

∣
∣
∣ Vθ (z̃) ≤ Arnmaxγ

}
. (3.27)

It is obvious that for any r > 1, ẽ(0; r) ∈ Cr θ . Define

D2 =
{
z̃ ∈ Rn ∗ |Vm in (z̃) ≤ 1

}

D3 =
{
z̃ ∈ Rn ∗ |ṼL (z̃) ≤ b̄

}
(3.28)

where b̄ = min
{
λm inκ

−1
2 (1/2), λm in/4

}
and λm in is given in (3.10).

For every z̃ ∈ D3

Vmin(z̃) ≤ κ2 (‖z̃‖) ≤ κ2 (b̄/λm in ) ≤ 1/2 < 1 (3.29)

and as a result, D3 ⊂ D2 , D2 − D3 �= ∅. Furthermore, for any z̃ ∈ D3

|z̃i1 | ≤ ‖z̃‖ ≤
√

ṼL (z̃)/λm in ≤ 1/2 < 1. (3.30)

C. Ultimately Boundedness of the System State

In this section, we first establish the convergence of the fal-based
single-parameter-tuning ESO (2.8) in Proposition III.1. Then, we are
able to develop the ultimately boundedness of the system state.

First of all, we analyze the derivatives of the total disturbances. Let

Δi (t; r) = ėi(n i +1) (t; r)

=
dΦi (e(t; r), ṽ(t), ζ(t; r), w̃i (t))

dt

=
m∑

i=1

∇e i Φi (e(t; r), ṽ(t), ζ(t; r), w̃i (t)). (3.31)

By the smoothness of F0 (·), fij (·) , for any r > 1, Δi (t; r) is continu-
ous with respect to t. In the following, we will prove that if Δi (t; r) is
bounded by an r-independent constant in a finite interval [0, T̄ ](T̄ > 0)
or infinite interval [0,∞), then there exists tr > 0 such that for t > tr ,
the observer error eij (t; r) − êij (t; r) can be as small as expected as
long as r is large. From [14], we can obtain the following proposition.

Proposition III.1: 1) For any r > 1 and each i = 1, . . . , m, if
Δi (t; r) defined in (3.31) is bounded by an r-independent constant
M̃i over [0, T̄ ], then there exist θ∗ > 0 and r∗ > 1 such that for any
θ ∈ (θ∗, 1) and r > r∗

|eij (t; r) − êij (t; r)| ≤ Γ (1/r)n i +2−j ∀ t ∈ (tr , T̄ ) (3.32)

where Γ is an r-independent constant and tr ∈ (0, T̄ ) is an r-dependent
constant satisfying limr→∞ tr = 0.

2) For any r > 1 and i = 1, . . . , m, if Δi (t; r) defined in (3.31)
is bounded by r-independent constant over [0,∞), then there exist
θ∗ > 0 and r∗ > 1 such that for any θ ∈ (θ∗, 1), r > r∗

|eij (t; r) − êij (t; r)| ≤ Γ (1/r)n i +2−j ∀ t ∈ (tr ,∞) (3.33)
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where Γ is an r-independent constant and tr > 0 is an r-dependent
constant satisfying limr→∞ tr = 0.

Proposition III.2: There exists r∗ > 1 such that for any θ ∈ (θ∗, 1)
and r > r∗, the solution of (2.5) satisfies that

{e(t; r)| t ∈ [0,∞)} ⊂ A2

{ζ(t; r)| t ∈ [0,∞)} ⊂ B (3.34)

where A2 is defined in (2.18) and B in (2.24).
Proof: From Lemma III.1, for any r > 1

{e(t; r)| t ∈ [0, T ]} ⊂ A1 ⊂ A◦
2 . (3.35)

If for any t ∈ [0,∞), e(t; r) ∈ A2 , then by Assumption A2,
{ζ(t; r)| t ∈ [0,∞)} ⊂ B. So, we only need to prove that there ex-
ists r∗ > 1 such that for all r > r∗, {e(t; r)| t ∈ [0,∞)} ⊂ A2 . We
prove this assertion by contradiction. If it is not true, then for any
r > 1, there exist T2r > T1r > T such that

e(T1r ; r) ∈ ∂A1 , e(T2r ; r) ∈ ∂A2

{e(t; r)|t ∈ [T1r , T2r ]} ⊂ A2 −A◦
1

{e(t; r)|t ∈ [0, T2r ]} ⊂ A2 . (3.36)

This together with Assumption A1 and Lemma III.1 concludes that

(e(t; r), ṽ(t), ζ(t, r), w̃(t)) ∈ C2 ∀ t ∈ [0, T2r ] (3.37)

where C2 is defined in (2.25).
From the continuity of Δi (t; r) and (3.37), there exists an

r-independent constant M̂ > 0 such that |Δi (t; r)| ≤ M̂ for any
t ∈ [0, T2r ]. Let

δ̂1 = min
{

1, min
z∈A2 −A◦

1

‖z‖/N
}

(3.38)

with

N = 2 max
1≤i≤m

λm ax (Pi )

(
n i∑

i=1

|αi | + 1

)

. (3.39)

By Proposition III.1, there exists r∗ > 1 such that

|eij (t; r) − êij (t; r)| ≤ δ̂1 ∀ r > r∗, t ∈ [T, T2 ] (3.40)

where δ̂1 is given in (3.38). So, for each 1 ≤ j ≤ ni

|êij (t; r)| ≤ |eij (t; r)| + δ̂1 ≤ β̃ij + 1 (3.41)

and

|êi(n i +1) (t; r)| ≤ |ei(n i +1) (t; r)| + 1 ≤Mi2 (3.42)

where β̃ij and Mi2 are given in (2.26). By (2.7), (2.26), (3.36), (3.41),
and (3.42), for any t ∈ [T, T2r ]

∣
∣α�

i êi (t; r) − êi(n i +1) (t; r)
∣
∣ ≤Mi. (3.43)

Therefore

ėi (t; r) == Ãn i ei (t; r) + Bni

[
ei(n i +1) (t; r) − êi(n i +1) (t; r)

+ α�
i (ēi (t; r) − ei (t; r))

]
(3.44)

for all t ∈ [T, T2r ], i = 1, 2, . . . , m.
Finding the derivative of the Lyapunov function V (·) defined in

(2.15) along the solution of (3.44) to obtain, for any r > r∗ and t ∈
[T1r , T2r ], such that

dV (e(t; r))
dt

∣
∣
∣
∣
(3 .44)

≤ ‖e(t; r)‖
(

− min
z∈A2 −A◦

1

‖z‖ + Nδ̂1

)

≤ 0

which implies that V (e(T1r ; r)) ≥ V (e(T2r ; r)). While by (3.36)
and (2.18), we have V (e(T2r ; r)) = V (e(T1r ; r)) + 1. This is a
contradiction. �

D. Proof of Theorem II.1

From Proposition III.2, there exists r̃∗1 > 1 such that for all r ∈
(r̃∗1 ,∞) and t ∈ [0,∞)

e(t; r) ∈ A2 , ζ(t; r) ∈ B (3.45)

and hence for r ∈ (r̃∗1 ,∞) and t ∈ [0,∞)

(e(t; r), ṽ(t), ζ(t; r), w̃(t)) ∈ C2 . (3.46)

From the smoothness of fij (·) and F0 (·), all partial derivatives of
Φi (·) are continuous. This together with (3.31) and (3.45) concludes
that there exists an r-independent constant M̂1 > 0 such that for each
i = 1, 2, . . . , m

Δi (t; r) ≤ M̂1 ∀ t ∈ [0,∞), r ∈ (r̃∗1 ,∞). (3.47)

By virtue of Proposition III.1, there exists r̃∗2 > r̃∗1 so that the first
assertion of Theorem II.1, i.e., (2.27) holds true with Γ1/r < δ̂1 for
any r ∈ (r̃∗2 ,∞) and t ∈ (tr ,∞), where δ̂1 is given in (3.38) and tr is
an r-dependent constant satisfying limr→∞ tr = 0.

In what follows, we will prove the second assertion of Theorem
II.1, i.e., (2.28). Similarly with (3.44), since for any r ∈ (r̃∗2 ,∞) and
t ∈ (0,∞), (3.41), (3.42), and (3.46) hold true, hence

ėi (t; r) = Ãn i ei (t; r) + Bni

[
ei(n i +1) (t; r)

− êi(n i +1) (t; r) + α�
i (ēi (t; r) − ei (t; r))

]
(3.48)

for all r ∈ (r̃∗2 ,∞) and t ∈ [tr ,∞), i = 1, 2, . . . , m.
Taking (2.27) into account and finding the derivative of the Lyapunov

function V (·) defined in (2.15) along the solution of (3.48) to obtain,
for any r > r̃∗2 and t ∈ [tr ,∞), that

dV (e(t; r))
dt

∣
∣
∣
∣
(3 .48)

≤ −2λ1V (e(t; r)) +
2λ2

r

√
V (e(t; r)) (3.49)

with

λ1 =
1

2 max1≤i≤m λm ax (Pi )

λ2 =
NΓ1

√
min1≤i≤m λm in (Pi )

. (3.50)

By (3.49), we conclude that for any t > tr and r > r̃∗2 , if
V (e(t; r)) �= 0, then

d
√
V (e(t; r))
dt

∣
∣
∣
∣
(3 .48)

≤ −λ1

√
V (e(t; r)) +

λ2

r
. (3.51)

Applying the comparison principle of the ordinary differential equa-
tions again, we obtain

√
V (e(t; r)) ≤

√
V (e(t1r ; r))exp(−λ1 (t− t1r ))

+
λ2

r

∫ t

t1 r

exp(−λ1 (t− s))ds. (3.52)

Equation (2.28) can then be deduced from (3.52) and the boundedness
of e(t; r). �
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Fig. 1. 3-D trajectory tracking with measurement noise. (a) 3-D trajectory tracking by switching ESO with measurement noise. (b) 3-D trajectory
tracking by linear ESO with measurement noise.

Fig. 2. Total disturbance estimation results by switching ESO. (a) e13 (t) and ê13 (t; 80). (b) e23 (t) and ê23 (t; 80). (c) e33 (t) and ê33 (t; 80).

IV. APPLICATION TO 3-D TRAJECTORY TRACKING OF AUV

The dynamics of the AUV can be modeled as follows [13]:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ(t) = J(x(t))v(t)

M v̇(t) + C(v(t))v(t) +D(v(t))v(t)

+ g(x(t)) + d(t) = u(t),
y(t) = x(t)

(4.1)

where

x(t) = (x(t), y(t), z(t), φ(t), ϑ(t), ψ(t))� (4.2)

denotes the vehicle location and orientation in the earth-fixed frame,
v(t) the vector of vehicle’s velocity in the body-fixed frame, and
y(t) the output. In (4.1), set ϑ = 0, φ = 0, ψ = 0 to be fixed. The
control purpose is to drive the AUV to track the 3-D reference trace
v(t) = (v1 (t), v2 (t), v3 (t))�. The feedback controller is designed as
(2.11) based on ESO (2.8) withm = 3, n1 = n2 = n3 = 2,Mi = 10,
αi = (−4,−2)�, ki1 = ki2 = 3, ki3 = 1, i = 1, 2, 3, and r = 80. We
use Eular integration method in numerical simulations, where the in-
tegral step is taken 0.001, and the reference trajectory is chosen as
(cos t, sin t,−t)�. The known control magnification matrixB = I3×3 ,

and the unknown functions fi2 (t) are chosen as

f12 (t) = x22 (t)x12 (t) + (1 + sin(x12 (t)))x22 (t)

+ 2x12 (t) + 2 + sin t

f22 (t) = −x12 (t)x32 (t) + (1 + sin(x22 (t)))x32 (t)

+ 2x22 (t) + cos 2t

f32 (t) = x32 (t) + e−t sin(t+ π/4). (4.3)

Suppose that the output error (e11 (t), e21 (t), e31 (t)) is contaminated
by the noise, that is, in ESO (2.8), ei1 (t) is replaced by ei1 (t) +
0.001N (t), where N (t) is the standard Gaussian noise produced by
the MATLAB command “randn.” The numerical result by switching
ESO is plotted in Fig. 1(a) and linear ESO in Fig. 1(b).

From Fig. 1, we can see that under the same noise and other pa-
rameters and system functions, the tracking effect by switching ESO
is much better than linear ESO. The total disturbance estimation
by switching ESO is plotted in Fig. 2, and that by linear ESO in
Fig. 3.

It can be seen from Figs. 2 and 3 that the switching ESO can tolerate
much more measurement noise than the linear ESO under the same
tuning parameter and design parameters. In addition, the peaking value
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Fig. 3. Total disturbance estimation by linear ESO. (a) e13 (t) and ê13 (t; 80). (b) e23 (t) and ê23 (t; 80). (c) e33 (t) and ê33 (t; 80).

of switching ESO (less than 20) is much smaller than that of the linear
ESO (near or great than 2000).

To end this section, we would emphasis again on the advantages
of switching ESO for measurement noise tolerance and peaking value
reduction. The reason behind the superb performance of the switching
ESO is attributed to the saturation like behavior of fal(·). Suppose that
the output of the system is contaminated by the noise N (t), that is,
yi (t) = xi1 (t) + N (t). The linear ESO is sensitive to the measurement
noise for large r because the noise is magnified to be rjN (t) in the jth
equation of êi -subsystem of linear ESO [6]. The magnification coeffi-
cient of N (t) in êi -subsystem of switching ESO (2.8) is rn i θj −n i + j ,
which can be much smaller than rj for large r. For instance for ni = 2,
r = 80, θ = 0.7, which are the parameters used in the numerical sim-
ulation, in the third equation of switching ESO, the r-related term is
rn i θj −n i + j = 801 .2 ≈ 192.1799, whereas the corresponding term in
the third-order linear ESO is r3 = 512000.

A novel high-gain observer was proposed recently in [1] where
good performance in the presence of measurement noise is obtained by
increasing the order of the observer and limiting the power of the gain.
The key idea here is similar [1] because the saturation-like behavior of
fal(·) can also limit the power of the gain.

V. CONCLUSION

In this paper, we propose a fal-based, single-parameter-tuning ESO.
The output tracking controller of mismatched uncertain MIMO sys-
tems is designed by using the fal-based ESO and saturation functions.
The convergence of the fal-based ESO and the output tracking are
established. Numerical simulations for a 3-D trajectory tracking of
AUV confirm the effectiveness of the proposed method. Compared
with the linear ESO under the same tuning gain, the fal-based ESO
allows smaller peaking value. Furthermore, the latter also leads to bet-
ter performance in the presence of measurement noise.
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